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We introduce a finite boundary type condition on iterated func-
tion systems of contractive similitudes on R%. Under this con-
dition, we compute the Hausdorff dimension of the boundary
of the attractor in terms of the spectral radius of some finite off-
spring matrix. We describe how to construct such a matrix. We
also show that, in this case, the box dimension equals the Haus-
dorff dimension. In particular, this allows us to compute the
Hausdorff dimension of the boundary of a class of self-similar
sets defined by expansion matrices with noninteger entries.

1. INTRODUCTION

Let {¢;}_, be an iterated function system (IFS) of con-
tractive similitudes on R? defined as

where 0 < p; < 1is the contraction ratio, R; is an orthog-
onal transformation, and b; € R?. Let F be the unique
self-similar set (or attractor) defined by {¢;}!_,. Then

(1-2)

(see, e.g., [Hutchinson 81], [Falconer 90]).

For a subset E C R?, let E°, OF, and diam(E) denote,
respectively, the interior, boundary, and diameter of E.
Let dimpy (F), dimp(F), and H?(E) be, respectively, the
Hausdorff dimension, box dimension, and s-dimensional
Hausdorff measure of E. We refer the reader to [Fal-
coner 90| for these definitions. We also let #A denote
the cardinality of a set A.

Much work has been done in computing the Hausdorff
dimension of both the set F' and the boundary of F'. The
computation of the dimension of JF is of particular in-
terest in connection with self-affine and self-similar tiles.
Suppose

pi(z) = A"z +d;), d; €D, (1-3)

where A is an expanding matrix (i.e., all eigenvalues are
in modulus greater than 1) with integer entries and D
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is a finite set of vectors in Z?, called the digit set. Un-
der the assumption that A is conjugate to a similitude
and {¢; }1_, satisfies the open set condition (see [Hutchin-
son 81], [Falconer 90]), algorithms have been obtained
to compute the dimensions of OF (see [Veerman 98|,
[Strichartz and Wang 99], [Kenyon et al. 99], and [Duvall
et al. 00]). In this case, it is known that

dimp (OF) = dimp(0F) and H*(OF) >0, (1-4)

where s = dimg(OF) (see [Strichartz and Wang 99]).
Recently, He, Lau, and Rao have extended the compu-
tations to allow #D > |det(A)| (see [He et al. 03]). A
major difference in this case is that the open set condi-
tion fails. Their method also includes an algorithm to
determine whether F' has a nonempty interior. [Dekking
and van der Wal 02] have studied such an extension for
a class of recurrent iterated function systems.

The main purpose of this paper is to extend the results
on the dimensions of the boundary of a self-similar set to
more general IFSs that do not necessarily satisfy (1-3),
nor the open set condition. Our basic framework is the
finite boundary type condition to be introduced in Section
3. The ¢;s in our setting can have different contraction
ratios and (p;R;)~! need not have integer entries. The
finite boundary type condition is satisfied by a finite type
IFS that possesses a finite type condition set containing
the attractor. This allows us to include many interesting
examples of IFSs with overlaps, in particular, the classes
of examples in [Ngai and Wang 01, Theorems 2.7 and 2.9].
There are also IFSs that are of finite boundary type, but
not of finite type. Our algorithm differs from the one in
[He et al. 03] in that we do not make use of an auxiliary
IF'S, which is crucial there, but does not seem to exist for
the IFSs in which we are mainly interested. An example
of such an IFS is S1(z) = pz, Sa(x) = pr+ (1 —p), where
1/2 < p < (v/5—1)/2 (see Example 5.2).

We need some standard notation. Let X7 =
{1,2,...,¢}" and X} = Un>oXy be the set of all finite
words in ¥, where X7 is the set of all words of length n
and 22 contains only the empty word . Let EI(? denote
the set of all infinite sequences (i1,12,...) with i € 2.
For j € X, let |j| = n denote the length of j. For i € X"
and j € X7, let ij € E;’H‘" be the concatenation of i

with j. For j = (ji,...,jn) € X, we use the convenient
notation
@5 = @5 0 0P, pji=PjycccPia,  Byi=Rjo--oR;

with py = 1 and ¢y = Ry := identity. Let p = min{p; :
1 <4 < ¢} and for all k£ > 0 define

A = {j:(]l,,jn)ézz : Pj Spk<p(j1 ,,,,, jnfl)}

Vi {(#5,k) : j € Ax}

U V-
k=0

We call each v = (¢, k) € Vi, a vertex. Note that in [Ngai
and Wang 01], a vertex (¢, k) is denoted equivalently
by (pjRj, ¢;(0),k). For v = (¢j,k) € Vi, we use the
convenient notation ¢y := ¢;. Note also that Ay contains
only the empty word () and Vy contains only the vertex
v = (¢y,0), with ¢¢(E) = ¢y (E) := E for any E C R%.
v = (¢g, 0) is call the root vertex and is denoted by Vyoot.

Now let {¢;}7_; be defined as in (1-1). The following
partition of V;, and V is similar to that in [He et al. 03].
But instead of utilizing an auxiliary system, we make

1%

use of a bounded open set {2 containing F' and invariant
under {¢;}{_,, ie, UL, ¢:(2) C Q. Note that such an
Q always exists.

For k > 0, define

Vi {ver:HEENsuchthat

oo Us)c U v vizrf,

ueV, V'€V

V2 o= Vi \ Vg,
Uw., v=UWw
k=0 k=0

We remark that Vg, V,?, V°, and V? depend on Q and
we will fix such an . Our first main result recovers a
similar one in [He et al. 03].

(1-5)

VO

Theorem 1.1. Suppose {¢;}._, is an IFS of contractive
similitudes on R? as in (1-1). Let Q be any invariant
bounded open set containing F', and let V; and V,? be
defined with respect to Q as in (1-5). Then

(a) F° # 0 if and only if V° # 0;

m) =) U o(P)

k=0veVy
(c)oFr = (U &@F) = (U oF) =
k=0veV? k=0veV?
N U ¢v(@.
k=0veV?

