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OPTIMAL CONTROL OF THE STATIONARY QUANTUM
DRIFT-DIFFUSION MODEL*

A. UNTERREITER! AND S. VOLKWEIN#

Abstract. In this work an optimal control problem for a stationary quantum drift diffusion
(QDD) model is analyzed. This QDD model contains four space-dependent observables: The non-
negative particle density of electrons, the electrostatic potential, the quantum quasi-Fermi potential
and the current density. The goal is to optimize the shape of quantum barriers in a quantum diode.
Existence of optimal solutions is proved. Moreover, first-order necessary optimality conditions are
derived.
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1. Introduction

Ultra-small semiconductor devices exhibit electronic performances relying intrin-
sically on quantum-mechanical effects. In particular, in certain switching situations
the electric current flowing through the device depends in a non-monotone way on
the applied voltage. This important phenomenon is known as negative differential
resistance (NDR) effect. Aside from finding tractable mathematical models for NDR
effects, the question of optimizing the system’s parameters with respect to desired per-
formances has raised considerable attention in the literature; see, e.g., in [4, 6, 7, 12]
for optimal control of a drift-diffusion model. Furthermore, we refer to [8], where an
inverse problem for semiconductor equations was considered that arises in modelling
a laser beam induced current (LBIC). For engineering aspects we refer to [15, 16, 17].

In this work we want to optimize the shape of quantum barriers in a quantum
diode to achieve for a given external voltage Vp an optimal current ;. The quantum
diode consists of several sandwiched crystals of different ground energy levels whose
gaps are described by the quantum barrier function B. The quantum diode’s perfor-
mance is overall determined by the location, the width and the ground energy values
of the involved crystals. While the crystals’ locations are more or less limited by
technological possibilities, their length and their quality (thus, their ground energy’s
value) are variable. In particular, one can optimize length and quality to get as close
as possible to a desired IV-curve.

It is the present paper’s plan to investigate a mathematical model for this opti-
mization procedure. The goal of the optimization is to determine amongst a class of
admissible barrier functions the optimal B to achieve a desired IV-curve. We suppose
the set of admissible barrier functions to be parameterized by ¢ variables ranging in
the set of admissible controls U,q.

The paper is organized in the following manner: In Section 2 we introduce the
stationary quantum drift diffusion (QDD) model, prove existence of H!solutions and
derive a-priori bounds. The optimal control problem is formulated in Section 3. Exis-
tence of optimal solutions is shown utilizing the a-priori bounds derived in Section 3.
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86 OPTIMAL CONTROL OF THE STATIONARY QDD MODEL

We present first-order necessary optimality conditions in Section 4.

2. The quantum drift diffusion model

The investigations concern a stationary, i.e., time-independent, unipolar QDD
model constituted by a system of coupled partial differential equations. The spatial
variable x ranges in the devices’ domain W. Having in mind realistic shapes for
ultra-small devices we assume W to be a cuboid in d space dimensions, d=1,2 or
d=3:

W =]0,L1[x...x]0,Lg| with Li,...,Lq>0. (A1)

Typically the diode’s boundary I' splits into a contact region I'p and an insulating
region I'y. It is quite realistic to assume that I'p consists of two opposing lateral
surfaces

T'p={0,L1}x[0,Ly] x...[0, L], (A2)

while the insulating region is 'y =T'\T'p. Obviously, I'y =0 for d=1.

2.1. The model equations. In the framework of the stationary QDD model
the diode’s performance is described by four space-dependent observables: The non-
negative electron’s particle density n, the electrostatic potential V| the quantum quasi-
Fermi potential F' and the current density J. The diode’s parameters are the effective
mass of electrons m, the temperature of the electron gas T, the positive, constant mo-
bility of electrons p, the positive, constant permittivity of the diode’s underlying crys-
tal €, the time-independent, non-negative doping profile C', and the time-independent
quantum barrier function B:W — R. The quantum barrier function B represents the
ground energy’s gap of one (or more) crystals with respect to a reference crystal. B
vanishes in regions, where the reference crystal is present, whereas B does not van-
ish in a crystal whose ground energy is different from the reference crystal’s ground
energy. We suppose

B,CeL>®(W). (A3)

For the notion of Lebesgue and Sobolev spaces we refer the reader to [1], for instance.
The quantum quasi-Fermi potential F' acts as the electron’s velocity potential,

J= unVE in W.
Corresponding to the conservation of mass the current density is divergence free:
V-J=0 inW.
The electrostatic potential V' is self-consistent, i.e.,
—e AV=qg(n-C) inW,

where €~ 11.6-10_12% is the — assumingly: constant — dielectricity constant of
the underlying crystal, and the quantum quasi-Fermi potential F' is

A
2—77\/ﬁ+k3Tlogn+qv+B in W,

6m /n

where 7~ 6.626-10734Js is Planck’s constant, kp ~ 1.38o10’23% is Boltzmann’s con-

stant and g~1.6-10"1?As is the elementary charge. The term _é% A\/‘/g is Bohm’s
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Quantity || s Order of magnitude (ST units)
X L 7.5-1078

n C 10%4

% U =k5T/q 6.6-10~3

C C 10%

F kpT 10-2!

B kT 102

J uCkT/L 3.5-1010

TABLE 2.1. Scaling factor s for the involved quantities satisfying Quantity = s times scaled
Quantity.

quantum potential; see [2]. The effective electron mass m is typically about one tenth
of the electron mass at rest ma21073kg; see [12, 13].

It is convenient to introduce scaled variables. In Table 2.1 we give the scaling
factor s for the involved quantities: Quantity = s times scaled Quantity. Moreover,
we use (= 2.08AT‘“2 and T'=77K. In what follows we denote the scaled variables with
the same symbol as the corresponding unscaled variables. The scaled model equations
read

J=nVF in W, (2.1a)
V-J=0 in W, (2.1b)
AN AV=n-C in W, (2.1c)
F=—¢? A\/\/ﬁﬁ +log(n)+V +B in W, (2.1d)
where
D<= g0
6kpTmlL? ’
and via e~ 11.6-10712,
0<x=U 155101,
qCL?
It is convenient to use rather p=./n than n. Equations (2.1) become
J=p* VF in W, (2.2a)
V-J=0 in W, (2.2b)
AN AV=p*-C in W, (2.2¢)
F:—sz% +log(p*)+V +B in W. (2.2d)

Appropriate boundary conditions for (2.2) are obtained due to the following consid-
erations, where v:I' — R? is the outward normal vector:
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We wish to optimize the current flowing through the device for a given ex-
ternal voltage Vp. Vp is applied along the contact region I'p, hence

V=Vp onlp.

