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STABLE SPLITTINGS OF CLASSIFYING SPACES OF FINITE
GROUPS: BRIDGING THE WORK OF BENSON-FESHBACH
AND MARTINO-PRIDDY

JILL DIETZ
(communicated by N.J. Kuhn)

Abstract
We provide a direct connection between the work of David
Benson and Mark Feshbach [2], and the work of John Martino
and Stewart Priddy [9] on stable splittings of classifying spaces
of finite groups.

1. Introduction

The journal Topology published two papers in 1992 on stable splittings of clas-
sifying spaces of finite groups. One was written by the pair of David Benson and
Mark Feshbach [2], and the other by John Martino and Stewart Priddy [9]. The
two papers address exactly the same question and essentially reach the same con-
clusion: that the p-complete stable splitting of a classifying space of a finite group,
BG@G, is obtained from information about the contribution of summands from clas-
sifying spaces of subgroups of G, which in turn is obtained by studying certain
simple modules. However, the approaches taken by the two pairs of authors are
quite different.

Stable decompositions of BG4 can be obtained via idempotent decompositions
of the identity in the ring of stable self maps, { BG, BG4 }. In general, if R is a ring
and 1 =ej; + ey + -+ e, is a primitive orthogonal idempotent decomposition in R,
then each e; R is an indecomposable R-module. If J(R) is the Jacobson radical of R,
then each e;R/e;J(R) is a simple R-module. The number of copies of a particular
indecomposable module e; R in a decomposition of R is equal to the dimension
of the corresponding simple module over its endomorphism ring. Neither Benson—
Feshbach nor Martino—Priddy directly searches for simple { BG., BG4 }-modules.
Rather, each pair analyzes an associated ring and its simple modules.

Studying the ring { BG, BG+} was made more feasible with Carlsson’s [3] solu-
tion of the Segal Conjecture. Using this solution, Lewis, May, and McClure [8]
showed that {BG, BG4} is ring isomorphic to the completion of a kind of double
Burnside ring. That is, { BG, BG4} = A(G, G);, where completion is with respect
to filtration by a certain ideal I.

In [2], Benson and Feshbach show that when G = P is a p-group, indecompos-
able summands of BP, correspond to simple A(P, P)-modules, where A(P, P) =
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F, ®z A(P, P). They define a “coadjoint” module for A(P, P) whose subquotients
are either zero or simple. The simple modules are parametrized by “types” of sub-
groups @ < P and by simple F,Out @-modules, and form a set of representatives
for the homotopy types of indecomposable summands of BP,. Again, the mul-
tiplicity of a summand in BP; is equal to the dimension of the corresponding
simple A(P, P)-module over its endomorphism ring. Further details on the Benson—
Feshbach method are given in Section 3.

In [9], Martino and Priddy use Nishida’s [10] application of the Segal Conjecture
showing that for all finite p-groups P, Z,0ut P = {BP, BP}/J(P), where J(P)
is the ideal of {BP, BP} generated by all maps of the form BP — BK — BP,
with K < P. They obtain splittings of BP from information on simple F,Out Q-
modules, @ < P. The multiplicity of a summand X in BP, denoted m(X, BP), is
determined by measuring the degree of linear independence among the contributions
to m(X, BP) from classifying spaces of subgroups of P. Further details on the
Martino-Priddy method are given in Section 4.

In his reviews of the two papers, John Harris [7] wrote: “It would be interesting
to see a direct proof that these two [computations of m(X, BG)| are the same.”
Similarly, in Benson’s [1] survey of developments in the study of stable splittings of
classifying spaces of finite groups, he asked “What is the precise relationship between
the matrices of Martino and Priddy and the modules of Benson and Feshbach?” This
paper answers Harris and Benson’s questions.

The organization of this paper is as follows: In Section 2, we remind the reader of
the basic theory of stable splittings. This basic theory is the launching point for the
two papers [2] and [9]. Sections 3 and 4 give further details on the Benson—Feshbach
and Martino—Priddy methods respectively. Section 5 provides a direct connection
between the two theories. We give an example in Section 6 which shows how to
compute the multiplicity of a summand in the splitting of a certain BP using each
method, and illustrate the connection between the two methods.

2. Stable Splittings
Stably, we have

BG+ = \/ (BG+);;3
rllG|

where (BG+);, denotes the p-completion of BGy. It makes sense, then, to fix a
prime p and study the p-local stable decomposition of BG,. Moreover, (BG.),
appears as a summand of BP,, where P is a p-Sylow subgroup of G. Thus, we will
concentrate on the case when G = P is a p-group. Throughout this paper p will
be a prime, P a p-group, BP, the p-completion of the suspension spectrum of the
classifying space with disjoint basepoint, and { BP,, BP;} the ring of p-complete
self maps. We will always work in the category of p-complete spectra.

