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HOMOLOGY WITH LOCAL COEFFICIENTS AND
CHARACTERISTIC CLASSES

ROBERT GREENBLATT

(communicated by Donald M. Davis)

Abstract

In this thesis, we are concerned with the study of cohomol-
ogy with local coeflicients and applications to (non-orientable)
real vector bundles. The thesis consists of an introduction and
three separate sections. The introduction gives some motiva-
tion for considering cohomology with local coefficients and an
outline of the results obtained. The first section deals with
a general discussion of such cohomology groups and contains
a Kinneth Theorem for such groups. The second section is
devoted to some computations which are needed later and the
final section gives a complete description of the integral coho-
mology of the spaces BO(n) and BSO(n).

Introduction

A great deal of information has been obtained about real vector bundles by
studying various “characteristic classes”. (See, for example, [2] or [9].) Usually,
these results are about the mod 2 classes of an arbitrary bundle or the integral
classes of an orientable bundle. The study of the integral classes of a non-orientable
bundle [12] is complicated by the fact that these are “twisted” cohomology classes.
(See Section 3 for a definition).

That the situation is more difficult in the case of non-orientable bundles is illus-
trated by the following example. It is known [9], [14], that the normal bundle to
an imbedding of an orientable manifold in a Euclidean space always has a trivial
Euler class. However, an example due to Whitney [15] shows that this is not true
for non-orientable manifolds.

It was our original purpose to study non-orientable real vector bundles by study-
ing the twisted integral characteristic classes. We do this by the familiar technique
of studying the universal classes. Explicitly, if BO(n) is the classifying space of the
real orthogonal group O(n) and 3 is the local system of twisted integer coefficients
on BO(n) (see [11] or [14]), we describe completely the groups H?(BO(n), 3) as
well as H*(BO(n), Z). This is done in Section 3. The first two sections are devoted
to a study of properties of cohomology with local coefficients which are needed in
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Section 3. In particular, Section 1 is concerned with proving a Kiinneth formula for
cohomology with coefficients in an arbitrary local system.

Section 2 is concerned with the special case of local coefficients with fiber Z,
the group of integers. Here, we give a characterization of the “twisted” Bockstein
homomorphisms induced by the exact coefficient sequence 0 - Z — Z — Z5 — 0
and generalize a result of Massey [8] on the Gysin sequence of a vector bundle.
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1. Homology with local coefficients

The main result of this section is a Kiinneth formula for homology and cohomol-
ogy of spaces with coefficients in a local system of groups. For a definition of such
homology groups, the reader is referred to Steenrod’s paper [11]. Equivalently, a
local system of coefficients is a locally constant sheaf [4, exposé 14] or, if the base
space is “nice”, it is a bundle of coefficients [12]. The remainder of the section is
devoted to the special case of “twisted integer” cohomology and some results are
developed which are needed in subsequent parts of the paper.

1.1. The Kiinneth Theorem
Let K be an arcwise connected space and GG an abelian group. We recall that a
local system of coefficients [11] with fiber G over K is an element

v € Hom(m (K),['(G)),

where 71 (K) is the fundamental group of K and T'(G) is the group of automorphisms
of G. We shall write G,, for such a local system and consider G as a right 7 = 7 (K)-
module with the action induced by v.

Theorem 1.1 (Eilenberg). If K is an arcwise connected space with universal cov-
ering space K, then there exist natural isomorphisms

HI(K,Gy) = Hy(G ®x C(K))

and

H,(K,Gy) =~ Hi(Hom,(C(K),G)),
where tensor products are taken over the group ring Z(mw).
Proof. The groups on the right are the “equivariant” homology groups of K with 7

operating on the left as covering transformations. For details, see [6, Theorem 24.1]
or [3, p. 355]. O
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Theorem 1.2. Let X and Y be positive chain complexes with boundaries of degree
—1. If either X orY is free abelian, then there exists an eract sequence

0—-HX)H(Y)—>HX®Y)— Tor (H(X),H(Y)) — 0,

where all the homomorphisms are natural, the first having degree 0 and the second
having degree —1. If X and Y are both free, then the sequence splits.

