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Lagrangian blow-ups, blow-downs, and applications
to real packing

ANTONIO RIESER

Given a symplectic manifold (M, w) and a Lagrangian submanifold
L, we construct versions of the symplectic blow-up and blow-down
which are defined relative to L. We further show that if M admits
an anti-symplectic involution ¢, i.e., a diffeomorphism such that
¢? =1d and ¢*w = —w, and we blow-up an appropriately sym-
metric embedding of symplectic balls, then there exists an anti-
symplectic involution on the blow-up M as well. We then derive
a homological condition for real Lagrangian surfaces L = Fix(¢)
which determines when the topology of L changes after a blow-
down, and we use these constructions to study the relative packing
numbers and packing stability for real symplectic four manifolds
which are non-Seiberg—Witten simple.
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1. Introduction

The blow-up and blow-down constructions are important techniques in com-
plex geometry, leading to methods for resolving singularities as well as classi-
fication schemes based on birational equivalence. In the symplectic category,
the notion of blowing up a point or submanifold has also been defined and
studied from various points of view, as in papers by Guillemin and Stern-
berg [11], Lerman [16], and McDuff and Polterovich [20]. When combined
with the theory of J-holomorphic curves, the blow-up and blow-down have
yielded a great deal of information on symplectic manifolds, notably in pack-
ing problems [3, 20], in the classification of rational and ruled symplectic
4-manifolds [13, 14, 17], and in the study of the topology of the space of
symplectic embeddings of balls, as, for example, in [1, 15, 25]. In this note,
we study relative and real versions of the symplectic blow-up and blow-down,
in order to apply them to questions regarding the topology of Lagrangian
submanifolds. The relative blow-up takes the pair (M, L) and a set of rela-
tive ball embeddings v : ]_[];:L(sz-”(l + 2¢), )\?wo, Br (1 +2€)) = (M,w, L)
and obtains another pair (M, L), and a symplectic form @, in which the balls
have been replaced by copies of the tautological disk bundle over CP" !,
and L is Lagrangian in (M, @). The blow-down is the reverse procedure. The
real blow-up and blow-down are similar constructions which also respect a
so-called real structure on the manifolds.

As a first application, we study the packing problem in real symplectic
manifolds. The relative and mixed packing problems were first introduced
by Barraud and Cornea in [2], and upper bounds for the relative embedding
of one ball on the Clifford torus in CP™ was given by Biran and Cornea in [4]
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using Pear]l Homology. Buhovsky [6] further showed that the upper bound
given for the Clifford torus is sharp. Schlenk, in [27], directly constructed
relative packings of k < 6 balls in (CP?, RP?) through a detailed analysis of
the moment map. A related construction for packing CP? for k = 7,8 balls
was done by Wieck in [29]. It is not immediately clear if Wieck’s techniques
can be made adapted to the relative setting, since the symplectic tunnelling
technique that he introduces does not produce relative embeddings. In Sec-
tion 4, we construct relative embeddings using J-holomorphic techniques,
following the general line of argument in [3, 20]. Our results extend those of
McDuff and Polterovich [20] and Biran [3] to the real setting. Our packing
method depends on the presence of a real structure ¢ for which L = Fix(¢),
and because of this, we do not recover the lower bounds on the Clifford
Torus considered by Buhovsky [6].

Many of the results in this paper first appeared in my Ph.D. thesis,
carried out at the Université de Montréal under the supervision of Octav
Cornea and Francgois Lalonde.

1.1. Setting and notation

We now give several definitions and set notation for all that follows.

Definition 1.1. Let (M?",w) be a symplectic manifold. We say that a
submanifold L is Lagrangian if dim L = n and w|pr = 0.

Definition 1.2. (1) We let £L" denote the tautological complex line bun-
dle over CP™ !, and let R" be the real tautological line bundle over
RP" 1 e, LM ={(z1)€C*xCP" Yze€l} and R" = {(x,1) €
R™ x RP" !z € I}. We will suppress the dimension n when it is clear
from the context.

(2) 7: L — C"and # : L — CP"! denote the canonical projections.

(3) L(r) and R(r) denote the canonical open disk bundles over CP"~!
and RP" ! respectively, of radius r. Abusing notation, we will use
L£(0) and R(0) to refer to the zero section of these bundles.

(4) For each k, A > 0, we define a closed two-form p(k,\) on L(r) by
p(k, \) = k21w + A20%0,

where wq is the standard form on C", and o is the standard Ké&hler
form on CP"~!, normalized so that [.p, o = 7.
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(5) Let é: £L — £ be the map é&(z,1) = (Z,1), i.e., the restriction to £ of
the complex conjugation map on C" x CP™ 1.

In addition, the manifolds we treat in our applications will have an
additional structure, as defined by

Definition 1.3. Let (M,w) be a symplectic manifold. A symplectic anti-
involution, or real structure, is a diffeomorphism ¢ : M — M such that ¢ =
Id and ¢*w = —w. We call a symplectic manifold equipped with a real struc-
ture a real symplectic manifold, or simply a real manifold, if the symplectic
form is understood.

Remark 1.4. Note that Fix(¢) is Lagrangian.

Definition 1.5. Let (M,w, ¢) and (M’', ', ¢') be real symplectic manifolds.
We say that an embedding ¢ : (M’ &', ¢') — (M,w, ¢) is a real symplectic
embedding if o) =1po¢ and Y*w =’

Lemma 1.6. Let (M,wy) be a symplectic manifold, and let (N,wy,¢) be
a real symplectic manifold with symplectic form wy and real structure ¢.
Suppose that there exists a symplectic embedding v : (M,wy) — (N,w1) such
that Im(¢ o ) = Im(v)). Then there exists an anti-symplectic involution ¢ on
M such that ¢ o) = oc.

Proof. Define ¢ :=1¢"1o¢o. Then ¢por) =1 oc and c*wy = *¢*(¢~1)*
Y*w1 = —wyp, S0 ¢ is an anti-symplectic involution on M. O

With the notation in Definition 1.2, we have
Corollary 1.7. ¢*p(k,\) = —p(k, \), and R = Fix(¢).

Proof. Let ¢: C* — C" and ¢: CP" ! — CP" ! denote complex conjuga-
tion on C" and CP™ !, respectively. Then by the definition of ¢, &(z,1) =
(c(z),e(1)). Since R™ = Fix(c) and RP""! = Fix(¢), R = Fix(¢c).

Now let (vo,wo), (v1,w1) € T, L C T.C" @ T;CP™ 1. Then

& p(r, A)((vo, wo), (v1,w1)) = &K wo((vo, wo), (v, wr))
+ 5*9*)\20((110, w()), (2)1, 'w1))
= —/{2w0(vo, vy) — )\20'(100, w1)

= —p(k, \)((vo, wo), (v1,w1)),

which completes the proof. O
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In order to put a symplectic form on the blow-up of a manifold M,
we will need to consider the relative embeddings of symplectic manifolds,
defined below.

Definition 1.8. Let (M,w,L) and (M’ ', L") be symplectic manifolds
with Lagrangians L and L', respectively. We say that a map ¢ : (M’', o', L") —
(M,w, L) is a relative symplectic embedding when 1 is a symplectic embed-
ding, ¥*w = ', and ¥~ 1(L) = L'.

We will be primarily concerned with the following example.

Example 1.9. Let (M?", w, L) be a symplectic manifold with Lagrangian
L. Let (B()\),wp) be the ball of radius A in C™ with the standard symplectic
structure wp, and let Bgr(\) denote the ball of radius A in R™ C C™. Then a
symplectic embedding 1 : (B?*()\),wp) — (M?",w) is a relative symplectic
embedding iff ¢y ~1(L) = Br(\).

Remark 1.10. Note that in Definition 1.8, we have ) ~!(L) = L, and not
(L") C L. This is an important distinction, as shown by the following exam-
ple. Let C denote an embedding of S! into C', and let

A:={X€R|3 a relative embedding 1 : (B*(1), \2wp, Br(1)) < (C!, wp, C)}.

Let Agup :=supA. Then for any A € A, A2 < 2A, where A is the area

inside C' C C2. Therefore Agyp < \/%. If, however, we only require that
1 (Bgr(1)) C C, then A is not bounded above.

Definition 1.11. Let % : H?Zl(Bi(r),wo,BRi(r)) — (M,w,L) be a sym-
plectic embedding, and let ; := v|p,. If p of the 1;’s are relative embed-
dings, and for the other ¢ = k — p of the v;’s, we have Im(¢;) N L = (), then
we call ¢ a (p, q)-mized embedding.

1.2. Anti-symplectic involutions and almost complex structures

Our constructions will use auxiliary almost complex structures which satisfy
certain additional properties. In this section, we give the necessary defini-
tions and prove the existence of the complex structures that we need.

Definition 1.12. Let (M,w) be a symplectic manifold. Then an almost
complex structure J tames w or is w-tame if w(-, J-) > 0.



730 Antonio Rieser

Definition 1.13. Let (M,w) be a symplectic manifold. Then an almost
complex structure J is compatible with w or is w-compatible if J tames w,

and if, in addition, w(J-,J-) = w(,-).

Definition 1.14. Let (M,w) be a symplectic manifold, let L C M be a
Lagrangian submanifold, and let p be a point in L C M. We say that J is
relatively integrable at p if there is a holomorphic chart U ¢ M, o : U — C"
centered at p such that o= 1(R") = U N L.

Definition 1.15. Let (M,w,®) be a real symplectic manifold with real
structure ¢. Let L denote Fix(¢), and let p be a point in L. We say that
J is symmetrically integrable at p if there is a holomorphic chart U C M,
a: U — C" centered at p such that co¢p =coa.

We first prove the existence of almost complex structures J on a real
symplectic manifold (M,w, ) which tame w and satisfy J¢, = —¢,J. Our
discussion follows the methods in Cannas da Silva [8] and McDuff and Sala-
mon [21].

Definition 1.16. Given a symplectic form w and an w-compatible almost
complex structure .J, we denote by gy : V' x V' — R the bilinear form defined
by

(1.1) g97(v,w) = w(v, Jw).

Lemma 1.17. Let (V,w,®) be a real symplectic vector space, i.e., a vector
space V' with a closed, non-degenerate, skew-symmetric bilinear form w and
linear map ® such that ®* =1 and ®*w = —w. Let Jo(V,w) be the space
of w-compatible almost complex structures on V with ®J = —J®, and let
Mety(V) denote the space of positive-definite bilinear forms g such that
®*g =g. Then Jp(V,w) is non-empty, and there exists a continuous map

r: Mete(V) — Jo(V,w) such that r(gs) = J.

The proof follows [8].

Proof. Let g € Metg(V) and define the automorphism A:V — V by
w(v,w) = g(Av,w). Then w(v,w)= —w(w,v) implies that g(Av,w)=
—g(v, Aw), and therefore that A* = —A. Let A = QQJ be the polar decompo-
sition of A. Then (@ is the unique square root of A*A which is g-self-adjoint
and g-positive-definite. We claim that J, := Q7 'A4 is a complex structure
compatible with w. First, note that A commutes with Q~!, and therefore
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Jg =Q 'AQ'A = —1Id, so Jg is an almost complex structure. To see that

it is orthogonal, we have

w(Jgv, Jow) = g(AQ™ Av, Q™ Aw)

(AQ ™ Av, Q 1AQ'A*Q ' Aw)
(QTAQ T Av, AQ7TA*Q ™1 Aw)
(—AQ'AQ ' Av, Q1A QT Aw)
(=

(

(

AQT1AQ ' Av, —Q T AQ T Aw)
T Av, Iw)
Av,w) = w(v,w).

I I
Qe e e v QY

Here, I denotes the identity, and the second and second to last equali-
ties follow because A* = —A and Q1AQ 1A = —1I. Also, w(v, Jyv) = g(Av,
Q1 Av) = g(v, A*Q L Av) = g(v, Q"L A* Av) > 0, since both @ and A*A are
positive definite. Therefore J, is compatible with w.

Define J, :=r¢(g) = Q~'A. For an w-compatible almost complex struc-
ture J, we define g5 = w(-, J-), and we note that

re(gs) = re(w(-, J-) = J,

since, in this case, J = A and @ = Id.
To see that ®J, = —J,®, we recall that ®*g = g by hypothesis, and we
note that —g(Av, w) = ®*w(v, w), and therefore

—g(Av,w) = w(Pv, Pw) = g(Adv, dw) = g(PAPV, w),

and therefore ®A® = —A. Now note that PA*AP = —PA’D = PAPA =
—A? = A*A. Therefore ®Q® = Q as well, and Jg® = Q7 1AD = —Q'DA =
—oQ A = —®.J,, as desired.

To see that the map is continuous, first note that the map r¢ defined
above is the restriction to the set Metg(V) of the map r: Met(V) —
J(V,w) defined in McDuff and Salamon [21, Proposition 2.50(ii)]. Since the
restriction of a continuous map is continuous (see, for instance, Munkres [23,
Theorem 18.2(d)]), the result follows. O

Corollary 1.18. Let (M,w, ) be a real symplectic manifold. Let Jy(M,w)
denote the space of w-compatible almost complex structures on M with ¢.J =
—J ¢, and let Mety(M) denote the space of positive-definite bilinear forms
g such that ¢*g = g. Then Jo(M,w) is non-empty and there ezists a con-
tinuous map r : Metgy(M) — T»(V,w) such that r(gy) = J.
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Proof. Let g be a ¢-invariant Riemannian metric on M. Since the polar
decomposition is canonical, we may construct an almost complex structure
J by constructing J, as in Lemma 1.17 for each z € M. By Lemma 1.17, J
is w-compatible, and Jy ¢, = —¢,J, for each = € Fix(¢).

Now let x € M\Fix(¢). The proof that ¢.J, = —Jy, ¢+ also follows
the proof of Lemma 1.17. In particular, we first have that we(v,w) =
¢*wy (v, w), and therefore

—9u(Apv,w) = —we(V, W) = Wy(z) (Pxv, Psw)
= Go(z) (Ap(z) PV, D)
= 9z(¢*14¢ QS*U w)

for all v,w € T, M, and therefore ¢*A¢ ¢* = —A,. Now note that

Ox A () Ag() Dr = —OuAG () s = GuAg(a) PrAe = — A = A} A,

Therefore ¢.Qg(z) s = @z as well, and

09 = Quy Aoty b = = Qg brda = —6:Q5 Ao = ~ 0o,
as desired. O

Remark 1.19. Indeed, this corollary shows that, for a real symplectic man-
ifold (M,w, @), there exists a w-compatible (and therefore tame) almost
complex structure J with ¢,.J = —J .

Remark 1.20. Note that if ¥ : (B(1 + 2¢), N2wg, Br(1 + 2¢)) — (M, w, L)
is a relative or real symplectic embedding, then the above constructions
imply that there exists an w-tame (compatible) almost complex structure J
which equals 1,41, ! on a neighborhood of 1(0), and therefore J is symmet-
rically or relatively integrable at ¢(0) if ¢ is a real or relative embedding,
respectively. If, in addition, M has a real structure ¢ and 1 is a real symplec-
tic embedding, then J also may be taken to satisfy ¢,J¢p, = —J. Similarly,
if ¥ : (L(1+ 2€), p(1,6), R(1 4 2€)) — (M,&, L) is a real or relative embed-
dlng, then there exists an &-tame almost complex structure J such that
= 9,11, ! in a neighborhood of £(0).

1.3. Main results

We now state our main theorems, using the notation in Section 1.1. Theorem
1.21 is proved in Section 2, the proof of 1.22 is completed in Section 3.
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Theorem 1.21 (Blow-up). (1) Let (M,w) be a symplectic manifold and
let L C M be a Lagrangian submanifold. Suppose that for some small
€ > 0 there is a (p, q)-mized symplectic embedding

k
o [](Bi (1 + 2€), Nwo, Brj(1 + 2€)) — (M, w, L),
j=1

let P C M be the set P = {1;(0)}* j=1, and let J be an w-tame (compat-
ible) almost complex structure which is locally symmetrically integrable
i a neighborhood of P.