To compute the Hausdorff dimension of OF, we will in-
troduce the notion of finite boundary type IFSs. Detailed
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definitions will be given in Section 3. Examples of finite
boundary type IFSs will be provided in Sections 3 and 5.
Under the finite boundary type condition, we can com-
pute dimg (OF) by constructing a finite matrix B, called
the boundary offspring matriz, to count #V,?. Details of
the construction of B will be described in Section 4.

We remark here that in the construction of B, the def-
initions in (1-5) do not provide an effective algorithm for
determining whether a given vertex belongs to V° or V2.
Propositions 2.2 and 2.3 provide a geometric criterion,
but it is difficult to implement unless the geometry of F’
is simple. Some other partial results to overcome this
difficulty will be discussed in Section 5. It would be very
useful if an effective algebraic criterion can be found.

The main theorem below recovers all properties in
(1-4). Moreover, in the case F° = (), the algorithm com-
putes dimy (F'), as in [He et al. 03].

Theorem 1.2. Assume that the IFS {¢;}{_, in (1-1) is of
finite boundary type. Let B be a corresponding boundary
offspring matriz. Then

ln/\B

—Inp

(a) dimpy (OF) = dimp(0F) =
spectral radius of B.

, where Ap is the

(b) HE(OF) > 0 where s = dimgy (OF).

Theorem 1.2 is proved by first obtaining the box di-
mension of F in terms of the spectral radius of B. To
obtain the result for the Hausdorff dimension, we use
an argument in [Ngai and Wang 01] to define a mass
distribution on OF and prove Theorem 1.2(b), namely,
H#(OF) > 0 where s = dimp(9F). From this, we deduce
that dlmH(aF) = dimpg (6F)

The problem of whether the Hausdorff dimension of
OF is strictly less than d has been studied by Lagarias
and Wang [1996] for self-affine tiles, by Keesling [1999]
for self-similar sets, and by Lau and Xu [2000] for attrac-
tors of more general IFSs. For an IFS {¢}!_, as defined
in (1-1), it is proved in [Keesling 99, Theorem 2.1] and
[Lau and Xu 00, Corollary 1.3] that if F° # @ and the
similarity dimension of {¢}{_, is d, i.e.,

q

> =1,

i=1

(1-6)

then dimgy (0F) < d. In general, a finite type IFS does
not satisfy (1-6). Nevertheless, the following result shows
that the same conclusion holds.

Theorem 1.3. Let {¢:}!_, be a finite boundary type IFS
of contractive similitudes on R* with attractor F. Then
dimgy (OF) < d.

Under the assumption of Theorem 1.3, dimpy (F) = d
implies that F° # (). In some of our calculations, this
serves as a criterion to determine whether F° is empty.

In Section 2, we partition the vertices in V into V° and
V2 and prove Theorem 1.1. In Section 3, we introduce the
finite boundary type condition and provide examples of
IF'Ss satisfying this condition. In Section 4, we describe
the construction of the boundary offspring matrix B. The
rest of Section 4 is devoted to the proof of Theorems 1.2
and 1.3. In Section 5, we illustrate the algorithm by some
examples.

2. BOUNDARY AND INTERIOR OF F

Throughout this section, we fix a bounded open set 2
containing the attractor F' and invariant under {¢;}7 ,,
ie, UL, ¢i(2) C Q. Let Vg, V2, V° and V9 be defined
with respect to this fixed  as in (1-5).

Proposition 2.1. Let {¢;}!_, be an IFS of contractive
similitudes on R? as defined in (1-1). Let Q be a bounded
open set containing F' and invariant under {¢;}i_,. Then

(a) Uyey, ¢v(Q), where k =0,1,2,..., is a decreasing

sequence.
) F= Uar = U (P
k=0 |i|]=k k=0vEVy
k=0vEVy

Proof: Part (a) follows easily from the invariance of Q
under {¢;}{ ;. The first two equalities in part (b) are
well known. In fact, it follows by iterating (1-2) that

F=|J&u(F)= ] ¢v(F) forallk>0  (2-1)

li|=k vEV

To see the third equality, we let 2 € (2o Uyey, ov(Q)-
Then for each k > 0, there exists some vi € V} such

that © € ¢y, (Q). But limg oo dpr(py, (), ¢y, (F)) =
0, where dgy is the Hausdorff metric. Hence, z € F =

Nizo Uvevk ¢y (F). Thus

o0 oo

N UeE 2N U ev@.

k=0veEVy k=0veEVy
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The reverse inclusion is obvious and the proof is com-
plete. O

Proposition 2.2. Assume the same hypotheses of Propo-
sition 2.1 and let v € V. Then

veV® & ¢ (F)CF°.

Proof: Let v € V. Using the definition of Vy, there
exists some ¢ such that

dv(F) C ¢v< U ¢u(Q)) C U by () for allk’ > k.

uely

By Proposition 2.1(a), Uv’evk/ év(Q), K =0,1,2,...,
is decreasing and hence, by using Proposition 2.1(b), we
get

v/ eV,

uely k'=0v'€Vy,,
Now, since ¢y(Uucy,du(2)) is open, we have
Oy (Uney, 9u(Q2)) C F°. Consequently, ¢ (F) C F°.
For the converse, suppose ¢y (F) C F°. Then by

Proposition 2.1(b), we have

ou(r) =ov((1 U oui@)

k=0u€eVy
-N ¢v( U ¢u<9)) c P,
k=0 ucVy
Since ¢y(F) is compact and @y (Uuey, du()),

k = 0,1,2,..., is decreasing to ¢y (F), there exists
some ¢ such that

¢v< U ¢u(ﬂ)) crec() U sv@.
ueV, k=0veVy

This implies that v € V°. O

Proposition 2.3. Assume the same hypotheses of Propo-
sition 2.1 and let v € V. Then

veV? o ¢ (F)NOF #0.