Theorem 1.3. Same as Theorem 1.2, but replace “degree —1” by “degree 17
throughout.

Proof. These are standard Kiinneth theorems for chain complexes and a proof may
be found in [5]. A particularly simple proof is given by Heller in [7]. O
Theorem 1.4.

(a) Let C; and D; be right and left R; modules, respectively, where R; is a ring
with unit and i =1,2. Let A be a subring of the center of both Ry and Rs.
Then there exists a unique natural isomorphism

T: [C1 ®r, D1] @4 [Co @R, D2] — [C1 ®p Co] ®g [D1 @4 Do],  (¥)

where R = Ry @A Ro.

(b) If C; and D; are chain complexes and either C1 and Cy or D1 and Ds have
the trivial grading, then T is an isomorphism of chain complexes.

Proof. We prove (a) by showing that both groups are solutions of essentially the
same ‘“universal mapping problem”.
(a1) The left side of (*) is the solution to the universal mapping problem
f:C1x Dy xCo x Dy — A,
where A is an arbitrary abelian group and f is a group homomorphism satis-
fying
flerri, dy,care, do) = f(er1,r1dy, e, rads), (1)
for all r; € R;, and
fler,diA, ea,da) = f(er,dr, Aca, da), (2)

for all A € A. This may be seen as follows. If we take ¢y to be the unit in Ra,
the formula (1) asserts that f is really a map [C; ®g, D1] X [Ca x D3] — A.
Similarly, if we take c¢; to be the unit in Ry, we get that f is a map

[Cl QR Dl] X [02 Q Ry DQ] — A.

To see that f is compatible with the action of A, we need only note that
each A € A commutes with every element in both R; and Ry and then use
formula (2).



Homology, Homotopy and Applications, vol. 8(2), 2006 94

(ag) The right side of (*) is the solution to the mapping problem
g:Cl><02XD1><D2—>B

where B is an arbitrary abelian group and g is a group homomorphism satis-

fying
glcid ez, di,d2) = g(er, Aea,dy, da) 3)
glci,ca,diA d2) = g(cr,co,di, Ady)
for all A € A, and
gleiry, carg, dy, da) = g(c1, c2,m1dy, m2dy2). (4)

As before, this is checked easily and follows from the fact that A is a subring
of the center of both Ry and Ry. This problem, however, is trivially equiva-
lent to the problem g: Cy x Dy x Co x Dy — B where conditions (3) and (4)
are altered only by transposing the variables to obtain conditions (3') and
(4"). When this is done, we find trivially that the two mapping problems are
equivalent. The existence and uniqueness of T" follows in the usual way.

(b) This assertion follows immediately by computing 0T and T0.
O

Remark 1.5. The two conditions in (3) could be reduced to one as in (1) if we
assumed that A contained a unit.

We are now in a position to prove the Kiinneth Theorems. We give the details
for the case of homology and indicate the proof for cohomology. Furthermore, to
simplify the discussion, we confine ourselves to cell-complexes (see [12] for a defini-
tion). This means that for complexes K7 and K», we may identify the chain groups
C(Kl X KQ) and C(Kl) ® C(KQ)

For arbitrary arcwise connected spaces which have a universal covering space, the
theorems still hold, but we would have to use a natural chain equivalence between
these chain complexes. Such an equivalence is furnished by the Eilenberg—Zilber
Theorem.

Theorem 1.6. Let K1 and K5 be arcwise connected cell-complexes having universal
coverings and K3 = K1 x Ks. Let G; be right modules over m; = m1(K;), where
G3 = G1 ® Gy and the action of w3 on Gs3 is the “product action”. If G1 or Gs
s a free abelian group, then there exists a natural exact sequence

0— H.(K;,G1)® H.(Ks,G2) — H.(K3,G3)
— Tor[H.(K1,G1), H (K2, Ga)] — 0,

where all homology is with local coefficients and the maps are of degree 0 and —1.
If G1 and G4 are both free, then the sequence splits.

