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FREE 2-RANK OF SYMMETRY OF PRODUCTS
OF MILNOR MANIFOLDS

MAHENDER SINGH

(communicated by Donald M. Davis)

Abstract

A real Milnor manifold is the non-singular hypersurface of
degree (1,1) in the product of two real projective spaces. These
manifolds were introduced by Milnor to give generators for the
unoriented cobordism algebra, and they admit free actions by
elementary abelian 2-groups. In this paper, we obtain some
results on the free 2-rank of symmetry of products of finitely
many real Milnor manifolds under the assumption that the
induced action on mod 2 cohomology is trivial. Similar results
are obtained for complex Milnor manifolds that are defined anal-
ogously. Here the free 2-rank of symmetry of a topological space
is the maximal rank of an elementary abelian 2-group that acts
freely on that space.

1. Introduction

One of the basic problems in the theory of transformation groups is to determine
the structure of a group that acts in a specific way on a given topological space.
The problem of determining finite groups that can act freely on spheres has been of
special interest. A classical result of Smith [29] says that if a group acts freely on a
sphere, then all its abelian subgroups are cyclic. Conversely, Swan [30] proved that
any group satisfying this condition acts freely on a finite complex with the homotopy
type of a sphere. Notice that a finite abelian group is cyclic if and only if it does not
contain a subgroup of the form Z/p & Z/p for any prime p. Thus, Z/p & Z/p cannot
act freely on a sphere. However, Z/p does act freely on a sphere, where the sphere
must be odd dimensional for odd p. These results motivated the concept of free p-rank
of symmetry of a topological space X for a prime p, introduced in [1], and defined as

frk,(X) = max{r | (Z/p)" acts freely on X}.

Determining the free p-rank of symmetry of a topological space is an interesting
problem and has been considered for many spaces. In view of the Smith theory, we
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have
1 if nis odd and p is arbitrary
frk,(S") =< 1 ifniseven and p=2
0 if niseven and p > 2.

The problem of extending this result to products of finitely many spheres has been
of great interest to many topologists. Oliver [28] proved that every finite group acts
freely on a product of spheres. For a finite group G, define

h(G) = min{s | G acts freely on S™ x --- x §"} and
7(G) = max{t | (Z/p)" < G for some prime p}.

Attempts to extend Smith’s result to products of finitely many spheres led to the
following conjecture by Benson and Carlson [6].

Conjecture 1. h(G) = r(G) for each finite group G.

Conjecture I implies the following well-known conjecture [1, 2, 9] regarding free
actions of elementary abelian p-groups on products of spheres.

Conjecture II. frk,(S*1+1 x ... x §F1) =k for each prime p and integer k > 0.

For a single sphere it is simply the result of Smith [29]. For products of two
spheres it was already proved by Conner [11], and for products of three spheres it
was proved to be true by Heller [20]. Carlsson [9, 10] proved the conjecture for
products of equidimensional spheres under the assumption of trivial induced action
on cohomology. Adem and Browder [1] proved that frk,((S")*) =k with the only
remaining cases as p =2 and n =1,3,7. Some time later, Yalgin [32] proved that
frko ((S')¥) = k. For an integer n, let

{ 0 if niseven

n(n) = 1 if nis odd.

Then the most comprehensive result is due to Hanke [19], who proved that if p >
3(n1+ -+ ng), then

frk, (S™ x -+ x §™) =n(nq) + - - - + n(ng).

In a very recent work [27], Okutan and Yalgin proved Conjecture IT in the case where
the dimensions {n;} are high compared to all the differences |n; —n;| between the
dimensions.

Recall that Z/2 is the only finite group that can act freely on an even-dimensional
sphere. This result was extended to products of finitely many even-dimensional spheres
by Cusick [14, 15]. He proved that if G is a finite group acting freely on §?™ x ... x
S?™k with trivial induced action on mod 2 cohomology, then G = (Z/2)" for some
r < k. In particular, when the induced action on mod 2 cohomology is trivial, then
frko (S27t x -+ x §2™) = k.

Although a lot of work has been done for products of spheres, free p-rank of
symmetry of many other interesting spaces is still not known. An immediate extension
of the problem from spheres and their products is to consider spherical space forms
and their products. Let p be an odd prime. A lens space Lg”_l is an odd-dimensional



FREE 2-RANK OF SYMMETRY OF PRODUCTS OF MILNOR MANIFOLDS 67

spherical space form obtained as the quotient of the standard Z/p action on S?"~!,
Allday [5] conjectured that

frkp (L2~ x o x L) =k

The equidimensional case of the conjecture was proved by Yal¢in [31]. The general
case of the conjecture seems still open.

