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ON THE HOFER GEOMETRY FOR WEAKLY EXACT
LAGRANGIAN SUBMANIFOLDS

FRrRoOL ZAPOLSKY

We use spectral invariants in Lagrangian Floer theory in order to
show that there exist isometric embeddings of normed linear spaces
(finite or infinite-dimensional, depending on the case) into the space
of Hamiltonian deformations of certain weakly exact Lagrangian sub-
manifolds in tame symplectic manifolds. In addition to providing a new
class of examples in which the Lagrangian Hofer metric can be com-
puted explicitly, we refine and generalize some known results about it.

1. Introduction and results

Consider the following definition. Let (W, w) be a symplectic manifold and
let L C W be a closed connected Lagrangian submanifold. Let £(L) be the
space of all Lagrangian submanifolds of W Hamiltonian isotopic to L. For
L', L" € L(L) we define

1
p(L', L") = inf { / osc Hy dt ’ ou(L') = L”},
0

where H; is a compactly supported time-dependent Hamiltonian on W and
¢ is the time-1 map of its flow. Chekanov [4] showed that if J-holomorphic
curves in W satisfy the maximum principle for a suitable class of almost
complex structures J, then this quantity is a metric on £(L).!

Before stating our main result, we define the class of examples we deal
with in this paper.

Definition 1.1. A closed connected Lagrangian submanifold L C W is
called weakly exact if w|r,w,r) = 0. A pair (L,L") of closed connected
Lagrangian submanifolds of W is called weakly exact if for any smooth
u: ST x [0,1] — W with u(S! x 0) C L, u(S! x 1) C L we have [u*w = 0.

1Ibid., Chekanov gives an example of a symplectic manifold for which the condition on
the behavior of holomorphic curves is not satisfied and for which p is degenerate.
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Remark 1.2. Note that if L C W is weakly exact, then so is W, that is w
vanishes on mo(W).

We assume for the rest of the paper that W is connected and is tame in the
sense of Biran—Cieliebak [3], that is it is either closed, or open and either
admits an almost complex structure for which it is geometrically bounded
(that is, tame in the ordinary sense of the word), or it is convex at infinity
in the sense of Eliashberg—Gromov [5]. Also, we assume that all the almost
complex structures J are chosen so that J-holomorphic curves in W are
well-behaved (that is compactness holds) so that Floer homology can be
defined. The main result is as follows.

Theorem 1.3. Let L, Ly, ..., Ly C W be weakly exact Lagrangian subman-
ifolds, such that each pair (L, Lj) is weakly exact, and such that L intersects
each Lj transversely at a single point, and Lj N Ly = @& for j # j'. Then
there is an isometric embedding (R* osco) — (L(L), p).

Here oscg is a norm on R* obtained as the restriction to R¥ = 0 @ R* ¢
R*+1 of the oscillation osc: R¥t1 — [0,00) defined by osc(r,...,7%) =
max; jo(7; — Tj).

Example 1.4. Examples of such manifolds are provided by the plumbing
construction. Namely, let L, Lg, ..., L; be closed connected manifolds and
consider their plumbing W where the incidence graph is given by the tree
with L as the root and Lo, ..., Ly as the leaves. We refer the reader to [1]
for details of the plumbing construction. The resulting manifold is convex
at infinity. Note that the symplectic manifold obtained in this way is exact,
and so are the Lagrangians comprising its core.

The novelty of this result is threefold. First, as mentioned in [15], in case
W = T*@Q, where @ is closed and connected, there is an isometric embed-
ding of (C*>(Q)/R,0sc) into L(Og) where Og C T*Q is the zero section.
However, the whole cotangent bundle is needed even in order to show that
L(Ogq) has infinite diameter. In contrast, in our result the manifold W may
be a small neighborhood of the union L U | ; Lj, in particular, it may have
finite volume or symplectic capacities. Intuitively, in the cotangent bun-
dle, the zero section can be “moved” in different directions inside the space
L(Ogq) along the various cotangent fibers. In our situation L is “moved”
in different directions along the L;. Next, as remarked in [8], sometimes
one may pass to a covering space of the symplectic manifold and use the
energy-capacity inequality to deduce results about the Hofer metric. In our
situation, W may well be simply connected, so this method will not apply.
Thirdly, in [15] Usher constructed quasi-isometric embeddings of normed
linear spaces into £. Although in certain situations his embeddings are iso-
metric, our theorem covers a new class of examples of such embeddings, in
particular since W may be non-compact.
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The next result covers some known cases, and also provides a new class
of examples.

