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We find asymptotic formulas as n ! 1 for the coefficients

a(r, n) defined by1Y�=1

(1� x� )�� r

=

1X
n=0

a(r, n)xn.

(The case r = 1 gives the number of plane partitions of n.) Gen-

eralized Dedekind sums occur naturally and are studied using

the Finite Fourier Transform. The methods used are unortho-

dox; many of the computations are not justified but the result

is in many cases very good numerically. The last section gives

various formulas for Kinkelin’s constant.

1. INTRODUCTIONIn [Almkvist 1993] I gave the �rst four terms of anasymptotic formula for �(n), the number of planepartitions of n. A form for higher-order terms issuggested there. This is false in general (beginningwith k = 5) and this paper describes a way torepair these errors.More generally, letf(x) = 1Y�=1(1� x�)��r = 1Xn=0 a(r; n)xn(hence �(n) = a(1; n) and p(n) = a(0; n)).To �nd the k-th term in the asymptotic for-mula for a(r; n) it is necessary to �nd very goodestimates of f(x) near the singular points x =exp( 2�ihk ) with (h; k) = 1. This is done by fourdi�erent methods in Sections 3, 4, 5 and 8. Thuswe �nd the expressions forf�exp�2�ihk � t�� (1–1)for small positive t.
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344 Experimental Mathematics, Vol. 7 (1998), No. 4Then, in Section 7, comes the experimental partof the paper. To �nd a(r; n) we put x = exp(i') inf(x) and integrate on the unit circle (viewing f(x)as a distribution). Then we extend the intervalof integration from [��; �] to (�1;1) assumingthat the approximation (1{1) is valid on the entireimaginary axis. We have converted a Fourier coef-�cient to a Fourier transform. This hilarious com-putation gives in many cases very good asymptoticformulas. This is remarkable and I have no expla-nation why it works so often. For example, if r = 0we get a(0; n) = p(n);the number of partitions of n. The method abovegives the Bessel function I�3=2 instead of I3=2 inthe celebrated formula of Hardy, Ramanujan andRademacher. The di�erence is very small.As another example we obtain all 28 digits ofa(2; 100) correctly, but \only" 46 out of 65 fora(2; 300). Most of the missing digits are recoveredby using a pseudodi�erential operator containingexp(�cD�1) with D = ddn . This is done in Section8 where an Eisenstein series is used to �nd an ap-proximate functional equation for f�exp�2�ihk �t��.In Section 6 we study generalized Dedekind sumsusing the Finite Fourier Transformation.In Section 9 the �fth and sixth terms of theasymptotic formula for �(n) are computed. Nu-merically we get an error of only one or two digitsout of 28 for �(199) and �(200).In Section 10 we use our method to �nd exactformulas for the number of triangular partitions.My student G�oran Andersson has shown that themethod always gives the correct result if the gen-erating function is rational (i.e., partitions into atmost r parts).Finally, Section 11 brie
y discusses the variousde�nitions of Kinkelin's constant, �rst studied in1860. The simplest one, found recently by Vardiand Meurman, is K = � 0(�1);where �(s) is the Riemann zeta function.

2. PLANE PARTITIONSLet �(n) denote the number of plane partitions ofn. Thus �(3) = 6, since we have the following pat-terns (see [Andrews 1976] for an exact de�nition):3 2 1 2 1 1 1 1 1 11 1 11By convention, �(0)=1. Major MacMahon showedthat the generating function for � is1X0 �(n)xn = 1Y�=1(1� x�)�� :This is much more di�cult than the correspond-ing result of Euler for ordinary partitions [Andrews1976].The value of �(n) grows very fast with n. E. M.Wright [1931] showed that�(n) � eKa7=362p� � 2n�25=36 exp(3(an2=4)1=3);where a = �(3) = 1X1 1k3 ;K = 2Z 10 x log xe2�x � 1 dx:C. Knessl [1990] found a second term of size ap-proximately equal to the square root of Wright'sterm. For the actual computation of �(n) this israther useless since the error in the �rst term ismuch larger than the second term. This dependson the fact that the exponential is not the cor-rect function for approximating �(n). In [Almkvist1993] the following formula�(n) � '1(n) + '2(n) + � � �is given, where'1(n) = eKa13=24� exp�� 1Xi=1 2(2i+1)!�(2i)�(2i+2)i(2�)4i+2 D2i�g�npa; �112 �



Almkvist: Asymptotic Formulas and Generalized Dedekind Sums 345with D = ddnand g(x; 
) = 1X�=0 x2�+
�1�!�(2� + 
) :Formulas for '2, '3 and '4 are also given. Theform for higher-order terms is suggested. This isfalse in general (starting at k = 5). The constantck depends on h (the k-th term corresponds to thebehaviour of Q(1 � x�)�� at the singular pointexp(2�ih=k)). This paper describes the author'swork to repair these errors. It will lead to manynew problems, some of them, possibly more inter-esting than the original problem. To begin with wegeneralize the problem tof(x) = 1Y�=1(1� x�)��r = 1Xn=0 a(r; n)xn:Thusa(0; n) = p(n) = number of partitions of n;a(1; n) = �(n) = number of plane partitions of n:To �nd the asymptotic behaviour of a(r; n) as n!1 it is necessary to study f(x) near its singularpoints x = exp(2�ih=k), where (h; k) = 1. This isachieved by substitutingx = exp(2�ih=k � t)and letting t ! 0. The main term will come fromthe point x = 1 and we put x = e�t.We will now describe four di�erent methods (la-belled A, B, C, D) to �nd the expansion off(exp(2�ih=k � t))as t! 0.
3. METHOD A: THE ABEL–PLANA FORMULAThis great formula, which seems to be almost com-pletely forgotten, is a concise version of the Euler{Maclaurin summation formula. If h(z) is a function

behaving nicely at1 (see [Henrici 1974, p. 274] fora precise statement), then1X0 h(n) = Z 10 h(x) dx + h(0)2+iZ 10 h(iy) � h(�iy)e2�y � 1 dy:We want to studyg(t) = log f(e�t) = � 1X�=1 �r log(1� e��t):Hence put h(x) = �xr log(1� e�tx)in the Abel{Plana formulag(t) = �Z 10 xr log(1� e�tx) dx�iZ 10 (iy)r log(1�e�ity)�(�iy)r log(1�eity)e2�y � 1 dy:Expanding log(1� e�tz) in Taylor series and usingZ 10 y�e2�y � 1dy = �(�+1)�(�+1)(2�)�+1 = � �(��)2 sin(��=2)(and assuming for the moment that � is not aninteger) we get�(��) = �2 sin ��2 Z 10 y�e2�y � 1dyand� 0(��) = � cos ��2 Z 10 y�e2�y � 1dy+2 sin ��2 Z 10 y� log ye2�y � 1dy:Henceg(t) = r!�(r+2)tr+1 + � 0(�r)� �(�r) log t+ t2 �(�1�r) + 1X�=2 �(1��)�(�r��)�! t� :



346 Experimental Mathematics, Vol. 7 (1998), No. 4In Section 7 we will show how we can �nd the �rstapproximation '1(n) of a(r; n) using the formulafor g(t) above. Using the functional equationf(�x) = f(x2)2r+1+1f(x)f(x4)2rfor f(x) = 1Y�=1(1� x�)��r ;we can easily obtain the second term correspondingto the singular point x = �1. However, it seemshard to �nd the higher-order terms, correspondingto x = exp(2�ih=k), by this method.
4. METHOD B: DIVERGENT SERIESThis \method" should be used with care. It iseasy to lose some terms. It is mentioned here sinceit was in this way that I found the generalizedDedekind sums.We wish to study f(x) = Q1n=1(1 � x�)��r nearx = exp(2�ih=k). Hence we putx = exp(2�ih=k � t)and take the logarithmg(t) = log f(exp(2�ih=k � t))= � 1X�=1 �r log(1� exp(2�i�h=k � �t))= 1X�=1 1X�=1 �r� e���t exp(2�ih��=k)= 1k 1X�=1 1Xq=1 �rq e�q�(kt)+ 1X�=1 k�1Xj=1 1Xq=0 �rqk+j e�(kq+j)�t exp(2�ij�h=k)= S1 + S2:The summand S1 = 1kf(e�kt) is known by theAbel{Plana formula. In order to compute S2 we�rst sum over q.

Lemma 4.1. Let 1 � j < q. Then1Xq=0 e�(kq+j)ukq + j =�1k�log u� log k � �2 cot j�k+ k�1X�=1 cos 2�j�k log�2 sin ��k �+ 1X�=1 (�1)�k�B�(j=k)� �! u��;where B�(x) is the Bernoulli polynomial of degree�.The proof uses the value of  (j=k) (where  (x) =�0(x)=�(x)), which was known to Gauss. We getS2 = 1k 1X�=1 k�1Xj=1 �r exp(2�ij�h=k)��� log t� log � � log k + �2 cot j�k+ k�1X�=1 exp(2��ji=k) log �2 sin ��k �� 1X�=1 (�1)�k�B�(j=k)����! t��:Then, summing like Euler, we get1X1 �r = �(�r);1X1 �r log � = �� 0(�r):By formally di�erentiating1X1 ei�� = 12(i cot(�=2) � 1)r times we get1X1 �rei�� = i2 (2i)r cot(r)(�=2)