Proof: Using Proposition 2.2 and the fact that ¢ (F) C
F, we obtain the following equivalences:
veV? o vg)e
& S (F)ZF & 6, (F)NIF £0.

This proves the proposition. |

By combining Propositions 2.1, 2.2, and 2.3, we can
now prove Theorem 1.1.

Proof of Theorem 1.1: (a) If F° # (), then it follows
from Proposition 2.1(b) that there exists some k& > 0
and v € Vi, such that ¢y (F) C F°. Proposition 2.2 now
implies that v € Vg and thus, V° # 0.

Conversely, assume V° # ) and let v € Vg for some
k > 0. Then by Proposition 2.2 again, ¢ (F) C F° and
therefore, F*° # .

(b) It follows directly from Proposition 2.2 that

U U e cre

k=0veVy

It remains to show the reverse inclusion. Let x € F°.
Then by Proposition 2.1(b), for each k sufficiently large,
there exists some v € Vj such that z € ¢y (F) C F°.
Proposition 2.2 now implies that v € V¢ and therefore,
z € Uil Uvev,‘; ¢v(F). This proves part (b).

(c) We first claim that

orc () U e c () U ov(®)
k=0vey? k=0veVp

oo

< U ¢v(@).

k=0vey?

(2-2)

It suffices to prove the first inclusion. To see this, we
notice from (2-1) and Proposition 2.2 that for all k > 0,

F= (U om)o( U am)ero( U am).

vEVY vev? veVvg

This implies that 0F C Uvev;j ¢yv(F) for all & > 0.
Hence, for z € OF, there exists some v € V,? and y € F
such that z = ¢ (y). Obviously, y must belong to JF.
Thus, © € Uyeyody(0F) and the first inclusion in (2-2)
follows. It remains to show

N U o (@ cor.

k=0veVp

Let = belong to the set on the left of the inclusion. Then
for each k > 0, there exists some v € V,? such that =z €
¢v(Q). By Proposition 2.3, ¢ (Q) NOF # 0. Let y, €
&y (Q) NOF. Then for each k > 0, we have

|z — yp| < pFdiam(Q).

Consequently, {yx } is a sequence of points in JF converg-
ing to . Thus x € JF. This proves (¢) and completes
the proof of Theorem 1.1. 0
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3. THE FINITE BOUNDARY TYPE CONDITION

In this section, we define the finite boundary type con-
dition and provide some examples. We continue to use
the notation introduced in Section 1.. For the reader’s
convenience, we will first recall the definition of the finite
type condition (see [Ngai and Wang 01]).

Fix any nonempty bounded open set {} which is in-
variant under {¢;}7_; (Q need not contain F).
vertices v, v’ € Vj are neighbors (with respect to Q) if
Oy () N ¢y () # O. The set of vertices

Two

Q(v) := {v' : v/ is a neighbor of v}

is called the neighborhood of v (with respect to §2). Define
an equivalence relation on V. Two vertices v € V;, and
v/ € Vi are equivalent, denoted by v ~ v’ (or more
precisely by v ~. v'), if there exists a similitude 7 :
R? — R? (depending on v and v’) of the form 7(x) =
pk/_kUa: + ¢, where U is orthogonal and ¢ € R?, such
that

¢y = To¢y and {¢u/ v’ e Q(V’)} = {T°¢u ‘ue Q(V)}

We denote the equivalence class containing v by [v] :=
[v]q and call it the neighborhood type of v (with respect
to Q). (Note that in [Ngai and Wang 01], v ~, v’ is
denoted by Q(v) ~, Q(v’) and [v]q is denoted by [Q(v)]
instead.)

Recall that an IFS of the form (1-1) is said to be of
finite type if there exists a nonempty bounded invariant
open set 2 such that N := {[v] : v € V} is a finite set.
Q is called a finite type condition set (or simply FT-set).

To describe the finite boundary type condition, we will
fix a bounded open invariant set Q for {¢;}{_; and as-
sume in addition that F' C €. Note that such an 2 always
exists. Let Vy, V,?, V°,V? be defined with respect to this
fixed Q as in (1-5). It is a key property that if v ~, v/,
then v € V9 if and only if v/ € V? (Proposition 3.3).
This is proved by using Proposition 2.3 and by analyzing
the image of ¢ (F) N F under 7. For v € V, define

Q(v) = {u € Q) \ {v} : Gu(0F) N (90F) N F° # 0}
Also, for u € Q°(v), define
OFuy :={z € OF : ¢u(x) € ¢y (OF) N F°}.
Then we have the following useful identity:
Proposition 3.1. Let F' be the attractor of an IFS {¢;}!_;

of contractive similitudes on R?, and let  be a bounded
open invariant set containing F. Then for any v € V,

by (F) N OF =
s\ (U v U ou0my).

ueQ(v) uee(v)
(3-1)

Proof: Let © € ¢y (F) N OF. Then z € ¢ (0F)
because ¢y (F°) C F°  Since Uyeqp) u(F°) U
Uuneqe(v) Pu(0Fuy) € F°,  must belong to the set on
the right side of (3-1).

Conversely, let x belong to the set on the right side of
(3-1). Then z € ¢y (0F) C ¢y (F). To show that z € OF,
let © = ¢y (y) where y € OF. Consider the following two
cases.

Case 1. = € Uycap)qv} @u(F). In this case,
x € Uueg(v)\{v}¢u(aF) since x ¢ UueQ(v)\{v}¢u(Fo)~
Hence, z = ¢y(w) for some u € Q(v) \ {v} and some
w € OF. But ¢ ¢ Uyeqe(y) Pu(0Fy,y) implies that
{z} N F° = (). Consequently, z € JF.

Case 2. = & Uyea(v)\ v} Pu(F). In this case, z € OF
because y € OF, ¢, is a similitude, and there are no
overlapping ¢y (F) in a sufficiently small neighborhood
of z. |

Proposition 3.2. Let {¢;}{_, be an IFS of contrac-
tive similitudes on R? with attractor F, and let Q be
a bounded open invariant set containing F. Assume
v €V, vV € Vi, and v ~, v/. Let u € Q(v) and
u’ € QV') satisfy ¢pu =T 0 pu. Then

(a) u € Q°(v) if and only if u’ € Q°(v').