A decomposition BP. ~ X5V XoV---V X, corresponds to an idempotent
decomposition in {BPy,BP;}, 1=e1+e2+---+e,. A summand X, =e¢,BP;
is the mapping telescope Tel(BP; <5 BPy % -..).
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The Segal Conjecture relates the ring {BP,, BP.} to a double Burnside ring
A(P, P) as follows. Let G and G’ be two finite groups. A(G, G’) is the Grothendieck
group of isomorphism classes of finite G x G’-sets with free right G’ action. Given
H <G and a homomorphism ¢: H — G, let Xp o= (G xG')/Apu4, where
Apg ={(h,¢(h))|h € H}. Every transitive G'-free G x G'-set is of this form, so
A(G, @) is free abelian with basis elements (g 4 corresponding to conjugacy classes
of pairs (H, ¢).

Multiplication, A(G,G") x A(G",G) — A(G",G"), is given by a double coset for-
mula (see [2], Formula 2.1). When G = G’ = G”, we get a ring structure on A(G, G).

There is a homomorphism a: A(G,G") — { BG4, BG', } sending (g4 to the com-
posite

BG, % BH, %% B@,,
where tr is the unreduced transfer map. The map « is an isomorphism only after
completion with respect to a filtration given by powers of a certain ideal I:

A(G,G"); = {BG,,BG}.

It is convenient to eliminate the disjoint basepoint. Since BG;, ~ S° vV BG, split-
ting BG4 and splitting BG are equivalent problems.

There is an augmentation homomorphism e: A(G, G') — A(G,1). Let A(G,G") =
Kere. Then we have an isomorphism

A(G,G"); = {BG,BG'}.

When P is a p-group, I-adic completion on A(P, P) is the same as p-adic completion
so we have

A(P,P), :=17,® A(P,P) = A(P,P), = {BP, BP}.

Further reducing Z,, to its residue field F), and letting A,(P,P) =T, @z A(P, P),,
we get maps

{BP,BP} 5 A(P,P), — A,(P, P).

From the idempotent refinement theorem, we see that a primitive orthogonal idem-
potent decomposition of the identity in flp(P, P) lifts to one in A(P, P);,. Thus, there
is a one-to-one correspondence between stable homotopy types of indecomposable
summands of BP and isomorphism types of simple flp(P, P)-modules.

As mentioned in Section 1, Nishida [10] used the Segal Conjecture to show that
for all finite p-groups P, the composite

Z,0ut P—{BP,BP} — {BP,BP}/J(P) (1)
is an isomorphism of rings.
Definition 2.1. If a primitive idempotent e € { BP, BP} is not in J(P), then the
summand eBP is said to originate in BP. Every indecomposable summand of BP

originates in some BQ, Q < P (see [10], where the term “dominant” is used instead
of “originate”).
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If X =eBQ originates in BQ, then there is a corresponding idempotent é €
Z;,Out Q@. Reducing mod p, we get an idempotent e € F,Out Q). Though it is not
necessarily primitive, we do obtain a simple right F,Out Q-module M = eR/eJ(R),
where R =F,Out@. The relationship X < M is a one-to-one correspondence
between homotopy classes of original indecomposable summands of B and
isomorphism classes of simple right F,Out Q-modules (see [11], Proposition 1.2).

A truly seminal theorem in the field of stable splittings came from Priddy in
1988. Before we restate his result, we need some notation. If R = F,G is a group
ring and M is a right R-module, let M* denote the corresponding left R-module
with action given by r-m* = m - r*, where r* denotes the image of r € R under
the anti-automorphism Y a,g — > a,g~'. Other notation: the conjugation homo-
morphism is ¢4(a) = gag™!, 9K = gKg~', and for H, K < P we define N(H,K) =
{re P|H<*K}.

Theorem 2.2. ([11], Theorem 0.1) Let X be an original summand of BQ, @ < P.
Then X is a summand of BP if and only if there exist subgroups Q' < P’ < P,
Q' = Q, and a retraction w: P’ — Q', such that v - M* # 0, where M is the simple
right F,Out Q' -module corresponding to X, and

X0 <P 5
x

with the sum running over coset representatives of N(Q', P')/ P’ such that the com-
position m o c,—1 s in Out Q.

This same theorem appears in [2] (as Theorem 5.2) with slightly different notation
and a different proof. There the sum above runs over double coset representatives
z of Q' and P’ in P, satisfying the additional condition that @’ < *P’.

Catalano explains that the Benson—Feshbach conditions can be replaced by x €
P/P" and Q' < *P’, that, in turn, are equivalent to x € N(Q’, P")/P’ (see remarks
in [4] subsequent to Lemma 2.1 and Theorem 2.3).