Almkvist: Asymptotic Formulas and Generalized Dedekind Sums 347This gives rise to a very interesting term of S2 (foreven r), namely�2k k�1Xj=1 cot j�k 1X�=1 �r exp�2�ij�hk �= �i 14k(2i)r k�1Xj=1 cot�j�k � cot(r)�jh�k �= �is(r; h; k);wheres(r; h; k) = 14k(2i)r k�1Xj=1 cot�j�k � cot(r)�jh�k �is a generalized Dedekind sum.Indeed,s(0; h; k) = 14k k�1Xj=1 cot�j�k � cot�jh�k �;which is equal to the classical Dedekind sum,s(h; k) = k�1Xj=1((j=k))((jh=k));where ((x)) = �x� [x]� 12 if x =2 Z,0 if x 2 Z.The equality of these two expressions for s(h; k)is usually attributed to Rademacher [1933]. Butthe cotangent formula already appears in [Mellin1923], in a formula that approximatesQ11 (1�x�)�1near x = exp(2�ih=k).Summing the other terms of S2 we get a formulafor log f(exp(2�ih=k � t)), which is close to thecorrect one; but we are of course far from a proof.In the next section we will use a safer method.
5. METHOD C: THE MELLIN TRANSFORMATIONThis is by far the best method and we can evenprove an asymptotic formula for f(exp(2�ih=k�t))as t! 0+.

Theorem 5.1. Let f(x) =Q1�=1(1� x�)��r .(i) Assume r is even � 2. Then, as t! 0+,log f(exp(2�ih=k � t)) = r!�(r + 2)kr+2 1tr+1+kr� 0(�r) + �is(r; h; k) + 12�(�1� r)t; (5–1)wheres(r; h; k) = krr + 1 k�1Xj=1 Br+1(j=k)((jh=k))is a generalized Dedekind sum (we use the samenotation as in Section 4, since these two s(r; h; k)are identical; see Section 6). (If r = 0 we get anextra term ��(0) log t = 12 log t in (5{1).)(ii) We have, if r is odd ,log f(exp(2�ih=k � t))= r!�(r + 2)kr+2 1tr+1 + kr� 0(�r)� kr�(�r) log k+ krr + 1 k�1Xj=1 Br+1(j=k) log���2 sin jh�k ���� kr�(�r) log t+ ikr+12(r + 2) k�1Xj=1 Br+2(j=k) cot�jh�k �+ 1X�=2 (�1)�k�+rt���!(� + r + 1)�B�B�+r+1+ �(2i)� k�1Xj=1 B�+r+1(j=k) cot(��1)�jh�k ��:
Sketch of proof. We computeg(t) = log f(exp(2�ih=k � t))= � 1X�=1 �r log(1� exp(2�ih�=k � �t))= 1X�=1 kXd=1 1X�=0 �r�k + d exp(��(�k + d)t)� exp(2�i�dh=k):



348 Experimental Mathematics, Vol. 7 (1998), No. 4The Mellin transform~g(s) = Z 10 g(t)ts�1dt= kXd=1 1X�=1 1X�=0 �r�s�(s)(�k + d)1+s exp(2�i�dh=k)= �(s)k�r�2s�1 kXd=1 kXj=1 �(1+s; d=k)��(�r+s; j=k)� exp(2�ijdh=k);where �(s; a) = 1Xn=0 1(n+ a)s ;is the Hurwitz �-function.To recover g(t) we use Mellin's inversion formulag(t) = 12�i Z a+i1a�i1 ~g(s)t�s ds;where a > 1+ r. We complete the path of integra-tion to a rectangle where the left vertical side goesthrough �N � 1=2 where N is a large integer.The main term of the expansion of g(t) near t =0 will be r!�(r + 2)kr+2 1tr+2 ;which is the residue of ~g(s)t�s at the simple poles = r + 1.The most di�cult part is the calculation of theresidue at s = 0, a double pole. Expanding every-thing at s = 0 and deleting everything of order s2we get~g(s)t�s = kr�1(1� 2s log k)(1 � s log t)� kXd=1 kXj=1�s�2�s�1(
+ (j=k))����(�r)+s� 0(�r; j=k)�� exp(2�ijdh=k);

where 
 is Euler's constant and  (x) = �0(x)=�(x)as before. Usingk�1Xj=1 log�2 sin j�k � = log k;k�1Xj=1 cot�j�k � exp�2�ij�k � = 2ki ((�=k))[Rademacher and Grosswald 1972, p. 14], we get,after some tricky computations,Ress=0 (~g(s)t�s)= kr�(�r) log(kt) + kr� 0(�r) + �is(r; h; k)+ krr + 1 k�1Xj=1 Br+1(j=k) log ����2 sin�jh�k �����:The other terms are obtained as the residues ats = �� for � = 1; 2; 3; : : : .Using the Riemann{Lebesgue Lemma one canshow that the integral on the other three sidestends to zero as the rectangle goes to in�nity andt! 0+. �
6. GENERALIZED DEDEKIND SUMSIn Section 5, when we estimatedf(x) = 1Y�=1(1� x�)��rat the singular point exp(2�ih=k), we found formu-las containing the functions �(��; x), cot(�)(�x),log j2 sin(�x)j, ((x)), and Br+1(x). What is com-mon to all these functions? They all satisfy a func-tional equation (\addition theorem") of the typek�1Xj=0 f�x+ jk � = kmf(x); (6–1)where m is a particular integer and k > 1 is anyinteger. We call such a function a Kubert functionof type m. Let Km denote the vector space of allsuch functions satisfying (6{1). (In [Milnor 1983]a di�erent notation is used.)



