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HOLOMORPHIC VECTOR FIELDS AND PERTURBED
EXTREMAL KAHLER METRICS

AKITO FUTAKI

We prove a theorem which asserts that the Lie algebra of all
holomorphic vector fields on a compact Ké&hler manifold with a
perturbed extremal metric has the structure similar to the case of an
unperturbed extremal Kéahler metric proved by Calabi.

1. Introduction

Let M be a compact symplectic manifold with symplectic form w. On the
space J of all w-compatible complex structures J, there is a natural sym-
plectic form with respect to which the scalar curvature S(J) of the Kéhler
manifold (M,w,J) becomes a moment map for the action of the group of
all Hamiltonian diffeomorphisms of (M,w) acting on J (c.f. [3, 4]). This
means that the problem of finding extremal K&éhler metrics can be set in
the framework of stability in the sense of geometric invariant theory. It
was shown in [7] that, perturbing the symplectic form on J and the scalar
curvature incorporating with the higher Chern classes and with a small real
parameter ¢, the perturbed scalar curvature S(J,t) becomes a moment map
with respect to the perturbed symplectic form on 7. Note that the unper-
turbed scalar curvature is the trace of the first Chern class, see Section 2 for
the precise definitions.

Recall that a Kahler metric g is called an extremal Kahler metric if the
(1,0)-part of the gradient vector field of the scalar curvature S

rq_ 708 0
grad 5 = 9" o o2

is a holomorphic vector field. Extremal Kéhler metrics are critical points of
two functionals. One is the so-called Calabi functional. This is a functional
¥ on the space K, of all Kéhler forms in a fixed de Rham class wy with
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fixed complex structure J. If w € K, and S(w) denotes the scalar curvature
of w, then

V) = [ S,

where m = dim¢ M. Calabi originally defined extremal K&hler metrics to
be the critical points of W. The other functional ® is defined on J. If S(J)
denotes the scalar curvature of the Kéahler manifold (M,w,J) for J € J,
then

o(J) = /M S(J)2w™.

It is easy to see that the extremal Ké&hler metrics are exactly the critical
points of ® from the fact that the scalar curvature is the moment map on
J for the action of Hamiltonian diffeomorphisms as mentioned above.

Inspired by a work of Bando [1] the author defined in [7] perturbed
extremal Kéahler metrics as follows: the Kéahler metric g for (M,w,J) is
called a perturbed extremal Kéahler metric if the (1,0)-part of the gradient
vector field

~0S(J,t) 0
rad’ S(J,t) = g ————
g ()= 9" ——— 54
is a holomorphic vector field. From the fact that S(J,t) becomes a moment
map on J with respect to the perturbed symplectic structure, one can see

that the critical points of the functional

d(J) = /M S(J,t)%w™

are J’s for which the Kéhler metric of (M,w,J) is a perturbed extremal
Kéhler metric. A computation in Remark 3.3 in [7] shows that it is not
clear if perturbed extremal Kéhler metrics are the critical points of ¥(w) =
[oy S(w, t)2w™.

In [10], X. Wang explains how one gets the decomposition theorem of
Calabi [2] for the structure of the Lie algebra of all holomorphic vector
fields on compact Kéhler manifolds with extremal K&hler metrics in the
finite dimensional setting of the framework of the moment maps, see also
[6]. On the other hand, L. Wang [9] explains how one gets the Hessian
formulae for the Calabi functional and the functional ® in the finite dimen-
sional setting of the framework of moment maps. Recall that the Hessian
formula for the Calabi functional plays the key role for the proof of Calabi’s
decomposition theorem of the Lie algebra of all holomorphic vector fields
on compact Kéhler manifolds with extremal Kéhler metrics. Because of the
above mentioned difference between the perturbed case and the unperturbed
case, one can not expect that the same proof as the unperturbed case by
Calabi can be applied to the perturbed case. The purpose of this paper is
to see L. Wang’s finite dimensional arguments provide us a rigorous proof
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of Calabi’s decomposition theorem for compact Kéahler manifolds with per-
turbed extremal Kéhler metrics. Thus we obtain a similar statement of the
decomposition theorem:

Theorem 1.1. Let M be a compact Kdhler manifold with a perturbed
extremal Kdhler metric. Let h(M) be the Lie algebra of all holomorphic
vector fields and € be the real Lie algebra of all Killing vector fields of M.
Then
(a) ho(M) :=t® C is the mazimal reductive subalgebra of H(M).
(b) The (1,0)-part of the gradient vector field
~0S(J,t) 0
d' S(J,t) =g — 2~
grad' S(J;t) = g ——— =
of S(J,t) belongs to the center of ho(M).
(¢) B(M) has the structure of semi-direct decomposition

h(M) = bo(M) + Y ha(M),
A£0
where h\(M) is the \-eigenspace of the adjoint action of grad’ S(J,t).

