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UNIFORM BOUNDS AND WEAK SOLUTIONS TO AN OPEN
SCHRODINGER-POISSON SYSTEM*

OLIVIER PINAUDT

Abstract. This paper is concerned with the derivation of uniform bounds with respect to the
scaled Planck constant e for solutions to the open transient Schrdinger-Poisson system introduced
by Ben Abdallah et al in [Math. Meth. Mod. in App. Sci., 15, 667-688, 2005]. The uniform estimates
stem from a careful analysis of the non-local in time transparent boundary conditions which allow
to restrict the original problem posed on an unbounded domain to a bounded domain of interest.
These bounds can be used to obtain the semi-classical limit of the system. The paper also gives an
existence and uniqueness result for weak solutions while they were previously defined in a strong
sense.
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1. Introduction

The modeling of semiconductors at the quantum level has become a very active
area of research during the past decades. Indeed, the design of high-performance
components requires the development of simulation tools that help engineers in finding
the best configurations. This in turn demands a compromise between the accuracy
of the models and the computational cost, and thus to derive models as close to
the physics as possible with a relatively cheap cost of resolution. The particular
geometry and physics of semiconductors allow for a wide variety of models, see for
instance [8]. A semiconductor can roughly be decomposed into two zones: an access
zone, through which the particles reach the active zone, where basically all the main
physical effects take place. Whereas the access zone is generally not the most relevant
part of the component, it has usually the largest dimensions (say some hundreds of
nanometers long) and thus much computational time might be spent there. On the
other hand, the active zone, which could be roughly a few tens of nanometers long,
represents the essential part of the semiconductor and needs to be carefully treated.
Indeed, the operation of the device is basically induced by the potential profile in the
active region which presents some sharp variations—on the order of the De Broglie
wavelength of the electrons—so that the dynamics requires a quantum description,
more expensive than a kinetic one. It has then led to different strategies to lower the
computational time spent in the access zones. One possible strategy is to prescribe
adequate transparent boundary conditions at the interfaces access zone-active zone,
so as to limit the resolution to the active zone; another strategy is to model the
two zones differently —with a relatively cheap treatment of the access zone—and to
couple them at the interfaces. The first strategy has already received great interest
since it is related to many wave propagation problems in unbounded domains for
which the aim is to restrict the resolution to a bounded zone of interest. Indeed,
the Schrdinger equation governing the dynamics of the electrons can also be seen
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698 UNIFORM BOUNDS FOR AN OPEN SCHRODINGER-POISSON SYSTEM

as a paraxial approximation of the Helmholtz equation (see [30] for one of the first
derivations) so that some existing results apply. There is very abundant literature
about the subject: one could cite the pioneering work of [16], [3] for more recent
advances, [4] in the context of semiconductors and [5] for numerical considerations,
and for instance [2, 30] for applications to underwater acoustics. Note that the concept
of open systems at the quantum level cannot be straightforwardly defined as it is at
the kinetic level where it suffices to prescribe the distribution function for incoming
velocities. This requires the introduction of conjuguate operators which dissociate
ingoing from outgoing particles as was done elegantly in a very general framework
in [24]. The second strategy is also an active area of research. Typically, the active
region is treated as fully quantum, with possibly some subband decomposition, see
[27], while the access zone only requires a kinetic description. The two descriptions
are then connected via adequate interface conditions, as was done in [14, 9].

The description chosen in this paper is fully quantum, namely both in the access
and active zones, and so falls into the first type of model. The dynamics of the
electrons is then given by the Schrdinger equation everywhere in the semiconductor
and it is assumed that their energy distribution is known. Since the electrons are
charged particles, they self-interact. The non-linear effects are taken into account at
the Hartree level through a potential solution to the Poisson equation, giving rise to
the so-called Schrdinger-Poisson system. This system can be seen as a mean-field
approximation of a system of many interacting particles through a Coulomb potential
[7]. There is an extensive literature about the subject; see for instance [19] for a general
mathematical analysis, and [23, 24] in the context of an open quantum system. In
[12] a quantum transport model is introduced, and explicit boundary conditions at
the interfaces access zone - active region are derived and will be recalled further in
the paper. The wavefunctions are solution to the Schrdinger equation

2y

where h is the Planck constant, A is a given quantum number and the Hamiltonian is
defined by

H(t):—;;A+Ve(t,x)+Vs(t,x). (1.1)

me is the effective mass of the electron in the semiconductor (assumed constant for
simplicity), V. is an exterior potential, while V is the self-consistent potential solution
to the Poisson equation

CAV,— / o2,

for some measure p. In [12], the model is shown to have a unique strong solution
(¥, Vs) (in the sense that the Schrdinger equation is verified almost everywhere in
time and space) provided the data are regular enough. A possible way to confirm that
the introduced transparent boundary conditions correctly describe the physics of the
device is to take the semi-classical limit of the above system, by letting the scaled
Planck constant € (¢:=h:= \/% in the sequel) go to zero. This limit is performed by
means of Wigner transforms [32] which relate the quantum dynamics to the classical
dynamics. It is thus expected that in the limit, the boundary conditions simply reduce
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to standard inflow boundary conditions, as was done in [11] for a one-dimensional
stationary model. The Wigner transform is defined by, for any ¢ € L?(R9),

We(x, k)= ﬁ /Rd e ky (x— %y) " <x+ %y) dy,

where ¢* denotes the complex conjugate of ¢ and d the dimension. If ¢ satisfies the
time-dependent Schrdinger equation with potential V' (¢,z), then its Wigner transform
We is solution to the Wigner equation, namely

owe
ot

kY WE K %, WE =0,

K(tm,k):ﬁ/w e~ Ryl (V (t,x—k%y) —V(t,x— %y))dy

Wigner transforms have found applications in many high-frequency asymptotic prob-
lems; see for instance [28] for a formal analysis of hyperbolic equations with random
coefficients, [6, 17] for a semi-classical limit of random Schrdinger equations, [21, 22]
for Schrdinger-Poisson systems and [13] for the Helmholtz equation. Passing formally
to the limit in the above equation leads to the Vlasov equation,

ac,%/—i—k-va—VxV~V;€W:O,

where W is the limit of W¢ in some sense. The Vlasov equation then has to be supple-
mented at the interfaces with inflow boundary conditions of the type W (¢,z,k) = f (k)
for entering wave vectors k, which will be the classical analogue of the quantum trans-
parent boundary conditions. Passing rigorously to the limit requires some uniform
in € bounds for the wave functions, which in turn provide estimates for the Wigner
transform in some appropriate spaces, see [18, 21]. The purpose of the present paper
is then to address the question of uniform bounds for the open Schrdinger-Poisson
system introduced in [12]. While in standard Schrdinger equations with L? initial
conditions those estimates are straightforward, it is not the case when considering
open systems with transparent boundary conditions. The reference [12] gives some
regularity results and estimates, without specifying the dependence on . This work
thus provides uniform bounds in L2 ., which stem from a careful analysis of the non-
local in time boundary conditions imposed on the interfaces active zone - access zone.
The semi-classical limit and the obtention of the inflow boundary conditions from
the quantum transparent boundary conditions will be performed independently in a
further work [26]. In addition to these estimates, we construct as well weak solutions
to the open Schrdinger-Poisson model of [12], where the solutions were only defined
in a strong sense. Those solutions verify the Schrdinger equation in a variational form
which could be suitable for numerical simulations, since it naturally incorporates the
transparent boundary conditions in the formulation.

