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REDUCED LAGRANGIAN AND HAMILTONIAN
FORMULATIONS OF EULER-YANG-MILLS FLUIDS

FraNngois GAY-BALMAZ AND TUDOR S. RATIU

The Lagrangian and Hamiltonian structures for an ideal gauge-
charged fluid are determined. Using a Kaluza—Klein point of view, the
equations of motion are obtained by Lagrangian and Poisson reductions
associated to the automorphism group of a principal bundle. As a
consequence of the Lagrangian approach, a Kelvin—Noether theorem
is obtained. The Hamiltonian formulation determines a non-canonical
Poisson bracket associated to these equations.

1. Introduction

The equations of motion of an ideal incompressible fluid on an oriented
Riemannian manifold (M, g) are given by the Euler equations

(1.1) g: + Vv = —gradp,

where the Eulerian velocity v is a divergence free vector field, p is the
pressure, and V is the Levi-Civita covariant derivative associated to g.
Arnold [1] has shown that equations (1.1) are formally the spatial repre-
sentation of the geodesic spray on the volume-preserving diffeomorphism
group D, (M) of M with respect to the L? Riemannian metric, where pu
is the Riemannian volume form on M. See also [2, Section 5.5.8], for a
quick exposition of this fact. Ebin and Marsden [3] give the analytic for-
mulation and many rigorous results concerning the Euler and Navier—Stokes
equations derived from this geometric point of view. From the Hamiltonian
perspective, equations (1.1) are the Lie-Poisson equations on the Lie alge-
bra Xgiv(M) of D, (M), consisting of divergence free vector fields (see [4]).
Here, X4;y (M) is identified with its dual by the weak L?-pairing.
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In [5, 6], this approach is generalized to the case of the motion of an ideal
compressible adiabatic fluid

(1.2) 2y div(pv) =0,

where p is the mass density, s is the specific entropy, and p is the pressure.
In this case, the configuration space is the full diffeomorphism group D(M )
and equations (1.2) are obtained via Lie—Poisson reduction for semidirect
products. The Euler-Poincaré approach is given in [7].

In this work, we generalize the two previous procedures to the case of a
classical charged ideal fluid. More precisely, using a Kaluza—Klein point of
view, we obtain the equations of motion by Lagrange—Poincaré and Poisson
reduction by a symmetry group (see, e.g., [8] and [9, Section 10.5]). We
consider on M a G-principal bundle P — M and enlarge the configuration
space from the group of diffeomorphisms of M to the product of the group
of automorphisms of P with the field variables.

If G = S' we recover the Euler-Maxwell equations describing the motion
of an electrically charged fluid

v q 1
a%—vvv— E(E—H} x B) — ;gradp,
0
a—/t) + div(pv) =0,
0
(1.3) a% +ds(v) =0,
E q oB
T curl B — Epv, e —curl E,

dvE= 1) divB=0,
m

where v is the Eulerian velocity, E is the electric field, B is the magnetic field,
m is the mass of the charged fluid particles, and the constant q is the electric
charge of the particles. The Hamiltonian structure of the incompressible
Euler-Maxwell equations is already presented in [5].

Returning to the general case of a G-principal bundle, we will show that
the Lagrange—Poincaré and Poisson reduction methods lead to the equations
for an ideal compressible adiabatic fluid carrying a gauge-charge, as given
in [10]. We call these equations the Euler—Yang—Mills equations. The phys-
ically relevant examples are obtained for G = SU(2) or G = SU(3) in which
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case the associated fluid motion goes also under the name of chromohydro-
dynamics. For a Lagrangian description of the Euler—Yang-Mills equations
and the associated variational principle formulated in local coordinates both
in the non-relativistic and relativistic versions, see [11, 12]. In these papers,
the variations are constrained according to the general Euler—Poincaré vari-
ational principle for field theories presented in [13].

The physical interpretation of the equations obtained by the methods
given in this paper is the following. The evolution of the fluid particles as
well as of the gauge-charge density of the fluid is given by a curve i, in
the automorphism group of a principal bundle P — M. In fact, v is the
flow of a time-dependent vector field U; on P. This vector field induces a
time-dependent vector field v; on M, which represents the Eulerian velocity
of the fluid. Given the evolution of the Yang—Mills fields potential and of the
mass density, the vector field U; also induces a Lie algebra valued and time-
dependent function which represents the gauge-charge density of the fluid.
Note the analogy with the classical Kaluza—Klein construction appearing in
the formulation of the equations of motion for a charged particle in a Yang—
Mills field. See also [14] which generalizes the Eulerian fluid velocity vector
to include a non-Abelian, or gauge, index.

The paper is organized as follows. To fix notations and conventions, we
summarize in Section 2 some basic facts about principal bundles, connec-
tions, automorphisms, and gauge groups. The Hamiltonian and Lagrangian
formulations of the Maxwell equations are recalled in Section 3 and gen-
eralized to the case of the Yang—Mills fields equations. The Lagrangian
formulation of the motion of a charged classical particle in a Yang—Mills
field, that is, the Wong equations, are presented in Section 4. In Section 5 it
is shown that the compressible and incompressible Euler—Yang—Mills equa-
tions consist of coupled equations. These are the Euler—Poincaré equations
of a semidirect product (associated to the automorphism group of a principal
bundle) for the fluid and charge variables and the Yang-Mills equations for
the vector potential (that is, the connection) and the “electric part” of the
Yang—Mills field. The Hamiltonian counterpart of this result is presented in
Section 6: one obtains coupled equations consisting of Lie-Poisson equations
on the same dual for the fluid and charge variables together with the Yang—
Mills equations. Formally the Gauss equation relating the gauge-charge and
the “electric part” of the Yang—Mills field is missing from this system. How-
ever, it is obtained by conservation of the momentum map associated to
the invariance under gauge transformations. We naturally obtain the non-
canonical Poisson bracket associated to the Hamiltonian formulation of the
Euler—Yang—Mills equations. By applying the general process of reduction
by stages, we recover some already known results about the Euler—-Maxwell
equations. We also show that the two different Poisson brackets derived in
[10] and in [5] are in fact obtained by Poisson reduction, at different stages,
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of the same canonical Poisson structure. Finally, in Section 7, we present a
Kelvin—Noether theorem for the Euler—Yang—Mills equations.

2. Connections, automorphisms, and gauge transformations

In this section, we recall basic notions related to principal bundles. We also
introduce notations and conventions that will be used throughout the paper.

2.1. Principal and adjoint bundles. Consider a smooth free and proper
right action

O:GxP—P, (9,p) — Py(p)
of a Lie group G on a manifold P. Thus we get the principal bundle

P
P— M .= —
T ek

where M is endowed with the unique manifold structure for which 7 is a
submersion.

To any element £ in the Lie algebra g of G, there corresponds a vector
field £p on P, called the infinitesimal generator, defined by

d
fP(p) = % tZO(I)exp(t{) (p)

At any p € P, these vector fields generate the vertical subspace
VpP = {€p(p) | € € g} = kex(Tpm).
Recall that the adjoint vector bundle is
AdP:=Pxgg— M,

where the quotient is taken relative to the right action (g, (p,&)) —
(@g(p), Ady-1(£)). The elements of Ad P are denoted by [p, &g, for (p,§) €
Pxg. There is a Lie bracket operation [, -], on each fiber (Ad P), depending
smoothly on z € M; it is defined by

P, l, [p, mlel, == [p: [€;mlla
for [p,€]a, p,nle € AdP, n(p) = =.

2.2. Exterior forms on adjoint bundles. Consider the space Q¥ (P, g) of
g-valued k-forms on P and let W(P, g) be the subspace of Q¥ (P, g) consisting
of g-valued k-forms w such that:

(1) Qw = Adg-10w,

(2) if one of uy,...,uy € TP is vertical, then w(uy,...,ux) = 0.

The real vector space @(P7 g) is naturally isomorphic to QF(M, Ad P),
the space of Ad P-valued k-forms on M. Indeed, to each w € QF(P,g)
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corresponds a k-form & € QF(M, Ad P) whose value on v1,...,vx € T M is
given by
(2.1) o(z)(v1,...,vx) = [p,w(p)(u1,...,ux)la,

where p € P is such that 7(p) = x and u; € TP are such that T,7(u;) = v;.
To define the inverse of the map ~: Q*(P,g) — QF(M,Ad P), we intro-
duce first for every p € P the R-linear map iy, : (Ad P), — g, x :=7(p) € M,
by
ip ([(Ln]G) = ga where f is such that [pa g]G = [Qa U]G,

in this formula p,q € P and &,n € g. Equivalently, this definition can be
restated as

ip ([¢,n)a) := Adygn, where g € G is uniquely determined by ¢ = ®4(p).

Then the definition of the Lie bracket on each fiber (Ad P), of the adjoint
bundle Ad P immediately implies that 4, : (AdP), — g is a Lie algebra
isomorphism. In addition, ig, ) = Adg-1 oip for every p € P and g € G.
Using the maps i, for every p € P, define the inverse of ~: QF(P,g) —
QF(M, Ad P) by

(2.2)  wp)(u, ... up) = ip(&(ﬂ'(p))(Tpﬂ(ul), . ,pr(ul))),

for any p € P and u,...,ur € T, P. The identity ig () = Adg-1 oij, ensures
that w € QF(P,g).

Since QO(P, g) =F(P,g):={f: P—g| fo®y= Ad,1 o f} and Q°(M,
Ad P)=T'(Ad P), the space of sections of Ad P, we shall use the notations
QO(P,g) = Fg(P,g) and Q°(M, Ad P) = T'(Ad P) interchangeably. We have
hence Fi(P,g) = I'(Ad P) as Lie algebras, the isomorphism f € Fg(P,g) —

f € T(Ad P) being given by (2.1), that is, f(7(p)) = [p, f(p)]c-

2.3. Connections and covariant differentials. A principal connection
on P is a g-valued 1-form A € Q!(P, g) such that

(I);.A = Adgfl O.A and A(fp) = f

The set of all connections will be denoted by Conn(P). It is an affine space
with underlying vector space Q!(P,g). Recall that a connection induces
a splitting T,P = V,P © H,P of the tangent space into the vertical and
horizontal subspace defined by

H,P := ker(A(p)).

The covariant exterior differential associated to A is the map d* :
QF(P,g) — QF1(P, g) defined by

dAw(p)(ul, o) = dw(p) (horp(ur), ..., hory(ug)),
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where hory(u;) is the horizontal part of u; € T,P, i =1,..., k. Note that for

w € QF(P,g) we have dw € QF+1(P, g). For f € Fq(P,g) andw € QL(P,g),
we have the formulas

d*f(p)(u) = df (p)(u) + [AP)(w), f(p)]

and

d*w(p)(u,v) = dw(p)(u, v) + [A(p) (), w(p)(v)] — [A(p)(v), w(p)(u)]
for any u,v € T,,P.
The curvature of the connection A is, by definition, the 2-form

B:=dAAc Q%(P,g).

The curvature B verifies the Cartan structure equations and the Bianchi
identity given respectively by

B(u,v) = d A(u,v) + [A(u), A(v)] and d*B=0.
The following lemma will be useful for future computations.
Lemma 2.1. Let A € Conn(P), B its curvature, and f € Fg(P,g). Then
dAdA f(u,v) = [B(u,v), f].

Proof. For any U,V € X(P), we have

dH(dAf)(U,V) = d(dAf)(U,V) + [AWU), d4f (V)] = [AV), d4f ()]

=d(df+[A f) U V) + [AU), df (V) + [AV), 1]
—[A(V),df(U) + [AU), f]]
=0+ d([A(V), [NU) = A([AU), ID(V) = [A(U, V]), f]
FWI+ [AU), [A(V), f]] = [A(V),df(U)]

+[AU),d
— [A(V), [A(U), f]]
= [d(AWV)U), f1 = [d(AW) V), f] = [A(U, V]), f]
+[AWU), [AV), FIl = [A(V), [A(U), f]]
= [dAU, V), 11+ [[A(U), A(V)], /]
= [B(U, V), f].