Theorem 1.5. Let L, L' be weakly exact Lagrangian submanifolds in W,
such that the pair (L,L") is weakly exact, and such that L intersects L'
transversely at a single point. If in addition L' admits a non-singular closed
1-form,2  which vanishes on the kernel of the morphism w1 (L") — w1 (W)
induced by inclusion, then there is an isometric embedding of (CS°(0, 1), osc)
into (L(L), p).

Example 1.6. If W is a surface, compact or not, and L, L’ are a pair of non-
contractible curves intersecting transversely at one point, then the theorem
applies. This reproduces part of the result of Usher [15, Theorem 1.3]. As
will be clear from the proof, when W = T? and L, L’ are two embedded non-
contractible circles which transversely intersect at one point, there is actually
an isometric embedding of (C°°(S!)/R,o0sc) into L£(L). More generally, if
W = T?" and L, L' are two linear Lagrangian tori which intersect at a single
point, the theorem applies, and as it is clear from the proof, there is an
isometric embedding of (C*°(T™)/R, osc) into L(L).

Example 1.7. This theorem can be applied to plumbings, as follows. If L, L’/
are two closed connected manifolds, we can form their single-intersection
plumbing W; it follows from the plumbing construction that both L, L’ are
weakly exact, the pair (L, L’) is weakly exact and moreover the inclusion
L’ — W induces an injection m1(L') — m1(W). Therefore, if L' admits a
nonsingular closed 1-form, the theorem applies.

1.1. Preliminaries and notations. In the rest of the paper all manifolds
are connected and all Lagrangian submanifolds are closed.

A Hamiltonian on W is a function® H € C([0,1] x W). If W is
closed, then, unless stated otherwise, all Hamiltonians are normalized, that
is fW H;w™ = 0 for all t. The Hamiltonian vector field of H is defined via

w(Xp,,) = —dH,. The flow ¢t of H is defined by ¢, = id, %2 = X}, 0¢t,.
We abbreviate ¢ = ¢k The set of all time-1 flows of all the Hamiltonians
is a group G, called the Hamiltonian group of W. When L is a Lagrangian
submanifold, the subgroup Gy, C G consists of all the diffeomorphisms fixing
L as a set.

When K is a Hamiltonian, the reverse Hamiltonian K is defined via
K(t,z) = —K(1 — t,x). It generates the reverse isotopy gb% = gb}(_tgbl}l.
If ~: [0,1] — W is a path, the reverse path 7 is defined by 7(t) = (1 — t).

2This is equivalent to L’ fibering over S*.
3When we concatenate Hamiltonians, we obtain functions in CZ°([0,2] x W). The
necessary adjustments are left to the reader.
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We will need to concatenate Hamiltonians and paths. If z,2: [0,1] — Z
are paths, where Z is a space (in this paper Z can be W, G, or C2°(W)) we
let

, 2(t), t<1,
e =0 15T
This is a path defined over the interval [0, 2]. It is continuous if z(1) = 2/(0)
and smooth if all the derivatives of z at 1 coincide with those of 2" at 0. A par-
ticularly important case is when we are given two Hamiltonians H, K on W
and we need to concatenate them. There is a procedure, called smoothing,
which allows us to do this for any pair of Hamiltonians, see for example [11].
Briefly, one chooses a function f: [0, 1] — [0, 1] which is smooth, monotone,
and equals to 0 near 0 and to 1 near 1. Put H/(t,z) = f'(t)H(f(t), ).
Then H/ is also normalized, moreover it equals 0 for ¢ near 0, 1. Therefore
the concatenation Hf$K9, where g is another smoothing function like this,
is always well-defined and smooth. Moreover, dynamical invariants of H are
left intact, namely, the action spectrum, the set of periodic orbits or orbits
with given boundary conditions, and the spectral invariants. More details
can be found in [11]. Below, whenever we concatenate Hamiltonians, it is
implicitly assumed that they have been previously smoothed.