Almkvist: Asymptotic Formulas and Generalized Dedekind Sums 349Let's order these functions, and a few others,according to their type:m f3 �(3; x); �(3; 1�x); cot(2)(�x)2 �(2; x); �(1� x); cot(1)(�x)1 1; cot(�x)0 B1(x); ((x)); log j2 sin(�x)j�1 B2(x); �(�x); `(2; x); `(2; 1�x)�2 B3(x); `(3; x); `(3; 1�x)�3 B4(x); `(4; x); `(4; 1�x)Here �(y) = �Z y0 log(2 sin t) dtis the Lobachevsky function and`(s; x) = 1Xn=1 exp(2�inx)nsis the periodic �-function.
Theorem 6.1 (Kubert). Km is two-dimensional for allm.Thus there are linear relations likecot(m�1)(�x) = C(�(m;x) + (�1)m�(m; 1� x))for some constant C�(1�s; x) = �(s)(2�)s �e��is=2`(s; x) + e�is=2`(s; 1�x)�(Hurwitz's formula).The Fourier expansion of Br(x) in the interval(0; 2�) shows that Br(x) is a linear combination of`(r; x) and `(r; 1�x).We also have�(�x) = i�22 B2(x)� i2 `(2; x):
The Finite Fourier Transformation (FFT)Consider periodic functions f satisfyingf(x+ 1) = f(x)

and let k > 1 be a �xed integer. We de�ne the�nite Fourier transform f̂ of f byf̂(�=k) = k�1Xj=0 f(j=k) exp(�2�ij�=k):We have the inverse transformationf(�=k) = 1k k�1X�=0 f̂(�=k) exp(2�i��=k)so ^̂f (x) = kf(1� x):We also de�ne the scalar producthf; gi = k�1Xj=0 f(j=k)g(j=k)and obtainkhf; gi = hf̂ ; ĝi (\Parseval's formula"):Here is a small table of FFT's:f f̂((x)) i2 cot(�x) (Eisenstein)`(s; x) k1�s�(s; x)Bm(x) mk1�m(i=2)m cot(m�1)(�(x))log(2 sin(�x)) 
 + log k + �2 cot(�x) +  (x)(Gauss)By inspection (dimKm = 2) we see that, for allintegers m 6= 0,f 2 Km =) f̂ 2 K1�m;f 2 Km =) f 0 2 Km+1:
Definition 6.2. For positive integers h; k with k > 1and functions f and g we de�ne the Dedekind sums(f; g;h; k) = k�1Xj=0 f(j=k)g(jh=k):Using Parseval's formula we obtain the followingresult:
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Proposition 6.3. k s(f; g;h; k) = s(ĝ; f̂ ;h; k).
Examples. (i) Let f(x) = g(x) = ((x)). Thens(f; g;h; k) = k�1Xj=0((j=k))((jh=k)) = s(h; k)is the classical Dedekind sum. Nowf̂(x) = ĝ(x) = i2 cot(�x)and Proposition 6.3 shows thats(h; k) = 14k k�1Xj=1 cot�j�k � cot�jh�k �(Mellin{Rademacher); here we have used the factthat f̂(0) = f(0) = 0, by the functional equation.
(ii) Put f(x) = Br+1(x) and g(x) = ((x)). Then weget, for even r,s(r; h; k) = krr + 1 k�1Xj=1 Br+1(j=k)((jh=k))= 14k(2i)r k�1Xj=1 cot(r)�jh�k � cot�j�k �;the formula referred to in Section 5.
(iii) We have the Dedekind zeta functionL(s) = �Qp�7(s) = 12 Xm;n2Z(m;n)6=(0;0)(m2 +mn+ 2n2)�sof the �eld Q (p�7) (see [Zagier 1986]). We wantto compute L(s) for integer s. By [Zucker andRobertson 1975] we haveL(s) = 7�s�(s) 6X�=1��7��(s; �=7);where � �7� is the Legendre symbol. We considerthis as a Dedekind sum for k = 7 withf(�=7) = ��7�;g��7� = �(s; �=7):

Then f̂(�=7) = �ip7��7�;ĝ(�=7) = 7s`(s; 1��=7);and we obtain by Parseval's formulaL(s) = 7�s�(s) � 7�1hf̂ ; ĝi= � i7�(s) � p7 6X�=1��7�`(s; 1� �=7)= 2�(s)p7 �Cls�2�7 �+Cls�4�7 �+Cls�8�7 ��;where Cls(x) = 1Xn=1 sin(nx)nsis the Clausen function. In particular for s = 2 weget, since Cl2(x) = 2�(2x),�Q(p�7)(2) = 2�23p7���4�7 �+��8�7 �+��16�7 ��= 2�23p7��(�=7) + �(2�=7) + �(4�=7)�:
7. A RAMANUJAN-STYLE COMPUTATION OF A

“RATHER EXACT” ASYMPTOTIC FORMULAAccording to Hardy, Ramanujan never masteredcomplex integration. But already in his �rst letterto Hardy in 1913 he states that the coe�cient ofxn in 11� 2x+ 2x4 � 2x9 + 2x16 � � � �is the nearest integer to14n�cosh(�pn)� sinh(�pn)�pn �:As Selberg has pointed out, there occurs hereddn �sinh(�pn)pn � :This expression is absent in the Hardy{Ramanujanformula for p(n), but reappears in Rademacher'sconvergent series.