Recall also that a principal connection A on P induces an affine connection
and a covariant derivative, denoted respectively by VA and %4, on the
vector bundles Ad P — M and (Ad P)* — M (see e.g., [8, 15]).

Given a Riemannian metric ¢ on M and a connection A on P, we can
define the covariant codifferential

04 - QR (P, g) — QF1(P, g);
see, e.g., [16, Definition 4.2.8].
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2.4. Bundle metrics. We assume throughout this paper that the Lie alge-
bra g has a distinguished inner product v satisfying

v(Adg&,Adgn) =v(&,n), forall ge G andall &,neg.

Such an inner product is said to be Ad-invariant and satisfies the relation

(2.3) ([, €l,m) + (&, [¢n)) =0 forall §n,¢ € g.

For example, if G is compact, such an inner product always exists. If G
is reductive, one can always find such a non-degenerate v but it may be
indefinite.

Given a Riemannian metric ¢ on M and an Ad-invariant inner prod-
uct v on g, we can define a Riemannian metric g7y on the vector bundles
A¥(M,Ad P) — M of Ad P-valued exterior k-forms on M. Indeed, the inner
product ~ induces a Riemannian metric on the vector bundle Ad P — M
whose value on [p, €], [p,nlg € (Ad P)y, © := m(p), p € P, is given by

Yz ([P, €las [psmla) = v(€,n).

Denote, by abuse of notation, by the same letter v the smooth vector bundle
metric on Ad P defined by v[aqap), := 7z- Let g denote the Riemannian

metric induced by g on the vector bundles A¥M — M of exterior k-forms on
M. The Riemannian metric gy on the vector bundle A*(M,Ad P) — M is
then constructed in the following manner. If o, 8, € A*(M, Ad P),, write
ay = af, and By = f,, where {f,} is a basis of the fiber (Ad P),, and
a®, 3% € (A*M),. Then define

(97)1(04907 ﬂx) = Yab g(aa’ 517)7

where vap 1= Y2 (fa, fo). It is easy to verify that this construction is inde-
pendent on the choice of the basis in each fiber (Ad P),.

Let M be a compact oriented boundaryless manifold. If o € Q¥ (M, Ad P)
and 3 € Q¥1(M, Ad P), we have (see, e.g., [16, Theorem 4.2.9]):

(2.4) /M<gv><d*‘a, B = /Mm)(a, 5 B),

where p denotes the volume form associated to the Riemannian metric g.
Given a connection A, a Riemannian metric g on M, and an Ad-invariant
inner product v on g, we can define the Kaluza—Klein metric K 4 on T'P by

(2.5) K a(up, vp) := g(Tpm(up), Tpm(vp)) + v(Alup), A(vp)).

The Kaluza-Klein metric is G-invariant, that is, @7 K4 = K 4 for any g € G.
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2.5. Expressions in a local trivialization. Consider a local trivialization
Py :=7YU) = UxG, pr~ (x,9). This induces a local trivialization of
the vector bundle Ad P — M, given by

(26) AdPDPU XGg—>ng7 [($7g)’£]G}—) (:CaAdg 6)
It is useful to note that for w € QF(P, g), we can locally write

w(z,g)((vi,a1), ..., (g, a)) = Adg—1(@(x)(v1, ..., v8)),

where @(x)(v1,...,v) = w(z,e)((v1,0),..., (v, 0)) € g, v; € T,U, a; €
T,G, i = 1,...,k. Moreover, in the local trivialization (2.6), the Ad P-
valued k-form & € QF(M, Ad P) defined in (2.1) is given by

O(x)(v1,y ... ) = (z,0(x)(v1, ... 08)), x €U, v €T,U.

Recall also that, in a local trivialization, a connection A can be written as

(2.7) Az, 9)(ve, &) = Adg-1 (A(2) (vz) + TRy-1(&y)),

where v, € T,U, & € T,G, and A is a 1-form on U C M with values in g.
Locally, for f € F(P,g) and the curvature B, we can write

dif(v) = df(v) + [A(v), f),

B(v, w) = dA(v,w) + [A(v), A(w)].
If the principal bundle is trivial, the previous formulas hold globally and
the adjoint bundle is also trivial Ad P = M x g, so we have QF(M,Ad P) =

QF(M,g) and for w € @(P,g) we get W = .

2.6. Automorphisms and gauge transformations. We say that a dif-
feomorphism ¢ of P is an automorphism if it is equivariant, that is,
S 09 = pod,, for all g € G. The Fréchet Lie group of all automor-
phisms is denoted by Aut(P). See [17] for an account of Fréchet Lie groups
in the framework of manifold of maps from the point of view of the “conve-
nient calculus.” An automorphism ¢ of P induces a unique diffeomorphism
@ of M defined by the condition m o ¢ = P omw. The Lie algebra aut(P)
consists of G-invariant vector fields on P. Its (left) Lie bracket is denoted
by [U, V], and is the negative of the usual Jacobi-Lie bracket [U, V]j1,. For
U € aut(P), we denote by [U] € X(M) the unique vector field on M defined
by the condition

TroU = [U]om.

The subgroup Aut,(P) consists, by definition, of automorphisms ¢ of P
such that the induced diffeomorphism % preserves the volume form g on M.
For U € aut,(P), we have [U] € Xgiv(M), the space of all divergence free
vector fields on M.
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The normal subgroup Gau(P) of gauge transformations contains, by def-
inition, all automorphisms ¢ on P with @ = id,;. Note that we can identify
the gauge group Gau(P) with the group

Fa(P,G) = {1 € F(P,G) | 10®; = AD,-1 07}, where ADy(h):= ghg™!.
The identification is given by the group isomorphism™: Gau(P) — Fg(P, G),

which associates to ¢ € Gau(P), the map ¢ € Fg(P,G) defined by the
condition

©(p) = P (p)-

The Lie algebra gau(P) consists of G-invariant vertical vector fields on
P. Therefore, when U € gau(P), we have [U] = 0. Note the identifications

gau(P) = Fo(P,g) =T'(AdP).
Indeed, to f € Fg(P,g) we can associate the G-invariant vertical vector field

o(f) € gau(P) given by
(2.8) a(f)(p) = f(p)r(p).

The second isomorphism is given by the map (2.1). A direct computation
shows that o : Fg(P,g) — gau(P) is a Lie algebra isomorphism, that is,

a(lf,9)) = lo(f),o(g)IL-

The transformation law of a connection A under ¢ € Gau(P) is given by
(2.9) p*A = Ad(’gfl oA+ TL;,;fl oTo.

If the principal bundle P — M is trivial, the automorphism group is the
semidirect product of D(M) with F(M, G). To see this, note first that each
¢ € Aut(P) is in this case of the form

p(z,9) = (P(x), 2(x)g),
where g € D(M), the diffeomorphism group of M, and p € F(M,G), the

smooth G-valued functions on M. Thus the map ¢ € Aut(P) — (p,9) €
D(M) x F(M,G) is bijective. Second, the pair (¢10@32, %10 ¢z2) corre-
sponding to the product (1 o o is uniquely determined by the right hand

side of the identity

(01 092) (x,9) = (710 %2)(2), (71 0 P2) () P2(2)g) -

This shows that the map ¢ € Aut(P)+— (¢, 9) € D(M)® F(M,G) is a group
isomorphism, where the semidirect product is defined by the right action of
D(M) by group automorphisms on F(M,G) given by (x,\) € F(M,G) x

D(M) — x oA € F(M,G). In particular, if ¢ € Gau(P), then ¢ = idys

and we have ¥(z,g) = (v, (z)g), which shows that the map ¢ € Gau(P)
1) € F(M, Q) is a group isomorphism.
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The same considerations hold for the volume preserving case. We have
shown hence that if the principal G-bundle 7 : P — M is trivial, then we
have the group isomorphisms

Aut(P) ~ D(M)®Gau(P) and Aut,(P)~D,(M)S Gau(P)
and the corresponding Lie algebra isomorphisms
aut(P) ~ X(M)®F(M,g) and aut,(P)~ Xgi, (M) F(M,g).

Using the general formula for the Lie bracket associated the Lie algebra of a
semidirect product of two groups (see formula (6.4.2) in [18], for example),
we find that the (left) Lie bracket on aut(P) and aut,(P) is

(2.10) [(v,0), (w,w)]L, = ([v,w]L,dO(w) — dw(v) + [0, w]) .

If the principal bundle P — M is not trivial, the situation is more
involved. First, the sequence

0 — gau(P) — aut(P) — X (M) — 0

is exact. The second arrow is the inclusion and the third is the Lie algebra
homomorphism given by U € aut(M) — [U] € X(M) which is surjective
because any X € X(M) is covered by its horizontal lift relative to some
connection. Note, however, that the horizontal lift of vector fields relative
to a connection is, in general, not a Lie algebra homomorphism since the
bracket of two horizontally lifted vector fields has a vertical part. This is an
indication that if P — M is non-trivial, then aut(P) is, in general, not the
semidirect product of X(M) with gau(P).

Second, at group level, the map Aut(P) — D(M) is not surjective, in
general. For example, let P = S2 C R?* be the unit sphere, thought of as
the unit quaternions, and let S := {z+yk | z,y € R, 22+ y? = 1} act on P
by ¢ — q(z + yk). The Hopf fibration map 7 : ¢ € S® — ¢kg € S? defines a
principal S'-bundle over M := S?. We shall prove that in this case the map
Aut(P) — D(M) is not surjective.! Let n € D(S?) be the antipodal map
whose degree is —1 and is hence not homotopic to the identity. If there were
some ¢ € Aut(S3) descending to 7, then ¢ would not have any fixed points
and hence its degree would be one. By the Hopf Degree Theorem ¢ would
then be homotopic to the identity which would imply that  was homotopic
to the identity, a contradiction.

2.7. Duality. In this paper, we will identify the cotangent space T, Aut(P)
with the space of G-invariant 1-forms on P along ¢ € Aut(P). The duality
pairing is

<M<pa Utp> = /M Mtp(Ucp)Mv

"We thank Marco Castrillén-Lépez for this example.
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where M, € T; Aut(P) and Uy, € Ty, Aut(P). Note that in this formula we
used the fact that M, (U,,) is a smooth function on P that does not depend
on the fiber variables and hence induces a unique smooth function on M
which is then integrated using the volume form g on M. In particular, we
have aut(P)* = Qf(P), the space of right-invariant 1-forms on P.

We identify the cotangent space 77 Gau(P) with the tangent space
T, Gau(P) via the duality

(211) e Vi) = [ (AT A05) .

for any principal connection A on P. Note that, since U, and V,, are vertical,
the pairing (2.11) does not depend on A since A(Uy,) = 0 1 (U, 0 o™ ) o
for any connection A.

3. Equations for the fields

In this section, we give the Lagrangian and Hamiltonian formulations for
the Yang—Mills fields in the vacuum. We will see that it is not possible to
pass from one to the other by a simple Legendre transformation.

3.1. Lagrangian formulation of the Maxwell equations. On the
Lagrangian side, the variables are the magnetic potential A € Q!(M) and
the electric potential Ag € F(M), where M is a three dimensional com-
pact manifold without boundary. The Lagrangian is defined on the tangent
bundle T(F(M) x QY(M)) and is given by

. . 1 1
Lo, Ao, A, ) = 5 [ BP0 =5 [ 1B,

where E := —A 4+ dAg, B := dA, and | - || is the norm associated to
the Riemannian metric induced by g on the vector bundle A*M — M, for
k =1,2. The Euler-Lagrange equations associated to L are

OF
3.1 0FE=0 d — =0B.
(3.1) and
The relations E = —A + dAg and B = dA give
B
(3.2) aa—t =—dF and dB=0.

Using the vector field variables E := E* and B := (xB)*, where % : QF (M) —
Q3~F(M), is the Hodge-star operator associated to the Riemannian metric
g on M, we obtain the Maxwell equations in the vacuum

a—E = curl B, div E =0,
ot

a—B = —curl E, div B=0,
ot

(3.3)
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where curl : (M) — X(M) is the operator curl(X) := [x(dX")]#, for any
X e X(M).