The electron density p? along I'p depends on the device and on the surround-
ing electronic circuit. If Vp is “close to the equilibrium value”, i.e., Vp &0,
it will be quite reasonable to assume p? do be “almost independent of Vp”.
As a consequence,

p=pp onlp.

Possible choices for pp are pp=*“variational minimum value of an energy
functional”, see [11], or pp =+/C leading to vanishing space charge on I'p;
see [12].

In (2.2) the unknown function F' can be viewed as a potential for the velocity
field for electrons. Hence one has to prescribe F' along the contact region I'p
where the current enters the device.

F:FD on FD.

In thermal equilibrium Vp =0 there is no current at all which canonically
leads to Fp=0 (or another constant). If Vp#0 then there will a current
flow through the device and Fp has to be changed. Thus, Fp depends on
Vp. A possible choice is Fp =Vp; see [12].

Along the insulating region the electric field is expected to have no component
orthogonal to the device. Thus

a—v:O on I'y.

ov

Along the insulating region the current density J has only tangential compo-
nents. As p#0 can be expected we deduce via J=p*VF,

oF
— =0 on FN-

ov

248p

The quantum mechanical Bohm potential —¢ o the diffusion potential

log(p?), the drift potential V and the barrier potential B all contribute to

the velocity field VF and thus determine J. Aside from the barrier potential
B, one has to expect that none of these contributions has a component or-
dlog(p?) _

ov -

thogonal to the device. Via d) and e) we deduce OonI'y. As we

expect p#£0, we deduce

875:0 on FN.
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We obtain
~V-(p’VF)=0 in W, (2.3a)
—?Ap=p(F -V —B—log(p?)) in W, (2.3b)
“NAV=p*-C in W, (2.3c)
F=Fp, p=pp, V=Vp on I'p, (2.3d)
%:%:%‘::0 on I'y. (2.3¢)

For the sake of brevity we set
Hy=H"(W)NL®(W),
which is a Banach space supplied with the canonical norm
lolly=llell 2wy + 1@l oo (ury  for @ € He.
For keN we set
(Hy)k=Hyx...x H,
k—times

endowed with the natural product topology. Recall that in the one-dimensional case
HY(W) is continuously embedded in L>(W) and we deduce H,=H'(W)NL>® (W)=
HY(W). We assume henceforth

Fp,pp,Vp € H, (A4)
and
inf . A
essinf pp(x)>0 (A5)

In (2.3) the square of the electron density p=p(x) >0, the quantum quasi-Fermi
level F'= F(x), and the electric potential V =V (x) are unknowns. The current density
is given by J= p*VF.

Equations (2.3) possibly have several solutions. Existence of weak solutions in
H' - shorthanded as “H'solutions” - is established in [3, 13, 18]. H!solutions of (2.3)
belong to the Sobolev space

Ho=Hj(WUIL'y)={peH'(W)|e=00onTp}.

Since I'p consists of two opposing lateral surfaces the Sobolev space H, allows for a
Poincaré inequality: there exists a constant C'p >0 such that

/ <p2dX§Cp/ |Vp|?dx  for all p€ H.. (2.4)
w w
As a consequence, the bilinear form

(0, 0) i1, =/W V- Vipdx  for ¢,¢p€ Hy(W)

is an inner product in H, and (H,,(-,-)p,) is a Hilbert space.

DEFINITION 2.1. The triple (F,p,V) is a H'solution of (2.3) if and only if
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1) F—Vp,p—pp,V —Vp€Hy; FEL®(W);
2) p>0 a.e. inW;
3) for all p€ H,,

/pZVF-VgodXZO, (2.5a)

w

/ 62Vp~V<pdx:/ p (F—V —B-log(p?))pdx, (2.5b)
w w

/)\2VV-V<pdx:/ (psz’)gadx; (2.5¢)
w w

where in (2.5b) and in the sequel

0-log(0%) =02 -1og(0%) =0.

REMARK 2.2. Since the space dimension d does not exceed 3 a variational formulation
characterizing p is available: p is the minimizer of

E(0) = Eyu(0) + Eu(0) + /W (B~ F)dx

— if d <3 we have Vp,FF € HY(W): p?F € L' (W) ensuring directional derivatives of E
exist in all directions ¢ € H' such that we indeed can pass for the minimizer of E to
(2.5b) — in the H'(W)-weakly closed, convex set pp+ H, (see [3]), where

Equ(p)=€2/ IVpIQdXJr/ p* (log(p?)—1)dx
w w

is the quantum internal energy, i.e., Bohm’s interaction energy plus the classical in-
ternal energy,

Ealo) = [ [WViPaxs [ preax
2 Jw w
is the electrostatic energy, where V, solves
“NAV,=0*-C, V,eH,,
uniquely in H, and V* solves
~NAV*=0, V*—VpeH.,

uniquely in H'(W), i.e., the function V* is the Laplace-extension of the boundary
data Vp.

REMARK 2.3.
a) The functional E has at most one minimizer in pp + Ho; see [11].
b) In Definition 2.1 we require F' € L*°(WW). Due to the maximum principle one
can deduce F € L®(W) from (2.5a) via Fp € L>(W) - provided one has a
priori estimates ensuring infyy p > 0. However, available proofs of infyy p >0
in turn rely on F'€ L>(W). So by requiring F'€ L (W) we do not want to
make things unnecessarily sophisticated here.
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¢) Due to available results the assumption F°° (W) is seemingly not very restric-
tive: up to now is not known whether (2.3) has H'solutions F ¢ L>°(W).

d) With the same notations as in Definition 2.1-4) the function V=V, +V* is
the unique H'(W)-weak solution of

~MNAV=p*-C, V-VpeH,.

Furthermore, for each triple (C,F,B) € (L>*°(W))? and each p minimizing E
in pp + Ho, the pair (p,V) satisfies (2.5b), (2.5¢).
e) Concerning the electrostatic energy we deduce via Poincaré’s inequality

1 / VVa(p?—C)2dx
2 w

< Cpmeas (W)

2
2
< e (1ol + Il ) for all pe L=(W),

where here and in the sequel “meas” is the Lebesgue measure.

Now we establish the existence of a H'solution and a-priori estimates. The proof
can be found in the appendix.