The paper is organized as follows: in Section 2, we recall the transport model of
[12]; in Section 3, we present the weak formulation and the main result, namely the
uniform bounds; in Section 4, the proof of the theorem is given and finally one can
find in Appendix A and B some technical results.

2. Presentation of the problem
We recall in this section the transport model introduced in [12] in a time-
dependent picture and in [10] in a stationary one. It consists of a Schrdinger-Poisson
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system posed on an unbounded domain, with non-vanishing conditions at infinity
modeling the electron injection in the structure. This system is then reduced to a
problem posed on a bounded domain with suitable inhomogeneous transparent bound-
ary conditions taking into account the injected particles.

2.1. Geometry. The unbounded domain is denoted by €2 and its dimension
by d. It is assumed in the sequel that d=2 or d=3. The domain 2 is then split
into two zones, a bounded active zone denoted by 2y and an unbounded access zone,
consisting of n wave guides €2;, j=1,...,n, see Figure 2.1. The interfaces between
2o and each ); are supposed to be flat and are denoted by I';. The waveguides €;
have a cylinder-like structure and can thus be written as the cartesian product I';R*.
They are equipped with a local set of coordinates (¢;,n,) €I';R*. Here, n; is basically
the variable associated with the direction of propagation in the lead j. The outer
boundaries of the I';’s are denoted by I'jo. The remaining part of the boundary of
Qo is denoted by I'g so that BﬁozFOU(U}‘:lI‘j). We also introduce (1t;)j=1,....n, &

fj‘

Fi1G. 2.1. The domain 2

partition of unity of €, i.e. some C*(Q) functions which satisfy
0<p; <1, Zujzl on {2,
j=1
uj=lonQ; j=1,...,n,
nj=0o0n Q for k#0,k#j.

2.2. Initial conditions. To model the electron injection, the initial condi-
tions are supposed to be non-zero in the leads and to be scattering states of a given
Hamiltonian H° defined by

0 g 0
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where V0 is an exterior potential which is assumed to depend only on the transversal

coordinate in the leads €2;, i.e.

VOeL=(Q); VO, =VO(E).

The fact that V° does not depend on 7; is necessary to be able to construct rather
simple—though not obvious—boundary conditions on the interfaces I';, j #0. When
VY is linear in n;, the analysis is more involved and the resulting boundary conditions
are more complex, see for instance [15]. Moreover, V9 does not belong to any LP((),
p < 00, since it supposedly does not vanish when 7; — co. We then define the transver-
sal Hamiltonian H§ = —% A¢, +VO(&;), equipped with Dirichlet boundary conditions
on I'; o. It admits a compact resolvent and this leads to the following definition:

DEFINITION 2.1. The transversal eigenmodes and the eigenvalues of the guide j are
defined by
H?Xg)ﬁj:Efﬁxg;j, meN*, j=1,...,n,
0,5 1 05,07 (21)
Xo! € Ho (L), Xt Xt 405 = O 5
Ly
where o; is the surface measure on I';. Notice that we do not write explicitly the
dependence of X% and EJ on € for notational simplicity. For any fived j and e,

m m
the sequence (EY),, tends to +00 as m tends to +00. For two functions f and g in

L%(T;), we define
(r9), = / @ = / TGy

1/2

REMARK 2.1. Let ¢ be an L*(T;) function. The relation ¢ — Z (Efn)a l2, |2
m>1
defines a norm equivalent to the H*(I';) norm.

We suppose without loss of generality that EZ >0, Vm >1 and Vj > 1. It suffices
in the sequel to multiply the time-dependent Schrdinger equation by the phase factor
etemingm By, to recover the general case where V; is negative and bounded from below.

The electrons are injected in the leads in given quantum states. These states
follow a prescribed statistics denoted by u. p is a non-negative measure on the state
space A, and a pure state is denoted by A. The wave functions are thus indexed by
A. Consider the following hypotheses for a family of functions ¢ € H} ():

(H-1) For a.e. A€ A, there exists a constant E()) such that
HOY =EN)YY on Q;, ¥3=0 on I;oR,, j#0.
8(H-2) For any bounded set K C 2, there exists C'x >0 finite such that

/A 168120 ey dii(N) < Cc.

In practice, the electrons are injected in the guide jo, on the transverval mode mg
and with a non-vanishing longitudinal momentum p. This implies that A ={p,mg, jo},
A=RiN*{1,...,n}, E(\)=4p*+ Ef and

mo

dp(X\) = ®(p,mo, o) dpd(mo)d(jo),
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where § denotes the Dirac measure and the positive function
¢ e L' (R, 01 (N*{1,...,n})) denotes the statistics of the injected electrons, typically
Fermi-Dirac statistics. This is equivalent to writing, for any ¢ € L*(A,dpu),

/AW()\)dM()\)ZZ Z /W<P(p>m0,jo)‘1’(p,mo,jo)dp-

jo=1mo=1

The energy %pQ represents the longitudinal kinetic energy of the electrons, while E,j;;o
is the transversal energy in the lead jo. We add the following hypotheses on the
measure [,

/(1 +p°)dp < +o0, (2.2)
A

and a local in A version of (H-2):
H-3) for any bounded set K C 2, there exists C%- >0 finite and independent of
K
A such that

S[R3 (1) < Ck-

A family ¢ € HL .(2) indexed by A € A is then said to belong to the class of initial
data if hypothesis (H-1)—(H-3) are satisfied.

Transparent boundary conditions for the initial conditions. It is proved in [10],
that wave functions satisfying hypothesis (H-1) verify some boundary conditions on
I';, allowing for a simplification to a boundary value problem on the bounded domain
Q. Analogous boundary conditions have been obtained for the one-dimensional case
in [11]. The explicit form of these stationary boundary conditions is needed in the
sequel to carefully analyze their time-dependent version. We thus briefly describe
their form and derivation now; the details can be found in [10].

The restriction of wg\ to €2 is projected on the transversal basis (X%, e

1/)9\’9. (&)=, x%7(x;) f7(n;), so that f7 verifies, according to (H-1),

€2 92 fi o
_EW:(E()\)_EZ”)J”’ 1; ERT,
J

and thus reads

o) =ahexp (=2 32800 - B ) +tex ("2 3280 - B ).