Then there exists a manifold M, a family of symplectic forms &y, t €
0,1] on M, a submanifold L C M which is Lagrangian for each &,
and a smooth onto map I1 : M — M such that the following is satisfied:
(a) I is a diﬁeomorphism on II71(M\P),
(b) I-4(30) = P,
(c) I(L) =
(d) @ tames (zs compatzble with) an almost complex structure J for
which each TI71(4;(0)) is an almost complex manifold, and
(e) @1 is in the cohomology class

k
[01] = [IT*w] — Z %,
Jj=1

where the ej are the Poincaré duals of the exceptional classes Ej =
[T (;(0))].
(2) If, in addition, M admits an anti-symplectic involution ¢ which satis-

fies

(a) Fix() = L,

(b) Tm(p o) = Im(y),

(c) Im(¢p o 1pj) NIm(eh;) = 0 if Im(¢p;) "L =0, and

(d) %joc=gody if Im(yy) N L+,

then M admits an involution ¢ : M — M such that ¢*&y = —&y, ¢ o

II = Hoqb, and gb*.]qb* =J.

Theorem 1.22 (Blow-down). (1) Let (M, &) be a symplectic manifold
with Lagrangian L. Suppose there is a (p,q)-mized symplectic embed-
ding

T] pj 5]’)‘ ) R ( ]))c_)(M"D’[N’)

@
:w

.
Il
-
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such that ¢~ (L) = [[5-1 Rj(rj). Let C; C M denote 1;(£(0)), and
let C = UjCj.

Then there exists a symplectic manifold (M,w), a (p,q)-mized sym-
plectic embedding

k
(1.2) o [[(Bi (1 + 26), Ajwo, Bjr(1+ 2€)) — (M, w, L),
j=1

a Lagrangian submanifold L C M, and a smooth onto map I : M —
M such that the following is satisfied:
) 11 is a diffeomorphism on M\C,
) II(C}) = pj € M, where p; is a point,
(¢) II(L) = L, and
) w satisfies
@] — [[T"w] € €&,

where £ s the linear vector space generated by ei,..., ey, the
Poincaré duals of the exceptional classes Ej = [1;(0)].

(2) Suppose, in addition, M admits an anti-symplectic involution qg which

satisfies .
(a) Fix(¢) =L,
(b) Im(¢) = Im(¢ 0 ¢)),

) Im(y) )
(c) Im(¢ o ;) NIm(vp;) = 0 if Im(yp;) N L =0, and
(d) ¢joé=poh; if Im(ypj) N L # 0.

Then (M,w) admits an anti-symplectic involution ¢ such that ¢ o

II=1IIo¢.

The idea of the relative blow-up construction is the same as blowing up
in the purely symplectic case: we remove the interior of a ball from both
M and CP" (the bar indicating that the orientation is reversed), and we
glue them along their boundaries, ensuring that the symplectic form @ of
the blow-up M acts appropriately. The difference in the relative case is that
the real parts of the balls removed from M and CP" are constrained to
intersect the Lagrangians L and RP", respectively, and the gluing proceeds
so that the boundary of the (n-dimensional) ball removed from L is then
glued to the boundary of the corresponding hole in RP™, resulting in the
new Lagrangian L#RP" = [ C M in the blow-up. The blow-down is the
reverse process. We make these operations precise in Section 2.

In four-dimensional complex geometry and symplectic topology, it is
extremely useful to know that one can blow-down a symplectic manifold M
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along an embedded J-holomorphic sphere C' when [C] - [C] = —1. In com-
plex geometry this is the so-called Castelnuovo—Enriques criterion (see, for
example, [10, p. 476]). Unfortunately, it is a difficult problem in general to
derive a condition to detect when blowing-down C' can be arranged to change
the topology of a (non-orientable) Lagrangian L. However, for Lagrangian
submanifolds which are the fixed point set of an anti-symplectic involution ¢
on a symplectic 4-manifold M, we have the following result, which we prove
in Section 3.
We first give the following definition.

Definition 1.23. We call E € Hy(M*;Z) an exceptional class if E - E =
—1. If u: ¥ < M* is an embedding of the surface ¥, and u.[¥] = E, then
we say that u(X) is an exceptional curve.

Theorem 1.24. Let (M* w,¢) be a real symplectic manifold with L :=
Fix(¢), and let J be an almost complex structure on M which tames w
and which satisfies ¢p.Jp. = —J. Suppose E € Ho(M;Z) satisfies E - E =
—1 and ¢ E = —F, and that there exists an embedded J-holomorphic curve
C which represents EI. Then there exists a real symplectic manifold (]\Z7 w, qﬁ)
and a smooth onto map I1: M — M that satisfies

1 is a diffeomorphism on M\C,
3 op=¢oll, and

(1) I
(2) I(C) = p € M, where p is a point,
(3) I
(4) @

satisfies
W] - ] € &,
where € 1is the linear vector space generated by e, the Poincaré dual of

the exceptional class E = [I171(p)].

As an application of the above theorems, we have the following theorem
on the real packing numbers for (CP? RP?), defined below.

Definition 1.25. Let (M,w) be a symplectic manifold with Lagrangian
submanifold L C M. We call the number

Vol (]_[le(B(/\),WO, BRO\)))
Vol(M) ’

PLk = Sup
(4
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the kth relative packing number for (M, L), where the sup is taken over all
relative symplectic embeddings

k

¥ JT(BOA),wo, Br(N) = (M, w, L).
=1

If M is a real manifold with real structure ¢, Fix(¢) = L, and the sup is
taken over all real embeddings of k£ balls, then py, j is called the kth real
packing number. We will also denote the kth real packing number by pg k.
If the supremum is taken over all symplectic embeddings of k balls into M,
then we denote the number p; and we call it the kth packing number of M.

Theorem 1.26. For the pair (CP? RP?) with the standard symplectic form
and real structure, the real packing numbers prp2 i, are equal to the absolute
packing numbers for CP2.

2. Constructing the relative and real blow-up and blow-down

We now construct the blow-up and blow-down of a symplectic manifold
(M, w) relative to a Lagrangian submanifold L or a real structure ¢. The
general strategy is to perform a complex blow-up or blow-down locally and
then define a symplectic form for the resulting manifold. In each case, we first
discuss the local models for the symplectic forms in these constructions, and
we then construct the global blow-up and blow-down given a mixed, relative
or real symplectic embedding

:w

¢ [ (B;(1 4 2€), Nwo, Br,j (1 + 2€)) — (M,w, L), or

<.
Il
-

(L;(1+42¢), p(5,\)), Rj) — (M,&, L)

:w

e

.
Il
=

and the local models.
2.1. Blow-up

In this section, we prove Theorem 1.21, which we restate here for the con-
venience of the reader.

Theorem (Theorem 1.21). (1) Let (M,w) be a symplectic manifold
and let L C M be a Lagrangian submanfiold. Suppose that for some
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small € > 0 there is a (p, q)-mized symplectic embedding

B;j(1 + 2e), )\?wo, Br (1 +2¢)) — (M,w, L),

<
-

let P C M be the set P := {1;(0)}% i—1, and let J be an w-tame (compat-
ible) almost complex structure which is locally symmetrically integrable
in a neighborhood of P.

Then there exists a manifold M, a family of symplectic forms @y, t €
[0,1] on M, a submanifold L C M which is Lagrangian for each @&y,
and a smooth onto map I : M — M such that the following is satisfied:
) 11 is a diffeomorphism on II=1(M\P),

) I-1(30) = CP~,

) I(L) =

) @o tames (zs compatzble with) an almost complex structure J for
which each TI=1(1;(0)) is an almost complex manifold, and

(e) @ is in the cohomology class

k
[01] = [IT*w] — Z %,
Jj=1

where the ej are the Poincaré duals of the exceptional classes Ej =
[T (25(0))]-
(2) If, in addition, M admits an anti-symplectic involution ¢ which satis-

fies

(a) Fix(¢) = L,

(b) Im(¢ 0 1)) = Im(v),

(c) Im(¢ o vpj) NIm(¢;) = 0 of Im(¢p;) N L =0, and

(d) joc=¢oty; ifIm(yh;) NL#0,

then M admits an mvolutzon é: M — M such that ¢*@y = —&y, ¢ o

=10, and ¢p.Jd, =

(a
(b
(c

d

(

The construction proceeds as follows. We first construct a family of sym-
plectic forms 7(e, A) on £ by pulling back the standard form wy on R?" by a
family of specially constructed maps from £ — R?". We arrange, in partic-
ular, that the submanifold R C £ is a Lagrangian for the forms 7(e, \).
We then consider a relative symplectic and holomorphic embedding 1 :
(B(1 4+ 2€), \2wo, Br(1 + 2¢),i) — (M,w, L, J), and we construct the blow-
up manifold (M, L) by removing the ball and gluing in (£(1 + 2¢), R(1 + 2¢))
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along the boundary. Finally, we use the local forms 7(e, \) created on £ in
the first step to construct the global symplectic form @ on the blow-up M.
For a real manifold M, we also construct a real structure on the blow-up M.
We then show that, given a relative symplectic embedding, and in view of
some appropriate (and non-restrictive) assumptions on the almost complex
structures, we may find a holomorphic embedding of a smaller ball which
is compatible with L (or a real structure ¢), and we use this to remove the
assumption of holomorphicity on the embeddings.

In the following proposition, we construct the forms 7(e, \). Note that
points (1), (2), and (3) of the proposition were proved in Proposition 5.1.A
of McDuff and Polterovich [20].

Proposition 2.1. Using the notation in Section 1.1, for every e, X\ > 0 there
exists a symplectic form 7(e, \) on L such that the following holds:

(1) 7(e,A) = m*(N2wp) on L — L(1 +e),
(2) 7(e,A) = p(1, ) on L(5) for some § > 0,

(3) 7(e, \) is compatible with i, the canonical integrable complex structure
on L,

(4) & 7(e,\) = —T(€, \), where ¢ denotes complex conjugation on L,

(5) 7(e, N)|r = 0.

The proof of this proposition will be based on the following three lemmas.
Lemma 2.3 was proved in [11], although it may also be proved by a direct,
if long, calculation. Lemma 2.4 is a well-known result which we state so we
may refer to it later, and Lemma 2.5 was stated and the proof sketched
in [20]. The details of the proof are a routine calculation. We begin with a
definition.

Definition 2.2. We say that f:C" — C" is a radial function if f(z) =
a(|z|)z for some real-valued function a : R — [0,00). We say that a radial
function f is monotone if |z < |z1| = |f(20)| < |f(21)]-

>\ 1/2
Lemma 2.3. Let h: R?>" — R be the function h(z) = (1 + @‘ﬁ) and wy
be the standard symplectic form on R*". Let H : R*"\{0} — R?"\B(\) be
the mapping given by H(x) = h(z)x. Then m*H*w = p(1,\) on L\{(0,1)|l €
cpr1}.
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Lemma 2.4. Let (M,w) be a symplectic manifold. Then w is a Kdhler form
iff w is compatible with an integrable almost complex structure J.

Lemma 2.5. Let w be a Kdhler form on C", and suppose f:C"\{0} —
C™\{0} is a monotone radial diffeomorphism. Then f*w is a Kdhler form.

We now prove the following proposition, which we follow with the proof
of Proposition 2.1.

Proposition 2.6. For each k, A > 0, p(k,\) is a symplectic form on L.

Proof. Let Q = wf denote the volume form on R?", and let H be defined
as in the proof of Lemma 2.3. Since H o is a diffeomorphism on L£* :=
L\{(0,2)|z € CP" 1}, 7* H*Q) is a volume form on £, and therefore p(1, \)
is non-degenerate for any A > 0. Since p(k,\) = k?p(1,\/k), this implies
that p(k, A) is non-degenerate for x, A > 0 as well. Since both wy and ¢ are
closed, p(k, ) is closed as well on L£*.

Now let (0,1) € £(0). Then T(g ;L = T;CP* & TyC. Taking v € T;CP?,
we have p(k, \)(v,iv) = A20*0 (v, iv) = o(v,iv) > 0. Similarly, for v € TyC,
p(K, A)(v,iv) = T wp(v,iv) > 0, and therefore p(k,\) is non-degenerate on
L(0). Since p(k, A) is closed as well, the form is symplectic as desired. [

Proof of Proposition 2.1. For each A > 0, let hy : R?"\{0} — R be given by
ha(z) = (1 + |2>1/2, and let 4, ¢, ep > 0 satisfy (6 + €)% < A2¢/2. For x €

B(§ 4+ €y), we therefore have |hy(z)z|? = |22 + A2 < (0 + €)% + A2 < A2
(e/2+1). Let B(t) : R — R be a smooth non-increasing function which is
1 for t <¢§ and 0 for ¢t > 0+ €, and let y(t) : R — R be a smooth non-
increasing function which is 1 for ¢ < (1+€)'/2 and 0 for t > 1 + €. Now
define F : R?"\{0} — R?" by

ha(z)z, 1 2| <6,
Play = | Aleia@)e + (1 - <m>A (1+5) f, d<lel< i+,
v(|x|) A(l—i—%)gl —v(|z|) Az, (l—l—e) <l|z| <14k
Az, 1+e< |z

Lemma 2.7. The function F defined above is a monotone radial diffeo-
morphism.

Proof. We first note that F is radial by definition. Furthermore, since the
function is a diffeomorphism on each region, and since § and y are smooth
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and all of their derivatives vanish on the boundary of each region, it follows
that F'is continuous and all of the derivatives of F' are well defined for all ¢,
and therefore F' is a diffeomorphism. We now show that F' is monotone. For
|z| < &, we have that |F(x)|> = |z|? + A2, so F is monotone on this region.
For § < |z| < (1 + €)'/2, we have

6)1/2 x

PG = |8+ (1= (A (1+

Ja]
_ ’ﬂ(\a}|)h>\($) + (1= B(z])A (1 4 %)1/2 ’561|‘ ||
= Bllel)(la? + X2 + (1 - pepr (14 5) "

Here, the last equality follows since each term in the coefficient of |z| is

always a positive real number. Setting ¢t := |z| and G(t) := |F(z)|, we now
compute
aG 2 \2\1/240 0 ez,
1) G =00+ ()W )\<1+ 2) 3(1)
_ _t 2 . \2\1/2 2\
(2.2) =80 + ((t FAZ)V2 (1 + 2) B(b).

The first term in the last equality is positive for all ¢ > 0. For ¢ > J + €,
B'(t) =0, and for § <t < § + €, F'(t) < 0. On this region, we also have that

24 A% < (04 €)% + N2
< Ne/24 N2

:/\2(1+§).

Taking square roots of both sides of the inequality, we see that the coefficient
to (/(t) in equation (2.2) is negative. Therefore, % is non-negative for ¢t €
(6, (1 + €)%/?), and it follows that |F(z)| is non-decreasing there.

Similarly, for |z| € (14 €)'/2,1 4 ¢), we have
€\ 1/2
F@)|=5(2)A (1+5) " + 1= (aD)Aal.

Setting t := |z|, and G(t) := |F(x)|, we compute

ﬁf:<A@+;fm—Agyﬁywl—meX
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The last term is positive, and, since +/(¢) <0 and ¢ > (1 + %)1/2, the first
term is positive as well. Therefore G(¢) is non-decreasing, and |F(x)| is
monotone on this interval. For |z| € [1 +¢€,00), |F(x)| is clearly monotone.
This completes the proof. O

We now return to the proof of Proposition 2.1. Define 7(e, A) by
T(e,\) := 7" F*wy

on £\L(0). By Lemma 2.3, 7*F*wy = p(1,\) = 7(e, A) on L(d)\L(0). Since
p(1, ) is a symplectic form on all of £(4), we may extend 7(e,A) to all
of £ by assigning 7(e,\) := p(1,A) on £(0) = 7~1(0). Now note that this
form satisfies conditions 1 and 2 in the proposition by Lemma 2.3 and the
definition of F'.