The proof of this theorem is given by following the arguments of L. Wang
almost word for word.

One may try to prove the existence of perturbed extremal Kéhler metrics
by extending known results for the unperturbed extremal Kéhler metrics.
As for the vector bundle case, Leung [8] has proved the existence of a kind of
perturbed Hermitian-Einstein equation derived from an idea of the moment
map which is related to Gieseker stability.

Throughout this paper, Hermitian inner products are anti-linear in the
first component and linear in the second component.

2. Perturbed extremal Kahler metric

Let M be a compact symplectic manifold of dimension 2m with symplectic
form w, J the space of all w-compatible complex structures on M. Then for
each J € J, (M, J,w) becomes a Kahler manifold. For a pair (J,t), ¢ being
a small real number, we define a smooth function S(J,t) on M by

(2.1)  S(L )W =c(J) Aw™ T Ftea(J) Aw™ T2 ot e (),

where ¢;(J) is the ¢-th Chern form defined by
(2.2) det <I+ ;ﬂt@) =1+ta(J)+ - +t"en(Jd),
© being the curvature form of the Kéhler manifold (M, J,w). Note that

we use S(J,t) in place of S(J,T)/2mm in [7] to avoid the clumsy constant
1/2mm.
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Definition 2.1. The Ké&hler metric g of the Kéhler manifold (M, J,w) is
called a t-perturbed extremal Kahler metric or simply perturbed extremal
metric if

T =9S(J,t) O

2. 4t =Y g1
(2:3) grad’ S(J,t) ijzlg e

is a holomorphic vector field.
The following was proved in [7, Proposition 3.2].

Proposition 2.2. The critical points of the functional ® on J defined by

(2.4) ®(J) = / S(J,t)%w™
M
are the perturbed extremal Kdahler metrics.

The proof of this proposition essentially follows from the fact that the per-
turbed scalar curvature S(J, ) gives the moment map for the action of the
group of Hamiltonian diffeomorphisms with respect to a perturbed sym-
plectic structure on J. This perturbed symplectic structure is described
as follows. The tangent space of J at J is identified with a subspace of
C>®(Sym(®*T"*M)) of all smooth sections of Sym(®2T"*M). For a small
real number ¢, we define an Hermitian structure on C°°(Sym(®2T"*M)) by

VA
— Tt l
N ) - m )
(2.5) (v, )¢ / mc <V]k 1y dz" Ndzt,w® 1
M 21

+ \/jlt@,...,cu@IwL\/jlt@)

27 27
for © and v in the tangent space T;J, where ¢,, is the polarization of the
determinant viewed as a GL(m,C)-invariant polynomial, i.e., ¢y, (Ag,...,
Ap,) is the coefficient of m!ty---t,, in det(t1A; + -+ + tAny), where T
denotes the identity matrix and © = 9(g~'dg) is the curvature form of
the Levi-Civita connection, and where ujk,uﬁi should be understood as the
endomorphism of T M which sends 0/927 to ujk,u%a/&zi. When ¢t =0, (2.5)
gives the usual L?-inner product. The perturbed symplectic form J¢ at
J € J is then given by

(2.6) Qv p) = R(v, v—1p)
= %/ mcpm (ij \/—1,uiz _ AP nNdf w1
M

2
v —1 v—1
+ =10, w I+ —1t0
2 2

where R means the real part. In [7] we proved the following:
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Theorem 2.3. [7] If 6J = pu, then
(2.7) 6/Mu S(J, )™ = Q2 =1V"V"u, ).

Namely, the perturbed scalar curvature S(J,t) gives a moment map with
respect to the perturbed symplectic form €;; for the action of the group of
Hamiltonian diffeomorphisms on J.