Above, y/— denotes the complex square root with a non-negative imaginary part,

b} is an unknown coefficient depending on the solution and a?, is the amplitude of the
injected electrons travelling towards the active region and is thus known. We suppose
the electrons are injected in the lead jj, with a momemtum p, on the transversal

mode mg and with an amplitude one, so that aZn:cS;“éf,}U and E(\)=3p*+EJ .
The modes associated with EJ < E()\) are the propagating modes and the modes
with EJ, > E()) are the evanescent modes. When j = jo, b/, is a reflection coefficient,
and when j # jo, it is a transmission coefficient. The boundary conditions are obtained

by eliminating b7, and formally read

0
R

o |1 =Zi[EN](¥3) +S;[EM)]- (2.3)
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These relations are impedance-like boundary conditions. The operator Z;[E(\)] cor-
responds to an homogeneous part while S;[E(\)] is a source term. They read

Z;[EN@R) =i Y {/2BN) —En)vn? xof (&), (2.4)

m=1

SHE(N)]=—2i87 px57 (&),
wgﬂ]:<¢g(n]:07)vx9ﬁj g (25)

It is shown in [10] that these boundary conditions actually make sense in a weak
formulation for every wg)\ € H'(Qp); see therein for more details and a complete analysis
of the related stationary open Schrdinger-Poisson system.

2.3. Potentials. In [12], it is assumed that the exterior potential of the
Hamiltonian (1.1) shares properties close to that of V. In order to solve exactly the
Schrdinger equation in the leads for the derivation of the boundary conditions, it is
supposed that the spatial dependence of the exterior potential V, is only transversal.
The following class is then introduced in [12]: a given potential V' belongs to the class
V if it satisfies:

1. Vecl([0,T],L>()),
2. for any j=1,...,n, there exists a function V;(t) such that for z € ; we have
V(t,x)=VO(x)+V;(t).
The regularity in time is needed to obtain energy estimates, that is, H'(€g) bounds
for the wavefunction. One could also consider non-regular in time potentials with
some Sobolev regularity in space, but in the typical application we are interested in—
namely quantum transport in nanostructures—the potentials present a barrier profile
which is obviously not smooth.

3. The transient open Schrdinger-Poisson system
This consists in solving for Vi (¢,x) and ¥ (¢,2) the following system

iedbr=H(t)xn; »A(0,)=1; z€Q;  AEA, (3.1)
H(t):—§A+Ve(t,x)+%(t,x), (3.2)
r=0; zel| J(Uj=,(T;0R")), (3.3)

—aVi= [ ofau. o Vilon, =0 (3.4

where V. belongs to the class of potentials V and wf)\ belongs to the class of initial
conditions. Notice that the Schrdinger equation is set on the whole domain 2 including
the leads. As was done for the stationary case in [10] and in [11], it is proven in
[12], thanks to the introduction of suitable boundary conditions, that this system is
equivalent to the same Schrdinger-Poisson system posed only in the domain €2y. In
the next subsection, we recall the time-dependent transparent boundary conditions
introduced in [12] and the theorem stating the existence and uniqueness of strong
solutions to (3.1)—(3.4) in the sense of [25]. We then present the weak formulation of
(3.1)—(3.4) and state the main result of the paper.
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3.1. Transparent boundary conditions and strong solutions. = We first
introduce some notations. Let

X (6:€5) = X7 (&) exp (—2 /Ot(Vj(r) +E3'n)dr> .

At any time, (x7,)m>1(t,.) is an orthonormal basis of L?(I';).

DEFINITION 3.1. For any given function f& HY2(0,T), one defines—see [20], or

[29):

/ Ld [ fn) _1dy
o2 f = fdt/ %—TdT_\/Trdtzl 2f.

H'Y2(0,T), see [1], is the fractional Sobolev space of functions
T T _ 2
HY2(0,T)= {f€L2(0,T) such that/ / std7<oo}.
o Jo

§—7)

An alternative definition that will be used in the sequel defines H'/?(0,T) as
the restriction to (0,T) of functions belonging to HY?(R). Then, for any f€
HY2((0,T), L*(T;)), we set

D2 f(t.&;) = V2 me (1.£1) 02 (f(t,), X (8,)) - (3.5)

Let now
=R Ym0 (3.6)
Hi(t)::exp (2/0 (E()\)Jrlfj(s))ds), (3.7

where (y5); is the partition of unity introduced in Section 2.1. Then, according to
[12], the wave function 1, satisfies the following boundary conditions:

ef’iﬂ'/4

NG

One can also write a boundary condition involving a half-integral Z'/2 rather than a
half-derivative. The final system we will deal with in the sequel thus couples many
Schrdinger equations, posed on a bounded domain with open boundary conditions,
to the Poisson equation. The complete system reads:

a w w .
gy (=98 == D (g —h"); zely, j=Ll..n
J

iedhr=Ht)Wx; ¥a(0,)=v%; € AEA, (3.8)

0 w zTr/4
gy (¥R =% DY (hr—y8"); zely, (3.9)
Ya=0; xel, (3.10)

—m/s:/m\?du(A); r€Q; Vilag, =0. (3.11)
A
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The existence result of [12] provides strong solutions to (3.8)—(3.11) in the sense that
the Schrdinger equation and the boundary conditions are satisfied almost everywhere
on o and on I'j, respectively. The exact statement is the following:

THEOREM 3.1. [12]. Let V. €V, ¢ verifying hypothesis (H-1), d=2 or d=3, and
in addition

A||¢2||%2(K) du(X) <oo; @ has a compact support,

for any bounded set K CQ. Then (3.8)-(3.11) is equivalent to (3.1)-(5.4) and there
exists a unique solution (Yx,Vs) to (3.1)-(3.4) such that

PYr €PR+C0([0,T), H*(Q))NCH([0,T],L* (),  Aae.,
Vs €C([0,T1, Hg (2)) NCO([0,T], H*(2)) NCH([0,T], H*(2)),

for any positive arbitrary large T and so that (3.8) and (3.9) are verified almost
everywhere.

The above theorem does not provide any information about the dependence on ¢
of the different bounds on 1) and Vj, which is paramount for the semi-classical limit.
The proof can actually be adapted to yield more regularity of the solution when
the data are more regular; for instance we can get pointwise in A, 1 € C*([0,7]Q2)
when ¢ €C>(Q) and V. €C>([0,7]2). We will use this regularity further to use 1
as a test function in the weak formulation. Some details about the regularization
procedure are given in Appendix B.