Definition 2.3. Any subgroup Q' of P satisfying - M* # 0 as above is called a
contributor, and @’ contributes to the multiplicity of X in BP. If a summand
X of BK appears in the splitting of BP, then K is isomorphic to a contributor (see
(4], p. 35).

3. The Benson—Feshbach Method

Benson-Feshbach define a coadjoint module M (P, P) over A(P, P) as follows. Let
Q<P,¢Y:Q— P',and X = X, and define

fQ@ZA(P,P’) — 7 by
X = | X5

Define M (P, P’) to be the free abelian group with one basis element fg ., for each
conjugacy class of pairs (@, ). There is an action

A(Pl, PQ) X M(Pl, P3) — ]\4(;727 P3)
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given by

<H7¢ : fQ,(/} = Z f¢(l'71Q),'l/)OCmO¢7l ([2}7 PI"Op. 31)

z€EQ\Py/H
Q<TH
QNZ (Ker ¢p)<Ker

If Py = P, = P3 = P, then M(P, P) is an A(P, P)-module.

Let M(P,P)=TF,®z M(P,P) and A(P,P)=TF,®z; A(P,P). Every simple
A(P, P)-module is a composition factor of M(P, P) ([2], Lemma 3.4). There is
an A(P, P)-invariant filtration of M (P, P) given by what Benson-Feshbach call
“types.” The subquotients arising from the filtration will be the simple modules we
want.

Definition 3.1. ([2], Definition 4.3) Let Q1,Q2 < P and let ¢;: Q; — P be homo-
morphisms. Write (Q1,%1) = (Q2,12) if there is a surjective homomorphism
a: 1 — Q2 which extends to a homomorphism @Q1Cp(Q1) — P, and there is an
element g € P such that ;1 =cyo20a. If (Q1,91) = (Q2,%2) and (Q2,12) =
(Q1,%1), then we write (Q1,v¢1) ~ (Q2,12) and say that (Q1,v1) has the same
type as (Q2,%2). If 11 and 1o are isomorphisms, then by abuse of notation we
write Q1 ~ @2 and talk of types of subgroups.

The partial order = defines an A(P,P)-invariant filtration of M (P,P’)
([2], Proposition 4.4). Filtered quotients are denoted L(P, P')qy and L(P,Q) =
@L(P,Q)q,s, where the sum is taken over all types with ¢ an isomorphism.

Proposition 3.2. ([2], Proposition 4.8) The module L(P,Q) has a basis consisting
of the for 4, where Q' has the same type as Q and ¢’ is an isomorphism from Q' to
Q. A left action of F,0ut Q on L(P,Q) is defined by n- fory = for you, for n €
Out Q. Moreover, if M is a simple right F,0ut Q-module then M ®F,ou q L(P,Q)
is a left A(P, P)-module with action given by

Crp - (s® fTQ’,w/) = Z 5® qu(rle),woczowl'

z€Q/'\P/H
Q/<Stabp MLTH
Q'NT (Ker ¢)=1

We write Stabp M for the kernel of the composite
Np(Q) = Ouwt Q' = Out Q — Aut M.

From Michael Catalano we have a bit more information as follows. Let @; be
a conjugacy class representative of () in P that has the same type as @, and let
Np(Q;) be the image of the map
Np(Qi) — Out@; — Out @
g — Cq — ;0 Cg© 1/JZ_1

(see [2], Lemma 5.3). In [4], Lemma 2.1, we see that
M @p,0ut @ L(P, Q) = @, M &F,0utq f0,v:-

Furthermore, M ®r,0utQ fQiw: = M/Np(Q;) (see [5], p. 16). We end up with the
following proposition.
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Proposition 3.3. (Catalano) As F,-spaces, we have

M ®5,0utq L(P,Q) = &} M/Np(Q;)

where k is the number of conjugacy classes of subgroups of P of the same type as
Q, Q; is a conjugacy class representative, and ;: Q; — Q is an isomorphism.

Benson-Feshbach define a certain maximal submodule M of M ®r,out @ L(P,Q)
inductively ([2], Definition 4.9), but Catalano proves M = M, (4], Lemma 3.1).
Thus

M =My =Nim ¢%QKer CL’¢‘
Let L(P,Q, M) = (M ®r,0uq L(P,Q))/M.

Theorem 3.4. ([2], Theorem 5.7) The modules L(P,Q, M) are either simple or
zero. As Q runs through the types of subgroups of P and M runs through simple
F,Out Q-modules, the non-zero modules of the form L(P,Q, M) run through a com-
plete set of representatives for the isomorphism types of simple A(P, P)-modules.

The module L(P,Q, M) is zero if and only if the original summand of BQ,
corresponding to M does not appear as a summand of BP,. Alternatively, the
module L(P,Q, M) is non-zero if and only if the conditions of Theorem 2.2 hold
(specifically, there must exist Q@ = Q" < P’ such that v - M* # 0). Finally, if X orig-
inates in BQ then the multiplicity of X in BP equals the dimension of L(P,Q, M)
as a module over its endomorphism ring, Endg(p,p)f/(P, Q,M).