THEOREM 2.4. Let (A1)-(A5) and
e,A>0 (A6)

hold. Then (2.3) has a H'solution and there is a constant C >0 depending on W, ¢,
A leplle: IVolls, ICllLee(wy, | Fplls, such that for each H' solution (F,p,V),

1B 500 (w)

1l +llplly + V1], < C e (2.6)

2.2. The current. The Dirichlet boundary I'p splits into two (disjoint) parts
I'hb={0}xWp and T%H={Li}xWp

with Wp =]0,La[x ... x]0,Lg4[. The current I;(F,p) flowing through I'%,, i=1 or i =2,
is given by

Ii(F,p):(fl)iq/W (J-8) (20,22, 2a) d(2,. o 2a)

—(~1)'q /W (PVF-&) (51,52 22) A, 70), (2.7)

where 21 =0, 2o =L; and & =(1,0,...,0)”. We set
I(F7p):‘[1(F7p)‘

In (2.7) we have to evaluate the gradient VF' along I'p which will not be possible
for any F in H'(W). This technical difficulty can easily be handled by using an
alternative formula for I(F,p):
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e If d=1then W =]0,L,[ and the current density J = .J will be constant. Thus,

Ly
I(F,p):—Li/O J-ldx for d=1. (2.8)

1

e For d>1 then we introduce for arbitrary [ €]0,L;[ the cuboid
Wi :]O,Z[X]O,LQ[X... x]O,Ld[C w.

Recall that J is divergence-free and that there is no current-flow across the
Neumann-boundary. Therefore, we obtain for [ €]0, L]

0= V-fdx:/ J-vds
WL BWZ

=— j-é’lds—i— f-é'lds—i—/ J-vds
T2 T'nNOW,;

1
1—‘D D

:/W ((7-8) 02,20~ (-62) (0,22,....20) ) .. 20).

Consequently, we deduce from (2.7)
I(F,p)=1(F,p)= (—1)q/ (f e1)(0,22,...,24)d(z2,...,2q)
:—q/ (j "1)(1,332,...7xd)d(x2,...,xd) for 1€]0,Ly],
Wp

such that via integration from {=0 to [=Lq,

q

/fé’ldx:—i/ p’VF.¢ dx forde{2,3}. (2.9)
w Ly Jw

In the sequel we use formulae (2.8) and (2.9) as definitions of I(F,p), see Section 3.

3. The optimal control problem

In this section we introduce the optimal control problem to determine amongst
a class of admissible barrier functions the optimal B to achieve a desired IV-curve.
Further, we prove existence of optimal solutions.

We suppose the set of admissible barrier functions to be parametrized by £, £ € N*,
variables. U,q is the set of admissible controls. We assume:

The set Unq, 0 # Uaq CR? of control parameters is
compact. The mapping
B:W xU,g—R

is bounded and for all x € W the partial function (A7)
B(x;-) is in C®1(U,q). The set of all partial functions

Baa={B(-;u1,...,up): (u1,...,ug) €Uaq}

is the set of admissible barrier functions.

The gradient V,, B(-;u) is a row vector with ¢ components. Let us present an example
for the set Uyq and Bag.
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ExAMPLE 3.1. Let ¢:R%x]0,00[— [0,00[ be a function in C°(R%x]0,1/10[) such
that for all €€]0,1/10[ the function @(-,€) is supported in | —1,1[xR4~1. ¢ may be
generated via mollifying a step function, where € is a mollifying parameter. We obtain
®:]—1,1[ xWpx]0,00[— R by restricting ¢ to | —1,1[ xWpx]0,00[. Then we choose
01,...,0, €]0,L [ with 0< 6 <...<0,, <Ly and we set 6 :=min{0; —0;_1:2<j<m}
for m e N. Putting, e.g.,

Una = [a, A]™ x [6/10,95/10]™ x [1/100,1/20]

for some a, A€R with 0<a < A and defining B: W xU,q — R by
i xlfﬂj
B(x;ala“'aamagla"'7€m7€):Zajq)(iax%”wxdﬂf)a
i=1 S

we obtain a function B meeting the requirements of (A7) with £=1+2m. Obviously
each B is the sum of re-scaled, shifted, compactly supported test functions whose
supports do not intersect. <&

For control parameters u€ U,q the quantum barrier function is B(-;u) and the
state variables F, p, and V are H'solutions of the scaled QDD model (2.3) which has,
according to Theorem 2.4, for given B(-;u) at least one H'solution.

We proceed by introducing the cost functional .J: Hy, x Hy x R* — [0,00) by

¢
1 B
J(vavu):§ |I(F7P)—Id|2+25 Jug|?,
im1

where the current functional is

q

/ p’VF.& dx,
11%

I;€R is a given desired current, and the §;’s are positive regularization scalars.

LEMMA 3.2. The current functional I:Hy, x H, —R is twice continuously Fréchet-
differentiable and its second Fréchet derivative is Lipschitz-continuous.

A proof of Lemma 3.2 is given in the appendix.

LEMMA 3.3. The cost functional J is weakly (lower semi-)continuous. Moreover, J is
twice continuously Fréchet-differentiable and its second Fréchet derivative is Lipschitz-
continuous.

Proof. First we show that the cost J is weakly continuous. For this purpose let
{(F™,p",u™) }nen be a sequence in Hy x Hy x R® with

(F™, p™ u™) — (F*,p*,u*) in Hy x Hyx R® as n— oc.
Since H'(W) is compactly embedded in L*(W) for d <3 (see [1]), we have
(p”)2—> (p*)2 in L*(W) as n— oo.

Moreover, VE™ —VF* in L?(W;R?) as n— oo which implies

lim —i/ ((0")VF" = (p*)*VF*) & dx=0.
w

n—oo 1
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Consequently,
nlLrI;o|](Fn,pn)—Id|2: [I(F*,p*) —I|*. (3.1)
Since u™ —u* in R we directly infer that
Jirr;o\uﬂz:mﬂ for 1<i</. (3.2)

From (3.1) and (3.2) it follows that J is weakly continuous and consequently weakly
lower semi-continuous as well.

Due to Lemma 3.2 the operator [ is twice continuously Fréchet-differentiable. Conse-
quently, J is twice continuously Fréchet-differentiable at any (F,p,a) € Hy x Hy, x R
For directions (F,pw),(ﬁ,;iﬂ) € Hy x Hy, x R the first and second derivatives are

L
VJ(F,ﬁ/ﬁ)(F,p,’U,) = (I(F’ﬁ) _Id)vl(ﬁap)(F’p)_‘_Zﬁiaiui (33)

and

V2J(F,p,u)((F,p,0),(F,p,u))

L
+(I(F.0)~ 1)) VI(F.7) (F.7).(F.p)).

where VI and V2T are given by formulas (A.8) and (A.9) in the appendix, respec-
tively. Since the mapping (F,p) — V2I(F, p) is Lipschitz-continuous, we conclude that
(F,p,u)— V2J(F,p,u) is Lipschitz-continuous as well. 0

REMARK 3.4. Advanced numerical optimization methods — like sequential quadratic
programming (SQP) techniques — are known to have second-order rate of convergence
properties provided the cost functional and the constraints are twice continuously
Fréchet-differentiable with at least locally Lipschitz-continuous second derivatives.
Due to Lemma 3.3 the cost functional has these smoothness properties. The smooth-
ness properties of the constraints will be addressed in Lemma, 4.1.