Let us recall the classical argument that we can choose Ag = 0. Assume
that A{ and A’ satisfy Maxwell’s equations (3.1) and (3.2). We search a
function ¢ € F(M) such that A := A’ + dy leaves equations (3.1) and (3.2)
unchanged and Ag = 0. Since these equations are second order, we have
Alg = 9A /Ot and A' = 9A'/Ot. Let E' := —A' 4+ dA), B' := dA’. The
requirement is that £/ = F and B’ = B. Therefore,

—A'+dAy=FE =E=—-A+dA4y=—-A" —dp + dA,,

which is equivalent to d¢ = d(Ap — Aj)) and hence it is sufficient to choose
Ap := A + ¢. This shows that one can choose Ay = 0 provided ¢ = —Aj,.
Note that equations (3.1) and (3.2) are unchanged under this transformation,
as required.

We now recall the four dimensional formulation of the Maxwell equations.
Consider the Lorentzian manifold (X,v) given by X = M x R and v :=
79 — 73dt?, where 71 : X — M and 75 : X — R are the natural projections
and ¢ is a Riemannian metric on M. Consider the 1-form G on X defined
by G := 1{ Ay + 7 Ap A 75dt. We have

dG = r7dA; — 71 Ay Aidt + dAg A idt = 77 B + 7 E A Tidt =: F,

and the Maxwell equations (3.3) can be simply written as (see, e.g., [19,
Section 22.4])
dF =0 and J0F =0.

In a general slicing of space-time, not just M x R, the derivation of these
equations and much more information can be found, for example, in [20, 21].

The Legendre transformation associated to the Maxwell Lagrangian L
is not bijective. Thus, it is not possible to pass in the usual way from the
Lagrangian to the Hamiltonian formulation by the Legendre transformation.
This degeneracy is typical of relativistic field theories and is resolved by the
Dirac theory of constraints; see, for example, [20, 21] and references therein.
In the next subsection, we directly generate the Hamiltonian formulation for
the Maxwell equations.

3.2. Hamiltonian formulation of the Maxwell equations. On the
Hamiltonian side (see [5]), the configuration space variable is the magnetic
potential A € Q'(M). The Hamiltonian is defined on the cotangent bundle
T*QY (M) ~ QY (M) x QY (M), where the cotangent space at any point A is
identified with Q!(M) using the natural L?-pairing, and is given by

1 1
1Y) =5 [ 18P+ [ 18R
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for £ := —Y and B := dA. Hamilton’s equations are

0B ok
T —dF and =
and the relation B = dA gives

5B,

dB = 0.

To obtain the last equation 0 E = 0, we use the invariance of the Hamiltonian
under gauge transformations. The action of the gauge group F(M) on
QY(M) is given by

(3.4) F(M) x QY (M) — QY (M), (¢, A) — A+do,
and is Hamiltonian. The associated momentum map is
J . T*QY M) — F(M)* ~ F(M), J(AY)=74Y,

where F(M)* is identified with (M) using the natural L2-pairing. So the
condition J(A,Y) = 0 gives the fourth Maxwell equation 6 E = 0.

Note that in the Hamiltonian formulation we have used only the configu-
ration variable A, whereas in the Lagrangian formulation the configuration
space consisted of pairs (Ap, A). As we have seen, the variable Ay can be
set equal to zero without any effect on Maxwell’s equations. Note also that
the Euler-Lagrange equation 0 F = 0 was obtained from the variation of the
Lagrangian relative to Ag, whereas in the Hamiltonian set-up this equation
appears as a conservation law for the gauge group action (3.4).

3.3. Generalization to any principal bundle. We now generalize the
previous formulations to the case of a G-principal bundle P — M over an
arbitrary compact boundaryless manifold M. We will show that if M is
three dimensional, G = S, and the bundle is trivial, then we recover the
Maxwell equations.

Lagrangian formulation. The Lagrangian L : T'(Fg(P, g) x Conn(P)) —
R is defined by

. . 1 1
(35) Lo Ao A ) =5 [ BP0 [ 18w,
M M

where

(1) E := & € Q' (M, Ad P) is the Ad P-valued 1-form associated, through
the map (2.1), to the “electric part” & € Q(P,g) of the Yang-Mills
field, given by

£:=—A+d*4, € QU(P,g);
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(2) B:=B e Q*(M,Ad P) is the Ad P-valued 2-form associated, through
the map (2.1), to the “magnetic part” B € Q2(P, g) of the Yang—Mills
field, given by the curvature

B:=dAA € Q%(P,g);

(3) || - || is the norm associated to the metric gy on the vector bundles
AF(M,AdP) = M, for k = 1,2.

The Euler—Lagrange equations associated to L are

64 =0 and ‘;f + [Ag, &] = 6B.

Indeed, using the L? pairing

(3.6) (a, ) = /Mm)(a,ﬁm, 0. € QF(M,AdP),

we can identify the cotangent bundles of Fg(P, g) and Conn(P) with their
tangent bundles. Using formulas (2.3), (2.4), and the identity

(3.7) A garie g 4 40) = ate,
dt|,_g
where A € Conn(P), C € T4Conn(P) = QL(P,g), we get
oL oL oL oL
= =01, =0, ==-0"B+[A,E, — =-¢.
94 0Ag A Aot o
Thus, the Euler—Lagrange equations
ooL oL .oor oL
otoA, O0Ay OtoA OA
become

A€ =0 and % + [Ao, £] = 648,

as stated above.

The relations & := —A + dA A and B := d* A give the equations
oB
5 + Ao Bl = —d*¢ and d*B=0.
Indeed, for the first equality we have, using (3.7) and Lemma 2.1,
B =dAA = —d4€ + dAd* 4y = —d*€ + [B, Ag).
The second equality is the Bianchi identity. Summarizing, we get the system
o€
— + [A0, E] =618,  sAE=0,
ot
oB

5 + Ao Bl = —d4¢, d“B=o.

(3.8)
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To recover Maxwell’s equations, we take a trivial S'-principal bundle
P =M x S' Then AdP = M x R and QF(M,AdP) = Q¥(M). Since
the structure group S* of the principal bundle P is Abelian, the covariant
differential does not depend on the connection, that is, d* = d. We obtain
the following identifications.

(1) From the equality & = —A + d* Ay, we obtain that the electric field

E:=& € Q'(M) is given by

E = —A—l—dAo,

where Ag := Ay € F(M)and A:= A € QY(M).
(2) From the equality B = d A, we obtain that the magnetic field B :=
B € Q?(M) is given by
B =dA,
where A € QY(M) is given by A := A (see equation (2.7)).
Returning to the general case, let us show, as in the case of Maxwell’s
equations, that we can choose Ay = 0. Assume that Aj and A" satisfy

equations (3.8). We search a ¢ € Gau(P) such that A := ¢*A’ leaves the
equations (3.8) unchanged and Ay = 0. Since these equations are second
order, we have A) = dAL/0t and A' = dA'/dt. Let & = —A' + dV Aj,
B :=d*A. Since B = ¢*B', the requirement is that £ = ¢*&’. Therefore,
emphasizing the time-dependence, we have the equivalences

(3.9) — A+ dM Ay = ¢ (—/lé + dAéAé)t)
a . L 0 “
= - (e A+ d*t Ay, = —of Ay + dAtSOt A
ot ot
a * *
= dMAy = 5t e AL + dAtSOt 0t
t=s

Taking the time derivative of (2.9), we get
d * 4 _ A —1/./

= wiA=at (o7 0)).

for any smooth curve 1, € Gau(P) such that ¢9 = id. Therefore we conclude
that

(3.10)

t=0

P B L
Pl = o wilpsowr ) AL =gid (07 (@0 )
s=t

=dg; (0 (o w ).
So (3.9) is equivalent to d* Ay, = d*f (e (o or ) + Aj,;) and hence

it is sufficient to choose Ay := ¢} (07 (pro0 ;') +.Ap,) in order to get
£ = ¢*&'. Thus one can choose Ag; = 0 provided that ¢y 0 o7t = —a(Ab,).

9
Os

s=t
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A direct computation shows that equations (3.8) are unchanged under this
transformation, as required.

Let (X = M x R,~) be the Lorentzian manifold given in Section 3.1. Let
P := P x R and define the free G-action ®,(p,t) := (®4(p),t) on P. We
get the principal G-bundle 7@ : P := P x R — X. From A; € Conn(P) and
Ao € Fo(P,g), we can construct the 1-form C € Q'(P, g)

C:=7"A+ 717" Ap A (12 0T)"dL,

where 7 : P — P is the natural projection and 7 : X — R is the projection
on the second factor. One can check that C is a connection on P since
7* A € Conn(P) and 7* A A (T2 o T)*dt € QL1(P, g).

Finally we obtain

d°C=7"B+1*E A (rp o) dt =: F,

and equations (3.8) are equivalent to the Yang—Mills equations together with
the Bianchi identity (see, e.g., [22—-24])

SF=0 and d°F =0.

Hamiltonian formulation. As in the electromagnetic case, the configura-
tion space variable is the magnetic potential A € Conn(P) and the Hamil-
tonian is defined on the cotangent bundle T*Conn(P) by

/IIEIIM+ /||B\ ",
where:

(1) E =& € Q(M,Ad P) is the Ad P-valued 1-form associated, through
the map (2.1), to the “electric part” £ € Q1(P,g) of the Yang—Mills
field, given by

=-)e Ql(P’g)’
(2) B:= B e Q2(M,Ad P) is the Ad P-valued 2-form associated, through

the map (2.1), to the “magnetic part” B € Q2(P, g) of the YangMills
field, given by the curvature

B:=dAA c Q(P,g).
As before, we identify the cotangent bundle of Conn(P) with the tangent

bundle, using the L? pairing (3.6).
Hamilton’s equations associated to H are
oB o0&
d.A d = — A
o= £ an 5 6B,

and the Bianchi identity gives
d*B = 0.
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To obtain the last equation, we use the invariance of the Hamiltonian under
gauge transformations. The action of ¢ € Gau(P) on A € Conn(P) is p*A
and the cotangent-lift of this action is (¢*A,¢*Y). Under this action, &
and B are transformed into ¢*& and ¢*B, so H is gauge-invariant. The
momentum mapping associated to this Hamiltonian action is

J : T*Conn(P) — gau(P)* ~ gau(P), J(A,Y) = o(64Y),
so the conservation law J(A,Y) = 0 gives the last equation
§AE = 0.

Note that we identify gau(P)* with gau(P) via the L? pairing (3.6).

4. Equations for the particles

We consider the evolution of a non-relativistic Yang—Mills charged particle
of mass m in a given Yang—Mills field.

Fix a connection A € Conn(P) and an equivariant function A4y € Fg (P, g).
The Yang-Mills field is given by its electric part & = d* Ay and its magnetic
part B = d* A.

Consider the right-invariant Lagrangian L : TP — R, given by

Lup) = g (T(ug), () + 57 (Alwg) + Ao(p), Aly) + Ao(p).