To see that 7(e, \) is symplectic, we note that on £\L(0), 7(¢,d) is a
pullback of the symplectic form wy by the diffeomorphism F', and on a
neighborhood of £(0), 7(e, A) equals the symplectic form p(1, \).

Items 3, 4, and 5 follow from a routine calculation. O

In the next proposition, we construct the global relative blow-up of a
manifold M using a relative symplectic and holomorphic embedding of the
ball (B(1 + 2¢), Nwp, Br(1 + 2¢)) with the standard complex structure 4.
The use of holomorphic embeddings here gives us extra control over the
complex structure in the blow-up, which we will be useful in our applications.

Proposition 2.8. Let (M,w) be a symplectic manifold with Lagrangian L,
and let J be an w-tame (compatible) almost complex structure. Suppose that
for X > 0 and some small € > 0, there is a relative symplectic and holomor-
phic embedding

k
o J](Bj(1+2€), Nwo, Brj(1+ 2€),i) — (M,w, L, J).
j=1

Then there exists a symplectic manifold (M, @)Nwith Lagrangian L C M,
an w-tame (compatible) almost complex structure J, and a smooth onto map
II: M — M such that

(1) 11 is a diffeomorphism on TI=1(M\ U?:l 1;(0)),
(2) IL.J = JII,,
(3) for allj € {1,...,k},II"1(1;(0)) = CP™ 1,
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(4) II(L) = L, and

(5) @ is in the cohomology class
k
(@] = [Mw] = Y wAey,
j=1

where the e; are the Poincaré duals of the exceptional classes

Ej = [T (¢;(0))]-

Remark 2.9. Note that the E; in the theorem above are the classes rep-
resented by the exceptional curves added in the blow-up.

Proof. First, we consider the case when k = 1. Consider the map 7 : (£(1 +
2¢), R(1 + 2¢),1) — (B(1 + 2¢), Br(1 + 2¢),) from Definition 1.2, where i
and ¢ are the standard complex structures on £ and C", respectively. Observ-
ing that = gives a diffeomorphism between the boundaries (0B(1 + 2e),
O0BRr(1 + 2¢)), and (0L(1 + 2¢),0R(1 + 2¢)), we let my denote the restriction
of m to OL(1 + 2¢), and we define M to be M := M\t)((B(1 + 2¢), Br(1 +
2€)) Uyor, (L£(1 4 2¢), R(1 + 2¢)). This operation is summarized in the dia-
gram below, with 0 = 1 + 2e.

(2.3) (£(6), R(8))—= (M, L)

(B(8), Br(9))— (M, L)

where v and ¢ are embeddings, and where the map II : (M, L) — (M,L)is

defined by
i
H(J/‘) — .T, 5 . € ¢ m Qg?
pomoyp” (x), w€lmy,
making the diagram commutative. Note that only 1 is a symplectomorphism
a priori. )
We now define a symplectic form on M. Recall that ¢*w = Awy by
hypothesis. We assign a symplectic form to M by

(2.4) o= {ijl B on 42\7/3(5(1 +¢)),
(=1 7 (e, \)  on (L(1 4+ 2¢)).
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We check that @ is well defined on £(1 + 2¢) — L(1 + €). By Proposition 2.1
and the definition of @ and II, on £(1 + 2¢) — L(1 + €) we have

Tw = (i_l)*ﬂ*w*w
(e = (e,

so w is well defined. ) )
We define the almost complex structure J on M by

s [BT ontm(d),
O on M\Im(4)).

Note that since 7 and ¥ are holomorphic diffeomorphisms near the boundary
of their respective domains, II; 1 JIL, = i, it ! on (1 4 2€)\1)(1 + €), and
so J is well defined. To see that & tames (is compatible with) .J, we first note
that IT is holomorphic for z € M — £(1 +¢), and we recall that & = IT*w
on this region. Therefore, if w tames J, then for v,w € T, M, &(v, Jv) =
)\Qw(H*v,H*jv) = Nw(IIw, JII,w) > 0, so & tames J on this region. If, in
addition, w is compatible with .J, we have

&(Jv, Jw) = IT*w(Jv, Jw)
= w(H*jv,H*jw)
w(Jw, JILaw)
= w([Low, Maw) = Tw(v, w),

as desired.

For 2 € L(1 + ¢€), we have that © = (¢)~1)*7. Since 7 is compatible with
i, the canonical complex structure on £, and 7,/; is holomorphic, we have that
& is compatible with J on this region. Therefore, if w tames (is compatible
with) J on M, then & tames (is compatible with) J on all of M.

Blowing up more than one point is done as above for each ball in the
disjoint product 9 : ]_[?Zl(Bj(r),wo, Br (r)) — (M,w, L). It follows imme-
diately from the construction that @ is in the desired cohomology class. [

Remark 2.10. When we want to emphasize the embedding v, we will refer
to the symplectic blow-up constructed as above as the blow-up of M relative

to .

~ Inthe following proposition we construct a real structure on the blow-up
M given a real symplectic manifold M and a suitably symmetric embedding
1 of a disjoint union of balls into M.
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Proposition 2.11. Let (M,w, ¢) be a real symplectic manifold, let J be an
w-tame (compatible) almost complex structure on M which satisfies ¢.Jp. =

—J, and let
e ]_[ (1 + 2€), Nwo, i) — (M, w,J)
be a symplectic and holomorphzc embedding. Suppose ¢ and ) satisfy
(1) Im(¢ o 9)) = Im(z)),
(2) Im(¢ 0 1p;) NIm(vy) =0 if Im(yp;) N L = 0, and
(3) joc= oy if Im(sh;) N L # 0.

Then there exists a real symplectic manifold (M, @, @) and a smooth onto
map I : M — M which satisfies

(1) I is a diffeomorphism on II=1(M\ U; 1;(0)),

(2) I (w;(0)) = CP
(3) Mo ¢ = ¢oll, and
(4) @ is in the cohomology class

k
=D _m\es,
j=1
where the e; are the Poincaré duals of the exceptional classes
Ej = [~ (4;(0))] € Ha(M;Z).

Furthermore, the real structure gi) and the almost complex structure J in
the blow-up M satisfy gb*J = fJgZ)*, and, for every j with 1joc = ¢o)j,
we have ¢ E; = —F; € Ho(M; 7).

Remark 2.12. As we will see in the proof, in the case where there are balls
which are embedded off of the Lagrangian, the blow-up is not constructed rel-
ative to 1, but relative to another symplectic, holomorphic embedding with
the same image. The ball embeddings whose image intersects the Lagrangian
are left untouched, and those which take pairs of balls to M\ L are changed
to commute with ¢ and the standard real structure on R?".

In order to prove this proposition, we use the following lemmas. In the
first lemma, we construct the blow-up given a real embedding ) on one ball
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such that 1 o c = ¢ o 9. In the second, we construct the simultaneous blow-
up of an embedding 1) of two balls By and Bz such that ¢ o ¢)(B1) = ¥(B3).

Lemma 2.13. Let (M,w,®) be a real symplectic manifold, let J be an w-
tame (compatible) almost complex structure on M which satisfies ¢sJds =
—J. Suppose the map

¥ (B(1 4 2€), Nw, i) — (M, w, J)

1s a symplectic and holomorphic embedding such that 1) oc= ¢ o). Then
there exists a symplectic manifold (M @) that admits an anti-symplectic
mvolution qu such that I and @ satisfy the conclusions of Proposition 2.8.

Furthermore, the real structure ¢ in the blow-up M satisfies gyJ = —J oy,
and

O:[I11 (1(0))] = —[I171 (¥(0))] € H2(M; Z).
Proof. We first note that v is a relative embedding, since
¢ (Fix(¢)) = Fix(c) = Br(1 + 2e).

Now construct the blow-up (M, &) of (M,w) relative to 1 as in Proposition
2.8. Denote by ¢ the complex conjugation map on £ and recall that we
have 7 0 &(2,1) = con(z,1), since z € | <=7z € [ and 0 = 0. Given €, A\ > 0,
let 7(e, A) be the symplectic form on £ constructed in Proposition 2.1, and
recall that &7 (e, \) = —7(e, A). We now define a map ¢ : M — M by

32 = {1}1 opoll(z), @e ML+ ),
Yoo Hx), x€P(L(1+ 2)).

By the commutativity of Figure 2.3 and the equivariance of v, we have, for
x € L(1+42e)\L(1+¢),

Yool z)=dorntocomod!(z)
= logocoy ™ oll(x)

=IO 'ogoryptogpol(z)=togol(z).
Therefore ¢ is well defined and a diffeomorphism. Since II™! o ¢ o IT and

1p oco 1/1 I are anti-symplectic involutions on their respective domains, it
follows that qb is an anti-symplectic involution.
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To see the last statement in the proposition, for z € M\t (L(1 + €)), we
compute

bud = M1 I1,.JT
= —II;1J¢,II
= —JI ¢, I0, = —Jo.

For z € (L(1 + 2€)), we have

<Z~)*j = 7;*6*@*_1j

= *1[}*;5*17}_1
= —J"t/f*c*ib l= J¢7
as desired. .
Let E =1 (L£(0)). To see that ¢.E = —E, we note that ¢(L(0)) = L£(0),
and that ¢ reverses orientation. This completes the proof. O

Lemma 2.14. Let (M,w,®) be a real symplectic manifold, and let J be an
w-tame (compatible) almost complex structure. Suppose

1

v H(Bk(l +26)a)‘2w077;) - (MawaJ)
k=0

is a symplectic and holomorphic embedding such that Im(¢ o 1) = Im(72).
Then there exist a real symplectic manifold (M @) with real structure ¢, an
w-tame (compatible) almost complex structure J, and a smooth onto map
II: M — M which satisfies the conclusions of Proposition 2.8.

Furthermore, the real structure ¢ and the almost complex structure J in
the blow-up M satisfy bud = —Jb,.

Proof. Define a map v : I} _(By(1 + 2€), Nwo, i) — (M,w, J) by

_ V(x)a J;EBOa
vie) = {qﬁo’yOCOL(az), x € By,

where ¢ : H}ﬁzoBk — H;{;:oBk is the map given by t(x € By) = € Bk+1 mod 2-
We note that, since ¢ and ¢ are anti-holomorphic and ~ is holomorphic, v is
holomorphic, and, similarly, since ¢ and ¢ and anti-symplectic, and ~ is sym-
plectic, v is symplectic as well. Furthermore, 7, ¢, ¢, and ¢ are all 1-1, and
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we conclude that 1 is a symplectic, holomorphic embedding. Now observe
that c o is an antisymplectic involution on II}_, By, Im(3)) = Im(v) by def-
inition, and that ¢ o cot = ¢ 0 9, so that 1 is a real embedding for the real
structures co ¢ and ¢. We now construct the blow-up of M relative to ¢ as
in McDuff and Polterovich [20] (which is as in the relative blow-up without
the Lagrangian).

On H}C:O L., we put the anti-symplectic involution ¢ o 7, where ¢ is com-
plex conjugation on L, and, as above, 7 : Hllc:() Ly — H;lg:o Ly is given by
i((z,0) € L) = (2,1) € Lk11 mod 2- Recall that 7o &(z,1) = con(z,1), since
z€l<=z¢cland 0 =0, and note that, by definition of ¢ and 7, we also
have mo¢oi(z,l) = corom(z,l).

Given €, A > 0, we define v(e, A) to be the symplectic form on ]_[,1,:0 L
(1 + 2¢), such that the restriction on each Ly, is given by v(e, A)|z, := T(€, A),
where 7 (e, \) is the symplectic form on £ constructed in Proposition 2.1.

Now define a map ¢ : M — M by

5y < [T o 8o T, z € MG (ITico £e(1+€)
bocoiod (), @ e (Ilieg Le(l+26)),

where 1) is the embedding of Hizo Lr(1 + 2¢) as in Figure 2.3. By the com-
mutativity of Figure 2.3, we have, for x € L(1 + 2¢)\L(1 + ¢€)

Yocéolop Hz)=tor Locoromoyy (x)
:H_lowocoLod}_loH(x)
— ooy 0 goTI(x) = T o ¢oTI(x).

Therefore q~5 is well defined and a diffeomorphism. That ¢~) is an anti-
symplectic involution follows from the fact that II7! o ¢ o IT and 1; o¢olo
@Z)_l are anti-symplectic involutions on their respective domains.

To see the last statement in the proposition, for z € M \@Z(]_[}c:o L
(1+€)), we compute

¢ = .01, T
=10, 19, JIIL,
= —I1, " J .11,
= —JI ¢, 11, = —J ..
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For = € ([} Lx(1 + 2¢)), we have
&*j = &*é*z*ﬁ;lj
= &*E*Z*%q/j*_l
= _72)*%5*5*1[;*_1
= _jl/;*é*z*izgl = —j(ﬁ*,
as desired. O

Proof of Proposition 2.11. For each ~; with Im(v;) N L # () we construct the
blow-up using Lemma 2.13. For each ~; such that Im(v;) N Fix(¢) = 0, we
first recall that, by hypothesis, Im(v;) N Im(¢ o7;) = 0. Since Im(¢ o) =
Im(y), then there is a ~; with Im(¢ o~;) = Im(v;). We blow-up the pair
~i,vir using Lemma 2.14. The result follows. (]

We now remove the hypothesis that our ball embeddings are holomor-
phic. To do so, we isotope our form to a cohomologous one that admits a
small holomorphic embedding around the center of our embedding, which
we may do under appropriate assumptions on an almost complex structure
that tames the symplectic form. We then create a family of symplectic forms
@; on the blow-up such that the original one tames (or is compatible with)
the almost complex structure J on the blow-up, and the last one is in the
cohomology class corresponding to the ball embedding. This is the same
strategy used in McDuff and Polterovich [20], and the following proposition
and its proof are variants of Proposition 2.1.C in [20], which we modify to
keep track of the Lagrangians L and L throughout the process.

Proposition 2.15. (1) Let ¢ : (B(1+ 2¢), A\2wg, Br(1 +2¢)) — (M,w, L)
be a relative symplectic embedding. Suppose that J is an almost com-
plex structure on M which tames (is compatible with) w and which is
relatively integrable at 1(0).

Then there exists a manifold M with a submanifold L, a family of
symplectic forms @y, t € [0,1] on M an almost complex structure J
on M, and a smooth onto map I1: M — M such that wo tames (is
compatible with) J, L is a Lagrangian for all the &, (L) L, and
w1 satisfies

(1] = [IT*w] — wA2e,
where e is the Poincare dual of the class [I171(1'(0))] € Ho(M;Z).

(2) Suppose, furthermore, M is a real symplectic manifold with real struc-
ture ¢, Fix(¢) = L, J satisfies pJds = —J, and v oc = ¢po1p. Then
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there exists a family of real structures &y on M such that qg;f&)t = —Qy,

(60)s (Ge)s = —J .

The proof depends on the following proposition, which is an adaptation
of Proposition 5.5.A in McDuff and Polterovich [20], and which we prove in
Section 2.4.

Proposition 2.16. (1) Let (M,w) be a symplectic manifold, and let L —
M be a Lagrangian submanifold. Let

Y2 (B(1 + 2€), Nwo, Br(1 + 2¢)) — (M,w, L)

be a relative symplectic embedding, and let J be an almost complex
structure on M which tames w and is relatively integrable at 1)(0) € L.

Then, for every compact subset K C M\y(0) there exists a sym-
plectic form ' on M isotopic to w such that w = w' on K and W' is
J-standard in a neighborhood N of 1(0), i.e., ' is Kahler on N, and
the associated metric is flat in a neighborhood of 1(0).