Proof. Let K; be the universal covering space of K; and note that K; x Ky = Kj.
By Theorem 1.1,

Since C/(K;) is free and at least one of the two groups Gy, Gy is free, we may apply



Homology, Homotopy and Applications, vol. 8(2), 2006 95

Theorem 1.2 to obtain the exact sequence
0 — H.(K1,G1) ® Hy (K2, G2) — H.[(G1 ®x, C(K1)) ® (G2 @r, C(K2))]
— TOr[H*(Kl,Gl),H*(KQ,GQ)] — 0.

Recall that Z(my X mg) &~ Z(71) ® Z(mw3). Thus, if we take R; = Z(m;) and A = Z
in Theorem 1.4, we obtain the following natural isomorphisms

H.(G3 ®g, C(K1 x K3)) = H.[(G1 ® Ga) ngRz(C(fﬁ) ® C(K,))]

~ H.[(G1 ®n, C(Kl)) ® (G2 ®n, O(KZ))]

The desired sequence is obtained by substituting in the previous sequence.
The last assertion of the theorem follows from the corresponding assertion of

Theorem 1.2, since G; free for i = 1,2 implies G; ®,, C(K;) is also free. O

Theorem 1.7. Let K;,m;,G; be as before except that G; is a left m; module and
Cq(K;) is finitely generated for each q. If either G1 or G is free, then there exists
a natural exact sequence
0— H*(Kl,Gl) ®H*(K27G2) — H*(Kg,Gg)
— Tor[H*(K1,G1), H* (K2,G2)] — 0,

where the first map has degree 0 and the second has degree 1. If G1 and G2 are both
free, the sequence splits.

Proof. The proof is similar to the proof of Theorem 1.6, this time using the second
formula of Theorem 1.1 and then Theorem 1.3. We need an analogue of Theorem 1.4,
which is furnished by the following lemma. O

Lemma 1.8. Let C; and D; be left m; modules with C3 = C, ® Cy, D3 = Dy ® Do
and w3 = w1 X mo. Suppose C; is a free chain complex and finitely generated in each
dimension. Then there is a natural chain isomorphism

I‘IOHlﬂ-1 (Cl, Dl) ® HOI’Ilﬂ-z (02, DQ) — HOHITFS (Cl ® 027 D1 ® Dg)
Proof. One merely verifies that the map given by

(f1 ® f2)(c1 @ c2) = (fic1) ® (fac2)
has the desired properties. O

Remark 1.9. The requirement in Theorem 1.7 that one of the groups G1, G2 is free
is needed to insure that one of the groups Hom,, (C(K;),G;) is free, so Theorem
1.3 applies.

2. Twisted integral cohomology

In this section, we consider local systems on a space with the group Z of inte-
gers as the fiber. Then I'(Z) ~ Z,. Given a space K which is arcwise connected, a
local system with fiber Z is given by an element of Hom(m;(K), Z3) as before (see
Section 1). Since the Hurewicz map induces the isomorphism Hom(7m(K), Z5) =~
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Hom(H,(K), Z3) and by the Universal Coefficient Theorem Hom(H;(K), Z3) =
HY(K, Z5), we may identify such a local system with an element v € H(K, Z5).
We call such a system of coefficients “twisted” and the corresponding cohomology
groups H(K, Z,) are twisted integral cohomology groups. Note that if v = 0, we get
ordinary cohomology [12].

2.1. The Bockstein Coboundary
Given a twisted local system Z, on a space K, by the Bockstein coboundary (3,

we mean the coboundary induced by the exact sequence 0 — Z, 2 Zy 2, Zy — 0,
where Z3 is the group of integers mod 2 and the maps are multiplication by 2 and
reduction. Define 8, = po j3,.