Since L is G-invariant, it induces a Lagrangian on (T'P)/G. We use the
identification of (T'P)/G with TM & Ad P through the connection dependent
vector bundle isomorphism (see [8])

Uy % — TM&AdP, V([up]) := (Tpm(up), [p, Alup)la)-

The reduced Lagrangian on TM & Ad P is given by

(0, 60) = T gu0e,02) + 3706 + Aofw), o + Ao(a)),

where Ag € I'(Ad P) is associated to Ag via the map (2.1). By Lagrangian
reduction (see [8]), p(t) € P is a solution of the Euler-Lagrange equations for
L if and only if z(t) := 7(p(t)) € M and £(t) := [p(t), A(B(t))]c € Ad Py
are solutions of the Lagrange-Poincaré equations

ol . . D9 ol , . ol , . .
DAL, Lol
E(f%(ﬁ?vé) = —adg 875(1:’5)’
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where DY9/dt and DA /dt denote the covariant derivatives induced by g on
T*M and by A on (Ad P)*, respectively,
ol

. ol .
%(vx,fx) e€eTyM and 8—5(%,@) € (AdP);

are usual fiber derivatives of [ in the vector bundles TM and Ad P, and

ol
is the partial covariant derivative of [ relative to the Levi—Civita connection
on M and the principal connection A on P. See [8] for details regarding the
Lagrange—Poincaré equations.
In terms of the functional derivatives

ol ol ol
%(vaé-m% %(vangl‘) € Tva and E(UZWEZ‘) € (AdP)Z‘7

defined similarly, the Lagrange—Poincaré equations become

o1, .. DIl ol . Y
§ 8 = T80 = (30,9, B )
DAL ol .
ﬂ%(x,g) - |:§7 (Sf(xag)]wa
where [, ], is the bracket of elements in (Ad P), and £ and %4 denote

the covariant derivatives on TM and Ad P, respectively. Using that

ol 8l

O (e160) = 2L 00, €2) (6 + An(a), A4 Ao (L)),
(06 = (0, &0),

]

Miag - 20 6= D)

where
. m
l(vﬂ')) fI) = ng(vx’ /UCE)7
we obtain that the trajectory x(t) := m(p(t)) € M and the charge

q(t) = [p(1), A(p(1)) + Ao(p(t)lc = gé(i”(t),f(t)) € (Ad P)g(p),
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are solutions of
DI .

m%x(t) = ’Yac(t)(Q(t%E(') =+ B('7i(t)))ﬁ’

DA
— () + [Ao(2(1)). 4(t)]a(e) = 0.

The first line is the non-Abelian Lorentz equation and the second line rep-
resents the covariant conservation of charge. These equations are the non-
relativistic Wong equations [8, 25, 26].

In the case of the trivial S'-bundle P = M x S!, recall that Ad P = M xR.
The Lagrangian is

L(vg,0,0) = %gx(%, V) + %(A(w)(vx) + 604 Ay(x))?,

where A := A € Ql(M) and Ag = Ay. We have (TP)/S'=TM ¢ AdP =
TM xR, and ¥ 4(vy,0) = (vg, A(x)(vy) + 6). So the reduced Lagrangian is

l(nyg) = %gz(vxa 'Um) + %(5 + Ao(l’))2

By the Lagrange-Poincaré reduction [8], we obtain that p(t) = (z(t),0(t))
is a solution of the Euler-Lagrange equations if and only if
g

m i (t) = a(t)(EC) + B, a(0),

d
dtq( ) =0,

where q(t) := A(&(t)) +0(t) + Ag(z(t)) is the charge. If dim M = 3, in terms

of the vector fields E := Ef and B = (xB)* and using that the charge ¢(t) = ¢

is conserved, the previous system becomes simply the Lorentz force law
DY

describing the motion of a charged particle of mass m in a fixed electromag-

netic field.

We remark that when the variable Ay is absent, the Lagrangian is given
by the Kaluza—Klein metric,
1 m
L(up) = iKA(p)(Upa up) = Eg[p} (T (up), Tmp(up)) +v(Alup), A(uy)).
In this case, the Legendre transformation is invertible and the corresponding

Hamiltonian on T*P is

H(ay) = 5 KA(p) (0 ),

where K7 is the dual metric on 7™ P, defined by
Ka(p) (Ka(p)(up, ), Ka(p)(vp, -)) = Ka(p)(up, vp).
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5. Lagrangian formulation of Euler—Yang—Mills

We begin by recalling some facts about the Euler—Poincaré reduction for
semidirect products [7, 8, 27]. Let p : G — Aut(V') denote a right Lie group
representation of GG in the vector space V. As a set, the semidirect product
S = GOV is the Cartesian product S = G x V whose group multiplication
is given by

(91,v1)(92,v2) = (9192, v2 + pg, (v1)).

The Lie algebra of S is the semidirect product Lie algebra, s = g(©® V', whose
bracket has the expression

ad (g, ) (€2,v2) = [(&1,v1), (€2,v2)] = ([§1, 2], vi&a — v21),

where v€ denotes the induced action of g on V, that is,

v€ : d

= at Pexp(te) (U) ev.

t=0
From the expression for the Lie bracket, it follows that for ({,v) € s and
(u,a) € s, we have

ad?{,fu) (IU’J CL) = (adzu +vo a, a€)7
where a € V* and v o a € g* are given, respectively, by

d

R

p;xp(ftg)(a) and (voa,&)g = —(a&,v)v,

where (-, ), : " x g — Rand (,-);, : V* x V — R are the duality parings.

Lagrangian semidirect product theory with parameter.

e Let @ be a manifold on which G acts trivially and assume that we
have a function L : TG x T'(Q x V* — R which is right G-invariant.

e In particular, if ag € V*, define the Lagrangian Lo, : TG x T'Q) — R
by Lq,(vg, uq) := L(vg,uq,ap). Then Ly, is right invariant under the
lift to TG x T'Q of the right action of G4, on G x @), where G, is the
isotropy group of ag.

e Right G-invariance of L permits us to define [ : g x T'Q x V* — R by

l(TgRg—l(Ug)v UQ)P;(GO)) = L(Ugu Uq’ao)-

e For a curve g(t) € G, let £(t) := TRy)-1(g(t)) and define the curve
a(t) as the unique solution of the linear differential equation with
time-dependent coefficients a(t) = —a(t)&(t) with initial condition
a(0) = ap. Its solution can be written as a(t) = Pyt (ao)-
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Theorem 5.1. The following are equivalent:

i. Hamilton’s variational principle holds:
to

0 | Lao(g(t), g(t),q(t),q(t))dt = 0,
t1
for variations of g and q with fixed endpoints.
ii. (g(t),q(t)) satisfies the Euler—Lagrange equations for Lq, on G x Q.
iii. The constrained variational principle
t2

6 [ U(&(E),q(t),4(t), alt))dt = 0,

t1

holds on g x Q, upon using variations of the form

6€ - 7y [5777]7 da = —an,

where n(t) € g vanishes at the endpoints and 0q(t) is unrestricted
except for vanishing at the endpoints.

iv. The following system of Euler—Poincaré equations (with a parameter)
coupled with Euler—Lagrange equations holds on g x TQ x V*:

o 6l L8l al
(51) aé_fé_——adgg—i—%()a,
and

oo _a _,

otdq 0Oq

Note that the Euler-Poincaré equation (5.1) can be written, in weak
form, as

d

52 LD = -DUO(E D+ (Foan) . Bralyes,
g

where D denotes the Fréchet derivative. This formulation will be useful
below.

Ideal compressible adiabatic fluid. Before treating the Yang—Mills fluid,
we apply the preceding theory to the case of the compressible adiabatic fluid.
For this particular case we choose G = D(M) and V = F(M) x F(M) (in
this case @ is absent). We identify the dual F(M)* with F(M) via the
natural L? pairing. The action of n € D(M) on (p,s) € V* is

(p;8) — ((Jn)(pon),son),

where Jn is the Jacobian determinant of 7, p is the density of the fluid, and
s is its specific entropy. As usual, we treat the mass density p as a density on
M and the entropy s as a function on M; this is why in the previous formula
the action of the diffeomorphism group is different on the two components.
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The Lagrangian is given by

63 L) =3 [ st [ pelon s

where e is the fluid’s specific internal energy. Application of part iv in
Theorem 5.1 gives the equations of motion

( Ov 1
En + Vv = ;gradp,
(5.4) 9 | div(pv) = 0
ot ’
ds
L a + dS(’U) 0,

where the pressure is given by p = p? gz (p,s).

5.1. Yang—Mills ideal fluid. In the case of the Yang-Mills fluid, we choose
G = Aut(P), Q = Fg(P,g) x Conn(P), and V = F(M) x F(M). As before,
we use the notations ¢ € Aut(P), (Ag, A) € Fg(P,g) x Conn(P), and
(p,s) € V*. The action of ¢ on (p, s) is given by

(p;8) — ((JP)(poP),509),

where ¥ € D(M) is the map induced on the base M by ¢. From the
expressions of the Lagrangian (5.3) and of the Lagrangians for the fields
and particles given in Sections 3 and 4, it follows that the Lagrangian for
the Yang—Mills ideal fluid is defined on the tangent bundle T'(Aut(P) x
Fa(P,g) x Conn(P)) by

(5.5) Lip.s)(Uy, Ao, Ao, A, A) = ;/M pg([Uy, [Uy])p

+5 [ PIAT) + 400 0T

= [ petotiy
+3 [ 1B / 18],

where [Uy] € TyD(M) is such that TwoUy, = [Uy|om. Note that A(Uy)+Ago
Y € Fg(P,g), so we can consider the section (A(Uy) + Ag o)~ € I'(Ad P)
and its L? norm || (A(Uy) + Ag o )7 relative to the Riemannian metric 7.
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The two last terms of (5.5) are given as in the Lagrangian (3.5). Roughly
speaking, this Lagrangian has the following structure

{Integration of the Lagrangian

for the particles } — {Internal energy}

Lagrangian for the
Yang—Mills fields

Note that L verifies the invariance property needed for an application of
Theorem 5.1, that is, L is invariant under the right action of ¢ € Aut(P)

Uy, p,5) ¥ (Uy 0 0, (J@)(p 0 P), 50 P).
Indeed, we have [Uy o ¢] = [Uy] o @, so the invariance of the first term
follows by a change of variable in the integral. The invariance of the second
integral follows from the fact that A(Uy) + Ag o) € Fg(P,g) and that for
fy9 € Fa(P,g) and ¢ € Aut(P) we have
Wfow,gow)=(f.9) 0P,
as functions on M.

The reduced Lagrangian [ on aut(P) x T'(Fa(P, g) x Conn(P)) x (F(M)* x
F(M)*) has the expression

(5.0 WU Ao, o, A A, p.5) = 5 [ palUL 0w

i1 / oIl (A) + Ao) P /Mpemsm

3 [ 1ERa=3 [ 1B

and the Euler—Poincaré equations in weak form are

51 GDIUNV) = DIV + (5 0 oV )

for all V' € aut(P). We now compute these equations.
Recall that the (left) Lie bracket on the Lie algebra aut(P) is
[U, V]L = adU V = —[U, V]JL,

where [, |51, denotes the usual Jacobi-Lie bracket of vector fields. The fol-
lowing lemma gives the decomposition of [U, V], into the horizontal and
vertical parts.

Lemma 5.2. Let A be a connection on the principal bundle P and let U,V €
aut(P). Then we have

(5-8) U, VL = O(M(U),A(V)] +dA(AU)(V)

— d4(AV)(U) + B(U,V) ) + hor([U, V1),
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where hor denotes the horizontal part relative to the connection A. In par-
ticular we have the equality

A([U,VIL) = [AU), A(V)] + dHAW)) (V) = dXAV)(U) + BU, V).
Proof. First note that using the Cartan structure equations and the fact
that B € Q2(P, g), we have

dA(horU,0(A(V))) = B(hor U, o(A(V))) — [A(hor U), A(a(A(V)))] = 0.
We also have

dA(horU,o(A(V))) =d(A(c(A(V))))(horU) — d(A(hor U))(a(A(V)))

— A([hor U, o (A(V))]sr)
=d(A(V))(horU) + A([hor U, o (A(V))]L)-
These formulas prove that
(5.9) d(A(V))(horU) = —A([hor U, o (A(V))]L).

We now compute the Lie bracket [U, V]y,. By decomposing U and V into
their vertical and horizontal parts, that is, we write U = o(A(U)) + hor U
and V = o(A(V)) + hor V, we obtain four terms. The first term is

[hor U, hor Vy, = o(A([hor U, hor V1y,)) + hor[hor U, hor V],
=o(B(U,V)) + hor[U, V],
where we used the equalities
B(U,V) = —A([hor U, hor V];1,)
and
Tro[U, V], = [[U],[V]]L 0.