To deal with the QDD model in an abstract form, let us define the closed subset
Xaq of the Banach space X = (H;)? x R® and the Hilbert space Y as follows

Xoa=(Hp)? xUpa Y =(Ho)* x (H/*(Tp)")?,

endowed with their natural product topology. Recall that H,=H}(WUTy). We
identify the dual Y’ of Y with

(H.)* x (HY*(Tp))”.
Next we introduce the non-linear operator

e=(e',e? e3¢t e?ef): X Y’
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via
(€ @)2h . = [ FIF-Tipix
<62(l’)7‘p>Hg,Ho :/Wg2vp~th+p(V+B(-;u)+10g(p2) _F)<pdx,

<63(x),g0>H, o, :/W)\2VV~V@+(C*p2)QOdX

for p€ H, and
e'(x)=71p(F—Fp), e’ (x)=71p(p—pp), e (x)=7p(V—-Vp),
where z=(F,p,V,u) € X, B=B(-;u) and
Tp:HY(Q)— HY?(Tp)
is the canonical (continuous, surjective) projection from H'(2) onto HY/?(T'p).

REMARK 3.5. One can also work on the affine space xp+ X with the element xp =
(Fp,op,Vp,0) € X and avoid the introduction of the constraints e’, i =4,5,6 without
getting any different results.

The optimal control problem can be expressed in an abstract form as
minJ(F,p,u) st. x=(F,p,V,u) € X,q and e(x)=0in Y. (P)

THEOREM 3.6. Suppose (A1)-(AT). Then (P) has at least one global optimal solution
x*=(F*p*, V*u*) € Xaq.
Proof. By (A7) we have Uyq #0. Due to Theorem 2.4, the set
E={z=(F,p,V,u)e X |e(x)=0inY'}

is non-empty. Due to (A7), there is a constant ¢; >0 with || B(-;u)|| e w) < c1 for all
u€Uug.

Suppose that for chosen u € Unq the triple (F,p,V) € H is a H'solution of (2.3) with
B=B(-;u). Then we infer from (2.6) that F', p, and V are bounded in Hj, and there
exists a ( >0 with

C=inf{J(F,p,u)|(F,p,V,u) € Xaq satisfies (2.3) weakly}.
Let us consider a minimizing sequence {z"},ecn, 2" =(F",p", V™ u™), in X,gq, i.e.,
¢=limp o0 J(F™,p",u™) holds. We define the sequence {B"},cn via B™ = B(-;uy,),
n€N. Then 2" satisfies (2.3) for all n € N. Since Us,q is a compact subset of R, there

is u* € Uyq such that, eventually by passing to a subsequence but without changing
notations, ™ —u* in R¢. This implies that

B"— B*=B(-;u") asn tends to co. (3.5)
Moreover, we find from (2.6) that that

(F",p", V™) = (F*,p*, V*) in H'(W)? as n— o0 (3.6)
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and || F™|| oo (wy + [|0™ | Loe (w) + V" [ Lo (wy is bounded, see Theorem 2.4. Let z* =
(F*,p*,V*,u*). Next we prove that (F*,p*,V*) solves (2.3) weakly. Since H'(W) is
compactly embedded into L*(W) for d <3, we infer
p"—p*in L*(W) as n— oo, (3.7)
which implies that
(p”)2 — (,o"‘)2 in L2(W) as n— oo. (3.8)

From VF" —~VF* in L?(W;R?) as n tends to oo and from (3.8) we infer

lim (p”)ZVF"~V<pdx:/ (p*)’VF*-Vpdx for all g€ H,, (3.9)

ie., el(z*)=0 in H.. Utilizing (3.7) we deduce via the continuity of the function
¢:[0,4+00[ =R, ¢(t)=tlogt for t>0 and ¢(0) =0 that

lim log (p"(x)?) =log (p*(x)") for xeW ae. (3.10)

n—oo

Furthermore, |p"|| L (w) is bounded. Hence, there exists a constant co >0 such that
[120™10g 0™ [ 120 () < C2-

Applying Lebesgue’s dominated convergence theorem (see, e.g. [14]) we obtain

lim 2p"log (p")gpdx:/ 2p*log (p*)pdx  for all p€ H..
w w

n—o0

From (3.6) and (3.7) we conclude for all p € H,,

lim <€2($n),<p>Hé)Ho=<62($*),¢>Hé7HO. (3.11)

n—oo

Again applying (3.6) and (3.7) we find that, for all p € H,,

lim <€3($n)a@>Hg,Ho =<63(x*),<p>Hé’Ho. (3.12)

Now we turn to the constraint e*(2™)=0. By assumption, Fp € H,. Hence,
F'"—Fp—F"—Fpin H, as n— oo.
Moreover, F* — Fp € H, for all n€N. Thus, F*— Fp € H, and
e*(x*)=7(F* - Fp)=0. (3.13)
Analogously, we obtain
e’ (z*) =€l (x*) =0. (3.14)

Summarizing, (3.9), (3.11)-(3.14) imply e(z*) =0. By Lemma 3.3 the cost functional
is weakly continuous. ]
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4. First-order necessary optimality conditions

This section is devoted to study first-order necessary optimality conditions for
(P). If a constrained qualification holds, there exist Lagrange multipliers satisfying a
coupled dual system of three elliptic equations.

Problem (P) is a non-convex programming problem so that different local minima
may occur. Typically a numerical method will approximates a local minimum close
to its starting value. Hence, we do not restrict our investigations to global solutions
of (P). We assume a fixed reference solution z*=(F*,p*,V* u*) and investigate
certain first-order optimality conditions. For that purpose we introduce the Lagrange
functional £: X xY — R associated with (P):

L(z,p)=J(F,p,u)+{e(x),p)y:y
1 LB
= — |I(F,p)—I4)? 2 fug)? ’VF. d
o WEA =1+ 35w+ [ PVF Vprax
+ [ V-V p(V 4 Blesu)+log(s?) ~ F)pycx,
w
+/ )\QVV'VPV+(C_P2)Pvdx+<TD(F_FD)»pFD>H1/2(FD)/,H1/2(1“D)
w
+ <7'D(p_ pD)7ppD>H1/2(FD)/7H1/2(FD) + <TD(V — VD)’pVD>H1/2(FD)’7H1/2(FD)’
where x=(F,p,V,u) € X and p=(pF,pp,Pv:PFp:Dpp,Pvi) EY -
Due to Lemma 3.3 the cost functional J is continuously Fréchet differentiable and
its second derivative is Lipschitz-continuous in X. In the next lemma we state that

the operator e is twice continuously Fréchet-differentiable. A proof is given in the
appendix.