The problem of computing the free 2-rank of symmetry of products of projective
spaces was considered by Cusick. It is known that CP™ admits a free action by a
finite group if and only if n is odd, in which case the only possible group is Z/2.
Cusick [16] proved that

frko(CP™ x --- x CP™) =n(n1) + - - + n(ng).
For an integer n, let

0 if niseven
On)=¢ 1 ifn=1 mod4
2 ifn=3 mod 4.

Cusick [13] investigated the real case and conjectured that if the induced action on
mod 2 cohomology is trivial, then

frky (RP™ x -+ x RP™) = 0(ny) + - - + 0(ny).

He proved the conjecture when n; £ 3 mod 4 for each 1 < ¢ < k. Adem and Yalgin [3]
proved the conjecture for products of equidimensional real projective spaces without
the assumption of trivial induced action on mod 2 cohomology. Later, Yalgin [32]
proved the conjecture when n; is odd for each 1 < i < k. The general case of the
conjecture is still open.

A product of two projective spaces can be considered as the total space of a triv-
ial projective space bundle over a projective space. It is an interesting question to
determine the free rank of symmetry of the total space of a twisted projective space
bundle over a projective space. Milnor manifolds are fundamental examples of such
spaces. These manifolds were introduced by Milnor [25] in search for generators for
the unoriented cobordism algebra, and are non-singular hypersurfaces of degree (1, 1)
in the product of two projective spaces (see Section 2 for detailed definitions). The
purpose of this paper is to obtain some results regarding the free 2-rank of symmetry
of products of finitely many Milnor manifolds. We will consider both real and com-
plex Milnor manifolds. We will prove our results by adopting Cusick’s method, which
depends on some results of Carlsson.

Let RH, ; and CH, ; denote the real and the complex Milnor manifold, respectively
(see Section 2 for notation). Let X ~5 Y mean that X and Y are topological spaces
having isomorphic mod 2 cohomology algebra. Then the main results are as follows.

Theorem 1.1. Let (Z/2)" act freely on a finite-dimensional CW-complex
X ~9 H?:l RH,, s, with 1 <s; <1y for each 1 < i< n. Suppose that the induced
action on mod 2 cohomology of X is trivial. Then

1o <2(n(s1) +n0re) + -+ n(sn) +n(ra)),

2. 1< (n(sy) +n(r) + - +n(sn) +n(rn)) if s;,7; # 3 mod 4 for each 1 <i < n.
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Theorem 1.2. Let (Z/2)" act freely on a finite-dimensional CW-complex
X ~9 H?Zl CH,, s, with 1 <s; <r; for each 1 <i < n. Suppose that the induced
action on mod 2 cohomology of X is trivial. Then

Lo <3(n(s1) +nr1) + -+ n(sa) +n(ra)),

2. 1< (n(s1) +n(r1) + - +n(sn) +n(ry)) if si,ri #3mod 4 for each 1 <i < n.

2. Definition and cohomology of Milnor manifolds

Milnor manifolds were introduced by Milnor [25] in search for generators for the
unoriented cobordism algebra. Let r and s be integers such that 0 < s < r. A real
Milnor manifold, denoted by RH, s, is the non-singular hypersurface of degree (1, 1)
in the product RP" x RP*. It is a (s + r — 1)-dimensional closed smooth manifold
and can also be described in terms of homogeneous coordinates of real projective
spaces as

RH, , = {([xo, oo ey Yo, - - ,ys]) ERP" X RP? | zoyg + -+ + Tsys = 0}.
Equivalently, a real Milnor manifold can be defined as the total space of the fiber
bundle

RP™! <& RH,., =5 RP".
This is actually the projectivization of the vector bundle
R" — Et — RP*,
which is the orthogonal complement in RP* x R"*! of the canonical line bundle

R« F — RP?,

where E = {([x],y) ERPS xR |ye [x]}

These manifolds are important as the unoriented cobordism algebra of smooth
manifolds is generated by the cobordism classes of RP* and RH, s [25, Lemma 1].
Therefore, determining their various invariants is an important problem.