Definition 2.1. For any space K, define
B: HY(K,Zy) x H(K, Zs) — HITY (K, Z5)
by
B(v,x) = By(z).
Lemma 2.2. (3 is a cohomology operation in two variables.

Proof. We must show that for any continuous map ¢g: K’ — K and elements
ve HY K, Z,y), z € HI(K, Z,), we have g*3(v, z) = B(g*v, g*). Let v € H (K, Z5)
be fixed and Z,,, Zg«, be the indicated local coefficient systems over K and K’, where
g*v € HY(K', Z3). Then, it is clear that Zg+ is the local system over K’ induced by
g: K’ — K in the usual sense and it follows from the usual properties of the Bock-
stein homomorphism [12] that ¢*3,(z) = B4+, (¢g*x). Since ¢g* also commutes with
reduction, we get g*3(v, x) = ¢* By (z) = By (g*(x)) = B(g*v, g*x) which completes
the proof of the Lemma. O
Theorem 2.3. 3(v,z) = vr + Sq'z.

Proof. By looking at the universal example K (Zs, 1) x K(Zs, q) for such operations
(see for example [13]), we find immediately that

B(v,z) = av?t + bvx + ¢,Sq¢' ,

where g is the degree of « and aq, by, ¢4 € Z2 depend only on g.
We note that for any space, if v =0, then Z, is ordinary integral cohomology
and By = S¢'. Thus we have

Sq*(z) = B(0,7) = ¢,S¢'x = ¢, = 1.
On the other hand, we have
0= 6(v,0) = av?™ = a, =0,
and
B(v,x) = byux + Sqlz.
In particular,

B(v,v?) = bv?™t + Sgtv? = bt 4 qvitt mod 2.
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But it is a trivial computation that for v = w; € H*(BO(1), Z2) = H*(Z2,1, Z3),
we have B(wy, w?) = (¢ + )w?™" mod 2. Tt follows that b, = 1 and the theorem is
proved. O

2.2. The Gysin sequence of a sphere bundle
Let (E, 7, B,S*1) be a fiber bundle where k > 1. Then Thom has proved [14]
that there exist Gysin sequences

H*(B,®) —_— H*(E,8)

H*(B,& ® Zy,)

where & is any local system with fiber G over B and we also write & for the system
induced on E by n: E — B. The local system Z,, is the one determined by the
first Stiefel-Whitney class of the bundle. Furthermore, if G = Z, then pu is given by
w(x) = Wi where Wy, € H¥(B, Z,,,) is the “Euler class” of the bundle. Note that
Wy is an ordinary cohomology class if and only if w; = 0.

In what follows, we restrict ourselves to the case G = Z. In this case, we actually
obtain two Gysin sequences

*

H*(B, 7) “(E.Z)
\ / “
H*(B, Zw,)
and 3
H*(B, Zu,) “(E, Zu,)
\ / . (G2)
H*(B,Z)

Theorem 2.4. ! and 12 have the following multiplicative properties:

V(mia)yl = (=1)Pa('y)
Vly(ria)) = (1) P ('y),
where p is the degree of x and k> 1 ifi=1 and k > 2 if i = 2.

The proof is exactly the same as the proof of Lemma 1 in [8] since all the
properties of the maps that Massey used are still valid with cohomology in a local
system (see [13]). The one exception is the case k = 1 and ¢ = 2. Here, the proof
in [8] breaks down because the S°-bundle E — B is precisely the one which “kills

off” the element w; € H'(B, Z;). Thus, the local system induced by Z,, on E is
not twisted. For this case, we have the following result.

Theorem 2.5. ¢?75(z) = 2z if wy # 0.
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Proof. Define © (w1, z) = 1?7} (z). We shall show that © is a cohomology operation
in two variables.