We will also use various action functionals. Fix a Hamiltonian H. Let
be a smooth contractible loop in W and let v be a contracting disc, that is
a map u: D? — W such that v = u|yp. Define

/Ht dt—/ uwrw.
D2

If w[,@(w) = 0, then this is independent of u.

If v is a smooth path with endpoints on a Lagrangian L, we call it con-
tractible for brevity, if [y] is the trivial element in (W, L). Let u be a
contraction of v into L, that is u: D2 — M, where D% = {z e Cllz| <1,
Im z > 0}, with u(exp(mt)) v(t) and u(t) € L for t € [—1,1]. Then put

/ H(y / uwrw.
D2

When w|,w,z) = 0, this is independent of u.

1.2. Proofs of main results. After the existence of spectral invariants in
Lagrangian Floer homology has been established in the next section, the
proof of main results is elementary, therefore we provide it here.

Before passing to the proof, we describe the construction of the so-called
action homomorphism. It is instrumental for the methods of the present
paper. Let L C W be a weakly exact Lagrangian submanifold. If a € Gy,
and H is a Hamiltonian generating o, we put v,(t) = ¢%,(¢) for ¢ € L. We
have
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Proposition 1.8. The Hamiltonian chords vy, are all contractible and the
action A%I(vq) only depends on o. The map A": G, — R, thus defined is
a homomorphism. Moreover, if H is a time-dependent Hamiltonian with
Hy|p = c € R for all t, we have A"(¢y) = c.

The proof is given in subsection 2.2. We call this A" the action homomor-
phism (associated to L).

Let us now formulate the properties of spectral invariants necessary for
the proof of the main results.

Theorem 1.9. Let L, L' C W be weakly exact Lagrangian submanifolds,
which intersect transversely at a single point, and such that the pair (L, L")
is weakly exact. Then there is a function ¢(- : L,L"): G — R which satisfies:

(i) [, min(F—Gy)dt < l(¢p: L, L)~ (oG : L, L) < [} max(F, —Gy) dt;
(ii) for a € G we have l(a¢ : L, L') = (¢ : L, L") + A (a);
(iii) for B € Gr, we have (B3 : L, L") = AY(B); if H is a Hamiltonian with
Hylp = c€R, then {(¢y : L, L') = A (¢g) = c.

Theorem 1.9 follows from the more general result, theorem 2.6, to whose
proof is dedicated most of Section 2. Now we are ready to prove the main
results. In order to compute Hofer distances between various Lagrangians,
lower and upper bounds need to be established. Upper bounds are obtained
via the oscillation of certain Hamiltonians and are elementary. The non-
trivial part is to prove lower bounds. Since the technical idea behind the
existence of such lower bounds is the same for both of the theorems, and is
interesting on its own, we formulate it as a separate lemma.

Lemma 1.10. Let Q,Q',Q" C W be weakly exact Lagrangian submani-
folds, such that Q,Q" are disjoint, QN Q" and Q" N Q" are both transverse
intersections which are single points, and such that both the pairs (Q,Q'),
(Q", Q") are weakly exact. If H is a Hamiltonian which satisfies H|g = ¢
and H|gn = ¢, where ¢, € R, then p(ou(Q'),Q") > c—".

Proof. Abbreviate ¢ = ¢ 7. Theorem 1.9 implies that £(¢ : Q, Q') = ¢. Now
let o € Ggr and let G be a Hamiltonian generating a¢. It follows that

1
/ max Gy dt > l{ag: Q,Q) =(¢:Q,Q) + AY (a) = c+ AV (a).
0
Analogously, (¢ : Q",Q") = ¢, and also

1
/ minGt dt 2 76(041) . Q//le) — 701/ . AQ/(()()
0

The above two inequalities added together imply

1
/ oscGydt > c— .
0
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Taking infimum over a € Gg/, we obtain

e~ < p(0(Q), Q).