Almkvist: Asymptotic Formulas and Generalized Dedekind Sums 351It is likely that Ramanujan used Fourier seriesand Fourier transformations to obtain such a for-mula.Let's show how to �nd a(r; n) when r is even andgreater than 2, wheref(x) =Y�=1(1� x�)��r = 1X0 a(r; n)xn:Put x = eiy and compute the Fourier coe�cent,a(r; n) = 12� Z ��� f(eiy)e�iny dy:This might look dangerous, but f(eiy) is singular\only" for y = 2�ih=k where (h; k) = 1, a set ofmeasure zero.Then put y = 2�h=k + 'and assume that the asymptotic formula for g(t)in Section 5 is valid also for t = �i', i.e.,f(exp(2�ih=k + i')) � exp� akr+2 (�i')�(r+1)+kr� 0(�r) + �is(r; h; k) � �(�1� r)2 i'�(this is the most dubious part of this computation).Let 'k(n) denote the contribution to the integralnear the points exp(2�ih=k) for all h = 1; 2; : : : ; kwith (h; k) = 1. We also extend the integrationto the interval (�1;1) since most of the mass isconcentrated near ' = 0. Then'k(n)� exp(kr� 0(�r)) X(h;k)=1exp(�is(r; h; k)� 2�ihn=k)� 12� Z 1�1exp� akr+2(�i')r+1��n+�(�1�r)2 �i'�d'= exp(kr� 0(�r))A(r; k; n)� 12� Z 1�1 exp�a(�i')�r�1kr+2 � i�'� d';

where a = r!�(r + 2);� = n+ �(�1� r)2 ;A(r; k; n) = X(h;k)=1 exp��is(r; h; k) � 2�ihn=k�:Nowexp�a(�i')�r�1kr+2 � = 1X�=0 a�k�(r+2)�! (�i')��(r+1)and12�Z 1�1(�i')��(r+1)e�i�'=8><>: ��(r+1)�1(�(r+1)�1)! if � � 1�(�) if � = 0(as distributions).Since � > 0 we can delete the delta function andhence'k(n) � A(r; k; n) exp(kr� 0(�r))� 1X�=1 a���(r+1)�1k�(r+2)�!(�(r + 1)� 1)!= A(r; k; n) exp�kr� 0(�r)��(r + 1)!�(r + 2)kr+2 L�r+1; a�r+1kr+2 �;where L(m;x) = 1X�=0 x��!(m(� + 1)� 1)! :If y = xmL(m;xm)then xy(m+1) = my:
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A Numerical ExampleLet r = 2 and n = 100. Then'1 = 23302 11343 21083 38037 18557 774:349;'2 = 36126 79905 487:906;'3 = �40315 672:924;'4 = 158 721:384;'5 = 6 526:089;'6 = 245:983;'7 = �46:124;P71 'j = 23302 11343 21083 74136 58313 036:666:This compares witha(2; 100) = 23302 11343 21083 74163 58313 037;so the error is 0:33. Another example is given inthe next section.
The Wilf PolynomialIn the Hardy{Ramanujan{Rademacher formula forp(n) there occurs the factorA(k; n) = X(h;k)=1 exp��is(h; k) � 2�ihn=k�:H. Wilf got the idea to use the A(k; n)'s as rootsof a polynomialQ(k; x) = kYn=1(x�A(k; n)):
Theorem 7.1. Q(k; x) has integer coe�cients if andonly if k is even or a square.There are at least three di�erent proofs [Almkvist1994; Almkvist and Wilf 1995; Dokshitzer 1994].Dokshitzer's proof is completely elementary.There is a natural generalizationQ(r; k; x) = kYn=1(x�A(r; k; n));Dokshitzer [1995] has proved the following result,again from scratch (see also [Almkvist 1994]):
Theorem 7.2. Q(r; k; x) has integer coe�cients if(r+1; k) = 1 and (r+1; '(k)) = 1;