LEMMA 4.1. For every 2= (F,p,V,u)€ X with essinfy p>0 the mapping T — e(T) €
Y’ is twice continuously Fréchet-differentiable and its second Fréchet-derivatiuve is

locally Lipschitz-continuous.

To formulate first-order necessary optimality conditions we have to ensure that
the solution z* to (P) is a regular point.

DEFINITION 4.2. Let 2= (F,p,V,u) be a feasible point for (P), i.e.,
TeF(P)= {ieX’e(j):O inY' and T€ Xaq}.

Then, T is called a regular point if the linearization Ve(Z): X =Y’ of the operator e
at T 15 surjective.

Due to Lemma 4.1 the linear operator Ve(Z) is bounded provided essinfy p>0
is satisfied. Certainly, Ve(xz*) will be surjective if for any given element f=
(frsfor fvsfrp, fons fvn) €Y' there exists a solution x = (F,p,V,u) € X of

Ve(z*)z=f Y’ (4.1)
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The element z € X is a solution of (4.1) if and only if
[ PV E 20 V) V= .2 . (4.2)

/ e’Vp-Vo+p(V*+B*+log((p*)?) — F*)pdx
w

(4.2b)
Jr/W (p*(v+qu*U*F)+2p)cde:<fp,g0>Hé’Ho,
| X9V Vot 20 o=y 0) i, (4.2¢)
11%
for all p € H, and
F=fr,, p=fop. V=fv, in H1/2(FD)7 (4.2d)

where B* = B(-;u*) and V,,B* =V, B(-;u*)T. System (4.2) is the variational formu-
lation of the coupled linear elliptic system

—V-((p*)’VE+2p*VF*p) = fp in W, (4.3a)

—2Ap+p(V*+B* +log ((p*)?) — F* +2 (4.3b)
+p* (V+VyBu—F)=f, in W,

—NAV 420" p=fy in W, (4.3¢)

F=fp, onI'p, (4.3d)

P=fop on I'p, (4.3¢)

V=fy, on I'p, (4.3f)

%:%:%:0 onI'y. (4.3g)

Due to the lack of coercitivity it is far from obvious that, settled on grounds of the
Fredholm alternative, (4.3) has a weak solution. On the other hand it is seemingly
also quite difficult to verify that (4.3) has no solution: The universe of linear (opera-
tor) equations is certainly much larger than the set of linear (operator) equations for
which the solvability question can be settled just in terms of the involved parameters.
Comparing the situation with the finite-dimensional case (aside from the use of deter-
minants which provide to the authors’ knowledge no tractable concept extendable to
infinite-dimensional settings): Unless rather specific information about the coefficient
matrix of a linear system (positivity, self-adjointness whatsoever) are available one
will not be able to say anything about the set of solutions — except, of course, that
the probability that a n times n linear system with, let us say, somewhere uniformly
distributed coefficients is uniquely solvable is one. So from which properties of the
coefficients could we deduce unique solvability in case of “unstructuredness”? Even
in the finite-dimensional case the authors have no answer to that question and we
do not think things become easier in infinite dimensional settings. As a conclusion,
to decide whether Ve(z*) is surjective or not is not in the authors’ scope. Possibly,
further numerical investigations may allow to gain more insight in the subject.

On the other hand, for practical purposes the existence of associated Lagrange
multipliers is quite useful to obtain information on the local minimizer x*. Since we
are interested in these information let us assume

Ve(z*): X =Y is surjective. (A8)
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REMARK 4.3. If Ve(z*) is not surjective from X — Y but its extension on a larger
space X, X densely embedded into X, possesses specific properties (weakly singular
optimal control problem [9]) one can also prove existence of Lagrange multipliers.

If (AB) is satisfied, the point z* is a regular point. The KKT theorem [10,
Theorem 3.2] implies that there exists a unique associated Lagrange multiplier p* =

(DFs Do DD Ey P s DYy, ) €Y satisfying
V(I?,p,V)e(x*)*pﬂ< = _V(F,p)J<F*7p*7U*) in (Hlly)37 (44)
where V(g ,vye(z*)*:Y — (H])? is the dual operator of V (g, vye(z*), i.e.,
<V(F,p,v)€($*)*l77 (vaa V)>(Hl’,)3,Hb = <V(F,p,V)e(x*)(F7p7V)vp>y/7y

for all (F,p,V,p) € (Hp)3 x Y. Certainly, (4.4) and the first-order necessary optimality
condition

V(F,mv)ﬁ(l'*,p*) =0 in (H{,)B

are equivalent.
In the following proposition we state that the Lagrange multipliers satisfy a cou-
pled linear elliptic system.

PROPOSITION 4.4. Let (A8) hold. The Lagrange multipliers py., p, and py, satisfy
the following coupled linear system

YV ((p*)?Vpi) = p*pp=—(I(F*,p*) = 1)V I(F*,p*) (4.52)

—eApy +2p"VF*-Npp —2p"py, (4.5b)
+(V* 4B +log ((p)?) = F* +2)p, = —(L(F*,p") = 1a) VI (F*,p")
=N Apy +p*p=0 (4.5¢)

weakly in H,, together with homogeneous Neumann boundary conditions on I'y.
Moreover,

« 2 OP% o, . o,
pFD:(p )2875’ ppD:€87Vp7 pVD:Azip m H1/2(FD)/.

ov

Proof. Since (p},p,py,) € (H,)? the functions p, p;, and pj, satisfy homogeneous
Dirichlet boundary conditions on I'p. We choose an arbitrary (F,p,V) € (Hp)3. Recall
that the gradient V, B(-;u*) is a row vector. As outlined in the proof of Lemma 4.1,
see appendix, we have

<V(F,p,V)e(‘r*)*p*a(Fap7V)>(HZ;)37(Hb)3 = (V(F,p,V)e(x*)xap*>y/7y
=/ (20" pVF*+(p*)?VF)-Vpjdx
w
+/ p(V*+B(~;u*)+10g((p*)2)fF*+2)pde
w

+/ eVp,-Vo+p*(V+V,B(-;u")u—F)p,dx
w
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+/ N2Vpt - VV —2p*plr pdx
w

+<p7wD,F>H1/2(FD)/’H1/2(FD) + <p;§D7P>H1/2(FD),,H1/2(FD)

+<p>">D’V>H1/2(FD)’7H1/2(FD)' (46)
Choosing F € H}(W) and p=0, V=0, u=0 we derive from (4.6), (4.4) and (3.3)
<(Id7I(F*ap*))vFI(F*vp*)7F>Hg7Hb

= [ 0PV = P = V(0PI B F) gy ()

which gives (4.5a) in H~1(W). Since H, is dense in H} (W), (4.7) holds in H.. From
(4.4), (4.6), and (4.7) we infer that

0:<(Id—I(F*7p*))VF[(F*,p*),F>H{),Hb_/W(p*)va}VF_p*p;FdX
+<p*FD’F>H1/2(FD)’,H1/2(FD)

p*
*\ 2 F *
:_/F(p ) al/ Fds+<pFD’F>H1/2(FD)’7H1/2(FD)

for all F'e Hy,. If we choose F € H,, we find that pj}. satisfies homogeneous Neumann
boundary conditions on T'y. On the other hand, if F € H}(WUTp) we obtain

. w2 O0DF .
Prp,=(p )275 in H'/2(T'p)’.