Now we can prove Proposition 2.2. From (2.7) we have

(2.8) 5/ S(J,t)? W™ = 2/ S(J, )5S (J,t) w™
M M
= 20,2V —-1V"V"S(J, 1), p).
This shows that J is a critical point if and only if
(2.9) V" grad’ S(J,t) = 0,

i.e., the Kéhler metric of (M,w,J) is a perturbed extremal Kéhler metric.

Let g be the complexification of the Lie algebra of the group of Hamiltonian
diffeomorphisms. Then g is simply the set of all complex valued smooth
functions u with the normalization

/ uw™ =0
M

with the Lie algebra structure given by the Poisson bracket. The infinitesimal
action of u on J is given by 2iV”V"u, see Lemma 10 in [3] or Lemma 2.3
in [7]. Define L : C*(M)® C (2g) — C>®(M)® C by
(2.10) (v, Lu) 2 = (V'V"0,V"'V"u),

/=1 _

= / mem, <vjkulé dzF A dzt,w® 1
M 2w
V=1 V-1
+ —10,...,. 0w+ —10 ).
27 27

More explicitly L is expressed as

) _
Lu = me,, (ulfjk% dF Ndl we T
v—1 v—1
+ —t0, -, wR [+ —1tO ) /™.
2 27
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We define L : C*°(M) ® C — C*(M) ® C by Lu := Lu. Then L satisfies
(211) (/U,ZU)LQ — (V”V”ﬂ, V"V”@)t

/=1 _
:/ mem, <ujkvlg 5 dF Nd2tw @ T
M i

v—1 v—1
+ X —10,..., wR[+~—10).
2T 2T

and

/o

_ /1 _
Lu = mep (ujp's—— AP ANd2lw T

v—1
+ 7t@, 5 w®[+?t@)/wm
Lemma 2.4. If v is a real smooth function and §J = V"V"v, then
§S(J,t) = Lv + Lv.

Proof. Let u be also a real smooth function. Then by (2.7)
/ wdS(J,t)w™ = R(2V-1V"V"u, v/ —1pu);
M
— (v//v//,u7 v//v//v)t + (v//v//v’ v//v//u)t
= (u, Lv) 2 + (u, Lv) 2.
U

Lemma 2.5. Let u and v be real smooth functions and put X, = 2+/—1V"V"u
and X, = 2/—1V"V"v. Then we have

Qye( Xy, Xy) = ({u, v}, S(J, 1)) 2.

Proof. Consider &,, and X, as the infinitesimal action of real Hamiltonian
functions u and v on J. Since S(J,t) gives an equivariant moment map

(2.12) /M uS(oJ, t)w™ = /M(Ul*u)S(J, tw™

for a Hamiltonian diffeomorphism o. If o is generated by the Hamiltonian
vector field of a Hamiltonian function v, then (2.7) and (2.12) show

(2.13) Q1 (2V—1V"V"u, 2/ -1V"V"v) = —/ S(J, t){v, utw™.
M

O
Lemma 2.6. For any smooth complex valued function u, we have
— 1
(L—Lu= —§(S(J, t)%uq —u*S(J,t)a),

where z%’s are local holomorphic coordinates and u® = gaﬁau/ Gzﬁ, thus the
right hand side being equal to i{u,S(J,t)}/2.
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Proof. Tt is sufficient to prove when u is a real valued function. Let v be
also a real valued smooth function. From (2.10) and (2.11), we have

(v, Tu — Lu) g2 = (V'V"u, V'V"0), — (V'V"0, V'V"0);
= (V'V",V'V"u); — (V'V"v,V'V"u),.

It follows from this that
2R(V'V"0,iV"'V"u)y = i(V'V"0, V'V"u)y +i(V'N"0, V'V ),
= —i(v, (L — L)u) 2.