3.2. Weak formulation and main result. We present in this section the
weak formulation of (3.8)—(3.11) and the main result of the paper. The formulation
of the boundary terms requires particular attention to obtain the e-independent es-
timates. More precisely, the boundary condition (3.9) is split into homogeneous and
inhomogeneous parts, that is,

ad»\ _ eiiﬂ-/4 D1/2

onj Ve

(¥2) +5@5"),

where

w oY —im/4
spvyi= 2| C T pl

15 r; \ﬁ

1 —im/4

= - (ZEEMI@)+8,[EO)) 6 +

e

1/2 w
NG D). (3.12)
Note here that we used the stationary open boundary conditions (2.3) to define
S(¥5").  The solutions to (3.8) are sought under the following weak form: let
weCL([0,T),H'(Q0)) be a test function, where T is an arbitrary non-negative con-

stant; denoting by (-,) the L?(Qg) inner product and using the Green formula and
the boundary conditions (3.9) and (3.10), we find X a.e.,

T T T
—ie [ ods =ie@§u0.)+ 5 [ (TinVuds+ [ (s
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U~ syeminga [7 s , [T w
+5]2 g3/2e—im/ /0 (D" (¢r),u)jds—¢ /0 G@WAY),u)jds| . (3.13)

When the potential V, belongs to the class V), it is rather natural to consider wavefunc-
tions 1 solving (3.13) belonging to L?((0,T),H'(Q0))NC°([0,T],L?*(p)). Neverthe-
less, this regularity is not sufficient since the boundary terms need more integrability
in time to make sense. To define the convenient functional space, we introduce the
following family of unitary transformations: for any f€ L2((0,T),L*(T;)), let

Tif(t,€) =D e o EntValeDds (1) 300) 0 (&)), (3.14)

m>1
and let (75 f), :=(7; f,x%7). Consider now the functional space

E={peL*(0,T),H" (Q0))NC"([0,T],L*(Q)), such that

Tipe HYA(0,7),L3(T)),  j=1,..n},
and let E® be the space of functions belonging to E with a vanishing trace on Ty, i.e.
E°={p€E, suchthat ¢;p,=0}.
In the weak formulation (3.13), the boundary term fOT <]DJ1-/2(1J),\), u)ds has to be un-

derstood in the following weak sense, which uses the expression of the half-derivative
in the Fourier space given in Lemma A.1 of Appendix A:

2w
m>1

T im/4 —~— T ——
| @@= 5= [ VEFTE), AT, e (3.15)
Above, the sign is the extension by 0 outside [0,T], F stands for the Fourier transform
with respect to time and VA the complex square root with non-positive imaginary
part. The dual variable of ¢ is denoted by &. This expression is well-defined for any
1y €E and uwe C([0,T], H(Qo))-
We state now the main result of the paper, which provides existence and unique-
ness for the system (3.11)-(3.13) as well as uniform bounds in ¢ for the density n and
energy & defined below:

THEOREM 3.2. Let 4 belongs to the class of initial data, let V. €V and assume p
satisfies (2.2). Let

n(t):= /A TR
g2 2 1 2
£0)=F [ 190t e di+ 51 9Ve(0) 2.

Then the Schrdinger-Poisson system (3.11)—(3.13) admits a unique solution, for d=2
or d=3, such that, \ a.e.,

Vs S LQ((O’T)’W37T(QO)) mHl((()?T)?WLT(QO)); '(/)/\ € E07
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with r <2 when d=2 and r :% when d=3. Moreover, assuming that

n(0)+£0)+¢|Y [ (ZEWIE.0), du|<Co, (3.16)

where Cy is independent of e, there exists Cy, depending on Cy, on || Vellc1 (0,17, (©2))
on |Ipllzs(a,dp), on 7, and independent of € also, such that

Inllzee0,7) + 1€l 22 0,7) + 10 Vil L2 ((0,7), 17 (920)) < Chs (3.17)

where r <2 when d=2 andr<% when d=3.

The proof of the theorem is the object of the next section. The existence and
uniqueness part is very standard and is obtained after regularization of the prob-
lem in order to use Theorem 3.1. Some estimates then give some compactness re-
sults and allow to pass to the limit in the weak formulation. The proof of the e-
independent estimates is more involved and requires a careful analysis of the boundary
term 5(¢4"). Indeed, the term e(5(¢5"),4x); can be straightforwardly bounded by
Collallz2 o 143 | z11/2(r ) for some positive constant Cy independent of €; by means of
trace theorems, this bound turns into e =*/2C |1y H1L/22(Q0) ||5V¢A||}f12(90) ||¢§\\H1/2(Fj),
which has a wrong homogeneity in ¢ whatever the available bound on ¢{. We thus
expect some compensation or averaging between the homogeneous stationary bound-
ary conditions given by Z; and the homogeneous time-dependent boundary conditions
involving the half-derivative, which will allow control of the boundary terms in terms
of other boundary terms with a sign argument. That property is shown in the next
proposition. The e-independent estimates rely as well on the verification of assump-
tion (3.16). If the initial condition 9§ is a solution to the Schrdinger equation not
only in the leads but also in €, as it is in [10], then (3.16) has to be verified by
the solution to a stationary open Schrdinger equation. This property has only been
shown until now in the one-dimensional case, in [11].

We decided in the theorem to set the transparent boundary conditions on the
I';’s, while they could have been set anywhere further in the guides. Doing so would
have led to L2 () estimates for the density and for the energy.

loc

PROPOSITION 3.2.1. Let§ be defined as in (3.12), 93" as in (3.6), S;[E(N)] as in (2.5)
and 0, (t) as in (3.7). Then, for any t >0, for ¥ € HY2(T;), ue L*+9((0,t), L*(T;)),
0 >0, we have, X\ a.e,

[ G asas=2 [ B8, u;ds (3.18)
0 0

Proof. Setting
e—iﬂ'/4

NG

(3.18) is equivalent to showing that fot (B (") +C;(F"),u)jds=0. Let ul,(t) be
the projection w, (t) = (u(t,"), x%’ >j. Then, plugging the definition of Z; (2.4) into

’ m

Bi(43) = (BN CEY) = DY)
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B; and denoting v/, =2(E(X\)— EJ,), it follows that

t . - ' t o _
/<Bj( gw),u>jdszéz -{/77m¢9ﬁ]/ e EI (EO)+Vs (e i)
0 m 0

7 . T .
=2 Vol FUR (= (2)).
Above, F denotes the Fourier transform with respect to time and U}, is defined as

| ul,(s)et BT gefo,
Ui ()=

Concerning C;, invoking (3.5) yields
—17r/4

t i s ¥ — 1 is A7
R R Y L AP GO T
0

m

e L [ FURE) VEF [ 0

where we used the Fourier-Plancherel equality and (A.1). Above, ¢/ is the complex

square root with non-positive imaginary part. Actually, in the distribution sense,
F [ Mpe™#700] (€) =7 0(4,/(22) +€) ~pv.———,
" Y/ (2€) +¢

where p.v. stands for the principal value. Then,

@) s = 5 3 Vet FUR (ot 2)

0,7 \/g
27Tf Zw /f 25)+£dg

To conclude the proof, it remains to evaluate the integral of the second term of
the right hand side of the above equation. To this aim, we use standard complex
analysis. Let us first notice that F Ui, can be extended to an holomorphic function
for z€ C* ={2€C, ZTmz>0}. Besides, we have the estimates, for z=re? € C*,

c()

|FUL(2)] < ——— lul, |l 2+s 0,0y (3.19)
rsing)z+s
as well as
\FUR ) < lud, |2 0.)- (3.20)