In addition to the above, suppose that M is a real symplectic man-
ifold with real structure ¢, Fix(¢) = L, J satisfies ¢ = —J, J is
symmetrically integrable around ¢ (0), and ¢ o =1 oc.

Then we can construct the symplectic form W' on M to satisfy the
conclusions above, and so that ¢ is a real structure for ' and w and
W' are isotopic through real symplectic forms.

Proof of Proposition 2.15. By Proposition 2.16, there is a symplectic form
w’ on M which is isotopic to w an J-standard. By Proposition 2.30, there is a
diffeomorphism F : M — M such that F*w = . Replace w by w’ and 1) by
F o). Abusing notation, we will refer to the new form and new embedding
by w and 1, respectively. Since w is now J standard, it follows that, for some
0 > 0, there exists a relative holomorphic symplectomorphism 7 : B(§) —
M, n(0) = 1(0). Now define the function Sy : B(1 4 2¢) — B(1 + 2¢) by

Si() = B(t)z + (1= A1) M1 +26)5  a(lz]) + (1 = a(|z]))] =,

where ((t) is a bump function with G(¢) =1 for t <0 and G(¢) =0 for
t > 1, and «(t) is a bump function with a(t) =1 for ¢t <4 and «(t) =0
for t > 1+ 2e — € for some small ¢ > 0. We wish to show that S, has the
following properties:

(1) So =1d,
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(2) St is equal to the identity near 9B(1 + 2¢),

(3) Sfwo = u(t)wo, where pu(t) : R — Rand (1) = A2(1 + 2¢)26 2 on B(J)
for some 6 > 0,

(4) co S; = St o ¢, where ¢ denotes complex conjugation, and

(5) Br(\+ ¢€) is a Lagrangian for S;wy.

The first four items above follow directly from the definitions of S, «, and
B, and item (5) follows immediately from item (4).

Now let Fy : M — M be the extension of o Sy o b~ : Im(v)) € M — M
by the identity map, and set w; = F}w. Define

2
v(z):=n <1 f262> : (B(l + 2¢), (1—1(—526)2u(t)w0> — (M, wy).
Since 1 is relative holomorphic embedding, v is also a holomorphic embed-
ding, and since vjw; = ﬁ w(t)wo, v¢ embeds symplectically into (M, wy)
for every t. Now take the forms @, obtained by blowing up the family w; by
the embeddings v;. We claim that @; verifies the conclusion of the theorem.
By definition, the v; are symplectic and holomorphic maps into M, and by
hypothesis, wg is compatible with J, so by Proposition 2.8, &gy is compati-
ble with .J. Since F} is isotopic to the identity, we see that [wi] = [w], from
which it follows that [IT*w;| = [IT*w]. @; is therefore in the desired cohomol-
ogy class, and the first part of the theorem is proved.

If M has a real structure ¢, and v satisfies the hypotheses in the latter
half of the theorem, then since c o Sy = Sy o ¢, it follows that ¢ o Fy, = F} o ¢,

and therefore ¢*w; = —w;. Blowing up (M, wy), we create a family of involu-
tions ¢; : M — M such that ¢*@; = —@&; and (¢)«J(¢)« = —.J, finishing the
proof of the proposition. O

We now prove Theorem 1.21.

Proof of Theorem 1.21. By Remark 1.20, there exists an almost complex
structure J on M which is relatively integrable in a neighborhood of the
points ;(0). Then by Proposition 2.15, there exists a manifold M with
submanifold L and a family of symplectic forms & on M such that L is a
Lagrangian for all @;, and which satisfies [01] = [IT*w] — >"7_, A2¢ej, where
the e, are the Poincaré duals of the exceptional spheres C} added in the
blow-up.

If, in addition, M has a real structure ¢ and Im(v¢) = Im(¢ o ¢)), then,
by Remark 1.20, J may be chosen so that it is symmetrically integrable
around the points 1;(0) and ¢.J¢p, = —J. Therefore, by Proposition 2.15,
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there exists a family of maps ¢; on the blow-up such that gzgz‘ W = —wy, and
this proves the theorem. O

2.2. Blow-down
We now construct the blow-down of a symplectic manifold (M,@,L). In
particular, we will prove Theorem 1.22, stated again below.

Theorem (Theorem 1.22). (1) Let (M,&) be a symplectic manifold
with Lagrangian L. Suppose there is a (p,q)-mized symplectic embed-
ding

k
H TJ p] 5J7A)R(J))%<M7‘:j7[~’>

such that ¥~ 1( ) = HJ \Rj(rj). Let C; € M denote ¢;(£(0)), and
let C'= U;C;.

Then there exists a symplectic manifold (M,w), a (p,q)-mized sym-
plectic embedding

(2.5) B(1+ 2¢), A\jwo, Br(1 4+ 2€)) — (M,w, L),

||:?r

a Lagrangian submanifold L C M, and a smooth onto map I : M —
M such that the following is satisfied:
(a) 11 is a diffeomorphism on M\C,
(b) I(C;) = p; € M, where p; is a point,
(c¢) II(L ) L, and
(d) w satisfies
[w] = [IFw] € &,
where £ is the linear vector space generated by eq,...,ex, the
Poincaré duals of the exceptional classes Ej = [1;(0)].

(2) Suppose, in addition, M admits an anti-symplectic mvolutionqg which
satisfies

a) Fix(¢) =L,
b) Im(¢)) = Im(¢ 0 ¢),

(c) Im(czS wz) N Im(zbl) =0 ifIm(y;) N L =0, and

(d) thioé= oty if Im(sh;) N L # 0.

Then (M,w) admits an anti-symplectic involution ¢ such that ¢ o

[I=1IIo¢.
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In parallel to the blow-up construction, we begin by constructing a family
of forms on C" from the forms p(d, A), which we will then use to construct
the global form in the blow-down. The following proposition is adapted from
Proposition 5.1.B in [20].

Proposition 2.17. For every €,0,\ > 0, there exists a Kdihler form ™ =
7(€,,\) on C™ such that the following holds:

(1) 7*(7) = p(0,\) on L — L(1+¢),
(2) 7= Mwy on B(1) C C",

(3) T is compatible with 1,

(
(

4
)

c*t = —1, where ¢ denotes complex conjugation on C",

)
)
)
) R™ is a Lagrangian for T.

Proof. Note first that p(8,\) = 62p(1,v) for v = \/§. Define

ha(2) = <1+<|j|)2)1/2,

and let ey >0 be such that 2eo(v? —1) +€(¥? — 1) < 1. Let B(t) be a
smooth non-increasing function which is 1 for ¢t <1 and 0 for t > 1 + €,
and let v(t) be a smooth non-increasing function which is 1 for ¢t <1+ ¢
and 0 for ¢ > 1 4 €. Then we define the map G : C* — C™ by

vz for |z| <1,

B(lalws+ (1 — B)w(l+e)  for 1< |z <1+ e
Y(Iz[)v(1+ o) + (1= B(lz)hu(2)z for 14+ < |2] < 1+,
hy(2)z for 14+ € < |2

G(z) =

and we define the form 7 = §2G*wy. We claim that 7 satisfies the properties
in the proposition. First, to see the G is a diffeomorphism, note that § and
~ are smooth. Since G is a diffeomorphism on each region, it now follows
that G is a diffeomorphism.

To see that G is monotone, we let ¢ := |z| and H(t) := |G(z)|. On the
first region, it is clear from the definition of G that G is monotone. On the
second region, we have

dH

o B (vt + Bty — B (t) (1 + eo)v.
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The second term is always non-negative, and, since t < 1+ ¢y and 3'(t) <0,
it follows that 3'(t)(t — 1 — €p) > 0, and therefore G' is monotone on this
region.

For the third region, we have

dH

— =7 O+ e+ (8 +v2)t(1 = B(t) — (1) (# + v?) /2.

The second term is always non-negative, and since 2e(v? — 1) + €2(v? —
1) < 1 by hypothesis, it follows that

2

V420 — 20 — 2 122 <1417 = (14 6) <P+ (1+e)

Recall that +/(t) < 0, so taking the square root of both sides, we see that
V()1 + €)= v+ (1+€)?) 2 0,

and therefore G is monotone on this region. Since GG is monotone on the last
region by definition, GG is therefore monotone everywhere.

The first property in the conclusion of the lemma follows from Lemma
2.3, the second from the definitions of 7 and G for |z| < 1, and the third fol-
lows from Lemmas 2.4 and 2.5 and the fact that G is a monotone radial func-
tion. To see the fourth point, note that G(z) = a(|z|)z for some real-valued
function « : R — R. This implies that co G = G o ¢, where ¢ is complex con-
jugation on C", and therefore c*62G*wg = 62G*c*wy = —6°G*wy, as desired.
This, in turn, proves the fifth point as well, and completes the proof. O

In parallel to the blow-up construction, we split the blow-down into
two parts, the relative blow-down, in which we consider only a Lagrangian,
and we do not consider a real structure, and the real blow-down. We now
construct the relative blow-down.

Proposition 2.18. Let (M,&) be a symplectic manifold with Lagrangian
L, and let J be an @-tame (compatible) almost complex structure. Suppose
there is a (p, q)-mized holomorphic and symplectic embedding

k
o [T (rs),05(85, \9), Ry (), 1) = (M, &, L, J)
7j=1

such that

R;j(rs)-

p
=1

J
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Then the conclusions of the first part of Theorem 1.22 are satisfied.
Proof. We consider the case when (p,q) = (1,0). Let
QZ; : (‘C(l + 260)7 p(év A)? R(l + 260)) - (M,L:), i)

be a relative symplectic embedding such that ¢*@ = p(6,\). We then per-
form a local complex blow-down in £(1 + 2¢), and we define the manifold
M by

M = M\G(L(1+26)) U 19001420 B(L+26)
after which, as in the blow-up, we arrive at the commutative diagram

(2.6) (L1 +26), R(1 + 2€))—2= (11, L)

l ln

(B(1+2¢),Br(1+ 26))(T> (M, L),

where II is defined by

z, x € M\(L(1+ 2€)),
II(z) = { - -
womo (¢Y™), xeY(L(1+ 2€)).

We now define the following form on M:

o {(H_l)*cb on M\ (B(1 + €)),
(W= 1)*1(e,6,\) on Y(B(1+ 2¢)).

We check that the definition of w agrees on ¥(B(1 + 2¢))\¢(B(1 +¢€)). On
this region, we have

so w is well defined. Furthermore, we claim that w is a symplectic form.
Too see this, note that II is a diffeomorphism on IT-1(M\¢(B(1 + ¢€))), so
w" is a volume form on M\¢(B(1+€)), and w is therefore non-degenerate
there. It is closed by definition. For ¢(B(1 + 2¢)), we first note that by
Proposition 2.17, 7 is Kéhler, and therefore symplectic on R?”. Since ¢! is
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a diffeomorphism on B(1 + 2¢), w is non-degenerate here as well, and closed
by definition.
We define the almost complex structure J on M by

- Pyip ! on Im(v)),
O ILJILY on M\Im(4).

Note that since w and @ are holomorphic diffeomorphisms near the
boundary of their respective domains, ¥,it; ! = ILJII; ! on (1 + 2e)\¢
(1+¢€), and so J is well defined. To see that w tames (is compatible with) J,
we first note that IT is holomorphic and a diffeomorphism for z € M — £(1 +
€), and we recall that w = (II71)*© on M\ B(1 + ¢€). Therefore, if @ tames J,
then for v,w € Ty M, w(v,Jv) = (I M, T Jv) = (I e, JII o) >
0, so w tames J on M\¢(B(1+¢€). If, in addition, @ is compatible with
J, then on M\B(1 + ¢), we have

w(Jv, Jw) = (I Y*&(Jv, Jw)
= oI Y Jw, T, T w)
= @(JII; Yo, JII 2w) = (T Yo, T Yw) = (1) *0(v, w),

as desired.

For z € L(1 + ¢€), we have that w = (1»~1)*7. Since 7 is compatible with
i, the canonical complex structure on B(1 + 2¢), and # is holomorphic (tau-
tologically, by the definition of J), then w is compatible with J on this
region. Therefore, if & tames (is compatible with) .J on M, then w tames (is
compatible with) J on M.

The condition on the cohomology class of w follows immediately from
the construction. This completes the proof of the proposition. O

We now construct the real blow-down for a real symplectic manifold M.

Proposition 2.19. Let (M w ¢) be a real symplectic manifold and let L=
Fix(¢). Let J be an &-tame (compatible) almost complex structure on M.
Suppose that

k
H T] Py 5ja>‘)R(]) ) (M,J},i,j)

18 a symplectic and holomorphic embedding such that

(1) ¢ (L) = [T Ry(ry),
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(2) Im(¢) = Im(¢ o)),
(3) Tm(¢ 0 1b;) NIm(¢);) = 0 if Im(xp;) N L =0, and
(4) Yjoé= oty if Im(yy) N L #0.
Then the conclusions of the second part of Theorem 1.22 are satisfied.

As in the blow-up, we prove this in two parts. The first is the following.

Lemma 2.20. Let (M w gg) be a real symplectic manifold and let L =
Fix(¢). Let J be an &-tame (compatible) almost complex structure on M,
and suppose that ¢ : (L(r), p(8,\), R(r)) — (M, &, L) is a symplectic embed-
ding such that Y oc = ¢ o 1/; Then the blow-down (M,w, L) admits an anti-
symplectic involution ¢ and an almost complex structure J such that

Fix(¢) = L and ¢ Jp. = —J.

Proof. Construct the blow-down (M, w) as in Proposition 2.18. Now define
a map ¢ by

Hopolll, r € M\(B(1 +¢)),
P(z) = -1
Yocoy™(x), z€Y(B(1+2e)).
Note that, for € (B(1+ 2¢) — B(1 +¢€)),
pocopi@) =pomosonopi)
=Hovgocéotp oIl (x)
:Ho&oﬂ_l(x),

so the map ¢ is well defined and a diffeomorphism. Furthermore, ¢ = Id by
definition. To see that ¢*w = —w, we have, for x € M\ (B(1 + 2¢)),
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We now check that ¢.Jo, = —J. For x € M\y(B(1 + €)), we compute

Gud = 11,11, "
= L. JII; !
= —ILJ.IT, !
= —JI'¢.I0, = —J ..

For z € ¢)(B(1 + 2¢)), we have

bd = caby LT
= ety
= —1/1*1'0*@&;1
= _J¢*C*¢;1 = —J¢x,

which completes the proof. O

Lemma 2.21. Let (M,& qg) be a real symplectic manifold and let L =
Fix(¢). Suppose that 7 : H] o(Lj (r]) pi(65,2;), R(r )) — (M,&,L) is a
symplectic embedding such that =1 (L) =0 and Im(¢o7|z,) = Im(F|z,)-
Then the blow-down (M,w) admits an anti-symplectic involution ¢.

Proof. Since Im(¢ o ¥|z,) = Im(7|z, ), we can replace v with an embedding

& T10Li () (65, 09), R(r)) = (M, &, L)

§=0
defined by

Q;— ’?(l’), xEEO,
poyocoi(z), =€Ly,

where 7 : HJ 0o Lj— ]_[j oL;jis given by i(z € Lj) =2 € Lj411 mod 2- Note
that ¢ o 7 is a real structure on ]_[ o £; which makes w a real map. The proof
now follows exactly the proof of Lemma 2.20, with ¢ o 7 in place of ¢. O

Proof of Proposition 2.19. For each ﬁj with Im(i/;j) N L # (), we construct
the blow-down as in Lemma 2.20. The rest of the maps come in pairs by
assumption, and for each pair, we construct the blow-down as in Lemma
2.21. The proposition follows. O
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Theorem 1.22 now follows easily from the above propositions. We finish
the proof here.