(b) OFuy = OFw yr.

Proof: (a) Let u € Q¢(v). Then ¢4 (0F)N¢y (OF)NF*° #
(). Hence, there exist some z € ¢, (0F) N ¢y (OF) and a

ball Bs(z) such that

weQ(v)

(3-2)

Write z = ¢u(x) = ¢ (y) with z,y € OF. Then

Pu(z) € ou(OF) N ¢y (OF)
= Todu(z) €T o du(0F) N7 o0 ¢y (OF).

Moreover, by (3-2), we have

B;s(¢u(2)) = Bs(dv(y)) € |J ¢w(F)CF.

weQ(v)



18  Experimental Mathematics, Vol. 12 (2003), No. 1

Let r be the similarity ratio of 7. Then we have ¢, (z) €
dw (OF) N ¢y (OF) and

Bys(¢w (@) = Brs(dw () € | ¢w(F)CF

w/eQ(v’)

(The first inclusion above is because w € (v) if and
only if w' € Q(v') where ¢y, = Togy.) This implies that
dw (2) € P (OF )Ny (OF )N F° and therefore ¢ (OF)N
¢y (OF) N F° # (). Hence, u’ € Q¢(v').
follows by symmetry.

(b) Again let 7 denote the similarity ratio of 7. Let
x € 0Fy,v. Then

The converse

x € OF and ¢y(x) € ¢y (OF) N F°
= 2 € 0F, ¢u(z) € ¢y (OF)
Bs(pu(z)) € |J ¢w(F)CF

weQ(v)
= 2 €0F, To¢pu(x) € To¢py(0F) and

r(Bs(ou@)) € U rosulF
weQ(v)
= 1z € 0F, ¢uw(z) € ¢y (0F) and
Bys(pw(z)) € |J ow(F)CF

w’eQ(v’)
= z € 0F and ¢y (x) € ¢y (OF) N F°
= T E 6Fu/’v/.

and there is a ball

Thus, aFu’v g 8Fu’,v’~
symmetry and this completes the proof of the proposi-
tion. O

The reverse inclusion follows by

Proposition 3.3. Assume the same hypotheses of Propo-
sition 3.2. Then

7(¢v(F) N OF)

Consequently, v € V2 if and only if v/ € VO.

= qu«(F)ﬂaF.

Proof: Equality (3-1) implies that
7(¢y(F) N OF) =
To ¢v(aF)\( U ro¢u(F)u

ueQ(v) uee(v)

(3-3)

Since u € Q(v) if and only if u’ € Q(v
T 0 ¢y, We have

U T°¢U(FO):

ueQ(v)

") where ¢ =

U ¢U’(FO)‘

u’eQ(v’)

(3-4)

U o ¢u(aFu,v)> :

Next, by using Proposition 3.2, we have

U 70¢u@Fuv)= |J ow(@Fwy). (3-5)

ueQe(v) u’eQe(v’)

Lastly, combining Equations (3-3), and

Proposition 3.1 yields
T(¢V(F) N 8F) =

( U eéw@)u

u’ eQ(v’)

(3_4)7 (3_5) )

U ¢uf<aFu/,v/))

u’eqQe(v’)
— ¢v/(F) NOF.

This proves the stated equality. The last assertion of the
proposition follows by combining this result with Propo-
sition 2.3. O

We call

Ne={[v]:veV°} and N?:={[v]:veV?}

the collections of all interior neighborhood types and
boundary neighborhood types, respectively. According to
Proposition 3.3, N' = N° UN? and N° N N? = .

Let G and Ggr be the infinite graphs defined in [Ngai
and Wang 01] as follows. Both G and Gr have V as
the set of all vertices. The edges in G are defined as
follows. Let v € V and v/ € V1. Suppose there exist
jeA, jJ €A1, and k€ ¥ such that

v = (¢35, k),

Then we connect a directed edge k : v — v/. We call v
a parent of v/ and v’ an offspring (or descendant) of v.

v =(¢y,k+1), and j =jk.

The reduced graph Gg is obtained from G by removing
all but the smallest (in the lexicographical order) directed
edge going to a vertex.

We introduce the graphs G2 and G%. The vertex set
for both graphs is V2 and the directed edges in G2 and gg
are the restrictions of the edges in G and Gg, respectively,
to V2.

The following proposition says that equivalent bound-
ary vertices generate the same number of offspring of each
boundary neighborhood type.

Proposition 3.4. Let v € V? and v/ € VY such that

[v] = [v/]. Let uy,...,uy € VP, be the offspring of v
and let uf,...,u, € V9, | be the offspring of v/ in G%,.
Then

{[ui}:1§i§m}:{[uﬂ:1§i§€}

counting multiplicity. In particular, m = £.
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Proof: Let uy,...,Wn, Um41,-..,us be all the offspring
of vin Gg, with uy,...,u,, € V,?H and Wy41,...,U5 €
Vi, Similarly, let uj,...,uj,up ,...,u} be all the
offspring of v/ in Gg, with uj,...,u;, € V,?,_H and
W, .05 €V Let vivr v with 70 ¢y, = ¢y for
all 1 <4 < s. Then by [Ngai and Wang 01, Proposition
2.2],

for all

[u;] = [u]] 1<i<s.

By Proposition 3.3,
w, € VY, ifandonlyif ule€Vy ;.

Consequently, m = £. This proves the proposition. O

Definition 3.5. An IFS {¢;}!_, of contractive simili-
tudes on R? with attractor F is said to be of finite bound-
ary type if there exists a bounded invariant open set €2
containing F' such that N is a finite set. In this case,
we say that Q is a finite boundary type condition set (or
simply an FBT-set ).

The following proposition follows easily from defini-
tions.