O
Proof of Theorems 1.3 and 1.5. Let us first prove theorem 1.3. Recall that
we have the Lagrangians L,Lg,...,L;. For j = 1,...,k let H; € C®
(W,]0,1]) be an autonomous Hamiltonian taking the value 1 on Lj, and
the value 0 on all L for j' =0,...,k, j' # j, such that the supports of H;
are all pairwise disjoint. For 7 = (71,...,7) € R¥ let H, = Zj 7;H;. Put
L; = ¢n.(L). We claim that

p(Lr, L) = osco(T — '),

which is another way of saying that (R¥ osco) — (L(L),p), T — L, is an
isometric embedding. This will imply the assertion of the theorem.
Let us prove this. Abbreviate ¢, = ¢y and note that

p(L7'7 LT’) = p(¢7—(L), ¢T’(L)) = p((z)T—T/ (L)7 L)
Therefore it is enough to show that
p(L-, L) = osco(T).
First,
p(Lr, L) = p(¢-(L), L) < osc H.
It follows from the definition of H, that osc H; = osco(7). On the other
hand, lemma 1.10 with Q' = L, @ = L;, Q" = L/, and H = H,, implies

p(LTa L) = p(d)‘r(L)’ L) > T — Ty

for all 5,5/ = 0,...,k, where 79 := 0. Taking now the maximum over j, j’
results in
osco(T) = max (15— TJ/) < p(L+, L) < osco(7),
J,5'=0,....k

which finishes the proof of Theorem 1.3.

Let us now prove theorem 1.5. Recall that we have two Lagrangians
L,L'. Let n be a nonsingular closed 1-form on L’. Identify a Weinstein
neighborhood U of L' with a neighborhood of the zero section in T*L/,
such that LNU = T;OL’ N U. Without loss of generality we assume that
U is the unit disc cotangent bundle of L’ with respect to some auxiliary
Riemannian metric on L’. If necessary, scale i so that its graph is contained
in U. We let L’ be the Lagrangian in W corresponding to the graph of 71
inside U, where 7 € [0, 1]. It follows from the assumption that 7 vanish on
ker (w1 (L") — m(W)) that L. is weakly exact and that the pair (L., L) is
weakly exact, and moreover L N L is a single transverse intersection point.
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Choose a function H € C°(U) such that H|p, = 7 for 7 € [0, 1]. Extend
H by zero to W. Define a map Cg°(0,1) — L(L) via f +— Ly := ¢¢(L)
where ¢ is the time-1 map of the Hamiltonian H; = f o H. We claim that

p(Ly, L) =osc(f— [,
which is what the assertion we want to establish says. As in the first part,
it is enough to show that p(Ls, L) = osc f. On the one hand, we have

p(Ly, L) = p(95(L), L) < osc Hy = osc f.

On the other hand, if 7, 7" € (0, 1), lemma 1.10 applied with Q' = L, Q = L.,
Q" =1L, and H = Hy, implies that

p(Ly, L) > f(r) = f(1').
It follows that

p(Ly.L)> max ()= f() = osc f.

thereby completing the proof of the theorem. O

1.3. Discussion. First, we would like to remark that the existence of spec-
tral invariants implies results on the Hofer geometry of the Hamiltonian
group itself. For ¢, € G we let

1
(6, ) = inf{/o osc H, d ’ byt = ¢H}.

This is a metric on G (see for example [14]). It follows from [9] and the
results of Section 2 that whenever L C W is a weakly exact Lagrangian,
its Floer homology HF(H : L) with Hamiltonian perturbations can be
used to produce spectral invariants ¢(A,- : L): G — R relative to classes
A€ HF(L) = H(L). These satisfy properties analogous to those of the rel-
ative invariants introduced below. See also [11]. In particular, the following
can be easily deduced.

Corollary 1.11. (i) If Ly, L1, ..., Ly C W are weakly exact Lagrangians, all
pairwise disjoint, then there is an isometric embedding (R¥ osco) — (G, p);
(ii) if L is a weakly exact Lagrangian that admits a non-singular closed
1-form which vanishes on ker (w1 (L) — w1 (W)), then there is an isometric
embedding (C2°(0,1),0sc) — (G, p).

Secondly, we would like to point out that while the spectral invariants
{(-:L,L'): G — R as in theorem 1.9 above are defined on the Hamiltonian
group G, if L” is another weakly exact Lagrangian, disjoint from L and
intersecting L’ transversely at one point, then the difference ¢ := ¢(- : L, L')—
0(-: L", L) in fact descends to L£(L'). The function thus obtained is in a
sense (which can be made precise) a generalization of Viterbo’s spectral
invariants for Lagrangian submanifolds of cotangent bundles. This function
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¢: L(L') — R is Lipschitz in the Hofer metric: /(K,K’) < p(K,K') for
K,K' € L(L'). Moreover, lower bounds on this function are obtained as in
lemma 1.10 via the action homomorphism. Namely, if 3 € G;, and 3" € G,
then £(B(L"), B"(L") > AF(B) — AX"(B”). This is what makes it useful in
computing Hofer’s metric on £(L').