In a similar way, a complex Milnor manifold, denoted by CH, ;, is the non-
singular hypersurface of degree (1, 1) in the product CP™ x CP*. It is a 2(s + r — 1)-
dimensional closed smooth manifold and can also be described in terms of homoge-
neous coordinates as

CH, = {([zm...,zr], [wo,...,ws]) € CP" x CP* | zowo + - - + 2swWs = 0}.

Equivalently, as in the real case, a complex Milnor manifold can be defined as the
total space of the fiber bundle

cpr-t < CH,, 5> CP*.

It is known due to Conner and Floyd [12, p. 63] that CH,. ; is unoriented cobordant
to RH, ; x RH, ;.

These manifolds have been well studied in the past. See, for example, [17, 21, 26]
for recent results. Their cohomology algebra is also well known, and we will use it in
the proofs of our main theorems.
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Lemma 2.1 ([8, 26]). Let 0 < s < r. Then the mod 2 cohomology algebra of a Milnor
manifold is given as follows:

1. H*(RH, s;Z/2) 2 7Z/2[a,b]/{a*TH,b" + ab" L + -+ + a®b"~%),
where a and b are homogeneous elements of degree 1 each.
2. H*(CH,;Z/2) = Z/2[g, h]/{g°* !, " + gh" ™" + -+ + g°h" %),

where g and h are homogeneous elements of degree 2 each.

Note that RH, o = RP™ 1 and CH,o = CP"~!. Since the free 2-rank of symme-
try of products of projective spaces has already been considered by Cusick [13], we
henceforth assume that 1 < s < r.

3. Examples of free actions of elementary abelian 2-groups

Just like projective spaces, Milnor manifolds also admit free actions by elementary
abelian 2-groups.

3.1. The real case
First, we construct free actions on RH, ; for various values of s and r.

3.1.1. When s=r
The involution on RP?® x RP? given by
([:L'Oa B axs}a [y07 o ays]) — ([y()a cee 7ys]7 [‘TOa v 7395])

restricts to a free involution A : RH; ; — RH, ;.

3.1.2. When s,r =1 mod 4
Let n = s,r and S; : RP™ — RP™ be the free involution given by

[0, Z1y .oy Tpe1, Tn] — [—21, X0+« o, =T, Tp—1]-
Then the restriction of 51 x S; : RP" x RP® — RP" x RP® on RH, ; gives a free

involution
A1 :RH, s — RH, ;.

3.1.3. When s,7 =3 mod 4
First, notice that the free involution A; is also defined in this case. Let n = s,r and
So : RP™ — RP™ be the free involution given by

[’1,’07 L1,X2,T3y .y Lp—3,Lp—2,Tp—1, xr]
5[_552; T3, L0y —L1yevry ~Lp—1, Ly, Tr—3, _xr72]~
Then the restriction of Sy x Sy : RP" x RP®* — RP" x RP*® on RH, s gives a free
involution
Ay :RH, s — RH, ;.

Notice that A; # Ay, A1 Ay = AsA;, and A1 Ay acts freely on RH, 5. Therefore,
(Z./2)* acts freely on RH, s when s,r =3 mod 4.
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3.2. The complex case
Now we construct free actions on CH,.  for various values of s and 7.

3.2.1. When s=r
The involution on CP* x CP*® given by
([ZO, oy Zs), [wo, - ,ws]) — ([wo, o wsly [20, - ,zs])

restricts to a free involution B : CH; ; — CH, 5.

3.2.2.  When both s and r are odd

It is known that CP™ admits a free action by a finite group if and only if n is odd
and in that case the only possible group is Z/2. Let n = s,r and T} : CP™ — CP"
be the free involution given by

[Zo, 21y ey Bn—1, Zn} — [721,20, ey 727“2”_1].
Then the restriction of T} x T; : CP" x CP®* — CP" x CP® on CH, ; gives a free

involution

B, : CH,, — CH,.,.

3.2.3. When s is odd and r is even
Let T : CP™ — CP" be the involution given by

[Zo, RlyeeeyBp—2y2p—1, Z,-] — [—21,20, ey = Zp—1,2r—2, LZT-],

where (2 = —1. Notice that T} is not a free involution. But the restriction of Tb x T} :
CP" x CP®* — CP" x CP?® on CH, , gives a free involution

B, : CH, , — CH,.,.