Note that for any v € H'(B, Z5), we can define the O-sphere bundle 7, : E, — B
which “kills off” the element v € H'(B, Z5). Then, the two Gysin sequences are
defined as before and so is ©(v, x). The verification of the fact that © is a cohomology
operation proceeds as in the case of the Bockstein coboundary using the fact that
the maps in the Gysin sequence commute with bundle maps.

(a) ©(0,2) =0:
This is a triviality since in this case, the two Gysin sequences are the same and
the result follows by exactness.

(b) Computation of ©(v,x) for v # 0:
It is sufficient to compute for the universal example which in this case is
U, =K(Z3,1) x K(Z,n) and © is a map

©: HY(U,, Z5) x H1(U,,, Z) — HY(U,, Z).
If we compute by means of the Kiinneth formula, we find that for n > 2
HY(U,, Z5) ~ H' (22,1, Z5)
H"(U,, Z)~ H"(Z2,1,Z) ® H"(Z,n, Z).

If ve HY(K(Z3,1),2,) is the non-zero element then H*(Z2,1,Z) = Z[v?] is the
polynomial ring in the one generator v?. Furthermore, v = v mod 2. We also have
that H"(Z,n,Z) = Z. Let u, € H"(Z,n, Z) be a generator. Then, we get immedi-
ately that O(v,z) = anx for n odd and some a,, € Z and O(v,z) = b," + a,x for
n even and some b, € Z3, a,, € Z. Since O(v,0) = 0, we have

®(U7 1‘) = anZ,

where n is the degree of x.

Looking at the Gysin sequences corresponding to v € H*(U,,, Z), we find that
the two-fold covering is the universal covering U, = K(Zs,1) x K(Z,n). Thus,
HY(U,, Z) ~ H(Z,n) for all q. In particular, H"(U,, Z) ~ H"(Z,n). Furthermore,
since v € HY(U,,, Z) is of order 2, we have u(2u,) = 0 and hence u,, is in the image
of ¥? by exactness of the sequence (G2). However, since 12 is an additive map, it
follows that 2 (u,) = 2u,,. If we now turn to the sequence (G1), we easily compute
H"Y(U,, Z,) by the Kiinneth formula and find that 7} (u,) = uy,. It follows that
27iu, = 2u, and therefore © (v, z) = 2.

For the case n = 1, we can compute separately. Here, we note that K(Zs,1) =
P, (R) is infinite-dimensional real projective space and the universal example is
P, (R) X Pxo(R). But in this case, all the groups in the Gysin sequence are known
and we can compute ¥? directly. O

3. Cohomology of BO(n)

In this section, we apply the preceding results to determine completely the struc-
ture of the cohomology ring H*(BO(n),Z) as well as the complete structure of
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H*(BO(n), 3), where 3 is the local system Z,,,. We describe these groups in terms
of the cohomology ring H*(BSO(n),Z) and the two Gysin sequences associated
with the covering BSO(n) — BO(n). To complete the picture, we give a formula
in closed form for the ring H*(BSO(n), Z).

3.1. Torsion in H*(BO(n), 3)

It has been shown by Borel and Hirzebruch [3] that all of the torsion in the
groups H*(BO(n),Z) and H*(BSO(n),Z) is of order 2. Using these results, we
prove

Theorem 3.1. All the torsion in H*(BO(n),3) is of order 2.

Proof. Consider the following diagram

H*(BO(n), Z») " H*(BSO(n), Zs)
lﬁl /60
H*(BO(n), 3) . H*(BSO(n), Z)

J
AN

H*(BO(n), Z) ,

where m: BSO(n) — BO(n) is the two-fold covering, 5y and 31 = B, are Bockstein
homomorphisms, and the bottom triangle is the Gysin sequence. The top square
commutes by virtue of Lemma 2.2 and it is known that 73 is onto. In fact, if w; are
the mod 2 Stiefel-Whitney classes then