Proposition 3.6. Let {¢;}7_; be a finite type IFS of con-
tractive similitudes on R?. Assume that there exists an
FT-set Q containing F. Then {¢;}7_, is of finite bound-

ary type.

Remark 3.7. A finite boundary type IFS is not necessarily
of finite type. We will illustrate this in Example 5.2. We
do not know whether each finite type IFS is of finite
boundary type.

Combining Proposition 3.6 and [Ngai and Wang 01,
Theorems 2.7 and 2.9], we obtain the following classes of
finite boundary type IFSs.

Let M4(R) and My(Z) be the sets of all d x d matrices
with entries in R and Z, respectively.

Example 3.8. Let {¢;}7_; be an IFS of contractive simil-
itudes on R? of the form

di(x) =A%z +b;, 1<i<gq,

where A is a contractive similitude in My(R) and n; €
N. Assume that A=! € My(Z) and all b, € Z¢. Then
{¢:}{_, is of finite boundary type and any bounded open
invariant set containing F'is an FBT-set.

Example 3.8 generalizes the IFSs studied in [Veerman
98], [Kenyon et al. 99], [Strichartz and Wang 99], and

[Duvall et al. 00], as well as the self-similar ones in [He
et al. 03]. The following example allows us to include
another interesting family of finite boundary type IFSs.
Recall that a Pisot number is an algebraic integer greater
than 1 whose algebraic conjugates are all in modulus less
than one. Let Z[z] denote the ring of polynomials over
the integers Z.

Example 3.9. Let {¢;}{_, be an IFS of contractive simil-
itudes on R? of the form

where 7! is a Pisot number and for 1 <i < ¢, n; € N

and R; is orthogonal. Assume that {R;}! ; generates a
finite group G, and

G{bi:1<i<q} CaZr ™ x - xcgZr™

for some ¢, ...,cq € R. Then {¢;}7_; is of finite bound-
ary type and any bounded open invariant set containing
F'is an FBT-set.

4. PROOF OF THEOREMS 1.2 and 1.3

We begin by stating two lemmas without proof. The
following lemma can be obtained as [Ngai and Wang 01,
Lemma 3.1].

Lemma 4.1. Suppose {¢;}1_, is a finite boundary type
IFS of contractive similitudes on R and let V? be de-
fined with respect to an FBT-set Q. Then for any posi-
tive constants K1, Ko, there exists a positive integer M =
M (K1, Ks3) such that for any integer k > 0 and any sub-
sets U, E C RY with diam(U) < K1p* and E C Bg,(0),
we have

#{veVl ¢, (E)NU £0} < M.

Using Lemma 4.1 and a similar argument as in [Ngai
and Wang 01, Lemma 3.2], we have

Lemma 4.2. Assume that {¢;}{_, as given in (1-1) is a
finite boundary type IFS of contractive similitudes on R?
with attractor F. Let V,? be defined with respect to an
FBT-set Q). Then

1%}
lim inf In #Vy;

k—oo —klnp

< dimg(9F)

In #V7

SMB(aF)SIimsup Tn o
—klnp

k—o0
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In view of Lemma 4.2, we need to evaluate #V,? .
We achieve this by using a matrix B. The matrix B
has rows and columns indexed by the boundary neigh-
borhood types. Suppose that the IFS (1-1) is of fi-
nite boundary type and let €2 be an FBT-set. We la-
bel the boundary neighborhood types as {77,..., TZ}.
The entries of B = {b;;} are defined as follows. For
any 1 < i < N, take a vertex v € V? of g;’; such that
[v] = T2. Let uy,...,u, be the offspring of v in G3.
Then

bij =#{:1<0<mn, [u]=T7}.

By Proposition 3.4, b;; is independent of the choice of
the vertex v.

Definition 4.3. We call the matrix B the boundary off-
spring matriz of the finite boundary type IFS (1-1) with
respect to 2.

We label the boundary neighborhood type of [V o0t] as
72. Then

#V) = T B, (4-1)

where 1 = [1,...
in RV,

,1]7 and e; = [1,0,...,0]T are vectors

Theorem 4.4. Let {¢;}!_, be a finite boundary type IFS
of contractive similitudes on R with attractor F. Then

ln)\B
—Inp’

dimp(0F) = dimp(0F) = dimp(0F) =

where A\p is the spectral radius of the boundary offspring
matriz B (with respect to ).

Proof: The proof is standard; we only include a brief
sketch. Since all vertices in gg are descendants of v,qot,
we have

lim (e B*F1)Y/*F = Ap.

k—o0

Hence, for all 6 > 0 sufficiently small and all integers k
sufficiently large, we have

(A\g —6)F < el B*1 < (\g +0).

Combining this with (4-1) and Lemma 4.2, we get

In(Ag —98) _ . — In(\p +9)
< < < ———-”.
I S dim;(0F) < dimpg(9F) < I,

The result follows by letting § — 0. O

Theorem 4.4 shows that InAp/(—Inp) is an upper
bound for dimg(0F). We will show that it is also a

lower bound. Define a path in gg to be an infinite se-
) such that v; € V7 for
all j > 0 and v,y is an offspring of v; in G&. Let
P9 denote the set of all paths in G&. For given vertices
V0 = Vioot, V1,--., Vg such that v;,; is an offspring of
v; in G%, we call the set

quence (Vo = Vioot, V1, V2,.--

,,,,, vy 1= {(uo,ul,...) e p? tu; =V forogjgk:}
a branch. It follows from the definition of gg that the
path from vq to v is unique. We can therefore denote

Theorem 4.5. Let {¢;}!_; be a finite boundary type IFS
of contractive similitudes on R% and let s = dimp(OF).
Then H*(0F) > 0.

Proof: The proof is similar to that of [Ngai and Wang
01, Theorem 1.2]; we outline it here for completeness.