Next we choose pe H} (W) and F=0, V=0, u=0 we derive from (4.6), (4.4) and
(3.3)

(La=I(Ep" )V IE"0)sP) yy

:/ eVp,-Vp+2p*VE"-Vprp+2p,pdx
w

+/W ((V*+B(';u*)+10g((f’*)2) *F*)pzfzp*p*‘/)pdx
=(—eAp,+20"VF" -Np.p) -y,

H((V* 4 B(5u") +1og ((0%)) = F* +2)p, = 20" 20) gy (4.8)

which gives (4.5b) in H. Proceeding as above we find that pj satisfies homogeneous
Neumann boundary conditions on I'yy and

« op, . 1/2
Pop =%, in HY (T'p).

Choosing V € Hi (W) and F=0, p=0, u=0 we derive from (4.6), (4.4) and (3.3)

0= /W AN2Vpy - VV +p*psVdx = (— A Apy, +p*p:,V>Hl,77Hb, (4.9)
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which gives (4.5¢) in H),. As above, it follows that p}, satisfies homogeneous Neumann
boundary conditions on I'y and
ap*
* 2 . 1/2
Py, =A a—yp in H/2(T'p)’
so that the proposition is proved. 0
From (A8) we infer the variational inequality [10]
Vo L(x®,p* ) (u—u*)>0 for all u€U,g, (4.10)
which gives
<D5u* —|—/ P P, VuB(: ;u*)de,u—u*> >0 for all u€U,gq,
w R¢

where Dg=diag(B1,...,0:) ER*! is a diagonal matrix. In particular, if u* is an
interior point of U,q we will obtain the implicit formula

1 0B
U;Z_E/Wp*p:am(gu*)dx fori=1,....,¢

for the components of the optimal control u*.
Appendix A.

A.1. Proof of Theorem 2.4. The proof is divided into several steps.
Step 1. Given M €R* we introduce the convex set

C(M)={F e L>(W)| | F|| oo () < M},

and we define a mapping Ty : C(M) — H*(W) in three steps.
Step 1.1. Given F'€ C(M) we denote by p(F') the unique minimizer of

pr BP)(E) = Egu(p) + Balp) + Prger(p) = [ P

in pp + H,. Following [3, Theorem 2.2] we have p(F) € L (W) with inf p(F') >0 and
the mapping p(-) is L2(W)— H'(W)-continuous.
Step 1.2. Given pe L>°(W) with infp >0 it is readily seen that

-V (pVF)=0ae. in W, F—Fp€H,

has a unique H'(W)-weak solution F,(p) — i.e., there is exactly one F,(p)=F €
Fp+ H, such that (2.5a) holds for all ¢ € H,. Furthermore, due to 0< p <400 weak
minimum/maximum principles allow to deduce inf Fp < Fo(p) <sup Fp.

Step 1.3. We set Ty (F)=F,(p(F)). Obviously, if M > | Fp||pew), then Ty will
map C(M) into C(M). Furthermore, if (F,p,V) is a H'solution of (2.3) with
essinfycp p(x) >0, then there will be an M >0 — e.g. any M with M > ||F|| o () —
such that F € C(M) and F is a fixed point of T)y.

Step 2. Now we derive an a priori estimate for V,(p(F)? —C), where here and in the
remaining part of Step 2 we keep F € L (W) fixed. We recall: p(F) is the minimizer
of E(F) in pp+ H,. Since pp € pp + H, we have

E(F)(p(F)) <E(F)(pp)- (A1)
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From pp € Hy, we conclude that E(F)(pp) <+oo. Furthermore, for all p€pp+ Ho,,
we have due to

Vi, k€[0,+00[: t-(logt—1—k)>—e",

E(F)(p)
262/ \Vp|2dx+/ p2(log(p2)—1+V*+B—F)dx+1/ |V, (p? —O)|?dx
w w 2 Jw

>e [ VpPax+ [ 008 =11V Ly = 1Bl = 1Pl oy

>e2 [ Vo ax—meas() exp IVl gy 1Bl oy 1P )
where meas (W) is the Lebesgue measure of W. Utilizing

oIl oo (wy < 11l rp oo (wry  for all peH' NL>(W)

and || Vx|l oo (wy < IVl oo (wy < ||V ||» we obtain

E(F)(p)
>c2 [ (9 ds—meas(W)exp (1Voly 1By + 1Pl v

:52/ |Vp|?dx —c; e”B“L“<W>+“F”L°°<W>’
w
where the constant ¢; >0 depends on meas(W), ||Vp|| m,, such that via (A.1),
1
| 1volF)Raxs 5 (B o) +er o tiFliean). (a)
w

In order to obtain an upper estimate for F(F)(pp) we calculate via Remark 2.3-e)
and via

Vte[0,4+o00[: logt<1+t, t-(logt—1)<t?

E(F)(pp)
1
262/ |VpD\2dx+/ pQD(log(pQD)—1+V*+B—F)dx+f/ IVV,(pH —CO)|*dx
w w 2w

2 4
<3y + /WnpDan(W)dx

[ 00wy (IV ey 1B ey + 1P ey ) b

Cpmeas(W) 2 2
e (7 Pt ey

2 4
<e|ppl+ /Wnppubdx

+ [ 100l (Vo151 oy +171,)

Cpmeas(W) 2 2
A Vi (”pDHb + ”CHLOO(W)) ,
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e., there is a constant ¢y >0 depending on meas(W), e, A, Cp, |lpplls, [|VDlls,

E(F)(pp) <2 (1+ 1Bl vy +IF L))

<cy ellBll oo )y HIFll Loo (wy

(A.3)

With the aid of Poincaré’s inequality we deduce from (A.2), (A.3),

oM 1wy < 2(E) = Pl 1wy + oD a1 oy

sm\/ [ 1960 poax ool

<\/1+Cp\// |VP(F)|2dx+/ IVop?dx+|lppll,

w w

<V1+Cp (\// |VP(F)|2dX+\// V/)D|2dx>+||PD|b
W w

S\/H—C’p” |V,0(F)|2dx+(1+\/1+CP)||PD||17

/rc\/ uBan(W>+\|F|\LOQ(W)+ e Blloo )y HI Fll oo v
+(1+V1+Cp)llpplly,

e., there is a constant c¢3>0 depending on meas(W), e, A, Cp, |lpplls, [|VDlls,
|C|| Lo (wy such that