H*(BO(n), Zs) ~ Zawy, . .., w,]
H*(BSO(N), Zg) ~ ZQ[U}2, . ,wn}
and 735 is given by m3(w;) =w; for j #1, and m3(w;) = 0. (See, for example,
[9]). Suppose x € HY(BO(n),3) and kxz =0 for some non-zero integer k. Then,
0 = 7*(kx) = kn*x implies
mx =0 or 2n*x =0,
since H*(BSO(n), Z) has torsion only of order 2.
Suppose 7*x = 0. Then, by exactness of the triangle, x = u(y) = 1y, where
ro; € HY(BO(n),3) is the non-zero element. But then 2z = 2ro;y = 0.
If 27*xz =0, then Ju € H*(BSO(n), Zs) with 7*z = Byu by exactness of the
Bockstein sequence. But 75 is onto, so there exists v such that 75v = u. Then,
7*B1v = Bomav = fou = 7w
and 7 (f1v — ) = 0. As before, this implies 0 = 2(81v — ) = 261v — 2z. But 26,v
=0 and so 2z = 0. O

Theorem 3.2. Forn odd, H*(BO(n),3) is a direct sum of copies of Zs.
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Proof. For n =1, this is well known since BO(1) = Py (R) is infinite-dimensional
real projective space. For n > 3, we have O(n) = SO(n) x O(1) and hence BO(n) =
BSO(n) x BO(1). Applying the Kiinneth Theorem of Section 1, we get a split exact
sequence. Next we note that H?(BSO(k), Z) is a direct sum of copies of Z and Z,.
On the other hand,

0 even
o3 ={ 10

This may be seen as follows. As noted earlier, BO(1) = K(Z2,1) = Poo(R). That
H°(BO(1),3) = 0 follows from [12, Section 31.20]. For the higher groups, we may
approximate Pu,(R) by Pa,(R), 2¢g-dimensional projective space over the reals, since
this is the 2¢g-skeleton. But for a compact non-orientable manifold, we may com-
pute the twisted cohomology from the ordinary homology by the Poincaré duality
theorem [4, exposé 20]. O

3.2. The twisted Euler class

For orientable bundles with fiber S*~!, the Whitney sum theorem asserts that
X (€ @n) = X(§X(n) where £ @ n is the Whitney sum of the two bundles and X (¢)
is the Euler class of ¢ (see [2] or [9]). In this section, we prove the corresponding
theorem for non-orientable bundles.

Let p: BO(n — 1) — BO(n) be the (n — 1)-sphere bundle induced by the inclu-
sion O(n — 1) — O(n) ([2]). According to Thom [14], we have the Gysin sequences
(G1) and (G2) as in Section 2.2 and the map p is multiplication by a fixed element
w, € H"(BO(n),3). Furthermore, it is also shown in [14] that tv,, is equal to the
first obstruction to a cross-section of the bundle (see [12]) with a change of sign.
The class tv,, (or its negative) is usually called the universal twisted Euler class. As
usual, the Euler class of a sphere bundle is defined by means of the classifying map
of the bundle [9].

Theorem 3.3. For any two sphere bundles £, n (not necessarily orientable) the
Whitney sum theorem is valid. That is x(§) - x(n) = x(§ ®n), where x({) is the
Euler class of the bundle .

Proof. 1t is sufficient to check this for the universal classes. Let
m: BO(n) x BO(m) — BO(n +m)

be the fibering induced by the inclusion O(n) x O(m) — O(n + m) (as in [12]). We
then obtain the following diagram:

p p2
H™"™™(BO(n +m),R) = H"™™(BO(n+m),3) — H""™(BO(n+m),Z2)
L7 L L7

H™™(BO(n)x BO(m),R) L H™"™(BO(n)x BO(m), 3) 7 H™"™™(BO(n)x BO(m), Z2) ,

where ‘R is the local system of twisted rationals, and p and ps are induced by the
coefficient homomorphisms of inclusion and reduction mod 2.

(a) P2 0L m = p2(t0, @ o).