Proof of Theorem 1.22. First, by Remark 1.20, there is an € > 0, ¢ < ¢, and
an &-tame almost complex structure .J such that .J is integrable on P (L(1+
2¢’)) and which makes 1|z (142¢) holomorphic. Define N := ]_[;?:1 Li(1+
2¢’). If M is not a real manifold, then we use Proposition 2.18 to blow down
M using the map |- For a real manifold M and a real embedding @E, the
theorem then follows from Proposition 2.19, again using the restriction 1 |ar.
This completes the proof. O

Remark 2.22. We should note that the forms obtained in the local mod-
els, i.e., Propositions 2.1 and 2.17 are not the same as the forms con-
structed, respectively, from blowing up C™ at 0 and blowing down £ along the
exceptional divisor using Theorems 1.21 and 1.22. Constructing the genuine
blow-up and blow-down forms, even of C™ and L, still requires an auxiliary
symplectic embedding of either B(r) or £(r), and these are absent from the
form constructions of 7 and 7 in Propositions 2.1 and 2.17. Because of this,
we still use the constructions of Theorems 1.21 and 1.22, even in these cases.

2.3. Invariant symplectic neighborhoods and the Moser stability
theorem in real symplectic manifolds

In this section we present a version of the Symplectic Neighborhood The-
orem adapted to leave invariant the fixed-point set of a real symplectic
manifold (M,w, ¢). We will use this below to establish real packing results
in (CP?,RP?) and other real symplectic 4-manifolds. We closely follow the
presentation of the analogous theorems for symplectic manifolds with no
real structure in McDuff and Salamon [21].

We begin with a definition.

Definition 2.23. Let M be a smooth manifold and let G be a compact
Lie group which acts smoothly on M. We say that a vector field X on M is
equivariant with respect to G (or G-equivariant) if Vo € M, g € G, we have

X(g9r) = g« X ().

We now give the following standard result in equivariant dynamics,
which we quote from Ortega and Ratiu [24] (Proposition 3.3.2(i)).
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Proposition 2.24. Let M be a smooth manifold, A a subgroup of the group
of diffeomorphisms of M. Let U be an A-invariant open subset of M, and
X an A-equivariant vector field defined on U. Then, the domain of def-
inition Dom(F;) C U of the flow F; of X is A-invariant and Fy is itself
A-equivariant.

Lemma 2.25. Let (M,w, ¢) be a real symplectic manifold with Fix(¢) = L,
and suppose wy,t € [0,1] is a smooth family of symplectic forms with wy = w
and ¢*wy = —wy. Suppose, furthermore, that there exists a family of one-
forms oy with %wt =do; and ¢*or = —o¢. Then there exists a family of
diffeomorphisms oz : M — M such that

afwp = wo,
(27) Oét(L) g L7
a0 =¢gou.

Proof. We first note that, since the w; are non-degenerate, there exists a
unique vector field X; which satisfies

(28) ot + L(Xt)wt = 0.

Given such a vector field X, let oy be the solutions of

d
(2.9) —ap = X; oy,

dt
ap = 1d.

We now note that, because w; is closed, dw; = 0, and %wt = doy, equation
(2.8) implies that

<[ d d
0=oqa; <dtwt + o(Xy)dwy + dL(Xt)wt> = %atwt.

If X; is ¢-equivariant, then the flow a; will be ¢-equivariant as well. To see
that X; is ¢-equivariant, we first remark that

" (o + o(Xy)we) =0,
= ¢ ot + ¢ 1L(Xp)wy
= —0¢ + ¢ 1 (Xp)wy,
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which implies that ¢*¢(X;)w; = 0p = —1(X¢)w;. Therefore, for all v € T,M,
wi(d(q); Xe(d(q)), dxv) = —wi(q; Xi(q), v)-

However, —wi(q; Xi(q),v) = wi(6(q); ¢« X1(q), ¢+v), so

wi((q); Xe(9(q)), ¢xv) = wi(P(q); P X1 (q), xv).

Since this is true for all v € T;M, ¢, is an isomorphism, and w; is non-
degenerate, this implies that ¢.X:(q) = X¢(é(q)), and therefore the vector
field X; is ¢-equivariant.

Furthermore, for v € T, L, v # 0, we have that o;(q;v) = —o¢(g; pxv) =
0, so w(g; X¢,v) =0, which implies that X; € T, L C T, M. Since this is true
for all t € [0, 1], the diffeomorphisms «; determined by equation (2.9) satisfy
the constraints in equation (2.7) as required. O

Lemma 2.26. Let M be a 2n-dimensional smooth manifold, and let ¢ :
M — M be a diffeomorphism with ¢? =1d. Let L = Fix(¢), and suppose
Q C M is a ¢-invariant submanifold. Suppose that wy,w; € Q*(M) are
closed two forms with ¢*w; = —w; and such that, at every point q € Q,
wg\TqM = wlquM and the w; are non-degenerate on TyM. Then there exist
neighborhoods Ny, N1 of Q and a diffeomorphism o : Ny — N1 which
satisfies

(1) alg =1d,

(2) w1 = wo,

(3) a(MyNL)C L,
(4) aodp=¢oa.

Proof. We may assume that Q N L # (), since, if this was not the case, we
could just take the A; small enough so that A; N L =( and invoke the
ordinary symplectic neighborhood theorem.

Let Ny be a ¢-invariant tubular neighborhood of L. We first show that
there exists a 1-form o € Q'(Np) such that

olrom =0=0o|rL,
¢*U = —0,

do = w1 — wy.
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To prove this, we endow M with a ¢-invariant Riemannian metric, and
consider the restriction of the exponential map to the normal bundle TQ".
Since @ is ¢-invariant, T'Q) is ¢, invariant inside T M, and, therefore, since
¢« is an isomorphism from T, M to Ty, M, TQr is ¢.-invariant as well.
Now, for a real number € > 0, consider the neighborhood of the zero section
of TQ+

Ve = {(¢q,v) € TM|q € Q,v € T,Q*,|v| < ¢}.

Define the set U, := (Ve U ¢(Ve)). Then U, is ¢-invariant, and for e sufficiently
small, the restriction of the exponential map to U, is a diffeomorphism from
U, to a neighborhood N of Q). By a standard result in equivariant differ-
ential topology (Lemma 3.6 to be proven in Section 3.1), exp is equivariant
as well. Now define ¢y : U, — N7, 0 <t < 1, by (exp(q,v)) = exp(q, tv).
For ¢ > 0, v, is a diffeomorphism onto its image. At ¢ =0, Im(¢) C Q,
at t =1, Y1 =1d, and ¥y|g =1d for all t € [0,1]. Since exp is equivari-
ant, we also have g o $(exp(q, v)) = Vu(exp(c(q), dev)) = exp(B(g), tha) =
¢ oexp(g,tv) = ¢ oYy, so ¢ and 1)y commute.

Let 7 = w1 — wp. Then 957 = 0 and ¥]7 = 7, and, since v is an equiv-
ariant diffeomorphism, we may define a ¢-equivariant vector field for ¢ > 0
by X; = (%wt) o 1/1;1. Note that X; becomes singular at ¢ = 0. Nonetheless,
we have

d
S =Ly, = (X))

Let oy = 1y 1(X;)7. Therefore, %w;ﬁ' = doy, and, by the definition of Xy, oy
is equal to

oi(q;v) =7 <¢t(q); (Zzbdq),d%(q)v) .

Since o vanishes on @ for all ¢, we may define o9 = 0, making o; a
smooth family for ¢ € [0,1]. In addition, we have that

1
d

T =T — YT = —iTdt = do,

o dt

where o = fol owdt. 1t also follows from the equivariance of vy that (¢,v) €
TL, o, =0 for all t € [0, 1]. To see this, note that for (¢,v) € TL, di(q)v €
T,L, and since 9;(q) € L for all t, then %T/Jt(Q) € Ty, (gL as well, making
ot(q;v) vanish by definition of 7, because L is Lagrangian for wy and w;. To
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see that ¢*oy = —o;, we compute

8'oute) = ' (1(a)s o) ) ) 0
—n (10 0(a): Gon(60). o o dolg
o (110 000 Gy u(0la)) 1o dcb(q)v)
—n (0 wla)s oo vila) oo dunly
i (90 0u(0) G50 0 la), o o i q)v)
=<w1<¢owt<q>;d¢¢t< Ao i
i (90 0u(0) 0 ). o o () )
- (wtar jtwq),dwt(q)v)
= —oy(v).

Therefore, p*o = fol ¢*or dt = —w. We have now created the desired 1-form.

Now consider the family of 2-forms on Ny given by w; = wy + (w1 —
wo) = wo + tdo, t € [0,1], and note that ¢*w; = —w; and %wt =do. The
result now follows from Lemma 2.25. (]

Theorem 2.27. For j =0,1 let (Mj,wj,c;) be real symplectic manifolds
with compact cj-invariant symplectic submanifolds QQ;. Suppose that there
is an equivariant symplectic isomorphism ® : v, — vg, of the symplectic
normal bundles to Qo and Q1 such that the restriction of ® to the zero
section is the symplectomorphism v : (Qo,wo) — (Q1,w1). Then there exist
cj-invariant neighborhoods N of the Q; such that 1 extends to an equivari-
ant symplectomorphism ' : (No,wo, co) — (N1,w1,c1), and di' induces ®
on vQ,-

Proof. We first show that ¢ extends to an equivariant diffeomorphism

1 : N(Qo) — N(Q1)
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that induces the map ® on vg,. By Lemma 3.6, we may take the maps
exp; on T'M; to be equivariant with respect to ¢;. Define the map ¢, =
exp; o® o expy ', and consider the forms wy and wi’ = (¥1)*wi on N(Qo).
Note that, by construction, they are non-degenerate and they correspond
on Tg,My. By Lemma 2.26, there is an equivariant diffeomorphism ¥ of
N(Qo) such that ¢ w;’ = wy. The composition ¢’ = 1y 0 ¢ is the desired
map. O

Proposition 2.28. Let (M,w,¢) be a real symplectic manifold with real
locus L := Fix(¢). Let x € L. Then there ezists a symplectic equivariant map
from a neighborhood U of 0 in (R*,wq, c) to a neighborhood V of x € M.

In order to prove this proposition, we will need the following lemma.

Lemma 2.29. Let ® : R?™ — R?" be o linear map such that ®* =1d and
®*wo (v, w) = —wo(v,w) for all v,w € R®*™. Then there exists a linear sym-
plectic isomorphism W : R2" — R?™ such that $® = ¢, U, where c is the stan-
dard anti-symplectic involution on R?™.

Proof. We first consider the case n =1. (We do this to demonstrate the
construction. The proof does not proceed by induction.) Let v € Fix(¥) =
Fix(ex) such that wy(v,iv) = 1, where i is the standard complex structure
on R2. Then R? = Span{wv,iv}. Let w be an eigenvector of ¥ with eigen-
value —1. Let 8 := wy(v, w). Now note that {v,iv} and {v, w} are bases for
R2. We define the map ¥ : R? — R? to be the matrix sending v — v and
w — (0,wp(v,w)), where the coordinates are the standard (z,y) = (v,v)
coordinates on R2. Then, for two vectors av + bw, cv + dw, we have

wo(av + bw, cv + dw) = wo(av, dw) + wo(bw, cv)
= (ad — bc)p.

On the other hand,

wo(¥(av 4 bw), ¥(cv 4+ dw)) = wo(av + 5 - biv, cv + 3 - div)
= (ad — be)p.

Since the constants a, b, ¢, d € R were arbitrary, we see that ¥ is a linear sym-
plectomorphism. Without loss of generality, consider a linear anti-symplectic
involution ® : R?® — R?" with Fix(®) = R™. Let ¢;,i € {1,...,2n} denote
the standard basis in R?", and consider the standard coordinates (21, .. ., Zn,
Y1, .-, Yn) in R?". Take a basis (v1,...,v,) of the —1 eigenspace of ®, and
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define the map ¥ : R?® — R?" to be the unique linear map sending e; — e;,
and v; — (0,...,0,wo(e1,v;),...,wo(en,v;)), where there are n leading zeros
in the coordinate (i.e., the —1 eigenspace of ® is sent to the —1 eigenspace
of ¢).

We now show that ¥ is a symplectomorphism. First note that for i €
{1,...,n} we have wy(e;, e;) = 0 = P*wp(e;, ;). Furthermore, we see that

—wo(vi,v5) = P wo(vi, vj) = wo(Puvs, Pvj) = wo(vi, vj),
which implies that wo(v;,v;) = 0 = ®*w(v;, vj). Now note that
P wo(ei, vj) = woles, vj)woles, e;) = wolei, vj),
as desired. Since Y& = Pc,, the proof of the lemma is complete. O

Proof of 2.28. We first consider a ¢-invariant chart (U, o), o : U C M — R?"
centered at the point p € L which sends L — R™ C C". We now consider the
real structure ® := a0 ¢oa ! on Im(a). By Lemma 2.29, there is a linear
symplectic isomorphism W : R?® — R?" such that ®,¥ = ¢, ¥ at the point
0. Now apply Theorem 2.27 to the point 0 € R?". O

We now prove a real version of the Moser stability theorem.

Proposition 2.30. Let M be a closed manifold, and suppose that w; is a
family of cohomologous symplectic forms on M with anti-symplectic involu-
tion ¢, i.e., such that ¢*wy = —wy. Then there is a family of diffeomorphisms
V¢ such that ¢ o by = 1P o P, Yo = id, and Yjw = wy.

Proof. We must show that there is a smooth family of one forms o, such
that

(2.10) do; =

!
and ¢*Ut = —O0¢.
The proof of Moser stability theorem (Theorem 3.17 in [21]) shows

that there exists a smooth family of one forms 7; satisfying (2.10). Let

op = %(Tt — ¢*1). Then doy = %(%wt — *%wt) = %(%wt — %gﬂ)*wt) = %wt.

Applying Lemma 2.25, we arrive at the desired result. O
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2.4. Locally holomorphic maps

In this section we prove Proposition 2.16, which shows that, given a relative
or real symplectic embedding

Y2 (B(1+ 2€), Nwo, Br(1 + 2¢)) — (M,w, L)

and an almost complex structure on M which satisfies some additional con-
ditions, we may find a form w’ on M isotopic to w, and a relative symplectic
embedding ' : (B(5), \wo, Br(d)) — (M,w’, L) whose image is contained
in the image of 1 but which is holomorphic near the origin. We state the
main proposition of this section here.

Proposition (Proposition 2.16). (1) Let (M,w) be a symplectic man-
ifold and let L C M be a Lagrangian submanifold. Let

¥ 2 (B(1 + 2€), Nwo, Br(1 + 2¢)) — (M,w, L)

be a relative symplectic embedding, and let J be an almost complex
structure on M which tames w and is relatively integrable at 1(0) € L.

Then, for every compact subset K C M\ (0) there exists a sym-
plectic form ' on M isotopic to w such that w = w' on K and W' is
J-standard in a neighborhood N of 1(0), i.e., ' is Kahler on N, and
the associated metric is flat in a neighborhood of 1(0).

In addition to the above, suppose that M is a real symplectic man-
ifold with real structure ¢, Fix(¢) = L, J satisfies ¢ = —J, J is
symmetrically integrable around ¥ (0), and ¢ o =1 oc.

Then we can construct the symplectic form W' on M to satisfy the
conclusions above, and so that ¢ is a real structure for ' and w and
W' are isotopic through real symplectic forms.

In the proof we will use the following lemma, which is a modification of
Proposition 5.5.B in McDuff and Polterovich [20].

Lemma 2.31. Let w be a symplectic form on B(1) which tames the stan-
dard complex structure i and satisfies ¢*w = —w for the standard real struc-
ture c. Then there exists a symplectic form on B(1), say Q, with the following
properties:

(1) Q coincides with w near the boundary of the ball;
(2) Q tames i;
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(3) Q is i-standard near 0, i.e., it is Kdhler, and the associated metric is

flat.
(4) ¢*Q = —Q, and, in particular, Br(1) is a Lagrangian for €.