There is a ring homomorphism p: A(P, P) — F,Out P defined by p((m,4) =0
unless H = P and ¢ is an automorphism, in which case p(Cg,¢) = ¢ where ¢ is the
outer automorphism corresponding to ¢ ([2], p.166). Clearly p is a split surjection.
A primitive idempotent is in Ker p if and only if the corresponding indecomposable
summand of BP does not originate in BP.

If X =eBP is an original indecomposable summand of BP, then there is a
primitive idempotent é € A(P, P) that is not in Ker p. Thus, there is a non-trivial
idempotent € € F,Out P such that p(é) =é. We see that m(X, BP) equals the
dimension of M = eR/eJ(R) over its endomorphism ringEndr,ous pM.

4. The Martino—Priddy Method

Let X be an original indecomposable summand of BQ, @) < P, with correspond-
ing simple right F,Out P-module M. As in [9], define Split @ to be the set of conju-
gacy classes of retractions 7;: P; — @, where Q; = Q. For all j, fix isomorphisms
Vi Q; — Q.

Let

wij = Z ;O TMj 0 Cy—1 oq/)fl
N(Qi,P;)/P;
where the sum runs over coset representatives of N(Q;, P;)/P; such that the com-
position

1

U ™ ¥;
Q> Q = 27'Qr <P 2Q; >
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is in Out@.

Let n = |Split Q|, then A(Q) = (w;;) is in Mat,(R), where R = F,0ut(@. Let
K =EndrM. If dimgM™* = m, then each w;; can be viewed as an m X m matrix
over K, where w;; acts on the left of the module M*. Define W;; to be the matrix
in Mat,,, (K) corresponding to w;;, and let A(Q, M*) = (W;;) € Maty,n,, (K).

Theorem 4.1. ([9], Theorem 0.1) Let X be an original summand of BQ, Q < P,
with corresponding simple right F,Out Q-module M. Then, the multiplicity of X in
BP is m(X, BP) = rankc A(Q, M*).

Note that if X is an original summand of BP, then Split P = {id: P — P} and
m(X, BP) = rankic A(Q, M) = dimgndy, o, » M

5. Connecting Benson—Feshbach and Martino—Priddy

We have seen that Benson—Feshbach and Martino—Priddy compute the multi-
plicity of an original summand of BP in exactly the same way as dimgnds, 6., » M,
but their computations of m (X, BP) for non-original summands differ vastly. This
section will show a direct connection between the two computations for m(X, BP)
when X originates in BQ for some @ < P.

5.1. Reducing Martino—Priddy’s Matrix
If X is a non-original summand of B P, Benson—Feshbach show there is only one
type of contributor () as follows.

Lemma 5.1. (see Proposition 5.9 of [2] and Proposition 2.4 of [4]) If Q' is a con-
tributor to m(X, BP), then Q' is a direct summand of Q'Cp(Q’).

The proof of this result in [2] relies almost entirely on that paper’s Theorem 5.2,
which has a Martino—Priddy analogue (as noted after Theorem 2.2 in this paper).
Thus, we may use this Lemma in the Martino—Priddy context.

Theorem 5.2. ([2], p.158) Let X be a summand of BP that originates in BQ,
Q < P. If both Q1 = Q and Q2 = Q contribute to m(X, BP), then Q1 and Q2 have
the same type.

—1
Proof. To show (Q1,%1) = (Q2,%2), we let a be the composite Qq i Q Ve, Q2.
Since @1 is a contributor, Lemma 5.1 implies Q1Cp(Q1) = Q1 X A for some A; <
P. We see that « extends to @Q1Cp(Q1) via

Q1Cp(Q1) = Q1 x A1 22 Q1 5 Qo
and ¢; = ¢, 0 Yy o . Similarly, (Q2,v2) = (Q1,%1). O

Since only contributors play a role in determining m(X, BP), we can refine the
definition of Split @) as follows: Define

SphtTQ = {7Tjt Pj — QJ}

to be conjugacy classes of retractions where (); < P; < P and Q; has the same type
as Q. As before, we will fix isomorphisms 9;: Q; — Q.
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As in Section 4, let

wij = Z Yjomjoc,—1 0! € F,0utQ.

N(Qi,P;)/P;

For the rest of this section, let n = [Splitt Q|. Define A7 (Q) = (wi;) € Mat, (R)
and Ap(Q, M*) = (W;;) € Mat,,(K) as analogues to A(Q) and A(Q, M*) respec-
tively.

Theorem 5.3. m(X, BP) = rankic Ar(Q, M*).