Hp(F)HHl(W) <y el Bl tIFl ooy (A.4)

Following [1] there is a constant ¢4 > 0, just depending on W such that due to d=1,2
or d=3,

lPCE) 2oy < calloC | prn gy (A.5)
and due to [5] there is a constant c5 >0, just depending on W such that
IV (p(EF)? = Ol oo () < ||P( )2 =Cllzsw)

We deduce from (A.5) and (A.4),

Cs
IV (p(F)* = Ol ey < 75 (10117 () +meas (W) /2] Ol < )
( Y )
05

(
(C4HP HHl(W) +meas (W )I/SHOHL‘”(W))
(

=%
/C\ 22 e2IBllnoew) T2 Flloow) 4 meas (W )1/3||C||L°C(W))»

i.e., there exists a constant cg €R' depending on W, ¢, A, Cp, |lpplls, [VDlls,
HC||L°°(W) such that

Ve (p(F)? = C)| e (wry < 6 21BNl oo w) +201Fll oo (w) (A.6)
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Step 3. Now we derive an a priori estimate on || p(F)|| o (w), where throughout Step 3
we assume that F € L> (W) is fixed. Due to Theorem 2.2 in [3] the minimizer p= p(F)
satisfies (2.5b) for all p € H,. A standard monotonicity argument yields the estimates

log ((sup p(F))?) = IV [l pow cwry = I Bll e cry = I E Il 1o ) <O
and
log ((inf p(F))?) + V[l o (wry + 1Bl oo (wry + 1F | oo () = 0,
such that via V=V, (p(F)?—C)+V* and via (A.6),
log((supp(F))Q) < ”V*HLOO(W) Teg 62HBHLOO(W)+2HFHLOO(W) + ”BHLOO(W)
FE | o wry»
log((inf p(E))?) = —[|[V* || oo (yry — 6 1P le P20 e on 1By
— Il oo (wry»

i.e., there is a constant c7 >0 depending on W, ¢, A, Cp, |[pplls, VDo 5IIC|l Lo ()
such that

exp ( _ 6762HB”L°°(W)+2||FHL°°(W)) S p(F) S exp (0762HBHL°°(W)+2||FHL°C(W))' (A?)

Step 4. We follow the lines of the proofs of Theorems 2.1, 2.2 and Lemma 2.3 in [3]
to deduce that Ty : C(M) — HY(W) is L?(W) — L?(W)-continuous and Tj; maps the
convex set C(M) — which is closed in L?(W) — into H!(W) which is precompact
in L?*(W). Furthermore, if M > ||F|| (), then - due to the lower estimate on p(F)
according to (A.7), see Step 1.3 - Thy maps C(M) into C(M). By Schauder’s Fixed
Point Theorem, Th; has in this case a fixed point. Certainly, any fixed point of T, is
a H'solution of (2.3). Thus, (2.3) has at least one H ‘solution.

Step 5. Now let (F,p,V) be an arbitrary H'solution of (2.3). Then there is M € RT
with F € Ty and we have p=p(F). By (A.7),

p(F) <exp (cr e2I1Pleoean #21F o)
by (A.4),

o) g1y < 3 el Plleean T E )
by (A.6),

IVl ooy = Vo (p(F)? = C) + V| oo

<cg ellPlleoe ) FlIFl Lo ) + Vbl ),

and by easy manipulations of Poisson’s equation there is c¢g >0 depending on W A,
Cp, ||C|| Lo (w) such that

Ve (p(F)* = C)l 1wy < s (1+ IIp(F)IIioo<w>) ;
and due to

IE M oo (wy SIED | oo wry < 1F Dl
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and due to a standard argument we deduce

esssup p(F) /
— 2 < 2dx.
\//WV(F Fp)lPdx< ossint p(F) N W|VFD| dx

Consequence: there is a constant ¢ € R* depending on W, €, A\, Cp, |lpplls, [Vblls,
ICllL=w), | Fplls such that

20l Bll oo (w)

1Elp +lolly 1Vl <ce

which gives (2.6).

A.2. Proof of Lemma 3.2. ‘We start by computing formally the first and
second directional derivative for I at (F',p) € Hy x Hp in directions (F,p),(F,p) € Hy x
Hp and find

VI(F,ﬁ)(F,p):fLil /W (2ppVE +p*VF)-&1dx (A.8)
and
_ L 2 B _ ~ .
V2I(F,p)((F,p),(F,p)) = —Lil’ /W (ppVF + ppVF + ppVF) - & dx. (A.9)

To prove that both directional derivatives are Fréchet-derivatives we estimate
gi/ |(pP°VF+(2pp+p*)VF)-&|dx
Ly Jw
2 - _
<cr(llza i IV Fll a2y + 1ol ooy (L4208l 2wy 1ol pa oy IV Ell 2 wr))

where we have introduced the positive constant c; = q||€1[| 2w/ L1. Utilizing Young’s
inequality and the continuous embedding of L> (W) in L*(W) there exists a constant
c2 >0 depending on ¢y, ||VF|[z2(w), and ||p]| g4 wy such that

I — i i 2 4 2
[I(F+F.p+p) = I(F,0) = VI(F.p)(F.p)| <2 (I, + ol +1F I3, )
Consequently,

o |[(F+F,p+p)—I1(F,p) = VI(F,p)(F,p)|
I(F,p) | 71, x £, —0 ICE 0N a1, 11,

=0.

Thus, the first directional derivative of I given by (A.8) is its first Fréchet-derivative.
Now we turn to the second derivative. Analogous to the first derivative we estimate

< L%/W |(2ppVE +(p)*VF)-& |dx

- qllerllzzowy
S I

qllelezwy o o 512 i ol
T, (o a1y + 19 )+ 1y I )

~ 7~ ~112
(2||P||L4(W)HP||L4(W)||VF||L2(W) + ||P||L4(W)HVFHL2(W))

<
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where we have used Young’s inequality. Since Hj is continuously (even compactly)

embedded in L*(W), there exists a constant ¢z >0 depending on g, €1l 2wy, L,
llpllaowy, and [[VEF| L2 (wy such that

|VI(F+F,[7+[N))(F,;))7VI(F,5)(F,[))7V2I(F,ﬁ)((F,p),(F,,5))|
< s )30,
Hence

- IVI(F+F,p+p)—VI(F,p)—V2I(F,p)(F.p)|lm

M 0.
I(E ) 1 1, x 1, —0 D) e, 1,

We conclude that the second directional derivative of I is the second Fréchet-
derivative.