Let X, denote the Hamiltonian vector field of u: i(X,)w=du. Then X, =J
grad u and {u, S} = X,,S. It then follows that

(v, (L — L)u) 2 = 2iR(V"'V"0,iV"V"u);

- %%(Xv,ié\,’u) = %Qj,t(%,%u)

- —é({u, 0}, S 1) e = £ (0, {u, S 0))
=3

= %(v, du(J grad S(J,t))) 2

et _%(Ua S(J7 t)aua - uaS(‘]? t)a)LQ

(v, XuS(J, 1)) 2 = %w(v,g(Xu, J grad S(J, 1)) 2

g

Lemma 2.7. Let u be a real smooth function and suppose 6J = V"V"u.
Then

5/ S(J,t)%w™ = 4(u, LS(J, 1)) 12 = 4(u, LS(J, 1)) 2.
M
Proof. By (2.8)

B) / S(J,t)2w™ = 2Q5,(2iV"V"S(J, ), V'V"u)
. = 4AR(V"'V"S(J,t),V'V"u),
= 2(V'V"S(J, 1), V'V"u) + 2(V"'V"u, V"'V"S(J, 1))
= 2(u, LS(J,t)) 2 + 2(u, LS(J, 1)) 2.
But from Lemma 2.6, we have
LS(J,t) = LS(J,t),

from which the lemma follows. O
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Lemma 2.8. Suppose that (w,J) is a perturbed extremal Kdhler metric and
thus that the gradient vector field of S(J,t) is a holomorphic vector field. If
0J = V'"'V"u for a real smooth function u, then

(6L)S(J,t) = —%L(S(J, )%q — u*S(J,t)a) = L(T — L)u.

Proof. Recall that by Lemma 2.3 in [7]
LxJ=2V1X"—2iV X"
Therefore,
LyxJ =2iV5iX" - 2iV(—i) X"
= V)X -V, X").

This shows that £;xJ € T;J corresponds to —2V”V"u € Sym ®? T"* M
via the identification 777 = Sym ®% T”*M. Thus L_1/25x,J corresponds
to V’V"u. On the other hand,

(2.14) Ly ypw=d (2 (;JXU> w>
and
(z’ (;JXU> w) (V) = w (;un, Y) —w <—;gradu, Y)
(2.15) _ (-éxu, JY) = —jduoJ = ([@du)(Y),

where d° = 5(0 — 0). From (2.14) and (2.15) it follows that

— A — 19D
(2.16) E%Jqu = dd°u = i00u.
Let fs is the flow generated by —%J X,. Suppose that S is a smooth function

such that grad’ S is a holomorphic vector field and that {Ss} is a family of
smooth functions parameterized by s such that

grad,, S = grad’ S, / Ss (ff )™ = / Sw™,
M M

where grad’, Ss is the (1,0)-part of the gradient vector field of S with respect
to f*.w. It is easy to see that if f* w = w + i00p, then S; = S + S%,.
Then (2.16) shows

(2.17) Sy =8 + 55%q + O(5%).
We have
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Taking the derivative of (2.18) with respect to ¢ at t = 0, we obtain
1
(2.19) OL-S+L <2(JXu)S + So‘ua> = 0.

On the other hand,
(2.20) JXy S =g(JXy,grad S) = w(Xy, grad S) = du(grad S)
= (Ou + 0u) (V'S +V"S) = u*Sy + S%uq.
It follows from (2.19) and (2.20) that
1
SL-S=—-L (—2(u0‘5a + S%q) + So‘ua>
1
e —L <(Saua — uaSa)) .

2

Applying this with S = S(J,w) and using Lemma 2.6 complete the proof of

Lemma 2.8. O

Theorem 2.9. Let J be a critical point of ®, i.e., (w,J) gives a perturbed
extremal Kdhler metric and u be a real smooth function on M. Then the
Hessian of ® at J in the direction of V"'V"u and V'V"v is given by

Hess(®) ;(V"'V"u,V"V"v) = 8(u, LLv) = 8(u, LLv).
Proof. Let 6J = V’V"v. By using Lemma 2.7, Lemma 2.8 and Lemma
2.4 successively, one obtains
Hess(®) ;(V"V"u, V'V"v) = 45(u, LS(J, 1))
=4(u,dL - S(J,t) + L6S(J,t))
=4(u, L(L — L)v + L(L + L)v)
= 8(u, LLv).

If one uses the third term in Lemma 2.7 and 6L = L — L, then one gets the
third term of Theorem 2.9. This completes the proof. O

3. Proof of Theorem 1.1

In this section, we give a proof of Theorem 1.1. Suppose that g is a perturbed
extremal Kéhler metric on (M,w,J). Let X be a holomorphic vector field
and « be the dual 1-form to X, that is

aY)=g(X,Y), a=aqds = gﬁdefi.
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Since X is a holomorphic vector field
o = (V;Oé; — V;a;)d?’ ANdz? = 0.