Proof. The proof of Theorem 0.1 in [9] works in this refined setting. O

Among the n retractions in SplitT ) are the k identity maps @Q; — @;. Order the
retractions in SplitT @) in such a way that the first k retractions are the k identity
maps.

Let B(Q) be the k x n submatrix of Ap(Q) obtained by considering only the first
k rows of Ar(Q). Define B(Q, M*) to be the corresponding km x nm submatrix
of Ar(Q, M*). More specifically, we think of B(Q) as a map (M*)" — (M*)¥, and
B(Q, M*) as a map K™ — Kkm.

Proposition 5.4. rankcB(Q, M*) = rankc Ar(Q, M*).

Proof. Consider row t of the matrix Ar(Q), where t > k. We know that Q; = Q;
for some ¢ =1,..., k. Thus, wy; = w;; for all j =1,...,n. The matrix Ap(Q, M*)
row reduces to a matrix that has B(Q, M*) in the top km X nm block, followed by
a (n — k)m x nm block of zeroes. Clearly rankxB(Q, M*) = rankic Ar(Q, M*). O

5.2. The map from Benson—Feshbach to Martino—Priddy

The basic idea is to define ®: M ®g L(P, Q) — (M*)" by sending s ® fg, 4, to
the image of s* under the action of row i of B(Q). We will essentially show that
Ker® = M and Im® = Im B(Q, M*). Thus, L(P,Q, M) = ImB(Q, M*) and the
dimension of L(P,Q, M) equals the rank of B(Q, M*).

Consider elements of M as rows, while elements of M* will be written as columns.
Let fgry € L(P,Q) where @’ has the same type as @ and ¢': Q' — @ is an iso-
morphism. Define

®: M ®r L(P,Q) — (M*)"
by ®(s @ fory) = [wyr1 - 8%, wyra - 8%, wyrn - 8] where
RPN 7 ¥j
Wyrj = Yo @S QI PR2Q2Q)
zEN(Q',P;)/ P

is an element of F,Out Q). (Note: If ¢’ = 1); for some 7, then wy; = w;;.)
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Ifv= Zle $;i @ fo, .4, is a typical element of M ®g L(P,Q), then

k

o) = > (s @ fo.u)
—
= * *
w11 * Sq WEg1 - Sk
IPRICH W2 - S,
= + e _|_
Win - 81 Wkn * S},

k *
D imy Wil S;

= B@QT-| 7| e

Proposition 5.5. The map ® is well-defined.

Proof. Let a € Np(Q;), where o =1;0cg09; " for some g € Np(Q;). We need
(s @ foiu) = (s ® fou.)-
Now B(s0x® o, u0) = B(5 & far o) = (Bl s(aopny - 5117, where

(aod)i)*l Cp—1 T b
Wlaoy)j = Z Q — Qi — P —=Q;—Q).
2EN(Q:,P;)/ P;
Now
Z ’(/Jjoﬂ'jocm—lo(ao’(/)i)_l :Z’L/)jOﬂ'jOCrf1 ow;loofl

€N(Qi,P;)/P;
rEN(QiLP))/ P B » »
=) Yjomjoc,-1 0t oioc, 10,
=Y tpjomjoc,—10c,1 09"

—1
=D jomjoc,—1g-1 0 .

Since g € Np(Q;) and z € N(Q;, P;), we know gz € N(Q;, P;). Furthermore, the
map x — gz is a bijection of Np(Q;). Thus

Z Pj O 0 Cp1g1 owi_lz Z ) 0T O Cy—1 owi_l.

IGN(Qi,Pj) IEN(Q,;,PJ‘)

We have w(goy,); = wij for all j =1,...,n, and so ®(sa ® fo,4,) = P(s @ fo, )

We need to consider the action of elements of A(P, P) on L(P,Q, M), especially
those corresponding to the retracts.
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Lemma 5.6. ij’ﬂj(si ® wi) =s; -w;‘j ® fQj’¢j.
Proof. We have

CPJ',T"j(Si®fQi;¢i) = Z Si®f7rj(171Qi),wioczo7r;1'
z€Q;\P/P;
Q;<Stabp M<TP;
QN (Ker mj)=1
The condition z € Q;\P/P; can be replaced by = € P/P; ([4], p.34), and the
condition Q; < Stabp M < ®P; can be replaced by Q; < *P; ([2], Lemma 4.2). The
two replacement conditions are equivalent to the condition x € N(Q;, P;)/P;.
Now z7'Q;z < P; and 27 'Q;zNKerm; =1, so 7; is one-to-one, hence onto,
when restricted to z7'Q;x. Thus we have 7; (‘”AQZ') = Q.
Consider a summand of w;j,
it e T Y
wi(2): Q5 Q= a7 'Qur < P2 Q2 Q,
SO wjj = Z wi;(x). Each w;;(x) in the sum is an element of Out Q). As in

zEN(Qq,P;)/ P;
the proof of Lemma 5.1, we can write

Wij = E Wij (x) = E Wij (1‘)
z€N(Q4,P;)/Pj ger’:{;%fﬁ/ﬁé
i ermi)=

Each w;;(x) is invertible. Let

Pt ot , ;
Wil =Q B QL T Qur B QY
Then wy; = Z wz;l(x)
©EN(Q;,Pj)/ P}
Q;N* (Kerm;)=1