Proof. We divide the proof into three steps.

Step 1. We claim that for every x > 1 and every 1 > ¢ > 0, there exists
a Kihler form, say 7., on B(1) which is equal to x%wy in B(e/2r) and
coincides with €2wg near the boundary, where wy is the standard symplectic
form on B(1). Indeed, take a monotone map h defined by h(z) = (k/e)z for
z € B(e/2k) and such that h is equal to the identity map near the boundary.
Then the form 7, = h*(e?w) is Kihler by Lemma 2.5.

Step 2. Let p be a bump function on R?” which is radial, equal to 1 near
the origin, and which vanishes for |z| > 1 — 0, for some ¢ > 0. Let wy be the
standard symplectic form on R?". Choose € > 0 so that w — €2wy tames i,
and set po(z) = p((2a/€)z), with 1 < a < k. Finally, denote by [ a primitive
of w so that w = dB. Now consider the form

(k) =w+ (14 — 2wy — d(paf3))-

We claim that o’ (k) satisfies the first four properties provided « is sufficiently
large.

We note that w'(k) coincides with w near the boundary, and near the
origin w’(k) is equal to (k? — €?)wp, and is therefore J-standard there. More-
over, po = 0 outside B((e/2a)(1 —6)), and therefore w'(k) = w — (2w +
7..) there. By assumption on €, w — 2wy tames i on this region, and since 7
is Kéahler, w'(k) tames i as well.

We now check that w’(x) tames ¢ inside B(e/2«). On this region

w/</€) = ( 2 - 62)""0 + (1 = pa)w — dpa A B.

Let | - | denote the Euclidean distance of a vector in R?n. Since B(e/2a)
is compact, the sphere bundle

S ={(x,&|z € B,|¢| =1} c TR*"

is compact, and therefore the function dp, A 5(€,i€) has a maximum, say
M on S. Therefore, for any & € T,(B(¢e/2a)),

dpa N B(E,i€) = €Pdpa A B (é ’é,)
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and therefore the maximum of dp A B(,i€) on S, = {(z,&)|z € B, |¢] =
a}l C TR?* is |¢]2M. Since w tames i and 1 —p >0, (1 — pa)w(&,i€) >0
for all £ # 0, and we conclude that w'(k)(€,i€) > (k% — €2 — M)|€|?. Since
the quantity on the right is positive for sufficiently large k, w'(k) tames i if
we choose k large enough.

Step 3. We see from the above that the symplectic form w'(k) satisfies
the first three properties, but does not necessarily respect the real structure.
By Lemma 4.4, however, since (k) tames i and cyic, = —i, the form Q =
$(W (k) — ¢*w/(k)) is symplectic, and satisfies the last property. We check
that it satisfies the first three properties as well. €2 tames ¢ by Lemma 4.4,
and, since w'(k) = (k% — €?)wp near the origin, Q(k) = w'(k) near the origin,
and is therefore i-standard on the same region as w’(x). Furthermore, since
w'(k) coincides with w near the boundary of the ball and ¢*w = —w, then
Q= w'(k) = w near the boundary of the ball as well. Thus (k) satisfies
the conclusion of the lemma for k sufficiently large, and this completes the

proof. O

Proof of Proposition 2.16. We first assume the hypotheses in Item 1 of the
proposition, i.e., that M is a real symplectic manifold with real structure ¢,
Fix(¢) = L, Y oc= ¢ o1, and J is a tame almost complex structure that is
symmetrically integrable and satisfies ¢.J¢, = —J. We split the proof into
two steps.

Step 1. Let (V,v),v:V € M — C" be a symmetric, holomorphic chart
centered at 1 (0), which exists because J is symmetrically integrable around
(0). Let W C (V) be a small ball centered at 0 inside v(V'), and let ¢
denote complex conjugation on W. By Lemma 2.31, there exists a symplectic
form @ on W which tames 4, satisfies ¢*w = —w, is i-standard near 0, and
coincides with (y71)*w near the boundary of W. Let the form w’ on M be
given by

, Wy for x € M\~ (W),
Wy =
(v"YHY'w for z e y7L(W).

Note that since @w tames 7 on W and 7 is symmetric and holomorphic, w’
tames J on M, ' is J-standard near 1(0), and ¢*w’ = —w'. Therefore, for
each s € [0,1], ws = W' + s(w — w') is a symplectic form, and, furthermore,
¢*ws = —ws for all s € [0, 1]. Since the closed form w — w’ is non-zero only
on a contractible set, each of the wy are in the same cohomology class in
H?(M;R) and w and ' are therefore isotopic through real symplectic forms.

For the first part of the theorem, we note that, since J is relatively
integrable, there is a chart (V,7) around (0) such that v(L) C R® and
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where co (V) = V. If we use this chart in the place of (V,~) above and
follow the same reasoning as above, the result follows. O

3. Topological criterion for the real blow-down

In this section we prove Theorem 1.24, which gives a sufficient condition for
blowing down a real Lagrangian submanifold.

3.1. Equivariant differential topology

In this subsection, we collect the statements of several classical results from
equivariant differential topology which we will need for the proof of Theorem
1.24. The proofs are found in Bredon [5] and Kawakubo [12].

Definition 3.1. Let M be a C* manifold, and G be a compact Lie group.
If ®: G x M — M is a smooth action of G, then we call ® a G-action on
M, and if M admits such a G-action, we call M a G-manifold.

Lemma 3.2. Let G be a compact Lie group, and let M be a finite-
dimensional G-manifold. Then there exists a G-invariant Riemannian
metric g on M.

Lemma 3.3. Let G be a compact Lie group, and let M be a topological
G-space. Then the fized point set of G, MC, is a closet set.

Theorem 3.4. Let M be a G-manifold with G finite. If A is a closed G-
invariant submanifold of M, then A has an open G-invariant tubular neigh-
borhood in M.

Proposition 3.5. Let G be a compact Lie group, and let M be a G-
manifold. Then the fized point set of G, M, is a smooth closed submanifold
of G.

Lemma 3.6. Let G be a compact Lie group, let M be a finite-dimensional
G-manifold and let g be a G-invariant Riemannian metric. Then the asso-
ciated exp map is G-equivariant.

3.2. Proof of the blow-down criterion

In this section, we prove Theorem 1.24, which we restate for convenience.
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Theorem (Theorem 1.24). Let (M* w,$) be a real symplectic mani-
fold with L :=Fix(¢), and let J be an almost complex structure on M
which tames w and which satisfies ¢ Jp = —J. Suppose E € Ho(M;7Z)
satisfies F - E = —1 and ¢.FE = —FE, and that there exists an embedded J-
holomorphic curve C which represents EE. Then there exists a real symplectic
manifold (M,o, ¢) and a smooth onto map I1: M — M that satisfies

(1) II is a diffeomorphism on M\C,
(2) I(C) = p € M, where p is a point,
(3) Ho¢p = ¢oll, and

(4) @ satisfies

W] = [IF@] € &,

where € 1s the linear vector space generated by e, the Poincaré dual of
the exceptional class E = [II71(p)].

We begin by recalling a version of the adjunction inequality, as given by
Theorem 1.3 in McDuff [18].

Theorem 3.7. Let (M,J) be an almost complex 4-manifold and A €
Hy(M;Z) be a homology class that is represented by a somewhere injective
(closed) J-holomorphic curve u: ¥ — M. Then

g<1+- (A A —c1(A)),
with equality iff u is an embedding, where g is the genus of X.

We recall Definition 1.23 from Section 1.

Definition. We call E € Hy(M*;Z) an exceptional class if E-E = —1. If
u: ¥ < M* is an embedding of the surface ¥, and u,[X] = F, then we say
that u(X) is an exceptional curve.

It follows from the adjunction formula that

Corollary 3.8. Let M be a 4-manifold, and let u : > — M be an excep-
tional 2-sphere in M such that u.[X] = E € Hao(M;Z). Then c1(usX]) = 1.

Proof. Since u is an embedding by definition, 0 = 1 + 5 (E E — ¢ (FE)), and
therefore ¢;(E) = 1. O
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Remark 3.9. Suppose (M,w,¢) is a real symplectic manifold with an
almost complex structure J which tames w and satisfies ¢.Jp, = —J. Let
u : X — M be a closed J-holomorphic curve, and suppose it is an embedding
whose image is invariant under ¢. Then ¥ inherits the symplectic form u*w
and the anti-symplectic involution v~ o ¢ o w.

Proposition 3.10. Let (S%,w) be endowed with an anti-symplectic involu-
tion ¢. If Fix(¢) # 0, then the fized point set of ¢ is a circle.

Proof. Let G = Zs with smooth actions on M given by the functions {Id, ¢}.
From Proposition 3.5 we see that Fix(G) = Fix(¢) is a closed submanifold of
52. Denote this submanifold by K. Now suppose p € K, and let v,w € T,K.
Then w(v,w) = ¢*w(v,w) = —w(v,w) = 0, and so the fixed point set is an
isotropic submanifold of S2. By Remark 1.4, L is Lagrangian, and therefore
one dimensional. Fix(¢) is therefore equal to a closed Lagrangian submani-
fold of S? and is therefore diffeomorphic to a union of non-intersecting cir-
cles. This union is compact, and therefore finite, since Fix(¢) is topologically
closed and S? is compact.

Suppose there is more than one circle in Fix(¢), say ai,...,a;. Now
choose two circles, which we denote v, and vo. S? therefore decomposes as
S? = Dy U C U Dy, where the D; are the non-intersecting disks bounded by
the 7;, and C' is the closed cylinder between the discs. Now consider ¢(Dy).
Since ¢ is a diffeomorphism, it must send D; onto a disc bounded by 71,
i.e., either Dy or C'U Ds.

Now suppose ¢(D1) = C'U Dj. Then there is a point x € D; such that
d(z) € v2 = ¢*(x) € y2 € D1, which contradicts the assumption that ¢ =
Id. Therefore, ¢(D1) = D;. Note that for any = € 71, one of the eigenvalues
of d¢(z) is —1. Therefore, there are points in a collar neighborhood of 7 in
Dy which are sent by ¢ to a collar neighborhood of v; in Dy U C. However,
this contradicts that ¢(D;) = Dj, and concludes the proof. (]

Corollary 3.11. Let (M* w, ¢) be a real symplectic manifold, and let L :=
Fix(¢). Let J be an almost complex structure on M such that ¢.Jp. = —J,
and let E € Hy(M;Z) be an exceptional class with ¢p.E = —E. Suppose u :
5% — M is an embedded rational J-holomorphic curve that represents E.
Then w(X) N L is diffeomorphic to a circle.

Proof. Note first that ¢ ouoc¢ is another J-holomorphic embedding that
represents E, and its image is equal to Im(¢ o u). Suppose now that Im(u) #
Im(¢ o u). Let ¢ denote complex conjugation on ¥ = S2. Because both maps
u and ¢ o u o ¢ are J-holomorphic, their intersections are at most countable,
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and since [Im(¢owuoc)] = [Im(u)] = E € Ho(M;Z), positivity of intersec-
tions in dimension 4 (e.g., Theorem E.1.4 in McDuff and Salamon [22])
implies that 0 < [{Im u} N {Im ¢pouoc} < F-FE = —1, which is a contra-
diction. Therefore, Im(u) = Im(¢ o u). By Remark 3.9, u(X) inherits a real
structure from M, and it follows from Proposition 3.10 that the fixed point
set of ¢ restricted to u(X) is a circle. Since Fix(¢) = L C M, it follows that
u(X) N L is diffeomorphic to a circle. O

Lemma 3.12. There is a natural isomorphism between the oriented
Lagrangian subspaces of R*™ and the quotient space U(n)/SO(n).

Proof. We recall from McDuff and Salamon [21] that the unitary matrix
U =X +1Y given by a unitary Lagrangian frame is determined by the
Lagrangian subspace A up to right multiplication by a matrix in O(n). Simi-
larly, given an orientation o(A) of A, we see that U is determined by (A, o(A))
up to right multiplication by a matrix in SO(n). O

Lemma 3.13. Let u:(D,0D) — (M,L) be a J-holomorphic disk with
boundary on a Lagrangian L. Suppose the Maslov index of u, u(u), satisfies
p(u) mod 2 =1. Then T'L|gp is a non-trivial bundle.

Proof. Consider the commutative diagram

m1(SO(n)) m1(O(n))
0 0
m(U(n)) m(U(n)) = 7Z

1%

0 0

Note that the vertical exact sequences in the diagram are taken from the
respective homotopy long exact sequences. Note, too, that it follows from
the diagram that the map ( is onto, and therefore that the map « is multi-
plication by 2. Identifying the Maslov class of a loop v of Lagrangians with
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[v] € m1(U(n)/O(n)), we see that the Maslov class of any loop ~y of oriented
Lagrangians is even. Now consider a trivialization ® : v*TM — D x C™. If
TL|gp is trivial, then the loop of Lagrangians A o ®|sp — U(n)/O(n) is a
loop of oriented Lagrangians, and therefore p(u) is even. This concludes the
proof. O

Lemma 3.14. Let (M,w,®) be a four-dimensional real symplectic man-
ifold with real structure ¢. Denote the fized point set of ¢ by L, and let
E € Ho(M;7Z) be a homology class such that E - E = —1. Suppose u : (CP?,
0,1) — (M,w, J) is a J-holomorphic embedding such that u,[CP'] = E, and
such that the intersection Im(u) N L = S*. Then the intersection of T'L with
the normal bundle of Im(u), i.e., TL Nv(Im(u)), is non-trivial.

Proof. We note that c¢;(v*T'M) =2 —1=1, and that the Maslov number
of u=2¢1(F) =2. Let uy,us : D> — M denote the two disks which make
up u. We claim that the Maslov index of each disc must be 1. First, recall
that pu(uq) + p(u2) = p(u) by the properties of the Maslov index. Second,
the involution ¢ : M — M induces a diffeomorphism from Im(u1) to Im(us),
and ¢, : TM — T'M is a vector bundle isomorphism from ujT'M to u5T M.
Again, the properties of the Maslov index (see Theorem C.3.5 in McDuff and
Salamon [22]) imply that p(u1) = p(uz), and this implies that possibilities
other than (1,1) for the Maslov indices of the two discs may not occur. It
follows that the bundle Ts: L = T'S* @ v (S!) is non-trivial by Lemma 3.13,
where vr,(S') denotes the part of the normal bundle of S which lies in T'L.
Since T'S! is trivial, then v, (S') cannot be, and the lemma is proved. [

Lemma 3.15. Let M be a four-dimensional real symplectic manifold with
real structure ¢. Denote the fized point set of ¢ by L, and let E € Ho(M;Z)
be a homology class such that E-E = —1 and ¢.E = —FE. Suppose, fur-
thermore, that there exists an embedding of the surface ¥, i : ¥ — M, with
i«[X] = E. Then E- L =1 mod 2.

Proof. First, we perturb i so that i(X) N L and ¢(X) N ¢ oi(X) are generic.
Let pei(X)N¢oi(X), pé¢ L. Then ¢(p) € i(X)Npoi(X), ¢(p) ¢ L, and,
in particular, p and ¢(p) do not affect the value of either F-E mod 2
or F- L mod 2. Suppose now that £ - L =0 mod 2. Then there exists an
even number of points in the intersection i(3) N L, and, combined with the
above, this implies that there is an even number of points in i(X) N ¢ o i(X).
However, i.[X] - ¢.i4[X] = 1 mod 2, which is a contradiction. Therefore E -
L =1 mod 2. (]
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We recall a version of the Riemann Mapping Theorem from [26] (see
also [7]).