where ' is Euler's totient function.One gets the following byproduct [Almkvist 1994]:
Irregularity Condition for Pedestrians. A prime p isirregular if and only if the integerp�1Xj=1 cot(r)�j�p � cot�j�p �is divisible by p for some even r � p� 5.The usefulness of this criterion is limited by thesize of the numbers. Thus for the smallest irregularprime p = 37 we have36Xj=1 cot(30)�j�37� cot�j�37�= 99381 12179 50173 18051 12649 20615 51734n87300 61612 82327 60119 99185 81022 72= 232 � 37 � 62537 75825 56148 47530 74079n90686 69445 50625 05872 68309 36641 1.
8. METHOD D: EISENSTEIN SERIESWe try to compute the 65-digit numbera(2; 300) = 29688 40393 33162 67875 30618 39296n19499 14404 47685 68754 23423 51912 79016:Using the asymptotic formula in Section 7 we ob-tain, taking 16 terms,16Xj=1 'j(300) = 29688 40393 33162 67875 30618 39296n19499 14404 47685 68841 34180 54670 03154:4927:We get an error \already" in the 47th digit. (Thereis nothing wrong with the size of the terms: j'15j <110 .) The error is 87 10757 02757 24138:4927. Howcan we get rid of such a large error? Let's go backto the beginning. We havef(x) = 1Y�=1(1� x�)��r = 1X0 a(r; n)xn



Almkvist: Asymptotic Formulas and Generalized Dedekind Sums 353and g(t) = log f(exp(2�ih=k � t))= 1X�=1 1X�=1 �r� exp(��(2�ih=k � t)):Take the derivativeg0(t) = � 1X�=1 1X�=1 �r+1 exp(���(t� 2�ih=k))= � 1Xn=1 �r+1(n) exp(�n(t� 2�ih=k));where �r+1(n) =Xdjn dr+1:This we recognize as an Eisenstein series of weight(r + 2)=2. Indeed letG2k(�) =Xm Xn 0(m+ n�)�2kfor k � 2, where the sum is over all pairs of integers6= (0; 0). The Fourier expansion of G2k(�) is (see[Serre 1977, p. 150])G2k(�) = 2�(2k) + 2(2�i)2k(2k � 1)! 1Xn=1 �2k�1(n)qnwhere q = exp(2�i�); Im � > 0:Now by modularityG2k�a� + bc� + d� = (c� + d)2kG2k(�)if � abcd� is an integer matrix with ad � bc = 1. Wetake � a bc d� = �H �(1 + hH)=kk �h � ;where Hh � �1(mod k):We have q = exp(2�i�) = exp(2�ih=k� t), that is,� = h=k + it=2�:

Then � 0 = a� + bc� + d = H=k + 2�ik2tand q0 = exp(2�i� 0) = exp �2�iH=k � 4�2k2t �:Also c� + d = ikt2� :It follows thatg0(t)= � 1Xn=1�r+1(n)qn= (r + 1)! �(r + 2)(2�i)r+2 � (r + 1)!2(2�i)r+2Gr+2(�)= �(�1�r)2 � � ikt2� ��(r+2) (r + 1)!2(2�i)r+2Gr+2�Hk + 2�ik2t�= �(�1� r)2 � (r + 1)! �(r + 2)kr+2tr+2� (2�i)r+2(kt)r+2 1Xn=1�r+1(n) exp�2�inHk � exp��4�2nk2t �:Integrating, we obain the following formula (weknow the constant from the Mellin transformation)g(t)= r!�(r+2)kr+2 1tr+1+ �(�1�r)2 t+�is(r; h; k)+kr� 0(�r)� (2�i)r+2kr4�2 1Xn=1 �r+1(n)n exp�2�iHnk � exp��4�2nk2t ��(k2t)�r+ rX�=1 �!� r� �(4�2n)��(k2t)��r�:This agrees with the result we got from the Mellintransformation up to the last term. When t! 0+this term is very small.Now we want to estimate the error caused by thelast term. We specialize to r = 2 and puta = 2�(4) = �4=45; b = 4�2:



354 Experimental Mathematics, Vol. 7 (1998), No. 4Theng(t) = ak4 1t3 + t240 + �is(2; h; k) + k2� 0(�2)� k2b 1X�=1 �3(�)� exp�2�i�Hk � exp�� �bk2t��� t�2k4 + 2t�1�bk2 + 2�b2�:Put c = exp � 0(�2); � = n+ 1240 :Computing f(exp(2�ih=k � t)) = exp(g(t)), wetake only � = 1 in the last term. We will get thepseudodi�erential operator� exp�2�iHk � exp��bD�1k2 �� bk2D�2+2D�1+2k2b ��where D = dd�� acting on the 'k(n)-term.Let's �nd (formally)D�m exp(�cD�1)�� = 1Xj=0 (�1)jcjj! D�j�m��= �! 1Xj=0 (�1)jcjj!(j+m+�)!��+j+m= �!��c�m+�2 Jm+�(2pc�);where Jm+�(x) is the Bessel function.Then (abusing the notation in �rst line)X(h;k)=1 exp(2�iH=k)D�m exp��bD�1k2 �'k(n)= ~A(k; n)ack2km�2��b�1+m=2 1X�=0 1(� + 1)!� �ak��b�3=2��J3�+m+2�2pb�k �;where~A(k; n) = X(h;k)=1 exp��is(2; h; k)+ 2�iHk � 2�ihnk �:For each k = 1; 2; 3; : : : we get three terms (cor-responding to m = 0; 1; 2).