Thus, we have

CPy.m; (i ® fQiw) = Z 5 ® fQi’inC“”OW;l

zEN(Q;,Pj)/Pj
Q% (Ker 7;)=1

D T
= 250 Mo 0 e
= Zsi w’b_j ($) & fQjﬂ/)j

Si - w;kj ® fQjﬂ/Jj'

Proposition 5.7. Ker ® = M.

Proof. Let v = Zle 8 ® fo,p; € M = Nimg=gKer(r 4, where L <P and ¢:
L— P.
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In particular, for all j =1,...,n we have

0 = Cij,ﬂ'j (V) _

2i=1 CPym; (5: ® FQup)

Ziz1(5i : ij ® fQj,wJ')

(Zi:l Si - w;kj) ® fQj:wj'

Now by ([5], Lemma 5.21), this implies that for all j =1,...,n

0 = ZZ:1 Si - wi;
= Dim1wij 8-
Thus we have ®(v) = 0 and M C Ker ® is proved.

Now let v = Zle 8 ® fo,v; € Ker®.If v ¢ M, then there is a pair (L, ¢), where
¢: L — P and Im¢ = @, for which v ¢ Ker (1, 4. Consider

CLo) = i1 Ce(si @ fo.u)

k _
= Zi:l Z 5 ® f¢(1_1Qi)’¢ioczo¢7l

zEN(Q;,L)/L
Q;NT (Ker ¢)=1

There must exist at least one pair (Q;, ) satisfying the conditions in the sum. Let
(Qi,x) be such a pair. Note that x € N(Q;, L) implies 2 1Q;x < L, and 2~ 1Q;z N
Ker ¢ = 1 implies ¢|,-1¢,, is one-to-one, hence onto ¢(L) = Q. Let o= Gly-10;z SO
¢: x71Q;x — Q is an isomorphism. Consider the composition

71
re: L 2, Q ¢, r1Q;m.

Now 7, is a retraction onto a conjugate of Q;, so the pair (L,r,) is conjugate
to a pair (P, ) € Splitr @ for some ¢t =1,...,n. Since v € Ker ®, we know that
0= Zle wij - §F = Zle s; - wyj forall j = 1,...,n. Because (P, ;) is conjugate to

k 7 3 .
(L,7z), we have (r ., (V) = Cpor, (V) = (D2, Si ~wfj) ® fQ,w; =0® fq, v, Since
Im ¢ = @ and Ker ¢ = Kerr,, we again see from Lemma 5.21 of [5] that (7, 4(v) = 0.

This is a contradiction, so we must have v € M.
This completes the proof that Ker® = M. O

5.3. Alternative Transformations

Define a K-linear version of the homomorphism @ as follows. Let v = Zle 5 ®
fQiw: € M ®@g L(P,Q), where we now let §; represent an m-dimensional vector in
the K-module M. Define ¥: M ®g L(P,Q) — K™ by

s1”
$5"
U(v) = B(Q,M*)T - . e xnm.
st
Following the proofs of Propositions 5.5 and 5.7, we see that ¥ is well-defined
and Ker¥ = M.
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Taking this one step further, let d = dimg, K and let B(Q, M*) denote the matrix
B(Q, M*) considered as a dkm x dnm matrix over F,. Define x: M @r L(P,Q) —
]anm as an Fp-linear analog to ® and ¥. Again, we have that y is well-defined and

Ker x = M. Since F), is a field, rankaE(Q, M*T = rank]FpE(Q, M*).

5.4. Computing Multiplicity
Again, according to Benson—Feshbach, the multiplicity of X in BP, where X
originates in BQ), is

mBF(Xv BP) = dimEndg(p,P)E(P,Q,]\/I)E(Pv Qa M)

(The “BF” subscript simply refers to Benson and Feshbach.)
On the other hand, according to Martino—Priddy, the multiplicity of X in BP is

mup (X, BP) = rankicB(Q, M™).

Catalano proves that when L(P,Q, M) # 0, EndA(Pyp)I_/(P,Q,M) >~ K (see [4],
Lemma 3.2).
Finally,

mBF(X, BP)

dimpna, 00 Lp,Q,a) L(P, Q, M)
dimg L(P, Q, M)

Lydimg, L(P,Q, M)
)dimp, Im x

)dimeImE(Q, M*)T

yrankg, B(Q, M*)"

Drankg, B(Q, M*)

rankxcB(Q, M*)

= (X, BP).

d
1
d
1
d

(
(
(
(
(

We see, then, a bridge from the work of Benson—Feshbach to the work of Martino—
Priddy.