4. Preliminary results

Here we recall some facts that we will use in this paper. We refer the reader to
[4, 7, 24] for details on the cohomology theory of transformation groups and spectral
sequences. We refer to [23] for basic properties of Steenrod algebra. Throughout, we
will use cohomology with Z/2 coefficients and will suppress it from cohomology nota-
tion. All spaces under consideration will be finite-dimensional CW-complexes. More
generally, we can also consider paracompact spaces of finite cohomological dimension
or finitistic spaces (which include paracompact spaces of finite covering dimension
and compact Hausdorff spaces).

All group actions under consideration are assumed to be continuous. Let G be a
finite group acting on a space X, and let

G — Eq — Bg
be the universal principal G-bundle. Let
Xe=(XxEg)/G
be the orbit space of the diagonal action on X x Eg. Then the projection

X x Eg — Eg
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is G-equivariant and gives a fibration
X < X¢ — Bg
called the Borel fibration [7, Chapter IV]. Recall that for G = (Z/2)", we have
Bag =RP*® x -+ x RP*°,

r times

and hence
H*(BG7Z/2) = Z/2[a17 .- '7ar]7

where «; is a homogeneous element of degree 1 for each 1 <1 < r.
We will exploit the Leray—Serre spectral sequence associated to a fibration as given
by the following theorem.

Theorem 4.1 ([24], Theorem 5.2). Let X — E — B be a fibration. Then there is
a first quadrant spectral sequence of algebras {E**,d.}, converging to H*(E) as an
algebra, with

By = H*(B; HI(X)),
the cohomology of the base B with local coefficients in the cohomology of the fiber X.

The product in E:J:‘l is induced by the product in E** and the differentials are
derivations. Further, there is an isomorphism of graded commutative algebra

H*(E) = TotE%*,

where Tot E%:* is the total complex of EX:*.

Theorem 4.2 ([24], Theorem 5.9). Let X LBy Bbea fibration. Suppose that
the system of local coefficients on B is simple; then the edge homomorphisms

H*B) =By’ — Ey° — - — B — B = EX" c HYE) and

HY(E) — EY =B}, c B} -+ c BY' = H'(X)
are the homomorphisms
7 : H*(B) — H*(E) and i*: H(E) — H'(X).

Next we recall some results regarding elementary abelian 2-group actions on finite-
dimensional CW-complexes.

Theorem 4.3 ([4], Theorem 3.10.4). Let G = (Z/2)" act freely on a finite-dimen-
sional CW-complex X. Suppose that Zi20 ’I“k‘(Hi (X)) < oo and the induced action on
H*(X) is trivial; then the Leray—Serre spectral sequence associated to X — Xg —
Bg does not degenerate at the Eo term.

Proposition 4.4 ([4], Proposition 3.10.9 and Lemma 3.10.16). Let G = (Z/2)" act
freely on a finite-dimensional CW-complex X. Then H*(X/G) &2 H*(X¢g). Further,
if HY(X) =0 for all i > n, then H(Xg) =0 for all i > n.

We will also use the following results regarding non-trivial common zeros of a
system of homogeneous polynomials.
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Proposition 4.5 ([9], Proposition 1). Let G = (Z/2)" and fi,..., fn be elements of
H™(Bg) regarded as homogeneous polynomials of degree m in r variables. Then they
have a non-trivial common zero in (Z/2)" if and only if there is a subgroup inclu-
sion j: Z]2 = (Z/2)" such that j*(f;) =0 for each 1 < i < n, where j* : H*(Bg) —
H*(Bz3) is the induced map on cohomology.

Proposition 4.6 ([9], Proposition 4). Let G = (Z/2)" and fi,..., fn be elements of
H*(Bg) regarded as homogeneous polynomials in v variables. Suppose that the ideal
(f1,---, fn) is invariant under the action of the Steenrod algebra. Then they have a
non-trivial common zero in (Z/2)" if r > n.

Proposition 4.7 ([18]). Let fi,..., fn be homogeneous polynomials of degree m in
r wvariables with coefficients in Z/2. Then they have a non-trivial common zero in
(Z)2)" if r > mn.

5. Induced action on cohomology

Given a continuous map of topological spaces, determining the induced map on
cohomology is a difficult problem in general, even for nice spaces such as spheres. In
this section, we show that there are involutions on Milnor manifolds for which the
induced action on mod 2 cohomology is non-trivial. First we consider the real case.