The largest for n = 300 are:k = 1 m = 2 �85 75737 96619 63506:1407m = 1 �1 33947 24536 56529:1035m = 0 1044 84349 35559:0223k = 2 m = 2 2659 98816:6964m = 1 82 98988:6074m = 0 1 29052:9901k = 3 m = 2 3 76093:7907m = 1 17575:3790m = 0 408:7188k = 4 m = 2 6932:2282m = 1 431:3693m = 0 13:3356k = 5 m = 2 �97:1363Summing up we get�87 10757 02757 27378:2885which is very close to the error we got when we usedthe Mellin transformation. The remaining error isonly �3240.If we expand exp (g(t)) further (for � = 1) weget a second termexp(�2bD�1)�b22 D�4 + 2bD�3 + � � ��:If we let this act on '1 we get form = 4 �185:8528;m = 3 �0:3:There is a lot of cancellation. In the last sum thereare terms of order 108 but the sum is �0:3.
9. PLANE PARTITIONS, THE FIFTH AND SIXTH TERMSFor plane partitions we have r = 1, sof(x) = 1Y�=1(1� x�)�� ;and we get a Mellin transform



Almkvist: Asymptotic Formulas and Generalized Dedekind Sums 355log f(exp(2�ih=k � t))= �(3)k3 1t2 + k� 0(�1)+ k log k12 + k2 k�1Xj=1 B2(j=k) log ����2 sin�jh�k �����+ k12 log t+ ik2t6 k�1Xj=1 B3(j=k) cot�jh�k �+ 1X�=2 (�1)�k�+1t��(� + 2)�! �B�B�+2+ �(2i)� k�1Xj=1 B�+2(j=k) cot(��1)�jh�k ��:For k = 1; 2; 3; 4 the computations in [Almkvist1993] are correct, so let's take k = 5. After somecomputations we get (taking terms only up to D3)'5(n) � 2c5� a125�17=24 2Xj=1wj exp(bjD2)� cos�2�jn5 + ajD + cjD3�g�nr a125 ;� 512�;whereD = ddn;a = �(3);c = exp (� 0(�1)) ;w1 = 55=12(2 sin(�=5))1=30(2 sin(2�=5))�11=30;w2 = 55=12(2 sin(2�=5))1=30(2 sin(�=5))�11=30;a1 = 15 (2 cot(�=5) + cot(2�=5)) ;a2 = 15 (2 cot(2�=5) + cot(4�=5)) ;b1 = 6192880 � p510 ;b2 = 6192880 + p510 ;c1 = 1600�74 cot(�=5)sin2(�=5) + 43 cot(2�=5)sin2(2�=5)�;

c2 = 1600�74 cot(2�=5)sin2(2�=5) + 43 cot(4�=5)sin2(4�=5)�;g(x; 
) = 1X�=0 x2�+
�1�!�(2� + 
) :For k = 6, which is a much simpler case, we get'6(n) � c621=431=3� a216�3=4��2 sin 2�n6 � 199p3D+ 105034612099520p3D3+ � � ��+2 cos 2�n6 �1� 8478777760D2�� � ���g�np a216 ;� 12�;with D = ddn .
Numerical Example. Let n=199. Then'5 = �720:6; '6 = 35:7:If n=200 we get'5 = 2549:6 '6 = �32:1:For '1; : : : ; '4, see [Almkvist 1993, p. 24]. Theerrors will be 47 and 4 respectively; �(199) and�(200) are numbers with 28 digits.
10. TRIANGULAR PARTITIONSConsider a triangular array Tr of nonnegative in-tegers aij :a11 a12 a13 � � � � � � a1;na21 a22 � � � � � � a2;n�1a31 a32 � � � a3;n�2� � � � � � � � �� � � � � �an;1such thataij � ai+1;j and aij � ai+1;j�1:If Pi+j�r+1 aij = n we say that Tr is a triangularpartition of n of order r. Let Tr(n) be the numberof such partitions of n of order r.