6. An Example

Using the notation of Hall and Senior [6], let P = 16T'3¢; = (A x B) x C, where
A =7Z4(a), B = Zy(b), and C = Zy(c) with cac™! = ab. Martino and Priddy deter-
mined the complete stable splitting of BP in [9].

Let Q = Zy(c). The elements of order 2 in P are a?,b,c,a’b, a®c, bc,a?bc. These
elements fall into 5 conjugacy classes: Cl(a?) = {a?}, CI(b) = {b}, Cl(c) = {c, bc},
Cl(a®b) = {a®b}, and Cl(a’c) = {a’c, a®bc}. Take as conjugacy class representatives
of groups of the same type as @ the elements c and a?c. Let Q1 = (c) and Q2 = (a’c).

6.1. The Martino—Priddy Matrix

If P; — Q) is a retract, then w;; will be zero for all 4 unless Stabp M is a subgroup
of a conjugate of P;. Since Out @) = 1, there is only one simple FoOut @Q-module,
namely M = Fy with trivial action. In this case, Stabp M = Np(Q;) which equals
(a®,b,c) for i = 1,2. The only subgroups L of P for which (a?,b, c) is a subgroup of
a conjugate of L are L = (a?,b,c) and L = P.
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There are 4 retracts from (a2, b, ¢) to each of Q1 and Qo. For the retracts to Q1,
the generators a2, b, c map to e, e, ¢ respectively under the first retract 7y, to e, c,
c under the second 75, to ¢, e, ¢ under 73, and to ¢, ¢, ¢ under 4. For the retracts
to @2, the generators a?, b, ¢ map to e, e, a®c under the first retract 75, to e, a’c,
a’c under the second 7g, to a’c, e, e under 77, and to a®c, a®c, e under Tg.

There are two retracts from P to 1 (and two to Q2). The first retract sends the
generators a, b, ¢ to e, e, ¢ respectively (and to e, e, a?c in @Q3), while the second
retract maps the generators to c, e, ¢ respectively (and to a’c, e, a?c in Q2). The
retracts to ()1 will be denoted 79 and m1¢, while the retracts to Q2 are w17 and 71o.

There are a total of 12 elements in Splitt Q.

Since Out @ = 1, the entries of the 2 x 12 matrix B(Q) will be sums of 0’s and
I's. When P;=(a?b,c), N(Q;,P;)/Pj=P/P;=(a)>Z,. When P;=P,
N(Qi,Pj)/Pj = P/P =e. We get

B(Q) = 1+1 1+0 141 140 141 140 040 0+1 1 1 1 1
~|1+1 140 040 140 141 140 1+1 140 1 1 1 1

01 01 01 1 1 1 11
01 0101 11 1 1 1]°
Since M = F has dimension 1 and trivial action, B(Q) = B(Q, M*). We see that
the matrix has rank 1, so there is one copy of BZs in BP.

0
0

6.2. The Benson—Feshbach Modules

Let ¥1: Q1 — Q and 2 : Q2 — @ be isomorphisms. As above M = Fs is the triv-
ial F2Out @Q-module. We know that Fo @ L(P, Q) = (F2 ® fo, 4,) ® (F2 ® fg,.p)-

When computing (1, 4(1 ® fo, 4, ), we need only consider those subgroups L of
P for which Stabp Fs is a subgroup of a conjugate of L. As we saw in the previous
section, this implies L = (a?,b,c) or L = P.

Suppose ¢: L — @Q; is surjective. If L = P, then Ker ¢ is isomorphic to Zo X Zs X
ZQ or Z4 X ZQ.

There is only one copy of Zo X Zy X Zo in P, namely (a?,b,c). In this case,
when computing (p4(1 ® fg,4,;), the sum runs over all € N(Q;, P)/P = P/P
such that @Q; N® Ker$ = 1. But when z =e, Q; N°Ker¢ = Q; N (a?,b,c) # 1. So
Ker(py =M ® L(P,Q).

There are two conjugacy classes of subgroups of P isomorphic to Z4. Choose
conjugacy class representatives Ly = (a) and Ls = (ac). No matter what ¢ and j
are, L; x Q; = (a,c). In this case, when computing (p 4(1 ® fg,.y,), the sum runs
over all x € N(Q;, P)/P = P/P such that Q; N* Ker¢ = 1. But when z = ¢, Q; N°
Ker¢ = Q; N (a,c) # 1. So Ker(py = M @ L(P, Q).