Since [0(A(U)),hor V], is vertical (apply the formula above), the second
term is

[0(A(U)), hor V]1, = o (A([o(A(U)), hor V]1.)) = d(A(U))(hor V)
= d*(AU))(V),
by formula (5.9). There is an analogous formula for the third term [hor U,

o(A(V))]L. Using the Lie algebra isomorphism o : Fg (P, g) — gau(P) defined
in (2.8), the fourth term is

[0(A)), o (AV))] = o ([AU), A(V)]L)-
Summing these four terms we obtain the desired formula (5.8). O

Inspired by the Kaluza-Klein metric (2.5), we define on aut(P) a non-
degenerate bilinear form given by

e~ ———~——

OV)a= [ oWLVDu+ [ v (AT, AT))
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Therefore, we have
(5.10)

W, U, V]L)a = /ngW], U, VI +

:/Mg([W] u+MM7 A(W), LAW), AV))) g
+ [ o (A aA Ao u
et
; /M7<m,s<m,[w>)ﬂ

— — " #
- Mg(owdfm W]+ 7 (AT + B0 ) ,m) ’
# [ 5 (Mom A+ aftam o)
M

+ div([U))AW), AV)) s,

where in the last equality, ad’ denotes the L? adjoint of ad relative to the
metric g, and { is the index raising operator associated to g. Note that for
u,w € X(M), ad' is given by

(5.11) adl w = Vyw + Vul - w + wdivu.

In the second summand of the last equality in (5.10) we used the follow-
ing lemma.

Lemma 5.3. Consider an Ad-invariant inner product v on g and the
induced vector bundle metric on Ad P, also denoted by ~v. Then for v €
X(M) and f,g € Fq(P,g), we have

| 2 (%50).3) 0= [ 2 (Faow)n= [ A(Faaivon.
Proof. One verifies that for any v € X(M), we have
d(1(}.9)) () =7 (a*7(0),9) + (F.d*9())

Integrating over M gives the result. Indeed, denoting by % the real valued
function v(f,q), we obtain

/M dh(v)p = /M div(hv)p — /M h(div o) = — /M h(div o),

by the divergence theorem. O
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Using (5.10) and the formula

DIOYWV) =5 [ oL 0D+ 5 [ 7 (o (AW + 40 A7)
= <pU + U(AO)’ V>.Aa

we obtain

(5.12)

DIU)([U, VL) = (pU + o(Ao), [U, VL) 4

~ ~ #
- /Mg(ad?m P[UHV(Q,dA(A(U))(-)JrB([U],-)) ,[vDu

+ [ ([Q,?T(?f)] L ato(U) + ddiU])@,Z(V)) "
M
where
(5.13) Q= p(A(U) + Ao) € ]:G(P,g)

is the charge density. s
On the other hand we have, using the notations Ay := Ay € T'(Ad P),

A:=Ae Q' (M,AdP), and Q := Q € I(Ad P),

gtDl(U)(V) = % [/Mg (U], [V]) 1+ /MW (va) M}
_ /Mg <§tp[U}, [V]) [+ /Mv (Q,Z(\VJ)) Il

+ /MV <Qa AW]) o
— [ o (o0 - anoIoDO] (@A) V1)
w Pt ’ ’
+ /Mw (Q,Z(\V/)> 1,

where we used the equation p = — div(p[U]). Using the equalities

g1 1 (Q Q de
(Sp—ggqm,w]wﬂ(p,p) =3,
a_ e
5s  os
5l 5L 6l
= pgrad — — — grad
5(%8)0(1),8) perad 2 — = grads,
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equation (5.7) yields the system

( —_—~

. #
PV + ¥ U]+ (@ AC) + 4R A0 + B(UL )

1
(5.14) = —pgrad~y <Q, Q) —gradp
2 pop

th +[Q, A(U)] + d1Q(U) + div([U])Q = 0.

Denoting S := % = A(U) 4 Ay, several applications of Lemma 5.3, give

[ (sattawne ) u= [ aasspon- [ 2 (s.a0) e

for all v € X(M). So we get

(0.0 G0) = Lommar (22) 1 (@.atan)

With this formula and the equality
[Q7 A(U)] = [A07 Q]v
the system (5.14) is equivalent to

/

e

1 . f
2101+ VU] = 3 (@, _A() + a4 () + B(- [U]))

(5.15) —lgradp
p

\;Q + [Ag, Q] +d*Q(U) + div([U])Q = 0,

which is the same as

0 1 1
2 4 Voo = = (Q, E() + B(v))f — = gradp,
ot p p
(5.16) 50
=+ [Ao, Q] + VQ + Qdive = 0,

where v := [U] € X(M) is the Eulerian velocity.

We compute now the Euler-Lagrange equations relative to the Lagrangian
(5.6) and the variables (Ag, .A). The computations are similar to those done
in Paragraph 3.3. We find

ol ol ol

ol
= 5Ae =0, = =518 £ W, =g
9Aq + 9, a4 " DA +[Ao, E] + Q@ 70, oA )
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where Q ® m*v” € QL(P,g) is given by

(&) (w) = QW) (70" (w)) = QP)ga(v(a), Tym(wy)), @ = m(p).

P

Note that we have Q ® 70 = Q ® v°, the 1-form on M, with values in
Ad P, given by

(@) () = Q@) (w) = Q@)gu(v(w), us) € (Ad P),.

For the computation of the partial derivative %, we use the identity

Y@, A(v)) = (97)(Q ® v, A).

The resulting Euler-Lagrange equations are

£
54 =—-Q and 5 0.8l = B — Q@ .
As in Paragraph 3.3, the relations & = —A + d* Ay and B = d*A give the
equations

oB

VTR [Ag, B] = —d*E and d*B=0.

Summarizing, we have proved the following theorem, which is one of the

main results of this paper.

Theorem 5.4. Let (¢, Ag, A) be a curve in Aut(P) x Fg(P,g) x Conn(P)
and consider the curve (U, Ag, A) := (¢op™", Ag, A) in aut(P) x Fa(P,g) X
Conn(P). Then (¢, Ao, A) is a solution of the Euler—Lagrange equations
associated to the Lagrangian L(,, s,y given in (5.5) if and only if (U, Ao, A)
1$ a solution of the Euler—Yang—Mills equations:

9P\ div(pw) = _ oy 5
5 T div(er) =0, p(0)=po, -

(5.17) aacf-l- [A0, Q] + V3Q + Q div v =0,
% Mgl =0*B- Qe =,
oB

5 + Ao Bl = —d4e, d'B =0,

+ds(v) =0, s(0) = sp,
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where

- ”ng(p’ 9, vi=[U] € X(M),

p
£:=-A+d* U € QU(Pg) and E:=E&ecQY(M,AdP),
B:=d*A and B:=B,

Q:=p(AU) + Ay) and Q=2Q.

Corollary 5.5. In the case of the trivial bundle P = M x S' and assuming
that the fluid is composed of particles of mass m and charge q, we obtain
the Euler—Mazwell equations

0 1
a—?%—%vz %(E+v x B) — ;gradp,
0 0
Lt div(po) =0, p(0) =po, = +ds(v) =0, 5(0) =s0,
(5.18) gt ) ot
E q B
E—curlB—apv, e = —curl E,

dvE= 1) divB=0,
m

where
E:=E' and B:= (xB)"

Proof. If we define Q; = ps2, the equation for @ in (5.17) becomes
6(]15 d

where x(t) is the trajectory of the particle starting at z(0). Since all particles
have the same charge ¢ € R by hypothesis, we conclude that ¢(t,x) is a
constant. Therefore, the equation for @ in (5.17) disappears. It is easily
seen that the other equations become the ones in (5.18). 0

We end this section by examining more carefully the case of a trivial
principal bundle P = M x G. We use the fact, already pointed out in
the introduction, that in this case the automorphism group is a semidirect
product of two groups.

In the trivial bundle case, we have a connection independent L? pairing
on aut(P), given by

(m, v), (v,0)) = /Mg<m,v>u+ /M 2w, 0)p.

Using this pairing, the expression (2.10) for the Lie bracket on the semidirect
product Lie algebra, the expression (5.11), and integration by parts, we
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obtain the following expression for ad':

adzv 0) (m,v) = (ad]; m + (v, d«9(-))ﬁ, vdive + dv(v) + [v, 9])
= (va + Vol - m +mdive +~(r,d0())F, vdive
(5.19) + dv(v) + [1,0)).

The reduced Lagrangian
[:aut(P) x T(Fa(P,g) x Conn(P)) x (F(M)* x F(M)*) — R
is

. . 1 1 —
l(U,H, A07A0>~A7 -Aa P, 8) = 5 /M ,Og(v,’u),u + 3 /M pHA(’U) +6 + Ao”zlu

2
1 2 1 2
(5.20) ~ [ petoou+ [ NEPR- [ 18R
M 2 /u 2 Ju
and we have
ol — — i ol _
o = p(v+v(A(v) + 0 + Ag, A())*) and 5 =p (A(v) + 60+ Ap) .

The Euler—Poincaré equations are

O (SU O g (O Oy 0L
ot \sv's0) ~  wn\su50) T 5(p,s) )

and a long direct computation gives, as expected, the system

% £V = 2 (QE() + B(v))f — - gradp,
(5.21) o P | g
3¢ THA©) +40,Q] +dQ(v) + Qdive =0,
where
Q= 2= p(A) + 0+ A)) € F(M.g), BeQ(Mg). Be(M,o)

5.2. The incompressible and homogeneous case. In the incompress-
ible case, we choose G = Aut,(P), the Lie group of all automorphisms
¢ € Aut(P) such that g € D,(M). Since the fluid is homogeneous,
the advected variables p and s are absent. Therefore, we can use the
standard Euler-Poincaré reduction with parameters (Ap, A) € Fa(P,g) x
Conn(P) (take V = 0 in the semidirect theory). The Lagrangian for the
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incompressible homogeneous Yang—Mills ideal fluid is defined on the tan-
gent bundle T'(Aut,(P) x Fg(P,g) x Conn(P)) and is given by

62) LU Auded )= [ o000

5 [ AT + Ao )P

1 1
g [ B 5 [ 1B
M M

The computations of the Euler—Poincaré equations are similar to those done
in the compressible case, except that we have div([U]) = 0 and we must
replace formula (5.12) by formula

DIU)([U, V]L)

P

~ . f
-/ <Pe (ad?mm Tty (Q, A (AW)) () + B ->) ) m) r

+ /Mv <[Q,A(U)] +d*TQ(\/U),7l?V/>) i,

where P, : X(M) — Xqiv (M) is the projector associated to the L? orthogonal
Hodge decomposition

X(M) = Xqiv(M) @ grad(F(M)).
We finally get the following result.

Theorem 5.6. Let (v, Ag, A) be a curve in Aut,(P) x Fg(P,g) x Conn(P)
and consider the curve (U, Ay, A) := (¢pop™1, Ag, A) in aut, (P)x Fg (P, g) X
Conn(P). Then (¢, Ay, A) is a solution of the Euler-Lagrange equations
associated to the Lagrangian (5.22) if and only if (U, Ao, A) is a solution of
the incompressible homogeneous Fuler—Yang—Mills equations:

(0
5+ Vov =7(Q B() + B(,v))* ~ gradp,
0
%9 1 [49,Q1+ V4Q =0,
ot
(5.23) oe
5t (Ao, E] = 0B — Qe ™, € =-0,
‘?f +[Ag, B] = —dA¢, d'B =0,
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where
v:=[U] € Xqiv(M),
£:=—-A+d"4 €Q(Pg) and E:=EeQ'(MAdP),
B:=d"A and B:Zga
Q:=AU)+ Ay and Q=0.

Note that the pressure is in this case determined from v, E, and B through
Green’s function of the Laplacian on M. This is in contrast to (5.17) where
the pressure was given by the internal energy.

If P is a trivial bundle, one gets the incompressible homogeneous
version of the Euler—Yang-Mills equations (corresponding to the group
D, (M)® F(M,G)) by replacing in formula (5.19) the vector fields by their
projection onto their divergence free part, namely,

adzvve) (m,v) = (adl m+ Pe (7(1/, d9(-))ﬁ> ,dv(v) + [v, 9])
(5.24) - (Pe (Vym + Vol m A, d9<-))ﬁ) L dv(v) + [v, 9]) .