356 Experimental Mathematics, Vol. 7 (1998), No. 4Carlitz and Scoville [1975] found the generating functionfr(x) = 1Xn=0 Tr(n)xn = rY�=1 (1� x2��1)��r�1:Since fr(x) is the inverse of a polynomial, Tr(n) will have polynomial growth in n. More precisely, Tr(n)is a quasipolynomial, i.e., its coe�cients are periodic functions of n.We compute (for odd k � 2r � 1)g(t) = log fr (exp(2�ih=k � t)) = rX�=1 1X�=0 r + 1� �� exp(2�ih�(2� � 1)=k) exp(��(2� � 1)t);~g(s) = Z 10 g(t)ts�1dt = �(s)k�1�s rX�=1 r + 1� �(2� � 1)s kXd=1 �(1 + s; d=k) exp(2�ihd(2� � 1)=k):The computation of the residues at the poles is complicated. We specialize to r = 4 and give only the�nal result T4(n) = '1(n) + '3(n) + '5(n) + '7(n);where (with � = n+ 15)'1(n) = 133527 ��99! � 6512 �77! + 11537720 �55! + 3881112 �33! + 5008198100 �� ;'3(n) = 3�13=2��2 � 1103 � sin 2�n3 + 3�7� cos 2�n3 ;'5(n) = � �625�2 cos 2n�5 +2 cos 4n�5 �� 1625�2 sin 2n�5 �2 cot �5 � cot 2�5 �+ 2 sin 4n�5 �cot �5 +2 cot 2�5 ��;'7(n) = 1196 0B@ sin (n+ 1)�7sin2 3�7 sin 5�7 + sin 3(n+ 1)�7sin2 5�7 sin �7 � sin 5(n+ 1)�7sin2 �7 sin 3�7 1CA :The expressions in outer parentheses are all integers. We obtain an exact formula.
Numerical Example. Let r = 4 and n = 998. Then'1 = 654 87000 00644 21794:362848;'3 = �704:026063;'5 = 1:622400;'7 = 0:040816;'1 + '3 + '5 + '7 = 654 87000 00644 21092:000001;which agrees with T4(998).
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11. THE LONG HISTORY OF KINKELIN’S CONSTANTKinkelin [1860] generalized the �-function to thefunction �2(x). In modern notation (see [Vardi1988]) it satis�es�2(n+ 2) = 11!� 2!� � � � � n!if n is a positive integer. There is an asymptoticformula, similar to Stirling's formula for �:log �2(x) = 34x2 � �12x2 � 112� log x� 12x log(2�)�K +O(x�1);whereK is Kinkelin's constant. The correspondingconstant for the �-function is� 12 log(2�) = � 0(0):In Kinkelin's notation, K = 12 log ~!.The constant K has been rediscovered a numberof times and we give several formulas for it.From [Kinkelin 1860; Knessl 1990] we haveK = � limN!1� NX1 n log n� N 22 logN + N 24�N logN � 112 logN � 112�: (11–1)Knessl found his formula when usingWKB-approx-imation for �(n).From [Wright 1931]:K = 2Z 10 x log xe2�x � 1 dx: (11–2)This is Wright's constant in his asymptotic formulafor �(n).From [Kinkelin 1860]:K = 124 � 13
 � 1X�=1 �(2� + 1)� 1(2� + 1)(2� + 3) ; (11–3)K = 136 (
 � 2)� log 4 + 19(3 log 3 + 5 log 5)+ 19 1X�=1 �(2� + 1)� 1(� + 1)(2� + 1)4�(2�+1) ; (11–4)

K = 112 � 14 log(2�) + Z 10 x�(x) dx : (11–5)The latter series converges very fast and 60 termswill give 48 correct digits. Kinkelin computed Kwith 8 correct digits.In 1990 I found the formulasK = � 112
+ log 2� 56+ 12 1X�=2 (�1)�(�(�)�1)(�+1)(�+2) ; (11–6)K = 112�1� 
 � log 2� + 6�2 � 0(2)� ; (11–7)K = � 16�1 + 1X�=3 B�� �3�� : (11–8)The last series is divergent but if we stop at � = 10we get K = �0:16548 with an error of 0.00006.From [Vardi 1988] we haveK = � 0(�1): (11–9)When computing the approximations of �(n) weneed K = � 0(�1) with many digits. Cheema andConway [1972] computedWright's integral but onlywith 14 correct digits.For even positive r one can use the formula� 0(�r) = (�1)r=2�r!�(r + 1)(2�)�r�1:Otherwise one uses the approximationf 0(x) � f(x+ h)� f(x� h)2hwith h = 10�n=2. Compute with 3n=2 digits if youwant n digits.
CONCLUSIONThe methods mentioned here (the Mellin transfor-mation and the Ramanujan-type computation) canbe used to �nd various asymptotic formulas. Wemention some cases that have been treated.
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1. Partitions into parts of size at least r [Dixmierand Nicolas 1990]:1Y�=r(1� x�)�1
2. Partitions into parts of size at most r:rY�=1(1� x�)�1
3. Partitions into distinct parts of size at least r[Dixmier and Nicolas 1990]:1Y�=r(1 + x�)
4. Partitions into distinct odd parts of size at least2r � 1: 1Y�=2r�1(1 + x2��1)
5. Partitions into p-cores [Garvan 1993]:1Y�=1 (1� xp�)p1� x�
6. Ym;n2Z(m;n)6=(0;0)(1� xm2+7n2)�1
7. [Fee and Granville 1991]1Y�=1(1� x�)�(�) = 1X0 a(n)xnIn an unpublished paper with Meurman the follow-ing asymptotic formula is found:a(n) � cos(n�=3 + �=4) exp(0:4377 log3 n+ � � �)for n < 1012. The real asymptotic behaviour ofa(n) does not occur until n > 1035 and is unknown.It is the author's hope that the computationsmade in this paper can be justi�ed and, at least insome cases, the errors can be estimated.
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