Theorem 3.16. Let D denote the unit disk in C, let Q0 be a simply con-
nected domain in C, (Q # C), and assume that the boundary 02 is locally
connected. Then there is a holomorphic isomorphism f : D — Q that extends
to a continuous map from D — Q. Moreover, if O is a Jordan curve, then
f extends to a homeomorphism from D to .

We now prove Theorem 1.24.

Proof of Theorem 1.24. Let uw:YX — M be the embedded .J-holomorphic
curve whose image is C'. By hypothesis, [C] - [C] = —1 so Lemma 3.15 implies
that C' N L # (). By Corollary 3.11, C intersects L in a circle, whose preim-
age we denote S. Let Dy and Dy be the two open discs in C' with boundary
S. Note that, for each x € Dy, ¢(z) € Dy. Now let H; and Hs denote the
two hemispheres of CP! with boundary RP!. By Theorem 3.16 there exists
a holomorphic map « : D1 — Hp which extends to a homeomorphism from
D; to Hy. Now define a map & : C — CP! by

(3.1) a(z) = {a(m) %f:c € Dy,

coa(p(x)) if x € Do,
where ¢ denotes complex conjugation on CP'. We claim that & is holomor-
phic on all of CP!. First, choose a holomorphic chart 1 : W € C — C cen-
tered at a point € RP! which sends U NRP! toR. Let v : V € CP! — C
be a holomorphic chart centered at &(z) € V, and note that & is holomor-
phic iff yp ooy ! is holomorphic for any pair of charts. To prove that this
is the case, we appeal to Morera’s theorem, which we recall below, as stated
in Conway [9], following the proof of the Schwartz Reflection Principle.

Theorem 3.17 (Morera’s theorem). Let U be a region in C and let
f:U — C be a continuous function such that fT f =0 for every triangular
path T in U. Then f is analytic in U.

To apply this theorem, we need to show that for each triangular path
T C U, [, f=0.Denote 4y (U) by U, let UT = U N {z[Im(z) > 0}, U° =
{z|Im(2) = 0}, U~ = {2|Im(z) < 0}, and f ;=2 0a 0~y ! : U — C. Choose
a triangular path 7" in U. We see that fT f=0iff fP f = 0 for any triangular
or quadrilateral path P in UT UU® and U~ U U°. Furthermore, if P C U*,
then | pJ =0, since f is holomorphic on U® by definition. We therefore let T'
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be the triangle with vertices [a, b, ¢|, where the edge [b, c] is contained in the
real axis. The same argument applies for a quadrilateral path. Let A denote
the union of the path 7' and its interior. f is continuous on Ut U U by
construction, and therefore it is uniformly continuous on A. Therefore, for
any € > 0 there exists a § > 0 such that |z — 2/| <d = |f(2) — f(¢)| <e.
Now choose a small € >0, and a 6 > 0 such that 0 < § <€ and |z — 2/| <
d = |f(z) — f(2')| < e. Pick points o and 3 on the line segments [a, b] and
[a, ], respectively, so that |¢c — a| < 6 and |[b— | < d. Let T and @ be the
paths T = [a, 8, a,a] and Q = [a, ¢, b, 5, ] as in Figure 3.1. Then

/sz//f+/Qf-

However, since T” and its interior are contained in U™, f is holomorphic
there, and therefore [, f = 0.
We now approximate fQ f. First, note that, for ¢ € [0, 1],

[t8+ (1 —t)a] — [tb+ (1 —t)c]| < &

and therefore

|f(tB+ (1 —t)a) — f(tb+ (1 —t)c)| <e.

Figure 3.1: Illustration of the paths T, T”, and @ used in the proof of
Theorem 3.16
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Now let M = max{|f(z)| | z € A}, and let [ = the length of the perimeter

of T'. Then
/(y
[ 7C]

Ji?

and
‘/[bﬁ]ij/[,a]f':‘(b_c)/olf(tb‘i'(l—t)c)dt

1
+(a—B) /0 B+ (1 - a)dt

< Mlc—al < Mé,

< M|b— g < M,

1
<[b—c| /0 fitb+ (1 —t)e) — f(tB+ (1 —t)a)
-0 -@-a)|[ f<w+<1_t>a>dt‘
0
<e€lb—c|+ M|b—3)+ (c— a)|
< el +2Mo.

Therefore,

< el +4Mé.

|1

Since € is arbitrary, and we may choose § < ¢, it follows that fT f =0, and
therefore f is holomorphic. From this we conclude that & is holomorphic as
well.

We have now shown the existence of a holomorphic map & that verifies
poaoc=a and Im(a) = Im(u). Now let S =Cn L.

We now remark that the cohomology class [a*w] € H?(L£(0)) is deter-
mined by the integral [p, @ w, where here we understand CP' = £(0).
Therefore, for A\? := [p, &*w, the form p(1, ) is in the same cohomology
class. By Proposition 2.30, there exists a diffeomorphism gy : £(0) — £(0)
such that Sja*w = p(1, A). Let vo := & o fp.

Now, by Lemma 3.14 the normal bundle of S in T'L is non-trivial. Con-
sider the bundles v;(v(C)) and v(£(0)), where v(-) denotes the normal bun-
dle of the submanifold in question. Since the Chern class of C is 2, the
Maslov index of the two disks D; and D5 in C' with boundary on L is 1, and
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the restriction of v(C) to L is non-trivial, then by Theorem C.3.7 in McDuff
and Salamon [22], there is a (complex) isomorphism ® between the bundles
v (v(Dy), TLNv(Dy)) and v(£(0)*,R(0)), where £(0)* denote the upper
and lower hemispheres of £(0), respectively.

Now note that ¢,®é, gives an isomorphism of &*(v(Ds), TL N v(Dy))
and v(£(0)7,R(0)), and therefore the map

{?, (,v) € W(£(0)7),
D Ply, (x,v) € v(L(0)7)

is a complex equivariant isomorphism from v(£(0)) — o*v(C).
Furthermore, since ¥ is a complex bundle isomorphism, it is symplectic
as well. It therefore follows from Proposition 2.27, that for some J > 0, we
can find a Zy-equivariant map 3y : £(6) — M such that Sjw = p(1, A) which
restricts to the symplectomorphism vy : £(0) — C C M. We may now con-
struct the blow-down by Theorem 1.22 using the equivariant symplectic map
B:L(0) — M. O

4. Applications to real packing

We now apply our results to problems of real packing in symplectic four
manifolds. That is, given a real, symplectic 4-manifold (M, w, ¢), we wish to
know the quantity

Vol 1 (Hle Bi(r)>
Vol M ’

PLk = SUDy »

where 9 : Hle B;(r) < M* is a symplectic embedding such that the preim-
age 1 1(Fix(¢)) = ]_[le Bir(r). We will, in particular, treat the cases
(CP?,0,¢) and (S? x 82,052 @ 0g2,¢') with the canonical real structures
#, ¢, where RP? = Fix(¢) and the direct sum of the equators S' x S =
Fix(¢'). In particular, we will prove

Theorem (Theorem 1.26). For the pair (CP?,RP?) with the standard
symplectic form and real structure, the real packing numbers prp: ), are equal
to the absolute packing numbers for CP?,

Theorem 4.1. Let ¢: 5% — S? be the reflection on S? which sends the
upper hemisphere to the lower one and fizes the equator. The real packing
numbers for (S? x S%,05: ® 052, D ¢) are equal to the absolute packing
numbers for (5% x S%,05: @ 0g2).
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Table 4.1: pszyk((CPQ,O') :pk(CPQ,U)

k 1 2 3 5 6 7 8 >9
1 3 4 24 63 288
pre2r 15 71 5 55 G 53 1

Table 4.2: pgixg1 (52 x 5%, w & w) = pr(S? x %, w @ w)

k 1 2 3 4 5 6 7 > 8
PSStk 2 3 9 10 19 225

The packing numbers for (CP?, o) and (S? x S?, 052 @ 0g2) are given in
Tables 4.1 and 4.2 above, quoted from [3].

Our basic strategy follows [3, 20]. We create the blow-up M of M using
symplectic and holomorphic embeddings of small balls, and we determine
which classes in H?(M;R) are represented by symplectic forms, in this case
trying to increase the area of the exceptional divisors as much as possible.

The following proposition shows that, once we have altered the form on
M to increase the area of the exceptional divisors, we are able to show the
existence of larger ball embeddings into M. It is an adaptation of Proposition
2.1.C in McDuff and Polterovich [20] to real symplectic manifolds.

Proposition 4.2. Let (M,w, ) be a real symplectic manifold, and let J
be an w-tame almost complex structure which is symmetrically integrable
around a set of k points I = {p1,...,pr} C L, where L = Fix(¢). Suppose
that for some set of real numbers kg >0, ¢ € {1,...,k}, there exists a real
symplectic and holomorphic embedding

k
= qu : H(B(l + 2¢4), Br(1 + 2¢,), /ngo,i,c) — (M, L,w, J, 9)
q=1

such that 14(0) = pq. Let II : M — M denote the real symplectic blow-up of
(M, L) relative to 1, and let J, o, andqg be the complex, symplectic, and real
structures, respectively, on M constructed from J, w, and ¢ by blowing-up
M. Let Cy,q € {1,...,k} denote the exceptional curves II~1(1h,(0)) added in
the blow-up, and let eq € H?(M;Z) denote the Poincaré duals of the homol-
ogy classes [Cq| € Ho(M;Z).
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Suppose, furthermore, that there exists a smooth family of symplectic
forms &y on M such that

(1) @9 = @ is obtained by a real blow-up relative to the embedding 1,
(2) &g tames J,

(3) for all g € {1,...,k}, &tlc,, the restriction of & to the exceptional
divisors {C’q}’;:1 added in the blow-up, tames J|c,,

(4) ¢*@; = =&y, so that L =T1-Y(L) is Lagrangian for each of the forms
Wy, and
(5) @] = T*w] — 25:1 TAZ(t)eq for positive constants Ag(t), 0 <t < 1.
Then (M, L,w, ¢) admits a real symplectic embedding of k disjoint stan-
dard symplectic balls of radii \y(1), ¢ € {1,...,k}.

Proof. Since M is the real symplectic and holomorphic blow-up at k real
points of (M, L, J, ¢,w), then, according to the construction in the proof of
Proposition 2.11, there exists a real symplectic and holomorphic embedding

k
=TT JTLQ +2¢0), R(1+ 2€9), p(1, 19),4, &) — (M, L, &0, J, ).
=1

We will show that for each ¢ there exists a family of equivariant diffeo-
morphisms ¢, : M — M.t € [0, 1] with the following properties:

(1) go=1d,
(2) there exists a § € R, 0 < <1+ 2¢, such that, for all ¢, &;gz‘@t =
p(1,Aq(t)) on £(5),
(3) 910 ¢ = o gr, g:(Im(¥)) = Im(4)), and g:((£(0))) = 1 (£(0))-
To see this, first note that the A;(¢) satisfy the equation

£(0)

S0) 1/;;@75 is in the same cohomology class on £(0) as p(1, Ay(t)). Then, since
both of these forms tame i on £(0), the forms sp(1, \,(t)) + (1 — s)z/zgdt
are non-degenerate for all s € [0, 1]. Therefore, by Proposition 2.30, for each
t, there exists an equivariant symplectomorphism Fy; : (£(0), p(1, A(t))) —
(£(0),4*@;) such that ¢o Fy; = Fy; 0 and F ,tw &r = p(1, Ag(t)) on L(0).
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Since @; and p(1, A\y(t)) form smooth families of forms, the Fj,; must also be
smooth with respect to t as well.

We extend the F,; to an isomorphism of the normal bundle v of £(0)
in £(1+ 2¢) by defining fo;: v — v by foi(2,v) = (Fge(2),v). Since the
restriction of both p(1,A(t)) and p(1, k) = 1/;;‘@ to the fiber v, is wy, this
isomorphism is both equivariant and symplectic. Then, by Theorem 2.27,
F,: extends to an equivariant symplectomorphism G, ; of a neighborhood
Mo of £(0) in (L£(1+ 2¢€), p(1,A(t))) to a neighborhood Nj; of £(0) in
(L(1 + 2¢€),9*@y). Let 8, € R, 0 < 8§, < 1+ 2¢ be such that £(d,) C Ny and
for all ¢ € [0,1]. Note now that the Gy, s,) also form a smooth family
of maps with respect to ¢. Extend G,; to a smooth family of equivariant
differentiable maps from £(1 + 2¢) — £(1 + 2¢) which is the identity in a
neighborhood of the boundary.

Define g, = ¥, 0 Ggs 09~ extend the g, to all of M by the identity
outside 1) (H’;Zl L(1+ 2(—:)), and denote the extension by g;. Then ﬁ*gj@t =

p(1,74(t)) on L(8,), making 7 a symplectomorphism with respect to the
forms g;w for all t.

Now let & = min{dg}_,, and let (M, w¢) be the blow-down of (M, gj ;)
using the symplectic and holomorphic embedding ¢|H’§:1 L,(5)" Note that by
Theorem 1.22, each form of the family w; is cohomologous to wy. Also, wq
tames J and [wg] = [w], and therefore all the forms w; and swp + (1 — s)w,
t,s € [0,1], are symplectic and in the same cohomology class. Furthermore,
note that %wt is supported on a finite union of balls, and is therefore exact.
Therefore, by Proposition 2.30 and Lemma 2.26, there exists a family of
equivariant diffeomorphisms H, : M — M, r € [0, 1], such that Hy = Id and
H{w = w;. Since (M, w;) admits a real symplectic embedding of Hl;:l(B(l +
2€), Aqwst ), where wy; here is the standard symplectic form on B(1 + 2¢), this
completes the proof. O

The following corollary is an easy consequence.

Corollary 4.3. Let (M,w,¢) be a real symplectic manifold with almost
complex structure J which tames w and is symmetrically integrable around
the points {p1,...,pr}. Let (M, &y, §) be a real manifold obtained by blowing
up a real symplectic and holomorphic embedding 1 of balls of radii k > 0, K
small, and let J be the almost complex structure created in the blow-up.
Now suppose that there exists a real symplectic form & on M such that &
tames the almost complex structure J on M and represents the cohomology
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class
k
@] = [Mw] = Y 7Ale.
=1

Then (M, w, ¢) admits a real symplectic embedding of k disjoint standard
symplectic balls of radii A1, ..., Ag.

Proof. By Proposition 2.11, the blow-up &g relative to ¢ tames J, and there-
fore the forms ws := swp + (1 — s)@w tame J as well, so the family of forms
w; satisfies the hypothesis of Proposition 4.2. The conclusion follows. O

We now prove a lemma which allows us to symmetrize a symplectic
form given a real-structure and a tame, symmetric pseudo-holomorphic
structure J.

Lemma 4.4. Let (M,w) be a symplectic manifold, and let J be an almost
complex structure tamed by w. Suppose there exists an anti-holomorphic
involution ¢ (a map ¢ : M — M such that $*> = 1d and ¢.J¢. = —J ). Then
the 2-form @ = % (w — ¢*w) has the properties

S

(3) W tames J.

Proof. Since w tames J, we have that

1 1
W= i(w(v7 ']U) - (,U((b*'l), ¢*JU)) = 5(&)(’0, JU) + W(¢*’U, J¢*U) > 07
and therefore @ tames J. It follows that @ is non-degenerate. Furthermore,
dw = %d(w — ¢*w)) =0, so w is closed, and therefore symplectic. O

4.1. Stability of real packing

We begin with the question of packing stability. Specifically, we show that
for a real, rank-1 symplectic 4-manifold of non-Seiberg—Witten simple type,
the real packing numbers pp j, stabilize for large £, extending a theorem of
Biran[3] to our setting. We begin by recalling several definitions, and we
then state our theorem.