Now suppose L = (a?,b,c), then Ker ¢ is isomorphic to Zg X Zy. There are 7
subgroups of P isomorphic to Zs x Zo: K1 = {(a?,b), Ko = (a?,¢), K3 = {a?,bc),
Ky = (b,c), K5 = (b,a’c), K¢ = (a®b,c), and K; = (a?b,a’c).

No matter what the kernel is, when computing ¢ 4(1 ® fQi7¢i), the sum runs over
allz € N(Q;,L)/L = P/L = {e&,a} such that Q; N* Ker ¢ = 1. Conjugation by a on
the Ki yields: aKl = Kl; aK2 = Kg, aK3 == Kg, aK4 == K4, aK5 = K5, aKG = K7,
and aK’y = KG-
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Suppose the image of ¢ is (), then we get the following intersections and actions:

Q1N Ky=1, Q1N *°K; =1
Q1N Ko#1, Q1N “Ky=1
Q1N Kz=1, Q1N “Kz#1
Q1N Ky#1, Q1N “Kq4#1
Q1N Kg#1, Q1N *°Kg=1
Q1N Kr=1, Q1N “Kr#1

QN Ki=1, Q2N *°K; =1
Q2N Ky #1, Q2N “Ky=1
QQO K3 =1, QgﬁaKg#].
QN Ks#1, Q2N “Ks#1
QN Kg=1, Q2N “Kg#1
Q2N K7 #1, QN “Kr=1

S R R

S

CL.o(1® fQuu
CLe(1® fQiu.) =
CLo(1® foiu) =
®fQ1ﬂb1
®fQ171/J1
®fQ171[11
CLe(1® fQiu.) =

Cr.6
(Lo

CLo(1® fQsus
CLo(1® fQuu,
CL.o(1® fQu p,
®fQ2ﬂb2
®fQ2ﬂ/J2
®fQ271/12
CLe(1® fQuu.) =

Cr.6
(Lo

(
(
(
Ll
(1
(1
(

(
(
(
Cr.e(1
(1
(1
(

= 2(1 @f@jﬂ/}j) =

2(1 (Biwiwj) =0

0

We see that Ker (y, 4 is either all of M ® L(P @), or just the submodule generated
<1 ® leﬂh +1® sz w2> and L(P Q, M) 1S

by 1® f@, +1© fQuap,- Thus M =

one-dimensional.

6.3. The map ¢

We will make a couple of computations to show how the map ® works, and to

confirm that M = Ker ®.

Consider v =1 ® fo, 4, + 1 ® fg, .4, € M.

So we see that M C Ker ®.

R R R PO, ORFR,ORRO

R _mF PR PP O, O, ORR,O

. 1*
1*

OO DD DODDODDODDODO OO OO
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Now let v =32, 8, @ fq..4: € Ker ®. Then

0
s+ 85
0
ST+ s5
0
.[s’{}: ST+ s5 -0

0 .
ST+ s5
ST+ s5
ST+ s5
ST+ s5
ST+ s5

o

—_ _ R, R R OFRO~RO
—_ = =m0, OO RO

We see that either s1 = sy =0 or 51 = sy = 1.

Assume s; = s3 = 1, and consider ¢y, »(v) where L = (a?,b,c) and ¢: L — Qo
sends each of the generators a?, b, and ¢ to a’c in Qs. In particular, note that ¢ is
not a retract.

Now

CLo(v) = CL.s(1® fouu.) + CL.o(1® foo.u,)
D18 fye1umocot T 21O Fy1 00 imocsopt

where the first sum runs over z € N(Q1, L)/L with @1 N* (Ker ¢) = 1 and the sec-
ond sum runs over z € N(Q2,L)/L with Q2 N* (Ker¢) =1

As we saw in Section 6.2, for i = 1,2 we have N(Q;, L)/L = P/L = Zy(a). Since
Ker¢ = K7, we know that @1 N ¢(Kerg)=1 and @1 N *(Ker¢) # 1. Also,
¢(671Q1) = Q2 and 11 0 c. 071 = 1ho. Thus, (1 (1 ® fo,.1) =1 ® fg,.p,- On the
other hand, Q2 N ¢(Ker ¢) # 1, while Q2 N *(Ker ¢) = 1. Also, gb(“_ng) = (2 and
Poocaop t =1, Thus, (re(1® fo,us) =1® fo,us- We conclude that
1® leﬂl’l +1® fQ2,¢2 € Ker CL,¢>~

Now ¢: L — Qs is not a retract, but r, = ¢! 0 ¢ (as defined in the proof of
Proposition 5.7) is a retract to a~!Q2a. In that proof we argued that ;4 acts like
Cp,,x, for some j. It is easy to confirm that the pair (L,r,) is conjugate to the
pair (Pg,mg). Moreover, one can see from the work above that (p, »,(v) =2(1®

szﬂl)z) =0.
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