We first construct a mass distribution y on P? using
the branches. Let 72,... ,’TA‘? be the set of all the dis-
tinct boundary neighborhood types with 72 being the
neighborhood type of [Vyoot]. Let B be the correspond-
ing boundary offspring matrix with respect to Q. By
Theorem 4.4, we have

hl/\B
s = ,
—1Inp

where Ap is the spectral radius of B. Since all vertices
in gg are descendants of v,o0t and all boundary neigh-
borhood types are generated by 7,7, we may find a Ap-
eigenvector x = [c1,...,cn]T of B such that ¢; > 0 and
c; >0forall2<j<N. Let x* = [aq,...
a; = ¢j/c1. Then we have

,an]T where

Bx* =)Xx", a; >0, and a; =1
We now define a mass distribution on P?. For each

branch Z,, where vi, € V7 such that [vy] = 7,7 we let
w(Zy,) == X\"*a;.

(Note that p(Zy,...) = Aa; = 1.) We leave it as an

exercise to show that p is indeed a mass distribution on
Po.

Next, we transport u to a mass distribution on JF.
Recall from Theorem 1.1(c) that

oF = | év(P).

k=0veV?

(4-2)
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Notice that ¢/ (F) C ¢y (F) if v/ € VP, is an offspring,
in G&, of v.€ V2. The expression in (4-2) implies that
each path (Vo = Vioot, V1, V2,...) € P? corresponds to
a point x € OF, which is the unique point (), q ¢v, (F).
We call (vg,vy,...) € P? an address of z. For a subset
U C R% let C(U) be the set of all addresses of points in
OF NU, and define

w (U) = p(e()).

Then p* is a mass distribution supported on OF.

Finally, we apply the mass distribution principle by
using p*. Let 0 < § < p. For any set U C R with
diam(U) < 4§, assume that pFt! < diam(U) < pF.
Lemma 4.1 implies that U can intersect no more than
M of the ¢y(F) with v € V¢, where M is a fixed con-
stant independent of k. Let vi,...,vy, £ < M, be the
vertices in V¢ such that U N ¢y, (F) # 0. Then, by (4-2)
and the definition of u*, we have

P4
p(U) = p(UNOF) <> u*(UN ¢y, (F))

j=1
¢
< )< MATF i}
< z;u(lv]) < MM 121%)3\7{%}
iz

Now A~ = p® implies that
/\—k — pks — p—Sp(k+l)s < p_s(diam(U))s.
It follows that
p*(U) < C(diam(V))°,

where C' = Mp~*® maxi<;<n{a;}. The mass distribution
principle implies that

H*(OF) > pu*(0F)/C > 0,
proving the theorem. |

Proof of Theorem 1.2: Theorem 4.4 implies that

In A
dimy (OF) < dimp(9F) = s = —L2.
—Inp
Theorem 4.5 implies that dimg(JF) > s. This proves
part (a). Part (b) is proved in Theorem 4.5. 0

The proof of Theorem 1.3 uses a technique in [Ngai and
Wang 01, Theorem 1.3].

Proof of Theorem 1.3: Suppose that dimg(0F) = d.
Then by Theorem 1.2(b), H%(OF) > 0. Hence, there
exists a Lebesgue point z* € 9F and

_ HYOF N B, (a*))

= 1
Ck Hd(Bpk (:13*)) — as

kE— oo, (4-3)

where p = min{p; : 1 < i < ¢q}. By Theorem 1.1(c),

oF = () |J ov(0F).
k=0veV?
Define Uy, := {v € V¢ : ¢,(0F) N B,k (z*) # 0}. By
Lemma 4.1, #U;, < M for some M independent of k. For
each k > 0, define an expansive similitude 7y : R? — R
by 7%(x) := p~*x — p~*z*. Then
U, = {v eV : 71,0 ¢4 (OF) N B1(0) # 0}.

Moreover, by (4-4), 7(0F N B,k(z*)) € Uyey, (Tk ©
¢+ (OF) N B1(0)). Define Ey, := Uy, Tk © ¢y (OF). Then
T(OF N B, (x*)) € Er N B1(0) and by (4-3),

HEY(E, N B1(0)) > ex HA(B1(0)).

(4-4)

(4-5)

Choose a subsequence { Ey, } of { E}} which converges to
a compact set F in the Hausdorff metric. Then, by using
the fact that £ = N2 (Uj>nEy;, we have

HY(E N By(0)) > Jim H*(Ey, N B1(0))
= lim ek, HY(B1(0)) = H4(B1(0)).

Hence, E'N B1(0) = B1(0). Now, E; is a union of no
more than M sets 74, o ¢y (OF), with v € Uy, and each
Tk; © ¢y being a similitude with ratio between p and 1.
Moreover, (4-5) implies that these 73, o ¢ (OF') are uni-
formly bounded. By compactness, we have E = UL_| Hy,
where L < M and each Hy is the limit of some sequence
{Th; © v (OF) : v € Uy, }. Hence, each H; = 0,(0F) for
some similitude oy on R, Since E° # (), we have Hy # ()
for some £. Therefore, (OF)° # (). This contradiction
completes the proof. 0

5. EXAMPLES ON COMPUTING DIMENSIONS

In this section, we illustrate the algorithm by some ex-
amples. In actual computations, it is often difficult to
determine whether a neighborhood type belongs to N°
or N2, Proposition 5.1 provides some partial results. Let
F be the attractor of an IFS {¢;}?_, on R? as defined
in (1-1) and let 2 DO F be a bounded open invariant set.

We first define a partial order < on V. Let u,v € V with
Q(u) = {ug,uy,...,u,} and Q(v)={vo,vi,...,vp},

where ug = u, vo = v, and m < n. We say that u < v if
there exists a similitude o(z) = p*Ux + ¢, where k € Z,
U is orthogonal and ¢ € R%, such that

00 Py, = v, and
{oo0¢y, :i=0,1,...,m} C{epy, :i=0,1,...,n}.
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< is a partial order on V. Also, < extends naturally to
N. We say that a neighborhood type [v] € A is mazimal
if

for all

[u] £ [v] ud [v].