The function /€ is also holomorphic on CT —{0} (provided we choose the conve-
nient branch) so that, defining a convenient contour C=CrUC,, UC,, UCg , », CCT,
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where Cp is the semi-circle centered at 0 of radius R, with R> |vJ,|/(2¢), C,, is the
semi-circle centered at 0 of radius 7, C,, is the semi-circle centered at —v7,/(2¢) of
radius 72, and Cg y, , connects the different semi-circles on R, the Cauchy theorem
yields

fUJ ;ﬁdz:o. (3.21)
m/(26)+2

We evaluate now the integral on each contour. We have, according to (3.19),

FU(2) _VE g,
Cr Vm/(26)+2

do

|sin€|%7

< C | /ﬂ
— m 2+4(0,
RS/ (2(2+9)) L.y f

so that the integral on Cg goes to zero as R goes to the infinity as soon as § >0. In
the same way, according to (3.20),

FU(z) ——— VE g
Vi /(22) + 2

which vanishes in the limit 7; — 0. Concerning the integral on C,,, we have
{/7
v/ (26) 4z

< [ud, 10,4y,

fUJ dz= ]—'Uﬂn (—71,/(22) + e’ )Q/—wfn/(ze)mzei@ida

so that the Lebesgue dominated convergence theorem implies that the integral goes

to —im \/ —in/(26) FUS (—4,/(2¢)) as 2 —0. Since the integral on Cg.y, 5, tends
to

Ve

[ Fue
i 7./ (26) 1€

a4

as R— oo, 11 —0 and 1y — 0, we finally get, using (3.21),
VE N e
p.v. ]-"UJ (28)+§d5_2\/7276 — Y FUN (=71, /(2€)).

Consequently,
t
IR N Z V= 00 FUR (=, /(2)),
0
and it remains to notice that 1/ —*y%; =—5 7 fyZn to end the proof. O

4. Proof of the theorem

We start by regularizing the problem to apply the previous existence result of
[12] given in Theorem 3.1 where the initial condition is more regular. To be able
to use 1) as a test function, we nevertheless need more regularity for ¢, than that
given in the theorem, which is only ¥y € ¢ +C°([0,T],H*(2))NC([0,T],L3(%)).
We thus consider a sequence of regular data wg’k €C>(Q) and V¥ €C>([0,7]9Q) such
that (3.8)—(3.11) admits a unique solution 9§ verifying ¥% €C>([0,7]Q2). All the
manipulations that will follow further are then justified. The regularization procedure
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is not direct and is sketched in Appendix B. The regularized data satisfies, for 1 <p<
m?

g)\,k —98 strongly in HY(K); VF—V, stronglyin C([0,T],LP(K)), (4.1)
for any bounded set K C Q. This implies that, for any u€ H'/4((0,T),L*(T;)),

D}, (w) =D} ?(w) strongly in  H~Y4((0,T),L*(T;)), (4.2)

SRy =S (yhY) weakly in L2((0,T),L3(T;)). (4.3)
In the same way, ®(p,m,j) is localized so that the obtained ®*(p,m,j) has compact
support and ®* converges strongly to ® in L*(R%,¢1(N*{1,...,n})).

We prove now the bounds that will allow passing to the limit. They will also
provide the e-independent estimates.

Density estimate. Consider this regular solution 1% which is also obviously
a solution to (3.13). Multiplying (3.8) by %%, integrating in [0,7] and taking the
imaginary part, it follows that

5T ) 2200y = 108 122 (0y) + VE Y Tme ™/ /0 (D} wh), m}
j=1

_EZIm/ jk Wk 2/J>\>

We drop in the sequel the k superscript to clarify the notation keeping in mind until
further notice that the wavefunctions we are manipulating are the regular solutions.
Define now for any s €R,

—_~—

® 1 (s) = (T;1h),,(5),

where 7; is the transformation previously introduced in (3.14), (Z;v),,(s)=
(Tja(s,m;=0,-),x%7);, and ~ is the extension by 0 outside [0,7]. Then, accord-
ing to (A.1) of Lemma A.1,

Zm?ﬂeiiﬂﬂl/o < 1/2(¢A) 7/1A> ds=— \fZ/ \/7|‘7:‘I) ©Pde.  (44)

The term involving § is treated using Lemma 3.2.1. Using the expression for S; given
by (2.5), and since the electrons are 1nJected Wlth a momentum p, in the lead jo and

in the transversal mode mg, we have E(\) = —l—Ef,‘l’O, and therefore

]06

T % T - 21
/o G wnsds==0,=F | 62 () 0l (5)ds= =8, “FF B 1% /2).

Gathering the previous estimates and integrating with respect to A, we find that

TRL. Z [ [ VeEEe©racn



OLIVIER PINAUD 711

n(0)+2 [ p|F @5 %/20) . (45)

which gives after an integration in time,

Iz 0,74 +—Z/ / V=E|F ), (&) dédpdT
R_

.
gT*n(0)+2/O /Ap‘fcbf;;o . p2/25)’dudT. (4.6)

Energy estimate. We multiply now (3.8) by 0y¢px. Taking the real part and
integrating in time yield,

e 2 e 02 2 - T/ o
EHVdJ)\(Tv')”LZ(QO):5|‘V¢AHL2(QO)+€ E Re I =, 0595 ) ds
j=1 0 M J

T
—/ V(s,2)0s|tx(s,2)[>dx ds.
Qo

We need to be a bit careful to extend Os1)y by zero to R to use the Fourier tranform

since ¥ does not vanish at 0 and at 7. Let ¥, be this extension and let 351&,\ be its
derivative in the distribution sense so that

8¢A( 2)= { %(sm)—%(T,x)cSTﬂ/;A(o,x)go, se[0,T],
os 0, s¢[0,7).
We then have

[ (o) o= [ (G05) @
<%,m>j< )— <%,w>]( ).

Using now the boundary conditions, both stationary and time-dependent, we find
that

Oy .~ el (T . oo
A <877j S%> ds=— NG /0 <Dj (¢A)73s¢x>jds+/0 GWR"), 0s1x) jds

(Gen) 01==S (B o)) 1)+ GE 0,0,

<81"%,w> (0)= S {Z,BONIWR). 68, + + (S1E), o),

and we recast the energy relation as

g? g?
5||V1ZJ>\(T,~)H%2(QO) + L1+ Ly= 5||w2||iz(90) +Ri+Ry+R3

T
- / / V(s,2)0[6a(s,2)Pdwds,  (4.7)
0 Qo
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where

n T —~
Ly=£2) Ree*”/‘l/ <D;/2(w>\)vasw)\>j ds,
0

Jj=1

Lo=¢/? zn:Ree_”M <]D);/2(7,/1,\)71/1)\ >j (1),

j=1
Rl_s2ZRe/ (5wg), S%>jds
R2=EQZR6<§(¢§”)7¢A>].(T),
j=1

=—sZRe[ NIWR), 68), +(S; B0 ), ).

We now treat each term separately. For the nonlinear boundary term L;, we have,
thanks to the Fourier-Plancherel equality:

T —~
Rezne= 4 [ (D32 0s).0002) ds
=V, fp €1 F O 0 ()P

) | B0 (), TTin) .
e 0

Using (4.4) and the fact that we assumed EJ, >0, m>1, j>1, we have:
T
Im27re_i”/4ZEj / 9'/? (o), (T900),, ds
0
:—WZEJ / V=EIF®) (&) de <.