Proposition 5.1. Let A: RH, ; — RH, s be the free involution given by

A([an cee 73;8]5 [y()a e ays]) — ([2107 e 7y8]7 [‘1:07 cee 7l's]).
Then A* : H*(RH, ;) — H*(RH, ) is non-trivial.

Proof. By Lemma 2.1,
H*(RH, ;7/2) = 7./2[a,b]/{a* T b° 4+ ab* ™' 4 - + a®),
where a and b are homogeneous elements of degree 1 each. By the Kiinneth formula,
Hi(RP° x RP?) = H{(RP®) ® H,(RP?).
Let 0 = (01,02) : A — RP* x RP? be a singular 1-simplex, and let
A:RP° x RP° — RP® x RP?

denote the same involution. Then A, ([o]) = [A o 0] = [(02,01)]. This shows that if
ay and by are generators of Hy(RP?®)® Hy(RP?), then A.(a1) =0b; and hence the
induced action on H; (RP? x RP?) is non-trivial.

Further, we have H'(RP* x RP*) = H'(RP*) & H'(RP*).If f € H'(RP* x RP*),
then A*(f) = f o A,. In particular, A*(f)(a1) = f o As(a1) = f(b1). Choosing f such
that f(a1) # f(b1), we see that A* acts non-trivially on cohomology. Thus, if as and
be are generators of H'(RP*) & H'(RP*®), then A*(az) = bo.
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Recall that the real Milnor manifold is also given by the fiber bundle
RP*~! < RH, , -5 RP".
Let RH, ; <]—1> RP?* x RP? be the canonical inclusion, and let
RP® & RP* x RP* 2 RP®

be the trivial fiber bundle, where js is inclusion on to the second factor and pr; is
projection on to the first factor. Then we have the following commutative diagram:

HY(RP* x RP%) «—— H(RP?)
pry

J'J&* /
HY(RH, ).
Applying Theorem 4.1 to the fiber bundles given by 7 and pr; and using Theorem 4.2,
we get 7*(a2) = a and pri(az) = az. Further, by commutativity of the diagram, we
get J1(a2) = 1 (pri(a2)) = 7*(a2) = a.
Let RP*~! <& RP* be the canonical inclusion. Then we have the following com-
mutative diagram:

%

H'(RP* x RP*) —2 H'(RP* x RP%) 22— H'(RP*)
| | |
H'(RH,,) —2*— H'(RH, ;) —— H'(RP*~1).
If b3 € HY(RP*~1) is the generator, then j*(by) = bs. Again by Theorems 4.1 and 4.2,
we get 1*(b) = bz and j3(ba) = by. The commutativity of the right square shows that

43 (b2) = b. The commutativity of the left square gives A*(ji(a2)) = ji (A*(az)). This
implies A*(a) = j7(b2) = b. Thus the induced map A* is non-trivial. O

We have a similar result for the complex case.
Proposition 5.2. Let B: CH; ; — CH; 5 be the free involution given by
B([zo, cey Zs)s [wo, - - ,ws]) — ([wo, oo ws] (20, Zg])
Then B* : H*(CH, ) — H*(CH, ;) is non-trivial.
Proof. The proof is similar to that of the real case and left to the reader. O

Note that using propositions 5.1 and 5.2, we can construct free actions of (Z/2)™
on [[;,RH,,,, and [, CH,,, for 1 <s; =r; and n > 2, such that the induced
action on mod 2 cohomology is non-trivial.

6. Proofs of theorems

6.1. The real case
Let G = (Z/2)" act freely on a finite-dimensional CW-complex X =~ [ | RH,, ,,
with 1 < s; < r; for each 1 <4 < n. Further, assume that the induced action on mod
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2 cohomology of X is trivial. Using the Kiinneth formula and Lemma 2.1, we get
H*(X)2Z/2[a1,b1,...,an,by]/1,
where
I= (a5 b 4 ab 4 et
. ,afln+17 b:Ln + Clnb:{”’_l 4+t aznbzn—sn>
and aq, by, ..., an, b, are homogeneous elements of degree 1 each. Consider the Leray—
Serre spectral sequence associated to the Borel fibration
X — X¢ — Bg.
Then we have
Ed ~ 2K,0 0,l
Ey" =2 Ey" Q@ Ey,
where ES° = H*(Bg) and ES' = HO(Bg; H!(X)) = H'(X)¢ = H'(X) because the
induced action on cohomology is trivial. Thus we have
E}" > H*(Bg) ® H*(X)
> 7/2[aq,...,0p] @ Z/2[a1,b1,. .., an,by]/1.