The assertion is simply that the Whitney sum theorem holds for the mod 2 Euler
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class (top Stiefel-Whitney class) since paW, 1m = Wyym. This is proved, for exam-
ple, in [9].

(b) P Onm = p(ton @ tom).

If either » or m is odd, this is a triviality since one computes by the Kiinneth
formula and Theorem 3.1 that H"*™(BO(n) x BO(m),R) = 0.

Suppose both n and m are even and let j,: BSO(q) — BO(q) be the two-fold cov-
ering. Then j;(w,) = W, € HY(BSO(q), Z) by naturality of characteristic classes.
But the Whitney sum theorem is known for orientable bundles [9]. Thus, it is suf-
ficient to prove that

j*: HY(BO(q),R) — HY(BSO(q), Q)

is a monomorphism for ¢ even, where Q denotes the field of rational numbers. By
exactness of the Gysin sequence of the 2-fold covering, the kernel would have to be
the same as the image of

H"(BO(q),Q) = HY(BO(q),R).
But for ¢ even H9~1(BO(q),Q) = 0 (see [3]). This completes the proof of (b).
(c) T 0 m = 0, @ oy,

Since BO(n) has only 2-torsion, the same holds true for BO(n) x BO(m) as can
be checked by the Kiinneth formula. But then an element is completely determined
by its image in the rationals and reduction mod 2. O

3.3. The Gysin sequences of BSO(n) — BO(n)

In this section we determine completely the maps in the Gysin sequences of
7m: BSO(n) — BO(n) and thus determine completely the structure of the cohomol-
ogy of BO(n) in terms of BSO(n).

We will write p; for the integral Pontryagin classes of BO(n) and BSO(n), and
0, and W, for the universal twisted and ordinary Euler classes respectively.

Theorem 3.4. For BO(n) and BSO(n), the maps ', 1? of the Gysin sequences
(G1) and (G2) in Section 2.2 are given by:

1. $i(z) =0 if 22 = 0,

2. wl(m(pla s apn)) =0, ¢1(an(p17 s 7pn)) = anm(pla s apn))

3. wg(m(pla s apn)) = Qm(ph s ,pn)} 1/12(an(171, s 7pn)) =0,
where p, = w2 = W2 and m is a monomial.

Proof. For the first assertion, it is enough to look at the mod 2 Gysin sequence
and in that case ¥ = 0 because 7* is onto. The second and third assertions follow,
respectively, from Theorem 2.4 and Theorem 2.5 of Section 2 once we note that
™ (wy,) = W, and 7*(p;) = p;. O

3.4. The ring H*(BSO(n), 2)
We now develop a closed formula for the cohomology ring H*(BSO(n), Z). We
shall carry through the computation only for n odd. The case n = 2k is then easily
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handled since the cohomology ring of BSO(2k) can be obtained from BSO(2k — 1)
by adjoining the Euler class Wo.

Let R = Rg,41 be the graded commutative polynomial ring over Z in the gener-
ators W;,2 < j < 2n + 1, with the relations 2W5;,; = 0. For any strictly increasing
sequence of integers I = {j1,...,jx} with 1 < j1 < jr < n and k > 2 define

Wi = Waj, Waj, - - Waj,
and
_ Waj+1
Vi=W; Z T,
JjeI
Theorem 3.5. H*(BSO(2n + 1), Z) is isomorphic to the subring G = Gapt1 of R

generated by the elements W11, W22j for1l < j < nandVj for all strictly increasing
sequences I = {j1,...,Jr} as above.

Proof. Define maps
wo: G— H*(BSO(2n+1),Q) and ¢o: G — H*(BSO(2n +1),Z5),

where Q is the field of rationals, as follows. ¢o(Waji1) =0, @wo(W3;) = p; = gth
Pontryagin class. Extend ¢ to G so that it is a ring homomorphism. We can define
¢2: R— H*(BSO(2n + 1), Z3) by ¢2(W;) = w; = j" Stiefel-Whitney class and
then restrict 5 to G. We then have the following diagram:

0

Goni1 H*(BSO(2n + 1), Q)

w2 | P2 T p
H*(BSO(2n+1),Z5) H*(BSO(2n+1),2) .