The last term of L; is treated by multiplying the Schrdinger equation by
> ;115 Vix =gy, integrating in time and taking the imaginary part, which yield

(gx,vx)(T)
T T o
0 0
- —iT 1/2 r 5 pw
+Im Y [e'%e /4/0 (D3 (¥x), ‘G¢A>jd5—5/o (G (X ),ijds]-

j=1

Applying (3.2.1) and using the expression of S;, we have

n_ T
£ Z/ /<§(¢§w)7‘/ij>dsdu §2/p‘ngo<I>3,‘; T p2/2€)‘du~
=Jo Ja A
This finally gives for L,

B} .
O [ [ rerire, acopammis [ nas )
T g A JRE ’ A
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where R} satisfies, using (4.5):
RSO [ o|FVi®, 20 /20)| it C (o0)+ [l xor) +1E 2 01).

The generic constant C' above depends on |[Vj|c1(jo,77). For the boundary term Ry,
an integration by parts and (3.2.1) give

—

T
Ry = —Re2ipe / 690 () Dyrioy () ds

=—2pRe [ Fol

mgT

(p?/2e)+FV;, o (p2/22)]. (4.9)

moT

The term Lo is integrated in time to be able to use similar arguments as those of the
density estimate. This yields

/ T*LQ(T)dT IEB/QZ / VEIF®T . (€)de, (4.10)

0
and in the same way,
.
/ Ry(T)dT =e2pTmF O . N (p?/2e). (4.11)
0

The last term Rj is straightforwardly bounded thanks to hypothesis (3.16) and Lemma
Al

‘ / Rgdu‘ < Cot ClpllY2 a2 H(O) EV4(0). (4.12)

It remains to tackle the term involving the potential V =V, +V;. Using the Poisson
equation (3.11), we find that

T
1 1
/ / / Vi, [Pdzdsdp = = [ VVA(T,) 2 — S IVVa(0, )] 2.
o JaJa, 2 2

The term including the exterior potential V, is easily handled after an integration by
parts,

Ve(‘95|¢>\|2da:dsd/¢
Qo

T
<|[Veller (0,11, (2)) ("(T)+”(0)+/ ”(5)d5>~
0

The next step is to integrate (4.7) with respect to A, to add (4.6) to it and to use (4.8),
(4.10), (4.9), (4.11), (4.12) and hypothesis (3.16). Gathering the different estimates,
we find that

-
I€ll1 0,7+ FlInllro, =) +Ta < C1+ Ry +02/0 (IInll 2o,y + €N L2 0,7y ) T,
(4.13)
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where

\[63/2

/ / €32\ F ol (—€)|2 dédpdT
R+

Z/O // V—E|FO 1(&)|PdédpdT

f€3/2

R4*/ / ‘fq) p /26 ’d,udT‘i’Cg/ /p’f‘/]ocl)gg T p /28 ‘d,LLdT

+25/ |Fop, o (2/2) ‘du+c4/ / |Fol, (v /2¢)| dudT.

The constants Cy, Cy, C5 and C4 depend on the constant Cy of (3.16) and
on |[Veller(o,r),L())- To end the proof we need now to bound R, and thus

F @330 (p?/e), for t =T, T*. A straightforward attempt by using trace theorems would
again fail because of the homogeneity in €. Indeed, we expect to estimate the trace

with the help of the derivative of ¥y, while the energy involves a derivative multiplied

by €. Nevertheless, it is expected that F@fﬁmt(ﬁ/s) goes to zero as € — 0, and the
rate of convergence is given by the regularity in time of 1y, which induces the decay

of F CIDﬁ,E’L o.t(&)- This will allow to recover a correct homogeneity in e to be able to use

trace theorems. To this aim, we apply Lemma (A.2), which provides, for p> 0,

1/4 1/2
g
P 2] <0 (5) I F e +0 () 17O i

and Lemma (A.1) yields

|F @I 2 =27l L2, < 271l L2go.0).L2(r )
1/2
< Ol 0.0,22 o I VAN E5{ 0,01, 226200

Notice here the fact that the L? norm of the trace is controlled by ||V HL2((0 £),L2(9%))

while with non-flat interfaces the exponent would have been 1/2+ «, with o> O This
would have led to a wrong homogeneity. We thus have, for 3=1,3,

[ 2 [F R 22wl el

1/2
+051/4 (/A”€1/4 @37207t||L2 R+)du) ,
(4.14)
where the constant C' depends on ||p||z5(a,qu)- According to Rem. A.3, it can be
easily shown that we have the same estimate as above for [, p ‘.7:‘/ @{,‘;O (p?/2¢) ‘ dp.

We now control the last term of the right hand side for any 1 >0,

1/2
1/4(/ 51/4f¢,n0t|Lz(R+>du) <1 +M Z / / VEIF B, ()P dédp.
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This allows to write
Ry <Cy+Cn (Hn”Ll(O,T*) +€lz1 0,7+ +T4) ;

so that the Gronwall lemma and (4.13) imply that ||n||z:7+), [IE]lL10,r+) are
bounded independently of € for any finite 7% >0 and in turn so are Ty and ||n|| . (0,7+)
thanks to (4.5). In particular, we obtain that

ﬁ;/A/R VEIF@), . (€)]dédp<C, (4.15)

where C' is independent of ¢ and of the regularization parameter k, and thus a bound
in H/4((0,T), L*(T';)) for T;1.

To conclude the derivation of the different bounds, it remains to estimate V.
The fact that |n||pe(o,7) and ||€]|L1o,r) are bounded imply that [, [¢x|2du(X) €
L2((0,T),W'(Qp)), with <2 for d=2 and r=3 for d=3, which in turn gives
Vs € L*((0,T),W37(£)), thanks to standard elliptic regularity results. We estimate

now 0;Vy, which solves
AathS:J, .’L’Ggo, AR =0, 3’568907

where J=Tme [, 1, Vadu(X). J belongs to L*((0,T),L" (%)), with the same r
as above. Elliptic regularity then implies that 9,V is in L2((0,T),W1"(£y)). To
get the e-independent bound on 9;V;, we cannot use any Sobolev embeddings such
that J is bounded independently of e only in L?((0,7"),L'(€0)), which implies the
L2((0,T),L"(£p)) estimate announced in (3.17).

End of the proof of existence.  So far, estimate (3.17) has been proved for regular
data. It remains true at the limit for unregularized data as we will see in the sequel
using standard compactness results. Thanks to (3.17),

Y e L2((0,7), L% (QAsdzdy®));  Vy§ € L*((0,T), L*(QoA;dadp®))),

with bounds independent of k, so that 1/)3“ converges weakly-* to a limit ), €
L>=((0,T),L*(QoA;dxdp)) as well as for V¥, up to the extraction of a subse-
quence. Remember that ®* converges strongly to ® in L'(R.,/'(N*{1,...,n})), so
that the weak-* limit of ¥ in L>((0,T),L*(QoA;dzdu*)) is equal to that of 5 in
L>((0,T),L*(QoA;dzdp)). This implies that

H¢A||L°°((0,T),L2(520A;dacd,u) < hminfHwi||L°°((O,T),L2(QOA;dzduk)7

with the same relation for Vi, with an L? norm in time. Hence, estimate (3.17) is
also verified at the limit by ¢ and Vy.