Proposition 5.1. Assume the above conditions and let
T,T1i,T3 € N. The following hold.

(a) T € N° if and only if all offspring of T belong to
N°. Equivalently, T € NP if and only if some off-
spring of T belongs to N'2.

(b) If T, < Ty and Ty € N2, then T, € N©.
(c) If 1 <T3 and Ty € N°, then Tz € N°.

(d) Assume that p;, i =1,...,q, are exponentially com-
mensurable. If F° # 0 and T is mazimal, then

T € N°.

Proof: (a), (b), and (c) follow from Propositions 2.2 and
2.3. To prove (d), it suffices to show that if 7 = [v] € N9,
then 7 is not maximal. Let

v =(¢5,k)and Q(v) ={v;:9=0,1,...

Since F° # () and the p; are exponentially commensu-
rable, there exists some index i and some ¢ € N such
that
pi=p" and ¢;(Q) C F°.

Note that for j = 0,1,...,n, ¢i o ¢y, € Veyr, and (¢; 0
¢v;, ¢ + k) are neighbors of (¢; 0 ¢v,,¢ + k). Let u =
(¢4, €+ k). Then T = [v] < [u]. Since [u] € N°, T # [u]
and therefore 7 is not maximal. O

We remark that [Viee] € N2 and that the converse of
Proposition 5.1(d) is false (see Example 5.3).

Let {¢}7_, be a finite boundary type IFS of contrac-
tive similitudes on R? and fix an FBT-set . Let v € V?
with [v] = T?. Suppose v generates n; offspring in V? 1
of boundary neighborhood types ’7;-‘9, 1 < j <m. Then
we denote this by

T > mT? + T+ + TS

By Proposition 3.4, this relation is independent of the
choice of the representative v.

The following simple example illustrates the fact that
a finite boundary type IFS need not be of finite type.

Example 5.2. Consider the IF'S
¢1(x) = px,  da(z) = pr + (1 - p),

where 1/2 < p < (v/5—1)/2~0.618... . Then {¢, d2}
is of finite boundary type.

,n} with vg := v.

Proof: Note that {¢1, ¢2} is not necessarily of finite type.
In fact, it is not of finite type if p is transcendental. To
see this, we first observe that if p is transcendental, then
the iterates ¢ (0), v € Vg, do not overlap. Consequently,
for each k, there are 2% distinct iterates. Now, by the pi-
geonhole principle, some subinterval of {0,1} of length
p* must contain at least (2p)* distinct iterates. Equiva-
lently, some neighborhood Q(v) with v € V, must con-
tain at least (2p)* distinct vertices in Vg. Therefore,
{¢1, 92} cannot be of finite type. In fact, it does not
have the weak separation property (see [Lau and Ngai
99)).

Obviously, the attractor F = [0,1]. Also, for any
€ >0, Q= (—¢1+¢) is a bounded open invariant set
containing F'. We will choose ¢ > 0 to be sufficiently
small, say,

0<e<(1—p—p?)/2 (5-1)

Let T2 := [Vioot): Vreot generates two offspring in Qg,
namely,

V1= (¢17 1)
Denote [v] and [vy] by 75 and T2, respectively. Then
T T 4T

and Vo = (¢2, 1)

Iterating one more time and using assumption (5-1), we
easily get
T2 = TP and T — T7.

Since no new boundary neighborhood types can be gen-
erated, we conclude that {¢1, ¢2} is of finite boundary
type. Moreover, the boundary offspring matrix is

011

B=1]0 1 0

0 01
with Ap = 1. Hence, dimy(0F) = dimp(0F) =
In1/(—Inp) =0, as expected. d

The common contraction ratio of the similitudes in the
following example is the reciprocal of a Pisot number.

Example 5.3. Let F be the attractor of the IFS {¢;}{_;
defined by

é1(x) = rz,

b3(z) = riz +r,

bo(z) = riz + 12,
1
_ .2
$a(a) =17z + —,
where 7 = (v/5—1)/2 is the reciprocal of the golden ratio
(see Figure 1). Then

log Ap

dimpz (OF) = dimp(OF) = 303y

= 0.6007712354 ...,
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k=0

k=1

k=2

|
0 0.5 1 1.5 2

|
2.5 3 3.5 4 4.5

FIGURE 1. The first three iterations of the interval [0, 73] under the IFS in Example 5.3, where r = (v/5 — 1)/2 is the
reciprocal of the golden ratio. Vertices are represented by intervals and are slightly separated vertically. The attractor F

is shown at the bottom of the figure.

where Ap is the largest real zero of the polynomial p(z) =
27 —28 —225 42t 2 - 1.

Proof: By Example 3.9, {¢;}%_, is of finite boundary
type. It can be checked directly that the attractor of the
subsystem {1, @2, 3} is the interval [0, 1] and therefore,
(0,1) C F; moreover, F C [0,773]. Welet Q = (—e, 773+
€) be an FBT-set with € = 107°. We use Mathematica
to find all the neighborhood types in N'. There are 62 of
them. Using Propositions 2.2 and 2.3, we can partition
N into N° UN?.

First, we use Proposition 2.2 to find as many interior
neighborhood types as possible. Note that if £ C F°,
then U?_,¢;(E) C F°. Using this and the fact that
(0,1) C F°, we can enlarge the known subset of F°.
Unfortunately, the largest subinterval of F'° that can be
found by using this method alone is (0, a), where a can be
taken to be 1.236. In fact, a < 1473 = 1.2360679775. .. .

To enlarge this known subinterval of F°, we will prove
the following claim

Claim 5.4. (a) 1+ 1° € F°.
1.3262379212...) € F°.

(b) 1+ 1%+ r°(=

Proof: We will prove (a); the proof for (b) is similar. It
follows from iterating the ¢;s that 1 + 72 = ¢, (0) for
some v € V3. Hence, there exists some €5 > 0 such that
(1+73,¢9) € F°. To show that 1+73 € F°, we will show
that there exists an increasing sequence { Ry} such that
(0,Ry) C F° and limg_,oo Ry, = 1 +73.