By Theorem 4.3, the spectral sequence does not degenerate at the Es term, and
hence d5 : Eg’l — Eg’o is non-zero. Let da(1®a;) =u; ® 1 and da(1®b;) =v; ® 1
for 1 < i < n with at least one of them being non-zero. Notice that dy is completely
determined by da(1 ® a;) and da(1 ® b;) as it is a derivation. Consider the ideal

J = (u1,01, ..., Up, V)
in H*(Bg). Then, using arguments as in [13], we have the following lemma.
Lemma 6.1. Let G = (Z/2)" act freely on a finite-dimensional CW-compler X ~4
H?:l RH,, s, with 1 < s; < r; for each 1 < i < n. Further, assume that the induced
action on the mod 2 cohomology of X is trivial and that s;,r; Z 3 mod 4 for each

1 < i< n. Then the ideal J in H*(Bg) is invariant under the action of the Steenrod
algebra.

Proof. Fix some 1 < ¢ < n. Since s; > 1, we have a; # 0, and hence b’ # 0. Notice
that
b;ri-l = (aib:i—l 4+t a’?'ib';i—si)bi
=a;b" -+ afib;ifsr‘rl
_ i —1 SipTi—54 2,7 —1 o0yt
= ai(a;b]" ™" + - +al'b %) +aib] T 4+ al'h;
= a?b:i—l + .o+ afib;i—sri-l + afi""lb:i—si, —+ a?bz{-i—l N afib;i_si-i-l
=0.
If r; is even, then
0=dy(1@b") = (1@ b} )da(1@ b;) = vi @ b]".

Since the map — @bl : E3° — E3"™ is injective, we get v; ® 1 =0. Recall that
af”‘l = 0. Just as above, if s; is even, then u; ® 1 = 0. Such u; and v; are obviously
invariant under the action of the Steenrod algebra.
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Next let 7, = 4m + 1 and v; ® 1 # 0. Notice that S¢*(1 ® b;) = 1 ® b? and da(1 ®
bfmg =0 by the derivation property of da. Thus 1 ® b?™ represents an element in
ES*™ and we have

0=ds(1®b2™?) = (1 @b™)ds(1®b2) in ET'. (1)

Recall that the transgression operator d,. : E2"~! — E™0 commutes with the Steen-
rod operations. In other words, the following diagram commutes:

do
Eg’l , ES’O

ds
Ey? —— B30,

This shows that d3(1 ® b?) is represented by S¢'(v; ® 1). By equation (1) we have
that (1 ® b*™)Sq' (v; ® 1) lies in the image of dy : By — E3*™ and hence
(1®bi™)Sq (vi @ 1) = (1@ b;™ )da(w)

for some w € Fy'. Since 1 ® b¥™ # 0, the map — ® b¥™ : E3° — E3*™ is injective,
we get Sql(v; ® 1) = da(w). Let
w=" " Nir(eg ®ar) + > pjrla; @ b),
Jik Jik

where \j i, ptj.x € Z/2. Then

day(w) = Z Njr(ogup @1) + Zuj)k(ajvk ®1) e
Jik Jik
This shows that Sq¢'(v; ®1) € J. Similarly, if s;, =4m+1 and wu; ®1#0,
then Sq*(u; ® 1) € J. Hence J is invariant under the action of the Steenrod alge-
bra. O

For an integer n, define

(n) = 0 if niseven
=11 1 ifnis odd.

Proof of Theorem 1.1

We first prove (1). As noticed in the proof of Lemma 6.1, if some s;, r; is even, then
the corresponding u;, v; is zero. Regard uy, vy, ..., un, v, € H?(Bg) as homogeneous
polynomials of degree two in r variables. Suppose that they have a non-trivial common
zero in (Z/2)". Then by Proposition 4.5, there is a subgroup inclusion

jiZ)2 s (Z)2)

such that j*(u;) = 0 = j%(v;) for each 1 <4 < n. Restrict the G action on X to Z/2
action on X, and consider the Leray—Serre spectral sequence {E:’*,QT} associated to
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the Borel fibration
X — Xz/g — Bz/g.

The naturality of the Leray—Serre spectral sequence gives the following commutative
diagram:

Ek1 AN Ef’l (2)

Lk

Ek+7',l—7'+1 J’ Ek+T’l*T+1
r ? r .