We pass now to the limit in the weak formulation (3.13). z/J’A“ is obviously a
solution to (3.13). Integrating with respect to A and choosing a test function wu
such that ue€C([0,T),L*(QA;dzdy)) and VueCH([0,T),L*(QA;dzdp)), the non-
boundary linear terms pass to the limit readily; only the boundary terms and the
non-linear one require some attention. Thanks to the previously obtained bounds, we
have for d=2 or d=3,

VEeL2((0,T),H3(Q));  8,VFeL*((0,T),L7()),
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where r <2 when d=2 and r <% when d=3 with bounds independent of k, so that
there still exists a subsequence—denoted by V*—such that VF converges strongly to
Vs in L2((0,7),L"(0)), for any 1 <r <6 in three dimensions and for any 1 <r < oo in
two dimensions. See [31] for a standard compactness result. In the same way, thanks
to standard Sobolev embeddings, 1/)’)\“ converges weakly—up to the extraction of a
subsequence—to vy in L?((0,T),L"2(QoA;dxdu)) (where L™2(QoA;dzdp) is defined
as the Banach space of functions f such that fQo 1 (@, ) |72, 4y 4 < 00), for any
1<r<6 in three dimensions and for any 1<r<oo in two dimensions. This thus
allows to pass to the limit in the non-linear term

T
[ [ visapkeutse. dedsda.
0o JaJa,

The boundary terms remain, namely

n

1 ' T T .
2Zl€1/26—m/4/0 <D;,/k2(1/})‘)’u>jd8+5/0 @8 ),u>d8‘|.

Jj=1

The second term converges straightforwardly because of (4.3). The first one is treated
thanks to its weak formulation (3.15). We know from (4.15) that 7;¢% is bounded in

H'Y4((0,T),L*(T;)), independently of k so that thanks to (4.2), [, (D}}2(v%), u);d
converges to fg(]]);/z (¥a), u);ds

We show now that the limit ¢, actually belongs to C°([0,77],L*(Q0)), A a.e., so
that the initial condition can be identified. Let us denote by 5 and ¢4, k, I € N*, two

elements of the sequence of regularized solutions and define w:wf“\ —1/)&. w verifies
the following boundary conditions on I';,

Sw e—iTr/4 e—iﬂ'/4

o VE Ve

Proceeding as in the proof of estimate (4.5), we obtain

Dgl',/kz(w) +

(D212 - D22) b + [5008) ~ 5a05™ ]

|w(tr)H%?(QO)=||w(t=0>')||2L2(Qo)+\/‘gifme_”/“/ot<]D>;,/,f(w)vw>j ds
=1
+= Zm//Q ~ VY wdrds+ Ry + Ra,
0
_\/gZIme*i"/4/<[D}/k2 ;/f] (Wh), >
j=1 0
:—gZIm/] Sr( punky =5 iw’l),w>jds.

The first term of the right hand side goes to zero as k,l— oo thanks to (4.1); the
second one is negative; the third one is treated using the Gronwall Lemma and that

J

1((VE=VHYR) () 200 nsdwdny < NVE =V )15 00) 195 &) | Lo (020,22 (Adpe))
SCEW) lw(t, )|l 22 0 Asdadu)- (4.16)
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Moreover Ry, Ry converge to zero as well thanks to (4.2), (4.3) and (4.15). ¥ —¢}
is thus a Cauchy sequence in C%([0,7],L?(€)), so that the limit 1, belongs as well
to this space.

It just remains to show that (3.13) indeed holds almost everywhere in A and to
treat the Poisson equation. For the first claim, it suffices to take a test function of
the form u(t,z)f()\), with ueC([0,T),H*(Q0)), f€ L*(A). For the Poisson equa-
tion, using a weak formulation, V¥ passes straightforwardly to the limit, as well as
[y [¥5|?dp. We only need to show that its limit equals [ [¢x|2du. This requires some
local estimates with respect to A. Using the fact that the non-linear potential V¥ is
bounded, the density and energy estimates can be rewritten in local in A versions so
as to obtain

19317 2 0.7, 111 (20)) < C(T) (1 +0° + 101172 00 +€2||V¢§||2L2(QO)) ;

for some constant C' independent of k. Multiplying by ®, and using (2.2) and hypoth-
esis (H-3), we get a uniform in A bound for ®||y% H%?((O.,T),Hl(ﬂo))' We thus have that
\/5@/}’/{ converges weakly—up to the extraction of a subsequence—in L?((0,7),L"(£))
to V®y, A a.e., where <6 in three dimensions and r < oo in two dimensions. This
allows then to identify the limit of [, [¢§|*du with [, [¢x|?dp and concludes the proof
of existence.

Uniqueness. ~ We claim that two solutions to (3.13) in E°, Ys, i=1,2, with the
same initial condition satisfy the relation

3 =03 T2(00) < = Im/ /Q -V, (1/),\ 111,\) dxds.

Such an estimate is proved in the same manner as the density estimate (4.6): by first
deriving it with regular solutions, and then by passing to the limit. Following (4.16),
we obtain

1(wx —3)(E, )IILz(QOAdwu)<C/5 @A =93 (5, 2@ Asdzdpn ds,

so that the Gronwall Lemma yields ¢} =2, since £ is bounded in L'(0,T).

Appendix A. Some technical lemmas. We state first the following Lemma.
The (easy) proof is left to the reader.

LeEMMA A.1. Let f€ HY?(0,T), and define:

1 d [* f(r)
1/2 = <t<T.
o= f \th/ t_TdT, 0<t<T

Denoting by Ef the extension by zero outside (0,T) and by f its Fourier transform,
we have the identities

/ 1 do., 1
oV f= \fthf (]IR+\[>, teR,
92 (&) =/ YET(©), (A1)

where v stands for the complex square root with non-positive imaginary part and g+
for the indicatriz function of RT.
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The second Lemma basically states that if a function g(z) belong to L?(R), as
well as |z|'/4g(x), and if g is the Fourier transform of a function with a bounded
support, then g decays as |z|~1/4.

LEMMA A.2. Let f be a function in L?(0,t). Denote by Ef its extension by zero
outside (0,t) and let f be the Fourier transform of Ef. Assuming kY/* f(k) e L*(R1),
we have, for any a>0, for £>a,

Fe)| < (a+0e A Pz +€ 21 e ),
where C' depends on a.

Proof. The proof strongly relies on the fact that we compute the Fourier transform
of a function with bounded support. From the definition, we have

©= [ 161 St =g = 14110
where H ()= ]I()t]—< i€) (e %t —1). H satisfies

|H(&)|<t,  VEER; \()I_ v[¢[>0. (A.2)

€1’

We assume that £ >a>0. The convolution H *f is then split into four terms, with

0<pfB<a:
foeminan= [ [ [ [

=L+L+13+14.
Having in mind that £ >a >0, if follows readily from (A.2) that

L <[HEF )2 | Flezm <2677 fll2m)

Concerning I, we have

1/2
&S(A S @) I o) 2 e

-8 d 1/2
Y V41 -
<2<A |§y2wﬁ> A7) 2 .