First, a direct iteration shows that 1+ 13 = ¢y, (0) for
some vi € V5. Let T = [v1]. Upon one more iteration,
we notice that vi generates an offspring vy which is also
of neighborhood type T, and moreover, ¢y, (0) =1+ 73
(see Figure 2). vy has four left neighbors uy, us, usz,uy €
Vs, with
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/'—

v
FIGURE 2. Figure showing the vertices vi and vz2 in the proof of Claim 5.5. Only offspring generated by the left neighbors

of vy are shown.

ux(0) =1 + 03— 2
uy(0) = 1473 — i,

u (0) =147 -1
uz(0) = 1473 — 10

Let R5 = 1.236. Then we know from above that (0, R5) C
F°. Tterations from k = 5 to kK = 6 show that for

Re:=1+7 —rM 4 r2Ry =1+ 9% — 711 (1 —rR3),
we have (0, Rg) C F°. In general, for k > 5, let
Ry : =1+ r3— 7,2]«—1(1 — TRk).

Then (0, R+1) € F°. It can be proved by induction that
1< Ry <1+r3forall k> 5, {Ry}2; is increasing, and
limy o0 R, = 1 + 73. This proves Claim 5.4. O

We remark that [vo], [v1],[v2] above are not maximal.
Claim 5.4 allows us to compute a larger subinterval
(0,b) C F°; in fact, b can be taken to be at least 1.339.
The following iterates of (0, b) also belong to F°:

1+724+740,b), 1+74r%0,b),
1+734+7%0,b), 1+2r2+75(0,0), 2+1r°(0,b).

Combining this with Proposition 2.2, 31 of the 62 neigh-
borhood types are found to belong to AV/°.

We now try to find as many boundary neighborhood
types as possible. First, notice that if a vertex v does
not have either a left neighbor or a right neighbor, or has
a left neighbor u such that ¢, (F) intersects ¢y (F) only
at the left endpoint of ¢, (F), then [v] € N?. There are
nine such neighborhood types.

Next, using the fact that any vertex that eventu-
ally generates a boundary vertex is a boundary vertex
(Proposition 5.1), 19 additional neighborhood types are
found to belong to A, This leaves us with three undeter-
mined neighborhood types; each of them can be identified
with a vertex v such that ¢y (0) = 1+ r. The following
claim shows that they all belong to A/?.

Claim 5.5. 1 4+r € OF.

Proof of Claim 5.5: Starting from the k-th iteration with
k > 4, the vertex v on Vi such that ¢y (0) =1+ is of
two possible neighborhood types, say 71 and 73. More
precisely, [v] = 77 if k is even and [v] = Tz if k is odd. It
can be seen directly that if k is odd, then v always has
a left neighbor which is known to belong to V2. Hence,
there exists a sequence of points in F converging to 1+,
proving Claim 5.5. 0

Claim 5.5 completes the characterization of the 62
neighborhood types into 31 interior and 31 boundary
neighborhood types. The maximal eigenvalue of the
boundary offspring matrix is given by the largest real
zero of the polynomial p(z). The Hausdorff dimension of
OF can now be computed by using Theorem 1.2. O

There is an alternative way to determine the eigen-
value Ap if the IFSs is of finite type. We first construct
the offspring matrix A for all the neighborhood types in
N as described in [Ngai and Wang 01]. The matrix A
can be rearranged in a lower block triangular form with
each square block on the diagonal being irreducible. By
Proposition 5.1, all neighborhood types corresponding to
each irreducible block belong to either N7 or N°, but
not both. Ap is the maximum of the eigenvalues of the
irreducible blocks corresponding to neighborhood types
in N2, This method is useful when it is difficult to de-
termine a subset of F°, as in the following example. We
have also applied this method to the IFSs in Example 5.3
and [He et al. 03, Example 5.5]. We remark that, unlike
the situation in [Veerman 98|, Ap is not necessarily the
second maximal eigenvalue of A.

Example 5.6. Let F C R? (see Figure 3(a)) be the at-
tractor of the IFS ¢;(x) = pR(m)x + b;, 1 = 1,2,3,4,
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where p = (v/5 — 1)/2, R(x) is a counterclockwise ro-
tation by w, by = (0,0), by = (—1,0), b3 = (1,0), and
by = (0,1). Then F° # 0, Ag = p~! and dimp(0F) =

Proof: Again by Example 3.9, {¢;}%_; is of finite bound-
ary type. Since F' is enclosed in the rectangle [-2—p, 2+
plx[—1,14+p], welet Q= (—2—p—€,2+p+e) x (—1—
€,1 4+ p+ ¢€), with some small € > 0. The IFS is of finite
type and the maximal eigenvalue of the offspring matrix
Ais p~2. Tt follows that dimg (F) = 2 and therefore by
Theorem 1.3, F° # (). To compute the dimensions of OF,
we first use MATLAB to find all irreducible components

2 must consist

of A. The one with maximal eigenvalue p~
entirely of neighborhood types in N°. The maximum
of the maximal eigenvalues of the remaining irreducible
~! (the larger zero of 2 —z — 1). It is
easy to check that one of these irreducible components
contains a neighborhood type in N. Hence, A\p = p~*,

and the result follows. d

components is p

Note that in Example 5.6, F = U} ;_;¢; 0 ¢;(F). By
removing two of the maps ¢;0¢;, we obtain, in the follow-
ing example, an attractor whose boundary has Hausdorff
dimension exceeding one. The computation is similar.

Example 5.7. Let {¢;}?_, be as in Example 5.6 and let F
be the attractor of the IFS {¢;0¢;}i ;1 \{p2001, 3061}
(see Figure 3(b)). Then F° # 0, Ap is the large real
zero of z° — 3z* — 2° + 22 + 5z — 1, and dimp(0F) =
dimz (OF) = 1.1608863490 .. . .
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