Definition 4.5. We say that a symplectic manifold (M,w) is of Seiberg—
Witten simple type if the only non-zero Seiberg—Witten invariants are in
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dimension 0. Otherwise, we say that (M, w) is of non-Seiberg—Witten simple
type. We denote by C the class of symplectic manifolds which are of non-
Seiberg-Witten simple type, and we let Cr C C denote the real symplectic
manifolds in class C. (See Taubes [28] for a definition and overview of the
Seiberg-Witten invariants.)

Remark 4.6. As noted in Biran [3], C contains
(1) symplectic manifolds with b = 1 and b; = 0, and

(2) ruled symplectic manifolds and their blow-ups.

Definition 4.7. We say that a differential form w on M is rank-1 if [w] =
c[w'], where ¢ € R and [w'] € H*(M, Q).

Definition 4.8. Let (M,w) be a closed symplectic 4-manifold, and let D,
denote the set

D, :={B € Hy(M;Z)|w(B) >0,c1(B) > 2,B-B >0}.
Define d,, € R to be

. . w(B)
o = inf
doi= 00 o (B)

€ [0, oo},

where we adopt the convention that inf () = oo.

Theorem 4.9. Let (M,w, ¢) be a real symplectic 4-manifold in the class C
where w is rank-1 and Fix(¢) = L. Define Vol(M,w) = [, w2, suppose that
0<d, <oo, and let \1,..., A\, < +/dy, be positive numbers which satisfy

> b < Vol(M, w).
q=1

Then the manifold (M, w, L) admits a real symplectic packing by n balls of
radii A1, ..., A\n. In particular, if

Vol(M, w)
n -~ T
then there exists a full real packing of (M,7mw,L) by n equal balls, and
Prn(M) = pn(M), i.e., the relative and absolute packing numbers for n balls
are equal.
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As a corollary, we have

Corollary 4.10. The relative packing numbers prp:j for (CP2,RP?,0)
are equal to the absolute packing numbers py, for (CP? o) for all k > 9.

Proof. Note first that o is rank-1, and that d(ng = % Therefore, by Theo-
rem 4.9, there is a full real packing of (CP?,RP? o) for k > 9. O

For the proof of Theorem 4.9, we will appeal to the following result of
Biran.

Theorem 4.11 (Biran [3, Theorem 4.1.A]). Let (M,w) be a closed sym-
plectic 4-manifold in the class C. Suppose that 0 < d, < oo and let \,...,
An < Vdy, be positive numbers which satisfy

N
D Ay < Vol(M,w).
q=1

Denote by I1: (M,5) — (M,w) a complex blow-up of (M,w) at n distinct
points. Then the cohomology class

N
[T*w] = > Aey € H*(M;R)
q=1

admits a symplectic representative &'.

Remark 4.12. If, in addition to satisfying the hypothesis of Theorem 4.11,
suppose that @ is rank-1 and tames an almost complex structure J on M.
Then, in the proof of Theorem 4.11 given by Biran[3], we may obtain the
form @' by inflating along a single curve using the version of symplectic
inflation given in McDuff [19, Lemma 3.1] so that &' tames J as well. The
relevant inflation statement (the analog of Theorem 3.B in Biran [3]) taking
into account a tame almost complex structure is

Theorem 4.13. Let (M,w) be a symplectic manifold in the class C. Let
A € Hy(M,Q) satisfy w(A) >0 and A-A >0, and denote by € the set of
all homology classes which can be represented by w-symplectic exceptional
spheres. Suppose that for every E € £ we have A- E > 0, and that J is an
w-tame almost complex structure on M. Then there exists a closed 2-form
p representing the Poincaré dual of A, such that for ally >0, ' := w +yp
is symplectic and tames J.



Lagrangian blow-ups, blow-downs, and applications 783

We now prove Theorem 4.9.

Proof of Theorem 4.9. Let L := Fix(¢), and choose an almost complex struc-
ture J which is symmetrically integrable around the points {p1,...,px} € L.
By Theorem 1.21, we construct the real blow-up of (M,w) with respect to
small, real symplectic balls of radius ¢ > 0 centered at the points {p;}¥_,, and
we obtain the real symplectic manifold (M, ., 45) and an almost complex
structure J which is tamed by .. By Remark 4.12, for every A > 0 such that
A < V/d, and Zf]\le )\3 < Vol(M, w), there exists a symplectic form @) which
tames .J and represents the cohomology class [IT*w] — Zé\[: 1 A2eq. Now note
that by Lemma 4.4, the family of symplectic forms &g \ = %((I) A — ¢F@y) sat-
isfies p*wg » = —wpr x, and by Lemma 4.4 these forms also tame J. Therefore,
by Corollary 4.3, (M, 7w, ¢) admits a real symplectic embedding of balls of
radius A, which proves the theorem. O

4.2. Obstructions to real packing

We will now show that the real packing numbers below the stable range
for real rank-1 symplectic manifolds in the class C are also identical to the
absolute packing numbers.

This follows from a refined version of Theorem 4.9, following Theorem
6.A in Biran [3]. We begin with some definitions.

Definition 4.14. Let (M 4w, $) be a real symplectic four-manifold in the
class C. Let II : M}, — M be a real blow-up at k points in L := Fix(¢), and
let & C Ho(My;Z) be the subset of homology classes representing sym-
plectic exceptional spheres in Mj. Let II, : Hy(My;Z) — Ha(M;Z) be the
projection induced by II, and let
gk, = H*(gk)\{()} C HQ(M; Z),
B
dy = in 7&0( ) .
BeE',e1(B)#1 ¢1(B) — 1

Remark 4.15. We recall that any exceptional sphere is embedded by def-
inition (see Definition 1.23).

Theorem 4.16. Let (M*,w,¢) be a real, rank-1 symplectic 4-manifold in

the class C. Then
) kd}f )
=min{ ——~ )
PRk Vol (M, w)’

In particular, the real and absolute packing numbers are equal.
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The proof is an adaptation to our setting of the proof of Theorem 6.A
of Biran [3].

We will need the following lemma. We state here the version quoted in
Biran [3]. Part 1 follows from Lemma 3.1 in McDuff [17] (see also Proposition
2.3.A in McDuff and Polterovich [20]), and Part 2 follows from the same
lemma cited above and the positivity of intersections for J-holomorphic
curves.

Lemma 4.17. Let (M*,w) be a closed symplectic 4-manifold. Denote by
E the set of all homology classes which can be represented by w-symplectic
exceptional spheres. Then

(1) & depends only on the deformation class of w;

(2) if E', E" are distinct classes in &, then E' - E" > 0.

Proof of Theorem 4.16. Let L := Fix(¢), and use Theorem 1.21 to construct
the real blow-up of M with respect to the symplectic embedding of k balls
of radius € centered at points {p1, ...py}. Let (M, &, ) denote the resulting
manifold, symplectic form, and real structure, respectively, created in the
blow-up, and let J denote the resulting @-tame almost complex structure
on M with ¢.J = —J¢,.

We first show that d’;, > 0. Recall that & is the set of homology classes
in HQ(M ; Z) that can be represented by a w.-symplectic exceptional sphere,
and write £ € & as E =B — Z?:l m;E;, where E; =11"1(p;) and B €
Hy(M;Z). If B =0, then from E - E = —1 it follows that F = Ej; for some
jed{l, ...k}

If B #0, then E # E; for any j, so by Lemma 4.17, part 4.17, we have
that £ - E; > 0, so mj > 0 for all 1 < j < k. Therefore,

k
(4.1) w(B) =&(B) + > _me%;(B)
j=1

k
we(E) + Z m;we(E;)
7j=1
> 0,

since both F and all the E; are, by definition, represented by embedded @,
symplectic spheres.



Lagrangian blow-ups, blow-downs, and applications 785

Moreover,
k
(4.2) 1=ci(E)=c(B) — ij,
j=1

so if B # 0 and at least one m; > 0, then

k
(4.3) c(B)—1=> "m; >0,
j=1

and therefore d’;, > 0. (Note that if there are no m; > 0, then E = B and

1 =c¢1(E) = c1(B), so B is not considered in the infimum defining d';.)
We now remark that the upper bounds on the absolute packing numbers

proven in Theorem 6.A of Biran [3] are also upper bounds on the real packing

numbers. Therefore
min { ——+—— )
PRk = Vol (M, w)’

To show that the lower bounds are the same, choose A > 0 such that

4) C— {% 1 /WW} |
T T k

and consider the cohomology class
k
a = [IT*w] — T2 Z €j,
j=1

where the e; are the Poincaré duals of II1(p;). Let A be the Poincaré dual
of a, and assume without loss of generality that a is a rank-1 cohomology
class. It is clear that A - A > 0, and, by taking e small enough, we have that
We(A) > 0 as well.

We now claim that, for any F € &, A- E > 0. To see this, again, write
E=DB- Z?Zl m;E;. If B =0, then, as above, £ = F; for some 1 < j <Kk,
and therefore A- E > 0.

Now suppose B # 0. In this case, E # E; Vj € {1,...,k}, and it follows
from Lemma 4.17, part 4.17 that m; > 0 for 1 < j < k. If, furthermore, m; =
0 for all j € {1,...,k}, then E = B. By equation (4.1) we have w(B) > 0,
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and therefore
A-E=w(B)—-0>0.

It only remains to consider the case when at least one m; > 1. In this case,
equation (4.2) gives

k
A-FE=w(B) —7T)\2ij
j=1
= w(B) — 7 %(c1(B) — 1) > 0,

where the last inequality follows because ci1(B) —1 > 0 by equation 4.3,
B € &, by definition, and 7% < d’j, by hypothesis. This proves the claim.

It now follows from Theorem 4.13 that there exists a closed 2-form p
representing the class a = PD(A), such that Vy > 0, &, = %(Z)E + p is sym-
plectic and tames J. Furthermore, by Lemma 4.4, we may take each w, to
satisfy ¢*@w, = —@, as well. By Corollary 4.3, (M,w) admits a symplectic
packing by k equal balls of radius arbitrarily close to A. Since this is true
for every A that satisfies equation (4.4), we have

R {1% 1 /2Vl<Mw>}
T T k

> mi kd}f 1
mns ———-——
PRE = 2 701(7‘ [7 ) ’ ’

and therefore

which completes the proof. O
Theorems 1.26 and 4.1 now follow immediately.

Corollary (Theorem 1.26). For the pair (CP% RP?) with the standard
symplectic form and real structure, the real packing numbers prp= 1 are equal
to the absolute packing numbers for CP?.

Corollary (Theorem 4.1). Let ¢ : S? — S? be the reflection on S? which
sends the upper hemisphere to the lower one and fixes the equator. The rela-
tive packing numbers for (S x S%,05: @ 052, ¢ © @) are equal to the absolute
packing numbers for (S? x S%, 05> @ og2).



Lagrangian blow-ups, blow-downs, and applications 787

References

[1] S. Anjos, F. Lalonde and M. Pinsonnault, The homotopy type of the
space of symplectic balls in rational ruled 4-manifolds, Geom. Topol.
13(2) (2009), 1177-1227.

[2] J.-F. Barraud and O. Cornea, Lagrangian intersections and the Serre
spectral sequence, Ann. Math. (2) 166(3) (2007), 657-722.

[3] P. Biran, Symplectic packing in dimension 4, Geom. Funct. Anal. 7(3)
(1997), 420-437.

[4] P. Biran and O. Cornea, Rigidity and uniruling for Lagrangian subman-
ifolds, Geom. Topol. 13(5) (2009), 2881-2989.

[5] G.E. Bredon, Introduction to compact transformation groups, Pure
Appl. Math., 46, Academic Press, New York, 1972.

[6] L. Buhovsky, A mazimal relative symplectic packing construction,
J. Symplectic Geom. 8(1) (2010), 67-72.

[7] R.B. Burckel, An introduction to classical complex analysis, Vol. 1,
Pure and Applied Math., 82, Academic Press Inc. [Harcourt Brace
Jovanovich Publishers|, New York, 1979.

[8] A.C. da Silva, Lectures on symplectic geometry, Lecture Notes in Math.,
1764, Springer-Verlag, Berlin, 2001.

[9] J.B. Conway, Functions of one complex variable, 2nd edn., Graduate
Texts in Math., 11, Springer-Verlag, New York, 1978.

[10] P. Griffiths and Joseph Harris, Principles of algebraic geometry, Wiley
Classics Library, John Wiley & Sons Inc., New York, 1994, Reprint of
the 1978 original.

[11] V. Guillemin and S. Sternberg, Birational equivalence in the symplectic
category, Invent. Math. 97(3) (1989), 485-522.

[12] K. Kawakubo, The theory of transformation groups, Japanese edn.,
Oxford University Press, New York, 1991.

[13] F. Lalonde and D. McDuff, J-curves and the classification of rational
and ruled symplectic 4-manifolds, in ‘Contact and symplectic geometry
(Cambridge, 1994)’, 8, 3-42, Cambridge University Press, Cambridge,
1996.

, The classification of ruled symplectic 4-manifolds, Math. Res.
Lett. 3(6) (1996), 769-778.




788 Antonio Rieser

[15] F. Lalonde and M. Pinsonnault, The topology of the space of symplectic
balls in rational 4-manifolds, Duke Math. J. 122(2) (2004), 347-397.

[16] E. Lerman, Symplectic cuts, Math. Res. Lett. 2(3) (1995), 247-258.

[17] D. McDuff, The structure of rational and ruled symplectic 4-manifolds,
J. Amer. Math. Soc. 3(3) (1990), 679-712.

[18] , The local behaviour of holomorphic curves in almost complex
4-manifolds, J. Differential Geom. 34(1) (1991), 143-164.
[19] , Symplectomorphism groups and almost complex structures, in

‘Essays on geometry and related topics’, Vol. 1, 2, Enseignement Math.,
38, 527-556, Geneva, 2001.

[20] D. McDuff and L. Polterovich, Symplectic packings and algebraic geom-
etry, Invent. Math. 115(3) (1994), 405434, With an appendix by Yael
Karshon.

[21] D. McDuff and D. Salamon, Introduction to symplectic topology, 2nd
edn., Oxford Mathematical Monographs, The Clarendon Press Oxford
University Press, New York, 1998.

[22] , J-holomorphic curves and symplectic topology, 2nd edn., Amer-
ican Mathematical Society Colloquium Publications, 52, American

Mathematical Society, Providence, RI, 2012.

[23] J.R. Munkres, Topology: a first course, Prentice-Hall, Englewood Cliffs,
NJ, 1975.

[24] J.-P. Ortega and T.S. Ratiu, Momentum maps and Hamiltonian reduc-
tion, Progress in Math., 222, Birkhauser, Boston, MA, 2004.

[25] M. Pinsonnault, Symplectomorphism groups and embeddings of balls
into rational ruled 4-manifolds, Compos. Math. 144(3) (2008), 787
810.

[26] Ch. Pommerenke, Boundary behaviour of conformal maps, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Math-
ematical Sciences|, 299, Springer-Verlag, Berlin, 1992.

[27] F. Schlenk, Packing symplectic manifolds by hand, J. Symplectic Geom.
3(3) (2005), 313-340.

[28] C.H. Taubes, The Seiberg—Witten and Gromov invariants, Math. Res.
Lett. 2(2) (1995), 221-238.



Lagrangian blow-ups, blow-downs, and applications 789

[29] 1. Wieck, Ezxplicit symplectic packings: symplectic tunnelling and new
mazimal constructions, Ph.D. thesis, Universitdt Koln, 2008.

DEPARTMENT OF ELECTRICAL ENGINEERING
TECHNION — ISRAEL INSTITUTE OF TECHNOLOGY
HAI1ra 32000

ISRAEL

E-mail address: rieser@tx.technion.ac.il

RECEIVED 08/25/2011, ACCEPTED 10/09/2013

I would like to thank Octav Cornea and Francois Lalonde for their constant encour-
agement and interesting discussions during this project, and the anonymous
reviewer for many helpful suggestions which greatly improved both the content and
presentation of this paper. This work was supported in part by the Israel Science
Foundation grant 723/10.







<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