Consider now an « such that 0<a<1—8/a<1—3/¢ and a<a. Then

/E—ﬁ dy B 1 /1—5/5 dy
o E—yPylr 2 ), ly—1[2y1/2
a 1-/¢
[
0 a

<12a1/2 1 1 /& 1
SEr-aP T ERa\3 1 a

=0(E™).
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Proceeding analogously, I3 is easily estimated thanks to (A.2)

1/2

<t /Hﬁ & / Iy /2 F ()|

3< — L2(R+)
-5 VY

< o Tl

In the same way,

- dy vz
I, <2 <~/£+ﬁ |£y|2y1/2> Iy FWllz2®+)

= Hyl 4f( 2@+
VP (§+6)1/4 -
The proof is then ended by gathering the different estimates on I, I, I3 and I,. O
REMARK A.3. The previous lemma can be generalized to functions of the form
g(s)f(s) where f satisfies the hypothesis of the lemma and g is a C*([0,t]) function.
Indeed, in this case the convolution kernel H satisfies, instead of (A.2),

[H(&)|<C1,  VEER;  [H(E )I, v[¢[>0,

Iif K
for two positive constants Cy and Cs, so that the proof of the lemma still applies. The
result is thus

o)< (A+0€ kA T2y +€ 21l )

where the constant C' depends on ||gllc1(jo,g). This relation is used at the end of the
proof of the energy estimate.

The last lemma is a reformulation of a standard trace theorem when considering
flat boundaries. Notice that applying straightforwardly the existing results would
have given

1 2—« 1/24« .
lellzawy) <Clel faan IVellian,  a>0,  j=1,..n,

while we have the following lemma:

LEMMA A.1. Let p€ H(Qo) where Qo is smooth (at least C') and is defined in
Section 2. Assume that the trace of ¢ vanishes on I'g. Then there exists C >0 such
that

1/2 1/2 .
lellzar,) < Cllel o, IVelibgyy, — d=1,..n.

Proof. We assume that ¢ is regular and proceed by density. Let us parametrize
Qo by an orthogonal set of coordinates x = (2’,n) such that if =0, then z belongs to
the plane into which I'; is included. Such a construction is possible, since the interface
T'; is plane. Thus ¢(2’,0) is the trace of ¢ on I'; for 2’ €T';. We have

n a .T/,
W(ﬂf’,n)|2=I@(x’70)l2+27€e/ e@(xﬁy)(p(@yw(iy.
0
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Then, the Cauchy-Schwarz inequality implies that
||<P||%2(Fj) < ”90”%2(520) +2[[ell L2 (0) Vel 2 (020) -

Finally, the Poincar ineqality allows to control ||¢| 12 (q,) in terms of || V|| £2(q,), and
this concludes the proof.

Appendix B. Sketch of the regularization. The particular geometry and the
different assumptions made on the data render the problem not straightforward to
regularize. Indeed, the initial wave function is supposed to crucially solve a Schrdinger
equation in each wave guide and the potentials have as well some important properties.
We give here the main ideas about how this procedure can be pursued.

Let p be a standard mollifier such that 0< p <1, p€C>®(R%), ||p| 1 =1 and whose
support is included in the unit ball centered at zero. We denote by p®:= p(§) and by
E an extension operator either from (0,7)Q to R?*! or from Q to RY, see [1]. Let
V. €CH([0,T],L>(R)) be in the class of potentials introduced in Section 2.3, and define
VE‘S = p‘s *p (p‘S Ky EV;), where we use a one-dimensional mollifier for the time variable.
Then V2 €C>®(R41) and V) converges strongly to V. in C'([0,7],LP(K)), p < oo, for
any bounded set K C Q2. It is assumed in each wave guide Q; (equipped with the set
of coordinates (£;,n;)) that V. verifies V. (t,2) =V°(&;)+V;(t), which is not true for
V9. Nevertheless, as soon as 1; >0, V9 shares a similar structure, that is, V2 (t,z) =
VO9(&5)+V2(t), where VOO (&) = [ras fisEVO(z)p(fj —z,y)dzdy and V) = px, EVj.
This suggests to define a fixed parameter dp, with 0 < § < dg, such that the transparent
boundary conditions are prescribed on Fj-o ={(n;,&) €9Q;,§;€Tj,m;=00)}. It is not
possible to define them for x€€;, n; <4, since V? does not satisfy the adequate
decomposition.

In the same way, let wg"s i=X° p% x, (EYY) €C> (1), where y is a cut-off which
ensures that 1/12’5 vanishes on the boundary 0f2. wg\’é converges strongly to ¢ in
HY(K), for any bounded set K C Q. Let now x%7° be the solution to (2.1) with the
regularized potential V%° and EJ;° be the associated eigenvalue. According to the
regularity of the potential, %7 €C>(T;). In each guide §;, ¢ reads:

UNGEDEDD {X?ﬁj(ﬁj)fmoﬂ(’ eXP(@ {/2(E(\) - EL))

m

(L {20 -5

This leads to the definition of

Al ) =3 [ oot e {fa(E) - )

+b7, exp(iZJ m)} ;

so that ¢} €C>(£;) and 3 converges strongly to ¥} in H'(K), for any bounded set
K CQ;. In each wave guide, we thus have, for n; >0,

2
&
— S AR AV =B

Let x be another smooth cut-off function equal to one on ¢ Qo and whose support is
included in the set {z € R n; <&y, j=1,...,n}, and let wg’é zxwg’é +(1—=x)p3. We
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have that 1/1())\’5 €C>(Q), and 1/12’6 converges strongly to ¢ in H'(K), for any bounded
set K C Q.
Consider now the following regularized Schrdinger-Poisson problem:

0 g2
e 2 == AP (VA V)OS d(t=0,) =03 z€Q,

N /A WS 2du(N):  w€Q0; V2 laa, =0.

Define as well:
—n ) . . t
T s e 0=e (-1 [ B0+ )s).
j=1 0

where (u;); is the partition of unity introduced in Section 2.1. The previous con-

struction of wg"s and V insures that

61/)§w,5
ot

2
. € 8 8
1€ :—5A’¢§w +(V66+‘/36) iw 5 IEGQ]', njzdo,
so that Theorem 3.1 applies and provides a unique strong solution ( i,VS‘S). The C*

regularity is easily deduced from that of the data. Moreover, 1 satisfies:

e—ZTI'/4

9 s w,8 1/2, 6 N s
afm(%—wﬁ )=- NG Dj,5(¢A_w§ )i el

The definition of ]]]);7/52 is the same as (3.5), x%’ being replaced by x%7° so that we
have (4.1)-(4.3).

For the sake of clarity of the paper and without loss of generality, we abusively
decided to set the boundary conditions in the proof of the theorem on the interfaces
I'; instead of T%°.
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