Observe that j* : Eg;l — Fg’l is the identity map. This, together with the commuta-
tive diagram, gives da(1 ® a;) = 0 = d2(1 ® b;) for each 1 < i < n. Hence d, =0 for
each r > 2 and

B —F

But we have H*(X¢g) = TotEX*. This implies that H*(X¢) is infinite dimensional,
a contradiction by Proposition 4.4. Hence the system of homogeneous polynomials
does not have any non-trivial common zero in (Z/2)". Thus, by Proposition 4.7,
r < 2(n(s1) +n(r1) + - +n(sn) +n(rn)).

Next, we prove (2). By Lemma 6.1, the ideal J is invariant under the action of
the Steenrod algebra. By the discussion above, the system of homogeneous polyno-

mials uq,v1, ..., Uy, v, do not have any non-trivial common zero in (Z/2)". Thus, by
Proposition 4.6, we have r < (n(s1) + n(r1) + -+ 4+ n(sn) + n(ry,)). This completes
the proof of Theorem 1.1. O

6.2. The complex case

Let G = (Z/2)" act freely on a finite-dimensional CW-complex X =~ []""_, CH,, i,
with 1 < s; < r; for each 1 <7 < n. And suppose that the induced action on mod 2
cohomology of X is trivial. Using Lemma 2.1, we get

H*(X) = Z/2[glvh17 cee 7gnahn]/K7
where K is the ideal
<gf1+1’ h71”1 + glhqlil +oe Tt gflhqlislv s 7g’an+17 h:Ln + gnh:Ln_l +---+ gflnh;n_sn>

and g1, h1,...,gn, h, are all homogeneous elements of degree 2 each. As in the real
case, we have

Ey" 2 7/)2[aq, ..., ) @ Z/2][g1, h1y -y Gny hn] / K.

Again by Theorem 4.3, the spectral sequence does not degenerate at the E5 term.
Notice that d,. = 0 for all even r. In particular, do = 0, and hence d3 : Eg’2 — E:,?,”0
must be non-zero. Let d3(1® ¢;) = z; ® 1 and d3(1 @ h;) = y; ® 1 for 1 < i < n with
at least one of them being non-zero. Consider the ideal

L= <x17y1a"'7xn7yn>

in H*(B¢). Then we have the following lemma.
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Lemma 6.2. Let G = (Z/2)" act freely on a finite-dimensional CW-complexr X ~4
[T, CH,, s, with1 < s; <r; for each 1 < i < n. Suppose that the induced action on
mod 2 cohomology of X is trivial and s;,7; 3 mod 4 for each 1 < i < n. Then the
ideal L in H*(Bg) is invariant under the action of the Steenrod algebra.

Proof. We describe the proof briefly as it is similar to the proof of Lemma 6.1. Fix
some 1 < ¢ < n. Since s; > 1, we have h]' # 0. Notice that h;"ﬂ = 0. If r; is even,
then

0=ds(1e b)) =y o 7"
Since the map — ® h'" : E3® — E3™ is injective, we get y; ® 1 = 0. Since g5 = 0,
it follows that if s; is even, then x; ® 1 = 0. Such x; and y; are obviously invariant
under the action of the Steenrod algebra.

Let 7; =4m +1 and y; ® 1 # 0. Notice that Sq¢'(1 ® h;) =0 and the following
diagram commutes:

ds
E§’2 N E§70

da
I

Since dy = 0, the commutativity of the diagram shows that 0 = Sq'(y; ® 1) € L.
Next we have S¢?(1 ® h;) = 1 ® h2. Further, d3(1 ® h?™) = 0, and hence 1 ® h2™
represents an element in E§’4m. Since h?m” =0, we have

0=ds(1®him™*?) = (1@ hi™)ds(1®@h2) in E™ (3)
Consider the following commutative diagram:

ds
E§’2 , E§70

Jo iy )
This shows that d5(1 ® h?) is represented by Sq¢*(y; ® 1). By equation (3) we have
that (1 ® h™)Sq?(y; ® 1) lies in the image of ds : E3*™ " — E>*™ and hence
(1@ hi™)S¢*(y; @ 1) = (1 ® hi™)ds(2)
for some z € E3%. Since 1 ® h¥™ # 0, the map — ® h¥™ : E5° — E3*™ is injective,

and we get S¢*(y; ® 1) = d3(z). Let

2= Nralogar @ @) + Y pyki(azar @ h),
Gkl et
where Xj i, fj. 1,1 € Z/2. Then
d(2) =Y Nkalagorar ® 1) + > pjki(ojary @1) € L.
Gkl Gl