2. Spectral invariants in Lagrangian Floer theory

In this section we assume that we are given two transversely intersecting
weakly exact Lagrangians L, L’ C W, such that the pair (L, L’) is weakly
exact. All homology is with Zso-coefficients and the count of moduli spaces
is modulo 2.

2.1. Definition and first properties. We begin with a brief sketch of
the construction of the Floer homology of the pair (L, L') with Hamiltonian
perturbations. General references are [6,12].

We fix an intersection point gy € L N L' once and for all and consider the
connected component {2 of the constant path at ¢g in the space of smooth
paths {v: [0,1] — W |~(0) € L,v(1) € L'}. Since the pair (L, L") is weakly
exact, whenever v € {2 and v is a homotopy from gy to v, the integral

/u*w

is independent of u. Given a Hamiltonian H, we let A[L{’Ll: Q) — R be the
action functional defined as

1
LI/ _ _ wrw
ALY () = /0 Hy(4(t)) dt /

for any homotopy u from ¢g to ~y. Its critical point set Crit AIL{’LI consists
precisely of those elements v € (2 which are Hamiltonian chords from L to
L', that is which satisfy 4(¢t) = Xg,(7(¢)). The map Crit AZ’L — o (L)NL,
7 + 7(1) is injective. We let CF(H : L, L') be the Zy-vector space* spanned
by Crit AILLI’L . We call H regular if ¢ (L) intersects L’ transversely. Regular
Hamiltonians are generic. We choose H regular, so that Crit AZ’L is finite
and CF(H : L,L’) is finite-dimensional.

Choose now a time-dependent compatible almost complex structure J;
on W. This gives rise to an L?-type metric on 2 and the negative gradient

equation for AIL{’LI translates into Floer’s PDE

ZZ + Ji(u) <g§b - Xm(ﬂ)) =0

This vector space is ungraded since there is no requirement on Maslov indices.
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for u: R x [0,1] — W satisfying the boundary conditions u(R x 0) C L,
u(R x 1) C L'. For 4 € Crit AZ’L/ we let ./\//\(("y_,’er;H, J) be the space of
solutions of this PDE subject to the asymptotic conditions u(+oo, ) = v4.
For a generic choice of J this is a finite-dimensional smooth manifold.
Moreover, note that if u € /(/l\(’y,, ~v+; H, J) then
2
Bu) = / ? dsdt = ALY (v_) = ALY (4,).
Rx[0,1] | OS

Also note that F(u) > 0 with equality if and only if u is a constant map. In
case y_ # v+ we let M(y_,~v4+; H,J) be the quotient by the natural action
of R. We also put M(~y_,y_;H,J) = @.

The Floer boundary operator on CF(H : L, L) is given on generators by

- = > HAM(y—, 74 H, J) vy
Y+ :dim M(v—,v4;H,J)=0

It is a standard fact that 92 = 0 and we let HF(H : L,L’) be the corre-
sponding homology. We omit the almost complex structure from the notation
since neither the Floer homology nor the spectral invariants which we will
introduce shortly depend on it.

Since L, L' intersect transversely, the zero Hamiltonian is regular. In this
case HF (0 : L, L') is nothing but the (component at gy of the) usual Floer
homology HF(L, L") of the pair (L, L"). We record a particularly important
special case:

Lemma 2.1. If qg is the only intersection point of L,L" then HF(0 :
L, L'Y=17Zsqy = Zs.

Indeed, by definition M(qq, qo;0,J) = &, therefore the boundary operator
vanishes.