One can also adapt our method to the case of the incompressible but non-
homogeneous Yang—Mills fluid. It suffices to apply the semidirect product
theory with G = Aut,(P), Q = Fa(P, g) xConn(P), and V = F(M), where
the mass density p is an element of V*. Note that in geophysical incompress-
ible fluid dynamics, there is also a second scalar advected quantity, namely
the buoyancy (for details, see [7, 28]) which plays the role that entropy
plays in a compressible fluid. In this case we would take V- = F (M) x F(M),
where the second factor is thought of as the space of densities on M, thereby
making the buoyancy, an element of its dual, into a function.

6. Hamiltonian formulation of Euler—Yang—Mills

Once the Lagrangian formulation of a theory is known, one usually passes
to the Hamiltonian formulation by a Legendre transformation, if the
Lagrangian function is non-degenerate. Unfortunately, in our case, this is
not possible because the Legendre transformation is not invertible, as we
have already seen when studying the Maxwell equations. The trouble is that
the Lagrangian function does not depend on Ag. To deal with this, we shall
work with a new Lagrangian function obtained by eliminating Ag from (5.5).
For this new Lagrangian function, the Legendre transformation is invertible
and we can deduce the associated Hamiltonian formulation. However, in
this process, an equation gets lost, namely, Gauss’ law §4€ = —Q in (5.17).
This equation will be recovered as a conservation law of the momentum map
associated to the gauge transformation group. We begin by quickly recalling
some facts about the Hamiltonian semidirect product reduction theory.
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6.1. Hamiltonian semidirect product reduction with parameter.
Let S := GOV be the semidirect product defined at the beginning of
Section 5. The lift of right translation of S on T*S induces a right action on
T*G x V*. Let @ be another manifold (without any G or V-action). Con-
sider a Hamiltonian function H : T*G xT*Q x V* — R right invariant under
the S-action on T*G x T*@Q x V*; recall that the S-action on T*() is trivial.
In particular, the function Hy, := H|psgxr+Qx{ao} : TG x T*Q — R is
invariant under the induced action of the isotropy subgroup G, := {g € G |
Pgao = ap} for any ag € V*. The following theorem is an easy consequence
of the semidirect product reduction theorem [6] and the reduction by stages
method [18].

Theorem 6.1. For a(t) € Ty)G and p(t) == T*Ryy(alt)) € g*, the
following are equivalent:
i (a(t),q(t),p(t)) satisfies Hamilton’s equations for Ha, on T*(G x Q).
ii. The following system of Lie—Poisson equations with parameter coupled
with Hamilton’s equations holds on s* X T*Q:

9 .
a(ﬂv a) = — ad(éh/&y,&h/éa) (1, a)

. oh oh
= — <ad5h/5uu t 5. oa,a(su> ,a(0) =agp

and

dq* _ Oh dp;  Oh

dt  9p’  dt  dg
where s is the semidirect product Lie algebra s = g® V. The associ-
ated Poisson bracket is the sum of the Lie—Poisson bracket on the Lie
algebra s* and the canonical bracket on the cotangent bundle T*Q,
that 1is,

_ of g 5fdg dgof
{f,9}(,a,q,p) = <u, [5#,5#] > T <a, T 5a5,u>

g dg 7 dg Of
dq' Op;  Oq' Op;

For example, one can start with a Lagrangian L,, as in the previous
section, suppose that the Legendre transformation FL,, is invertible, and
form the corresponding Hamiltonian H,, = E,, o FLC:OI, where E,, is the
energy of L,,. Then the function H : TG x T*Q) x V* — R so defined
is S-invariant and one can apply this theorem. This is the method we
shall use below to find the Hamiltonian formulation of the Euler—Yang—Mills
equations.
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6.2. The Hamiltonian. Recall that we identify the cotangent space
T Aut(P) with the space of G-invariant 1-forms on P along ¢ € Aut(P).
The duality is given by

(My, Uy) = /M My (Uy)

where My, € TjAut(P) and Uy € TypAut(P). Recall that the integrand
defines a function on M (it is independent on the fiber variables in the
bundle 7w : P — M).

For Uy, Vy € TypAut(P), the expression K4(p) (Uy(p), Vy(p)) depends
only on the class = 7(p). Thus K 4(Uy, Vi), which is a smooth function
on P, does not depend on the fibers and hence induces a smooth function
on M. Therefore, the integral

/ KUy, Vi)
M

is well defined. Moreover, the definition of K4 immediately implies the
equality

| Ka@aVin= [ a@al. v+ [ 4 (AT AV) m

Similarly, for My, Ny, € Tj Aut(P), we can define the integral

/ K3 (My, Ny,
M

where K7 denotes the dual metric induced on TP by the Kaluza-Klein
metric.

The Hamiltonian for the Euler—Yang—Mills equations is defined on the
cotangent bundle T*(Aut(P) x Conn(P)) and is given, for (p, s) € F(M) x
F(M), by

1/ 1 _
(6.1)  Hys)(My, A,Y) = 2/M pKZx(Mw,Mw)u+/Mpe(p(ﬁ/})‘l,S)u

1 1
g [ B [ 1Bl
M M

This Hamiltonian is obtained by Legendre transforming the Lagrangian
L, in the case the variable Ay is absent. Indeed, we have

My (p) := FL(Uy)(p) = p(2) Kalp)Uy(p),-), = =m(p).

By Theorem 6.1, Hamilton’s equations for H, . are equivalent to
the Lie—Poisson equations on the dual of the semidirect product Lie
algebra aut(P)® (F(M) x F(M)), together with the standard Hamilton
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equations on T*Conn(P), relative to the reduced Hamiltonian h given on
(aut(P)® (F(M) x F(M)))* x T*Conn(P) by

h(M, p, s, A,Y) = / KAMM);H—/ pe(p, s)p

5 [ 1R [ 1R

By the Legendre transformation U — M = K 4(pU, -), these equations are
equivalent to equations (5.17) with Ag = 0 but without the non-Abelian
Gauss equation

§AE = —Q.

6.3. The momentum map of the gauge group. This last equation is
obtained by invariance of the Hamiltonian under gauge transformations.
Indeed, consider the action of the gauge group given for n € Gau(P), by

(6.2) (1, A) — (0™t o, " A).
The cotangent-lift of this action leaves the Hamiltonian invariant. So, the

associated momentum map, which is computed in the following lemma, is a
conserved quantity.

Lemma 6.2. The momentum map associated to the cotangent-lift of the
gauge group action 1S
A ——1 —1 *
J(My, A, V) =0 (5 Y- A ((w ) Vi ot )) e gau(P)* ~ gau(P),
where Vy € Ty Aut(P) is such that My, = K4(Vy,-) and o : Fg(P,g) —
gau(P) is defined in (2.8).

Proof. We will apply the formula J(oy)(&) = (g, €0(q)), which gives the
momentum mapping associated to a cotangent-lifted action of a Lie group
G on a cotangent bundle T*Q. In our case we have G = Gau(P), Q =
Aut(P) x Conn(P) and for £ = o(f) € gau(P), the infinitesimal generator
is given by (see (3.10))

o, A) = % . (exp(tf)*1 o z/),exp(tf)*/l)
t=

= (=€ovp,d*f) € Ty a)(Aut,(P) x Conn(P)).
Thus, changing variables in the third equality below, using (2.4), we get

(T(My, A, V), &) = (My, A, V), (£ oy, A, d™f))
—/ KA(vaﬁow)M‘f‘/ (97) (i@)u
M M

—— [ Ka (55 Veow ) uk [ 2 (60 F)
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Since [£] = 0, the first term can be written as
_N —
— Al (J Vyporu—1) A )
/M7< (( ¢ ) woy ) (£)>u
Thus, using the pairing (2.11) and the identity Ao o = idx,(pg), We get
A AY).E =~ [ (A (77 ") v ozﬁ)ﬁ@) p
M
o [ +(. A o
M

S (e PR )

When My, = FL(Uy) = Ka(poUsy,-), is a solution of Hamilton’s equations
associated to H,, ), the conservation law J(My, A,Y) = 0 gives

0

A((T87) (oo b YU 0wT!) = 64y,

The definition of the charge density Q (see (5.13) without Ap), the identities
Uyoyp~t =U, (J@A) (po o@fl) = p, and the notation & = -, gives

Q= —s1¢.
The following theorem summarizes the results of the present section.

Theorem 6.3. Let (My,.A,Y) be a curve in T*(Aut(P) x Conn(P)) and
consider the induced curve (M, A,Y) € aut(P)* xT*Conn(P) given by M :=
(J@) My o ¢~'. Then (My, A,Y) is a solution of Hamilton’s equations
associated to the Hamiltonian H,, . given in (6.1) if and only if (M, A, )
s a solution of the system

1 1
— + VU'U - ;’Y (Qv E() + B(7 v))ti - ;gradpa

9, div(pw) = o B
8t +d1V(IO'U) - 07 p(o) - 1007 8t

(6.3) %? +VAQ + Qdive =0,

85_./4 * b
5—68 Q®7T'U,
aig:—dv“g, d*B =0,
\ Ot

+ds(v) =0, s(0) = sp,
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where we use the same notations as in Theorem 5.4 except that here v and
Q are given in terms of M by

M
(6.4) v=[U] and Q= A(pU) where U = K} <7 ) .

P
Conservation of the momentum map associated to the gauge transformations
gives the equation

51E = —0.
One can adapt this theorem to the incompressible and homogeneous case.

6.4. The Poisson bracket. From Theorem 6.1, we know that the Euler—
Yang—Mills equations (6.3) can be written as

with respect to the Poisson bracket on [aut(P)® (F(M) x F(M))]* x
T*Conn(P)

(6.5)
{f,g}(Mvp,s,A,y)Z/MMQ(;{/I (;;g/l] )u

Lo (2 50) i) -2 55) Lo )
(o G5 L) oG ] )
Lo (5 sy) e o (i)

We can obtain this bracket and the associated Hamilton equations (6.3)
alternatively by a reduction by stages process [18]. The symplectic reduced
spaces are of the form O x T*Conn(P), where O is a coadjoint orbit of the
semidirect product S := Aut(P)® (F(M) x F(M)).

If the principal bundle is trivial, the automorphism group is the semidirect
product D(M)® F(M,G) of the diffeomorphism group of M with the group
of G-valued functions on M. In this case, the first term can be written more
explicitly by taking advantage of the internal structure of Aut(P), and we
recover (up to sign conventions) the Poisson bracket given in equation (5.14)
of [10].

6.5. Summary. We comment now on the structure of the equations of
motion (6.3) and the Poisson bracket (6.5). Note that in (6.3) there is an
evolution equation for the gauge-charge @) but that the functions for which
the Poisson bracket (6.5) is defined seem not to depend on ). The explana-
tion of this fact is given in Theorem 6.3; the discussion below summarizes
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briefly the key results and comments on the structure of both the equations
and the Poisson bracket.

(1)

3)

(4)
()

(6)

The equations for v and ) are the “components” of a single equa-
tion: the Lie—Poisson equation on the dual of the Lie algebra of the
automorphism group. The true variable is the fluid momentum M
which defines both the Eulerian velocity v and the gauge-charge @)
by using (6.4). Conversely, given p, v, and @, the fluid momentum
M is found by putting M := pK4(U,-) = pg(v,Tn(-)) + v(Q, A(")),
where U := Hor 4 ov + %O’(Q) (recall that for any U € aut(P) and
A € Conn(P), we have the identity U = Hor 4 o[U] + o(A(U))). In
other words, the Lie—Poisson equation for M is equivalent to two
equations: the equation for v and the equation for (). This is the
usual Kaluza—Klein point of view, namely, () and v are constructed
from M and vice-versa.

The @-equation looks like advection equation. To see this, recall
that Q € I'(Ad P) and that 64 : Q'(M,Ad P) — I'(Ad P) (see [16,
Definition 4.2.8]). Defining

divA(Qu) == —04(Q ®v"),  ve X(M),

where the 1-form Q ® v € Q' (M, Ad P) is given by (Q ® v")(u,) :=
Q(x)gs(v(x),uy), for any u, € T, M, one easily deduces the formula
diVA(QU) = V;f‘Q + Qdivw,
which allows us to write the ()-equation in the form
Q + div*(Qu) = 0.

However @ is not advected since its evolution is not given by the
pull back of the flow of the velocity field v. Note that in this equation
A is itself a variable that is time dependent.