It is clear that image g = image p. The theorem will be proved if we can show that
image @9 = image pa.

Let F T = H*(BSO(2n+1),Z) be a decomposition into a free and torsion
subring. That is, T' = Tors H*(BSO(2n + 1), Z) and F' is the subring generated by
the Pontryagin classes. Then it is clear that po(F @ T) = p2(F) @ p2(T). Accord-
ing to [3] we have that p»(7) = image S¢* and by [1] we also have that Sq'(w;) =
jw;41 mod 2. By straightforward computation, since Sq' is a derivation, we have

Sq*(wr) = V. Now suppose that m(ws, . ..,w,) is any monomial in Stiefel-Whitney
classes. Then, we can write m as a product of monomials m = m;y - mg - wg; or m =
my - mg - wy where my = my(ws,ws, ..., Waut1) and mo = mo(w3, w3, ..., w3,).
Then Sq'mms =0 and S¢*m = mimaws; 1 or Sg*m = mimsV;. Since p2(p;) =
w3, it follows that po(F ® T) = pa(F) ® p2(T) = ¢2(G). O
References

[1]  A. Borel, La cohomologie mod 2 de certains espaces homogenes, Comm. Math.
Helv., 27, 165-197, 1953.

[2] A. Borel, Selected Topics in the Homology Theory of Fibre Bundles, Dept.
of Math., Univ. of Chicago, 1954, (mimeographed notes).



Homology, Homotopy and Applications, vol. 8(2), 2006 103

(3]
[4]

[5]

[10]
[11]
[12]
[13]
[14]

[15]

A. Borel and F. Hirzebruch, Characteristic Classes and Homogeneous Spaces
11, Amer. J. Math., 81, 315-382, 1959.

H. Cartan, Homologie des Groupes, Suite Spectrale, Faisceaux, Ecole Normale
Supérieure, Paris, 1950, (mimeographed seminar notes).

H. Cartan, and S. Eilenberg, Homological Algebra, Princeton University Press,
Princeton, 1956.

S. Eilenberg, Homology of Spaces with Operators I, Trans. AMS, 61, 378—
417, 1947.

A. Heller, A Simple Proof of the Kiinneth Theorem, Proc. AMS, 11, (1960),
676-678.

W. S. Massey, On the Cohomology Ring of a Sphere Bundle, Jour. of Math.
and Mechanics, 7, 265-290, 1958.

J. W. Milnor and J. D. Stasheff, Characteristic classes, Annals of Mathemat-
ics Studies, No. 76, Princeton University Press, Princeton, 1974.

J. P. Serre, Cohomologie mod 2 des complexes d’Eilenberg-MacLane, Comm.
Math. Helv., 27, 198-232, 1953.

N. E. Steenrod, Homology with Local Coefficients, Annals of Math., 44, 610—
627, 1943.

N. E. Steenrod, Topology of Fibre Bundles, Princeton University Press,
Princeton, 1951.

N. E. Steenrod, Cohomology Operations, Symposium Internacional de
Topologia Algebraica, Mexico City, 1958.

R. Thom, Espaces fibrés en spheres et carrés de Steenrod, Annales de L’école
Normale Supérieure, 3-série, 69, 109-182, 1952.

H. Whitney, On the topology of differentiable manifolds, Lectures in Topology,
101-141, University of Michigan Press, 1941.

Robert Greenblatt larry@uni-math.gwdg.de

c/o Larry Smith

Mathematisches Institut
Georg-August-Universitat-Gottingen
37073 Gottingen

Bunsenstraf33

Federal Republic of Germany

This article is available at http://intlpress.com/HHA/v8/n2/a5