For any two regular Hamiltonians H, H' and any two regular almost
complex structures J,J’ there is a canonical continuation isomorphism
HF(H:L,L')y=HF(H':L,L')= HF(L,L'). Since the boundary operator
counts negative gradient lines of the action functional, it follows that the
subspace CF*(H : L,L') C CF(H : L,L") generated by the critical points
of Ay of action < a is a subcomplex. We let i HF*(H : L,L') — HF (H :
L,L') = HF(L,L’) be the morphism induced by the inclusion. The afore-
mentioned continuation isomorphisms leave the maps % intact if we only
change J, therefore we omit it from the notation throughout. We are now
in position to define the spectral invariants. For A € HF (L, L") — {0} we let

V(A H: L L)=inf{a| A € imi®}.

From the definition it follows that the spectral invariants are spectral,
that is ¢(A,H : L, L") belongs to the action spectrum Spec(H : L,L') =
AL (Crit ALY,
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We have defined spectral invariants for a regular Hamiltonian. Standard
properties of the continuation isomorphisms imply the following:

1 1
/min(Ht—Ht’)dtSK(A,H:L,L’)—E(A,H’:L,L’)g/ max(H;— H}) dt
0 0

for regular H, H'. These inequalities allow us to define ¢(A,G : L, L) for
an arbitrary smooth Hamiltonian® G, in the standard manner. Using tech-
niques similar to those of [13], we can show that these extended invariants
are also spectral.

2.2. Hamiltonian loops and the action homomorphism. In order to
be able to use spectral invariants in estimates on the Lagrangian Hofer
distance, we need to show that they are defined on the Hamiltonian group,
that is, that £(A, H : L, L") in fact only depends on the time-1 map ¢5. The
first step is to show that the action of any periodic orbit of a Hamiltonian
generating a loop in G is zero.

Let G be a Hamiltonian generating a loop® in G. If W is open, since
all the periodic orbits of G are homotopic, it follows that all of them are
contractible, because orbits outside the support of G are just constant. It also
follows that the action of these constant orbits is zero, and since the action
is independent of the beginning of the orbit, all the actions of the periodic
orbits vanish. Consider now the case of W closed. The existence of Floer
homology (see for example [7]) implies that every 1-periodic orbit of the
form ¢ — ¢L(z) is contractible. Moreover, it follows from [10, proposition
3.1 (i)] that the action of every such orbit is zero (remember that G is
normalized). We thus have

Lemma 2.2. Let G be a Hamiltonian such that ¢ = id. Then any periodic
orbit of the form t — (;StG(z), where z € W, s contractible, its action is
well-defined and equal to zero.

We can now establish the existence of the action homomorphism.

Proof or proposition 1.8. It follows from the existence of Floer homology for
weakly exact Lagrangians (see for example [9]) that at least one of the chords
74 is contractible. Since all of them are homotopic, it follows that all of them
are contractible. This implies that the actions A% (v,) are well-defined and
are all equal. It remains to show that this number is independent of H.
Put 'yf(t) = ¢ (q). Let K be another Hamiltonian generating ¢, and
let 75 (t) = ¢ (q). We need to prove that A% (vX) = AL (vH). Pick a con-

tracting half-disc u for 751 . The concatenation vf ﬁ? is a periodic orbit

5In fact, at the same price we can define them for arbitrary continuous Hamiltonians,
however this will not be needed in this paper.

5In agreement with our convention, since G needs to be time-periodic in order for what
follows to make sense, we smooth it as described in Section 1.1.
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of the flow of the concatenated Hamiltonian H#K. Since this Hamiltonian
generates the identity map, the above lemma implies that there is a
contracting disc v for ’yf lj'yf and that

AHuF(’Yf ﬁﬁ) =0.

Writing out the action, we have

. 2 .
A OF0F) = [ (1), (dfaF) @) i~ [ v

Since v provides a homotopy with fixed endpoints from ’yg( to 7(5{ , the

concatenation Tfu is a contracting half-disc for 'yf and therefore
Al - Akof) = [ g oya- [
- [ @ e
- [ m (i) 0) ar

= [vw= Ay (EHF) =0

by the discussion above. It remains to show that if H is such that
H|;, =c € R then A*(¢y) = c. This follows from the fact that the flow
of such a Hamiltonian preserves L and thus the area part of the action
of any Hamiltonian chord vanishes since it is completely contained in L,
while the first part is seen to be equal to c¢. This finishes the proof of the
proposition. Il

2.3. The shift of spectral invariants and independence of isotopy.
In this subsection, we establish the shift property of spectral invariants and
use it to prove their independence of isotopy.