The equations for p and s are usual advection equations for a den-
sity and a function that appear in the Lie-Poisson equations of a
semidirect product.

The equations for £ and B are Hamilton’s equations for the conjugate
variables (A, Y) € T*Conn(P).

The equation 0AE = —Q comes from momentum conservation asso-
ciated to gauge group symmetry and d4B = 0 is the Bianchi identity
for the connection A and its curvature B.

The Poisson bracket (6.5) contains two types of terms: the first three
are Lie—Poisson for a semidirect product and the fourth is the usual
bracket on T*Conn(P). However, note that the first summand in (6.5)
gives rise to an evolution equation for M which, as we discussed above,
is equivalent to two evolution equations, one for v and another one for
Q. If the bundle is trivial, one can make formulas (6.4) more explicit,
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as we shall see below when we carry out one more reduction. Note
also that the Poisson bracket (6.5) is a product bracket; there is no
coupling between the semidirect product fluid variables (M, p, s) and
the Yang-Mills field variables (A,))). The coupling in the equations
is exclusively due to the Hamiltonian (6.1).

6.6. The second reduction. Note that right translation in the group
S = Aut(P)® (F(M) x F(M)) on itself and the action of Gau(P) on
Aut(P) x Conn(P) given by (6.2) commute if one views them as actions on
S x Conn(P). Therefore, by the general theory of commuting reduction by
stages [18], since the momentum map associated to the gauge group action is
Aut(P)-invariant, it induces a momentum map Jg¢+ on §* x T*Conn(P) which
restricts to a momentum map Jp on the reduced space O x T*Conn(P).
Here s := aut(P)® (F(M) x F(M)). A direct computation shows that the
momentum map Jg : 6* X T*Conn(P) — gau(P)* has the expression

(6.6) Jo (M, p, 5,4, ) = 0 (54 — A(V)),

where V' € aut(P) is such that M = K 4(V,-), and o denotes the map
defined in (2.8). The gauge group action induced on s* x T*Conn(P) and
O x T*Conn(P) is given by

(6.7) (M, p, 5,4, Y) — (Ady M, p,s,n"A,n*Y).
Using the notation S := (M, p,s) € O, it can be written as
(68) (S7 Aa y) — (Ad?mo,o) S: 77*“47 77*3})

This action is simply the diagonal action given on the first factor by the
coadjoint action of the subgroup Gau(P) of S = Aut(P)® (F(M) x F(M)),
and on the second factor by gauge transformations. Note that when the
center Z(G) of the group G is trivial, then the transformation A — n*A
is free. In this case, the reduced action (6.8) is also free and the second
reduced symplectic spaces

Jo' (N) .

Gau(P)N’ N € gau(P)*,
have no singularities.

By the reduction by stages process, the reduced spaces J (_91 (N)/Gau(P)n

are symplectically diffeomorphic to the reduced spaces obtained by a one
step reduction from the cotangent bundle

T*(S x Conn(P))

with respect to the product of the two cotangent-lifted actions. Note
that these reduced spaces are, up to connected components, the symplectic
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leaves in the Poisson manifold J.'(N)/Gau(P)n. This is a straightforward
consequence of [29, Theorem 10.1.1(iv)]|, because the optimally reduced
spaces are, up to connected components, precisely the symplectically
reduced spaces for every leaf.

Note that the Euler—Yang-Mills equation (6.3) projects to the reduced
space at zero momentum

Jo' (0)
Gau(P)’

(6.9)

The general case corresponds to the Yang—Mills fluid with an external
charge N.

In order to obtain the reduced Poisson structure concretely, we will iden-
tify the space s* x T*Conn(P) with a space on which the gauge action is
simpler. This identification is given in the following proposition.

Proposition 6.4. Consider the group K = D(M)® (F(M) x F(M)) and
denote by t* the dual of its Lie algebra. There is a gauge-equivariant diffeo-
morphism

(6.10) i:8" x T*Conn(P) — € x Fg(P,g") x T*Conn(P),

given by

i(M7p787“47 y) = ((HOI‘A)* © Mvpasw]]oMaAa _y) = (1’1, P737V7-A>5)7

where the gauge group acts on §* x T*Conn(P) by the action (6.8) and on
E* xT*Conn(P) only on the factor Fo(P, g*) xT*Conn(P) by the right action

(6.11) (v, A, &) — (von,n A, n"E).
Moreover, the image of the level set J;l(N) by the diffeomorphism i is
{(n,p,5,1, A, ) | v+y(5E+ f,) =0},

where N € gau(P) and f € Fg(P,g) is such that o(f) = N. Thus J.'(N)
is diffeomorphic to € x T Conn(P).

The map J : T*P — g* denotes the momentum map J(op)(§) =
(ap, Ep(p)), and (Hor4)* denotes the dual map of the horizontal-lift Hor 4 :
TM — TP with respect to A.

Proof. We first prove that i is injective. Suppose that M, p, s, A, V), (M, o/,
s ALY es* x T*Conn(P)  have  the same image under .
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We clearly have (p,s, A, Y) = (p/, s, A, V). Therefore, we have (Hor4)* o
M = (Hory)* oM’ and Jo M = J o M’. This implies that M = M'. The
map ¢ is clearly surjective and hence invertible, its inverse being given by

’i_l(n,p, S, V, Aa 5) = (7'['*11 + A*Va P S’Av _5)’

where A* : g* — T*P denotes the dual map of A. It follows that 7 is a
diffeomorphism.
To prove gauge-equivariance, it suffices to show that for all n € Gau(P),

(Horpsq)* on*™M = (Horyg)* oM and Jon™ = (JoM)on.
This is a direct computation using the formulas
T,m(Hor),(M(p)) = M(p) — A(p)" (J(M(p)))
n*A= Adﬁfl oA+ TLﬁ—l oTn
1" M(p) = M(p) + T, 7(T" Ryp)-1 (J(M(p)))),
where 7 € Fg (P, G) is such that n(p) = @5, (p)-
Recall that J« (M, p, 5,.4,)) = o(64Y—A(V)), where V € aut(P) is such
that M = K4(V,-). So for N = o(f) the condition J¢«(M, p, s, 4,)) = N

reads 64Y — A(V) = f. Using that v = Jo M = y(A(V),-) and £ = ),
we get the condition

v+ (84 + f,-) = 0. 0

This proposition shows that the reduced spaces J_.'(N)/Gau(P)n can be
identified with the quotient ¢ x [(Fg(P,g*) x T*Conn(P)) /Gau(P)N]| via
the diffeomorphism induced by 7 and given by

(6.12) (M, p,s,v, A, V)] — (Hora)* o M, p, s, [v, A, E]),
where [-] denote the corresponding equivalence classes.

We now compute the Poisson structure {,}’ induced by i on & X
Fa(P,g*) x T*Conn(P). For f,g € F(t* x Fq(P,g*) x T*Conn(P)), we

have the formulas
6(foi) of . Of 6(foi)] of
o - Heraes Fle s IThM | T an

(97) <5(‘§ji),c> = (¢7) (i";,c> v <c <HorA (gﬁ))) . vi=JoM.

n := (Hory)* o M,
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Using the equality (5.8), we obtain
(6.13)

{f,9Y (0, p,5,0,A4,8) == {f oi,goi}(M,p,s,AY)

o (aranl)re [o (0 (5) 52 (5) 5a) v
o[l (5ram) - (5250) e [ (55 58)
il (e o)

gg (HorA ;sg) +d4 <§;’j> (Hoergfl)

— a4 6—9 Hoer(S—f + B Hoeré—f,Hoeré—g W
ov on on on

Note that the first three terms in (6.13) represent the Lie—Poisson
bracket on £*, the fourth and fifth terms represent the canonical bracket
on T*Conn(P), the sixth term is the Lie-Poisson bracket on F(P,g*), and
the last term provides the coupling of the fluid variables to the Yang—Mills
fields.

By the general process of Poisson (point) reduction, the reduced spaces

N . [(Fe(P’) x T"Conn(P))
Gau(P)N Gau(P)N

inherit a Poisson bracket {, }n given by

(6’14) {fN7 gN}N(n7 ps S, [Vv A, S]) = {f7 g}'(n, P, S,V A, y)7

where f, g are any Gau(P)-invariant extensions of the functions fn o 7N,
gn o mN ¢ JH(N) — R, relative to the projection mn : JZ'(N) —
351 (N)/Gau(P)x

There are no explicit formulas for the equations of motion on the Poisson
point reduced space J,' (0)/Gau(P) because there is no concrete realization
of this quotient, to our knowledge. However, there is an important particular
case where this is possible, which we study next.

6.7. The case of a trivial bundle. We end this section by examining the
case of a trivial principal bundle P = M x G and, more precisely, the case
of the Euler-Maxwell equations which are obtained by taking by G = S'.
We then compare our results to those obtained for Euler-Maxwell in [5].
Recall that we have aut(P) = X(M)® F(M,g), so we obtain aut(P)* =
X(M)*QF(M,g)* = QY (M)SF(M,g*). For (m,v) € aut(P)*, the gauge



REDUCTION OF EULER-YANG-MILLS FLUIDS 231

transformation (6.7) is given by
(m,v,p,8,A,Y)— (m+T"n0oT*Rsz1 ov, Ad% ov, p, s,
Adﬁ—l oA + TLﬁ—l o T, Adﬁ—l OY),

where A := A, Y :=Y € Q(M, g). The equivariant diffeomorphism (6.10) is
i(l’l’l, V7p787Aa Y) = (1’1’1 - A*V>pvsaya Aa _Y) = (l’l,p,S, v, A7E)7
and the gauge transformation (6.11) is

(6.15)
(n,p,s,v, A, E) — (n, p, s, Ad% ov, Adj-1 0A + TLz-1 o T7, Adg-1 oF).

Recall that the relation between the charge density Q and the momentum
M is
Q=A(V),

where V' € aut(P) is such that M = K 4(V,-); see (6.4). When the bundle
is trivial, this relation reads
(6.16) v=9Q,").

In the case of Euler-Maxwell, since G = S!, the gauge transformation is
simply

(m7l/7p?S7A7Y) — (m+Vd?7,V,p,S,A+d77,Y),

and the relation (6.16) reads v = Q. Recall that we can write Q = pZ,
where ¢ € F(M) is the charge, see Corollary 5.5. This gauge transformation
coincides with the one given in equation (36) of [5], where the notation
a := L is used. The zero level set of the momentum map is

I 0) = {(m,pg,p,s,A,Y) ‘5Y =L, }
m m
The bijection ¢ reads
i (mnogvp:sta Y) = (m - Apiapwsvpg’Aa _Y> )
m m m
and the image of J*(0) is
{(n,p,s,v, A,E) | divE = v},

where the notation E := E* € X(M) is used. The gauge transformation
(6.11) is
(n,p,8,v, A, E) — (n,p,s,v, A+dn, E).
Through the diffeomorphism i, the projection o : I (0) — J21(0)/Gau(P)
is given by
(n,p,s,v, A, E) — (n,p, s, [A], E),
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where [A] denotes the cohomology class of the 1-form A. Assuming that the
first and second cohomology groups of M are trivial, H'(M) = H*(M) =
{0}, we get the isomorphism

(6.17) [A] — B :=dA € Q4 (M),

where Q2 (M) denotes the space closed 2-forms. Thus 4 induces a diffeomor-
phism between J.' (0)/Gau(P) and the space £ x Q2 (M) x Q' (M) given by

m,v,p,s,A, Y] — (m — Av,p,s,dA,-Y) =: (n,p,s, B, E).

where 2(M) denotes the closed 2-forms on M. This identification coincides
with the one given in [5, Proposition 10.1].