This shows that Sq?(y; ® 1) € L. Similarly, if s; =4m +1 and x; ® 1 # 0, then
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Sqt(z; ® 1), S¢*(z; ® 1) € L. Hence L is invariant under the action of the Steenrod
algebra. O

Proof of Theorem 1.2

If some s;, r; is even, then the corresponding x;, y; is zero. Suppose 1, Y1, - - -, Tn, Yn
have a non-trivial common zero in (Z/2)". Then by Proposition 4.5 there is a subgroup
inclusion

JjiZ/2— (Z]2)"

such that j*(z;) = 0 = j*(y;) for each 1 < i < n. Restrict the G action on X to Z/2
action on X, and consider the Leray—Serre spectral sequence {E:’*,ET} associated to
the Borel fibration

X — Xz/g — Bz/g.

Observe that j* : Eg’l — Eg’l is the identity map. This, together with the commuta-
tive diagram (2), gives d3(1 ® g;) = 0 = d3(1 ® h;) for each 1 < i < n. Hence d, = 0
for each r > 2 and E;* = EZO* This gives a contradiction by Proposition 4.4. Hence
the system of homogeneous polynomials does not have any non-trivial common zero
in (Z/2)". Thus, by Proposition 4.7, 7 < 3(n(s1) + n(r1) + - - + n(sn) + n(ryn)). This
proves (1).

By Lemma 6.2, the ideal L is invariant under the action of the Steenrod algebra.

By the above discussion, the system of homogeneous polynomials z1,¥y1,...,Zn, Yn
does not have any non-trivial common zero in (Z/2)". Thus, by Proposition 4.6, we
have r < (n(s1) + n(r1) + - 4+ n(syn) + n(ryn)). This proves Theorem 1.2(2). O

Restricting to actions of elementary abelian 2-groups on [[_, CH,, s, for which
the induced action on mod 2 cohomology is trivial, we obtain the following corollary.

Corollary 6.3. Let 1 < s; <r; for each 1 < i <n. Then

frka (] CHos) = nls) +n(r) + -+ ns0) + ()

=1

whenever s; =1 mod 4 and r; = 0,2 mod 4.

Proof. Theorem 1.2(2) gives the upper bound. In Section 3, we constructed a Z/2
action on CH,, s, when s; is odd and r; is even, for which the induced action on
H*(CH,,,) is trivial. The products of these actions on [];_; CH,, ,, achieve the
desired bound when s; =1 mod 4 and r; = 0,2 mod 4. O

7. Some concluding remarks

We conclude with the following remarks on our results. Adem and Yalgin asked
the following question [3, p. 70].

Question. If (Z/2)" acts freely on a finite CW-complex X with mod 2 cohomology
generated by one-dimensional classes, does it follows that r < 2dim H, (X;Z/Z) ?
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Let (Z/2)" act freely on a finite CW-complex X =~ [ ; RH,, ,, such that the
induced action on mod 2 cohomology is trivial. If 1 < s; < r; for each 1 < i < n, then

Hy(RH,,,;2/2) =Z]2 ® Z/2,
and hence dim H; (X; Z/2) = 2n. Therefore, by Theorem 1.1(1),
r<2(n(s1) +n(r) + -+ n(sn) +n(rn)) < 2(2n) = 2dim Hy (X;Z/2).
Thus the above question has a positive answer for X ~, [ | RH,, ,.

Let X be as in Theorem 1.1 and Theorem 1.2. Let s; be even and r; be odd for each
1<i<n If X ~ [[_,RH,,,, then the Euler characteristic x(X) = 1. Similarly,
if X ~ [[i~, CH,,,, then x(X) is odd. Hence no elementary abelian 2-group can
act freely on X and our theorems are weak in this case.

It is well known that if a closed smooth manifold does not bound mod 2, then it
does not admit any free involution. It was shown in [22] that, RH, s does not bound
for s = 2k + 1 and r = 2(21 + 1) if and only if one of the following holds:

e f>2and k> 1,

e B=1,1+1=2°2t+1) and k > 2°F1 — 1.

Thus RH, s does not admit any free involution in these cases.
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