Let a = Hoa + O be the harmonic decomposition, where Ha denotes the
harmonic part. Then

V-1 — V=1 V-1
dFNd w@T+~—10,...,.w@ [+ ~—10
2 2T 2

. L/ _
= mcy, ((XZ — (Ha)l)zjk? dZP Ndf w1

V-1 V-1 >

L = mep, <"/)igjk

-1
—10,... I+ ——10
+ or , , w1+ o

| _
= —mcp, ((Ha)’zjk% dzF ANdztwe T

v—=1 =1
+ —1t0,...,w [+ —10
2 2

J

v—1 v—1
+ —10,...,wR [+ ——10].
2 27

A , A _
= —MCm <(Ha)ljfk + (R »ZZP(HOK)I))]{;? de A dzf, w & I

Note that being 0-harmonic and being d-harmonic are equivalent on com-
pact Kéahler manifolds, and thus

(Ha)gj = Vj(Ha)g = 0.

This implies (Ha)"; = 0. It follows that

. V=1 _
(3.1) L = —mey, <Rjglp,k(Ha)p27T dZF N2l w T
v—1 v—1
+ —10,...,w [+ —1t0
2m 2m
. V=1 _
= —mcpy, <Rj/k7p(Ha)p27T dzP Nd2 w1
v—1 v—1
+ —10,..., 0w+ ——10
2m 2m

— —(Ha)"V,S(J,t) = —(Ha)gV7S(J, 1),
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where we have used the second Bianchi identity R jzip,k =R jzik,p and
1 .
VpS(Jt) = Vg (cm <w ®1+ 2%@) = wm>
T

1 .
= -Vypem (w QI+ Zt@)

t 2
. /=1 _
= mem, <Rj/k,p 5 dF nNdlwe T
s
v—1 v—1
+ t@,...,w®l+t®>.
2 2

Note that VIS(J, t)% is a conjugate holomorphic vector field and that
(Ha)gdz? is a conjugate holomorphic 1-form because Ha is a d-harmonic
(0, 1)-form. It follows from (3.1) that L) = constant. But since [,, Ljw™ =
0 by (2.10) we obtain Li) = 0. This implies that grad’+ is a holomorphic
vector field. Then (Ha) 621' = X — grad’® is also holomorphic. It then
follows that

But since (Ha) is d-harmonic, we also have Vi(Ha); = 0. Thus Ha is

parallel.
This proves the direct sum decomposition as a vector space

b(M) = a(M) + b'(M),

where a(M) is the Lie subalgebra of all parallel holomorphic vector fields

and
h'(M)={X € h(M) | X = grad’ u for some u € CZ(M)}.

It is easy to see
[a(M), a(M)] = 0;
[a(M),b(M)] € §'(M);
[6'(M), 4" (M)] C b'(M).
Now by Theorem 2.9 we have LL = LL. Thus L preserves Ker L. Let E
denote the \-eigenspace of 2L|ker 1. If u € E), then grad’ u € §'(M) and

Au=2Lu
=2(L—L)u
= S(J,t)uq —u*S(J,t)q.
This implies [grad’ S(J,t), grad’ u] = X grad’ u. We put
grad'(Ey) := ha(M) for X # 0,
grad(Fo) := by (M),
ho = a(M) + bo(M).
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Then we obtain the decomposition

(M) = ha(M),
A

where b (M) is the A-eigenspace of ad(grad’ S(J,t)). Note that the real and
imaginary parts of an element of a(M) are parallel and Killing and hence
[grad’ S(J,t),a(M)] = 0.

Finally, since Ey = Ker LNKer L, the real and imaginary parts are respec-
tively in Ej, that is, Fy is the complexification of the purely imaginary func-
tions u such that grad’ v is holomorphic. The real parts of such grad’ u’s are
Killing vector fields, see Lemma 2.8 in [5]. The real parts of the elements of
a(M) are also Killing vector fields. Thus ho(M) is reductive. Obviously,
ho(M) is a maximal reductive subalgebra. This completes the proof of
Theorem 1.1.
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