Theorem 2.3. Let K,H be Hamiltonians such that ¢x € Gr/. Put
Gy = K+ Hy o (¢h)~t. Then for any A€ HF(L, L") we have

UWA,G:L,L')=0(AH: L L)+ A" (¢x).

Proof. The proof is based on the so-called naturality isomorphism, see for
example [2, 9]. We only sketch the construction; the interested reader is
referred to these papers for details.

The map

Crit AJILI/’L/ — Crit Aé’Ll, v = 'yK,
where vX(t) = ¢t (7(t)), is well-defined and is a bijection. Perhaps the
non-trivial point here is that it maps elements of €2 back to . This can
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be seen as follows. The curve v% is homotopic with fixed endpoints to the
concatenation 4§ where §(t) = ¢% (v(1)). But § is a Hamiltonian chord of
K, whose flow maps L’ back to itself, and therefore it is contractible into L’
by proposition 1.8. This shows that v¥ is homotopic to qq if 7 is.

Since the path {¢}};, which is generated by G, is homotopic with fixed
endpoints to the concatenation {¢t; }#{d% ¢}, which is generated by the
concatenated Hamiltonian H{K, it follows from a standard argument (see
for example, [13]) that

AL (116) = AG" (4.

Since action is additive under concatenations and A% (8) = A (¢r) by
proposition 1.8, we have

AGH () = A" () + A (6x0),
that is, v — v shifts the action by A" (¢x).
Next we have the map
//\2(7—77+7Ha‘])Hﬂ(wfvwfv(;?‘]}{)v U|—>uK7

where uff(s,t) = ¢t (u(s,t)) and JE = ¢k, Jp (¢h-,)~L. This map is a
diffeomorphism. Clearly it preserves the R-action and so passes to a dif-
feomorphism M (y_,v4; H, J) — M(yE, 45 G, JK). The net result is that
v — 7K extends to a chain isomorphism

CFY(H : L,L') — CF+AY @G . L, 1))
for any a, and the assertion of the theorem follows. O

Remark 2.4. Note that the proof of this theorem implies that the action
spectrum Spec(H : L, L') only depends on ¢p. This follows from the def-
inition of the above bijection v +— ~¥, which preserves the actions if K
generates the identity map since then AY (¢ ) = 0.

We can now prove

Proposition 2.5. The spectral invariant {(A,H : L,L") only depends on
o €G.

Proof. Abbreviate ¢(-) = ¢(A,- : L,L'). If K is another Hamiltonian gen-
erating ¢y, then the concatenation HfK generates the identity map. Since
AL is a homomorphism to the reals, it maps the identity map to zero. It
follows from theorem 2.3 that

((HEKEK) = U(K) + AY (¢ ) = LK) + A" (id) = ((K).
It now suffices to note that
((H) = {(HiK{K).

For a proof, see, for example [11]. O
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2.4. Summary. The following theorem summarizes the various properties
of spectral invariants.

Theorem 2.6. The spectral invariants descend to functions £(A,-: L, L'):
G — R; moreover, they satisfy:
(i) £(A,¢: L, L") € Spec(¢);”
(i) f, min(F, — Gy)dt < (A, ép : L, L)) — 6(A, ¢c : L, L') < [} max(F; —
Gt) dt;
(iil) for a € Grr we have (A, a¢ : L, L)) = U(A, ¢ : L, L') + AY (a);
(iv) in case #LNL' =1, let A € HF(L,L") = Zs be the generator; then
for B € G, we have L(A,3: L, L") = AF(B).

Proof. The only statement remaining to be proved is (iv). Let H generate (3.
By spectrality /(A,3: L, L") = A@L, () where v € Q is a Hamiltonian chord
from L to L'. We have v(1) = ¢x(7(0)). Since by assumption ¢ (L) = L,
we see that (1) € L, that is  is a Hamiltonian chord beginning and ending
on L. By proposition 1.8, there is a contracting half-disc u for v into L. It
can be seen that this u may be reparametrized to produce a homotopy from
qo to ~. Therefore

ALY () = Ay () = AX(B),

as claimed. The proof of the theorem is complete. O

Theorem 1.9 follows from the one we just proved, therefore the main results
are now proved as well.
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