Using the definition (6.14) and the bracket (6.13), the reduced Poisson
bracket on € x Q% (M) x QY (M) is

of dg / of\ og
©18) {hotm s 8. = [ n (5128 Y [ (a(3) 32
og\ of . (dof dg
() 20)0 [ o(on (22
o (99f o9 Of
dw(asan)>“+/Mg<5aB’5E #
[ (520 [ 0 (20
wI\sB sE )T ), Pm \6E \on
of (og of dg
iz (5n) 2 (5 5a) )
and the Euler—-Maxwell equations can be written as

f: {fﬁ h}Ov

relative to the induced Hamiltonian h given by
1 1 1 9
h(naprvaE) = 5 7g(n7n)+7(5E) M+ pe(p,s),u
M \P P M

1
5 [ UBP+1BP) b
M

Note that the function
1 1
C(n,p,s,B,F) = / —(6E)?
2Jmp

is a Casimir function, so an equivalent Hamiltonian is

_ 171 1
h(n,p,s, B, E) = 5 /M ;g(m n)u + /M pe(pys)u+ 5 /M (IEI* + |B]1?) p-
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When M is three dimensional, we can use the notations B := (xB)! and
E := E?. Therefore, the two last terms can be written as

/g curl 29 0F u—/g curt 2199 u+/pq g (29 01
of og of _ dg
— - = B, — x = :
9<5E’5n)+9< "on o0 ) )"
This bracket coincides with the one derived in [5] by a direct computation.
Note that the first line in the formula above is the Pauli-Born-Infeld Poisson
bracket for the Maxwell equations (see, e.g., [9, §1.6]). The Hamiltonian h

is very simple: it is the sum of the total energy of the fluid plus the energy
of the electromagnetic field.

Remark. In the Euler-Maxwell case, the correspondence (6.17) is a bijec-
tive map if HY(M)= H?*(M)={0}. Indeed, for B, B’ such that dB=dB’
=0, we have B=dA and B’ =dA’; therefore if B= B’, we have A= A’ +dpn,
that is, [A] = [A'].

This fact does not generalize to the case of a non-Abelian principal bundle,
trivial or not: there exist gauge inequivalent connections (even on R? x G)
with the same curvatures and holonomy groups; see [30-32].

7. The Kelvin—Noether theorem

The Kelvin—Noether theorem is a version of the Noether theorem that holds
for solutions of the Euler—Poincaré equations. An application of this the-
orem to the ideal compressible adiabatic fluid (see (1.2)) gives the Kelvin

circulation theorem
d
— ¢ V= 7{ Tds,
dt Tt Tt

where v C M is a closed curve which moves with the fluid velocity v, and
T = Oe/0s is the temperature.

7.1. Kelvin—Noether theorem for semidirect products. In order to
apply this theorem to the Yang—Mills fluid, we recall some facts about the
Kelvin—Noether theorem for semidirect products (see [7] for details).

We start with a Lagrangian L,, depending on a parameter ag € V*, as
at the beginning of Section 5. We introduce a manifold C on which G acts
on the left and suppose we have an equivariant map K : C x V* — g** that
is, for all g € G,a € V*, ¢ € C, we have

<K(gc7 p;(a)), M> - <’C(C7 a), Ad; M>7

where gc denotes the action of G on C.
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Define the Kelvin—Noether quantity I : C x g x T'QQ x V* — R by

I(c,&,q,4,a) = <IC(C, a), :;é(ﬁ,q,q',a)> )

Theorem 7.1 (Kelvin—Noether.). Fizing co € C, let £(t),q(t),q(t), a(t)
satisfy the Euler-Poincaré equations and define g(t) to be the solution of
g(t) = TRypH&(t) and, say, g(0) = e. Let c(t) = g(t)co and I(t) =
I(c(t),&(t), q(t), 4(t), a(t)). Then

%I(t) - <IC(c(t), a(t)), (‘% o a> .

7.2. The Kelvin—Noether theorem for Yang—Mills fluids. In the case
of the Yang—Mills fluid, we shall choose for the abstract Lie group G above,
the automorphism group Aut(P) and we let C = {c € F(S',P) | toc €
Emb(S!, M)}, where Emb(S!, M) denotes the manifold of all embeddings
of the circle S! in M. The left action of Aut(P) on C is given by ¢ — @ oc.
The map K is defined by

(K(e. (). M) i= §
A change of variables in the integral shows that K is equivariant, that is,
(K(poe,(Jp Hpop h),s0p ), M) = (K(c, (p, 5)), Ad}, M).
Using the Lagrangian [ given in (5.6), we have
ol

suU Ao, Ao, A, A, (p.5)) = 7 (pg (U], ) +1(Q A()).

Therefore, the Kelvin—Noether quantity is
. . 1
Ie.U Ao, Ao A A (p9) = IUP + §——(0.40)),

where ¢ := 7o ¢ € Emb(S*, M).
On the other hand, using the equality

ol ol ol
——o(p,s) =T*1 | pd— — —ds ),
5ps) * 0¥ <p )

1

poT

M, M <€ QL(P).

we get

(Kte (55005 (025) ) = f e

Thus, by Theorem 7.1, the Kelvin circulation theorem for the Yang—Mills
fluid is

(7.1) - [fuyf piﬂW(Q,A('))] - j{tTds,
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where v := procog C P, ¥, = procop C M is a closed curve which moves
with the fluid velocity v := [U], and T' := de/0s is the temperature.
When the principal bundle is trivial, formula (7.1) reads

% %Yt (”Mr ;’Y (QM‘('))) +]£t [1)7(62,-) = ?gtT ds.

For the Euler—Maxwell fluid consisting of particles of mass m and charge ¢,
since @ = p;L, the second integral vanishes and we get

(Zﬁt(vb—kifl):%Tds,

Vi

which coincides with formula (7.37) in [7].

Acknowledgments

We thank Jerry Marsden for drawing our attention to this problem and for
many illuminating discussions. Our thanks go to Marco Castrillén-Lépez,
Darryl Holm, Juan-Pablo Ortega, and the anonymous referee for several
remarks that improved our exposition.

References

[1] V.I. Arnold, Sur la géométrie différentielle des groupes de Lie de dimenson infinie et
ses applications a Uhydrodynamique des fluides parfaits, Ann. Inst. Fourier, Grenoble
16 (1966), 319-361.

[2] R. Abraham and J.E. Marsden, Foundations of mechanics, Benjamin-Cummings
Publ. Co., Updated 1985 version, reprinted by Perseus Publishing, second edition,
1978.

[3] D.G. Ebin and J.E. Marsden, Groups of diffeomorphisms and the motion of an incom-
pressible fluid, Ann. Math. 92 (1970), 102-163.

[4] J.E. Marsden, and A. Weinstein, Coadjoint orbits, vortices and Clebsch variables for
incompressible fluids, Physica D 7 (1983), 305-323.

[5] J.E. Marsden, A. Weinstein, T.S. Ratiu, R. Schmid and R.G. Spencer, Hamiltonian
system with symmetry, coadjoint orbits and Plasma physics, Proc. IUTAM-ISIMM
Symposium on Modern Developments in Analytical Mechanics (Torino, 1982), Atti
della Acad. della Sc. di Torino, 117 (1982), 289-340.

[6] J.E. Marsden, T.S. Ratiu and A. Weinstein, Semidirect product and reduction in
mechanics, Trans. Amer. Math. Soc. 281 (1984), 147-177.

[7] D.D. Holm J.E. Marsden and T.S. Ratiu, The Euler—Poincaré equations and semidi-
rect products with applications to continuum theories, Adv. Math. 137 (1998), 1-81.

[8] H. Cendra, J.E. Marsden and T.S. Ratiu, Lagrangian reduction by stages, Mem. Amer.
Math. Soc. 152 (722) (2001).

[9] J.E. Marsden and T.S. Ratiu, Introduction to mechanics and symmetry, Texts in
Applied Math., 17, Springer-Verlag, 1994; Second ed., 1999, second printing 2003.



236
[10]
1]
12]

[13]

[21]

F. GAY-BALMAZ AND T.S. RATIU

J. Gibbons, D.D. Holm and B. Kupershmidt, The Hamiltonian structure of classical
chromohydrodynamics, Physica D 6 (1983), 179-194.

B. Bistrovic, R. Jackiw, H. Li, V.P. Nair and S.-Y. Pi, Non-abelian fluid dynamics in
Lagrangian formulation, Phys. Rev. D 67(2) (2003), 025013.

R. Jackiw, V.P. Nair, S.-Y. Pi and A.P. Polychronakos, Perfect fluid theory and its
extensions, J. Phys. A 37 (42) (2004), R327-R432.

M. Castrillén-Lépez, T.S. Ratiu and S. Shkoller, Reduction in principal fiber bun-
dles: covariant Euler—Poincaré equations, Proc. Amer. Math. Soc. 128 (2000),
2155-2164.

B.A. Bambah, S.M. Mahajan and C. Mukku, Yang-Mills magnetofluid unification,
Phys. Rev. Lett. 97 (2006), 072301.

S. Kobayashi and K. Nomizu, Foundations of differential geometry, Wiley, 1963.

D. Bleecker, Gauge theory and wvariational principles, Addison-Wesley Publ. Co.,
1981.

A. Kriegl and P.W. Michor, The convenient setting of global analysis, Mathematical
Surveys and Monographs, 53, Amer. Math. Soc., Providence, RI, 1997.

J.E. Marsden, G. Misiotek, J.-P. Ortega, M. Perlmutter and T.S. Ratiu, Hamiltonian
reduction by stages, Springer Lecture Notes in Math., 1913, Springer-Verlag, 2007.

C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation, W.H. Freeman and Co.,
New York, 1973.

M. Gotay, J. Isenberg and J.E. Marsden, Momentum maps and classical relativis-
tic fields, Part I: Covariant field theory, 1997, available at: www.arxiv.org: [2004]
physics/9801019.

M. Gotay, J. Isenberg and J.E. Marsden, Momentum maps and classical relativistic
fields, Part II: Canonical analysis of field theories, 1999, available at: www.arxiv.org:
[2004] math-ph/0411032.

J. Arms, Linearization stability of gravitational and gauge fields, J. Math. Phys. 20
(1979), 443-453.

J.M. Arms, The structure of the solution set for the Yang—Mills equations, Math.
Proc. Camb. Philos. Soc. 90 (1981), 361-372.

J.M. Arms, J.E. Marsden and V. Moncrief, The structure of the space solutions of
FEinstein’s equations: II Several Killing fields and the Einstein—Yang—Mills equations,
Ann. Phys. 144 (1982), 81-106.

S.K. Wong, Field and particle equations for the classical Yang—Mills field and particles
with isotopic spin, Nuovo Cimento 65A (1970), 689-693.

R. Montgomery, Canonical formulations of a classical particle in a Yang-Mills field
and Wong’s equations, Lett. Math. Phys. 8 (1984), 59-67

H. Cendra, D.D. Holm, M.J.W. Hoyle and J.E. Marsden, The Mazwell-Viasov equa-
tions in Euler—Poincaré form, J. Math. Phys. 39 (1998), 3138-3157.

D.D. Holm, J.E. Marsden and T.S. Ratiu, The Fuler-Poincaré equations in geophys-
ical fluid dynamics, in ‘Large scale atmosphere-ocean dynamics II’ (J. Norbury, 1.
Roulstone, eds.), Cambridge University Press, Cambridge, 2002, 251-300.

J.-P. Ortega and T.S. Ratiu, Momentum maps and Hamiltonian reduction, Progress
in Mathematics, 222, Birkh&duser, Boston, 2004.



REDUCTION OF EULER-YANG-MILLS FLUIDS 237

[30] R. Montgomery, The bundle picture in mechanics, Ph.D. thesis, University of
california, Berkeley, 1986.

[31] C.H. Gu and C.N. Yang, Some problems on the gauge field theories. II, Sci. Sinica 20
(1) (1977), 47-55.

[32] M.A. Mostow, The field copy problem: to what extent do curvature (gauge field) and
its covariant derivatives determine connection (gauge potential)? Comm. Math. Phys.
78 (1) (1980), 137-150.

SECTION DE MATHEMATIQUES AND BERNOULLI CENTER
ECOLE POLYTECHNIQUE FEDERALE DE LAUSANNE
CH-1015 LAUSANNE, SWITZERLAND

E-mail address: francois.gay-balmaz@epfl.ch

E-mail address: tudor.ratiu@epfl.ch

Received 4/2/2007, accepted 2/13/2008
Partially supported by Swiss NSF grant 200021-109111.