To prove continuity of the mapping (F,p) V2I(F,p) in the operator norm let us
consider (Fy,p1),(Fs,p2) € Hy x Hy. Due to linearity and by similar arguments as used
before we obtain for all (F,p),(F,5) € Hy x Hy, the estimate

|V2[(F1>;51)((F7P)»(Faﬁ)> _VQI(FZaEQ)((F>p)7(F7ﬁ))|
¢ ior o R
< EHVFI_VFZHL?(W)||p||L4(W)||pHL4(W)

q .- = ; -
o1 =72l ) (10l sy 19 F gy 101 s IV E )

We deduce via py, pa € L°°(W) that there is a constant ¢4 >0 only depending on W
such that

sup { [V21(Fy 1) (Fop). (F.5)) = V2I(FLpn) ((Fup). (F.5) |
(F.p).(F.p) € Hy < Hy with | (Fp) sy | (B2, <1

<cy (||VF1 VB 2wy + 151 *ﬁ2||L°c(W)) <ca||(Fr,pr) = (Fos )| gy ey -

Hence, V21 is a (Lipschitz)-continuous function and the claim is proved.

A.3. Proof of Lemma 4.1. Let z=(F,p,V,u)€ X with essinfy, p>0. Since

e*, 5, €8 are linear and bounded on X, these operators are Fréchet-differentiable. In

fact, for directions x = (F,p,V,u) € X with essinfy (p+p) >0 we find
Vel(z)x=7p(F), Ve’ (@)z=1p(p), Vel(z)z=7p(V).

Moreover, their second derivatives are zero. Let us turn to the operator e! whose first
directional derivative at Z in direction z is

<Vel(f)x,<p>Hé7Ho :/W (2ﬁpVF—|—ﬁ2VF) -Vepdx for p€ H,.
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Consequently,
le*(z+2) —el(z) = Vel (2)z|
= sup ‘/ VF+VF)+2ppVF) Vgodx‘

ool g =1
§” ﬁup ||P||Lao(W)(HVF||L2(W)+||VF||L2(W))HVSD||L2(W)
PllH,
+2” ﬁUP 121l 7 W)Hp||L°° W)HVFHL2 W)HV‘PHL?
Pllag

<Nl IV Fl gy +1E gz, ) 20180 o L, 1,
2
<cr (Iolla, A+ 1F ) + ol 111, )
where the constant ¢; >0 depends on ||VF| 12wy and ||p]| L. Thus, we have

et (z+x) — el (z) = Ve' (2)z| 1y,

—0.
|| x —0 ]| x

The directional derivative of Ve!(Z)z at Z in direction Z=(F,5,V,@) € X, is
(V2 (2)(2,3),0) 1 :2/ (ﬁpVF—i—ﬁpVﬁ—f—ﬁﬁVF)) -Vepdx for pe H,.
o»tfo W

We calculate

Ve (z+2) — Ve (z) = Ve (2)(Z,) | . x iy
= sup [[(Ve'(Z+2))z— Ve (2)z— V2 (2)(Z,)|

lzllx=1

= sup sup (<vel(at~+:z)x—vel( o — V2 (@) (2,5),0) g1y 1,
|| x=1]p Ho:l

= sup sup
Izl x=1llell 5, =1

/ 2(ppVE +p*VF)-Vpdx
w

~ = "
<2 sup (||PHL°°(W)||P||L°o(W)||VFHL2(W;Rd)+||PHL<>0(W)||VF||L2(W;R<1)>

llzll =1
2
<co |zl
for a constant cy >0, which depends on embedding constants of L>(W),L*(W) in

Hy. Here, L(X,H’) denotes the normed linear space of all bounded linear operators
from X to H’ supplied with the common norm. Thus,

IVe'(z+2) - Vel (2) = V2e' (2)(Z, )| L (x 1y

m =
12| x —0 12| x

=0.

Since the mapping Z+ V2el(z) is linear and bounded, we conclude that VZe! is
Lipschitz-continuous.
We proceed by investigating the operator e2. The first directional derivative has the
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form

(VeX(z)2,0) gy g, = /WP(V+B(~;12) +log ((p)?) — F)edx

+/ eVp-Vo+ (p(V+VuB(;u)u—F)+2p)pdx
W

for ¢ € H,. We derive
|e?(z+2) —e*(z) — Ve (z)x|

< sup /[(pV+p(B(~;ﬂ+U)—B(‘;ﬂ))+2ﬂ(10g(ﬁ+p)—10g(ﬁ)))so
el g, =17 W

+ (=pF +p(B(;u+u) = B(-;a) =V B(-;a)u) ¢
5(10g(p 5"
+2p(1og(p+p) —log(p) — p)w] dx
<1l oo vy (IV Loy +IBCsa+0) = BE5) | )
1 v (210854 ) ~108(2) | o + I Fll e )
1l oo v | BCs04+-0) = B 30) = Vu BC5)u | g

2|71l Hl ~log(p)— 2
+ 2|2l oo (w) || log(p+ p) —log(p) e wy

By (A7) the mapping B is twice continuously differentiable with respect to the control
variable. Thus, there exist constants cs, c3 >0 depending on u such that

IB(sti4u) = B(3a) [ Lo gy < €2 [tz (A.10a)

HB(-;ﬂ—i—u)—B( ) \Y B( UHL2(W)<C3||UH]?§Z' (A.lOb)

Since p, p € Hy with essinfy, p> 0 and essinfy (p+ p) >0 there exist constant ¢z, cq >0
depending on p such that

[log(p+p) —log(P) Il 2w <C4||p||Hb (A.10c)

p
5 cs ol - (A.10d)

From (A.10) and ||| wy < |||z, for all ¢ € Hy it follows that

Hlog p+p)—log(p) — ey =

€2(@+) — (@)~ V@)l <collol, (1V 1, + e + 0], +1F,)
_ 2 — 2
o 1, (Nl + 170, 0, ).

where cg=max{l,cq,c32¢4,2¢5} >0. Using Young’s inequality there is a constant
c7 >0 depending on cg and p satisfying

2
le*(z+a) — e (2) = Ve* (@)al p <erlz]x
that implies

b 12 +2) = 3(@) = Ve @al

—0.
2| x —0 ]l x
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Hence, the the first directional derivative of e? is already the Fréchet-derivative. Next
we turn to the second directional derivative of e? at . In direction z = (F,p,V,u), =
(F,p,V,a)e X with essinfy (p+p) >0, we find

(V2e(2)(2,2),0) s m, =/W (p(V+VuB(- Ja) i+ % —F) +/3V><,odx

+/ (A(VuB(;u)u—F+0"V,B(-;u)up)) pdx
w
for p € H,. Then, we obtain
IVe? (a+7) — Ve (2) = V2 (2) (@) 1,y
= sup sup p(B(-;u+a)— B(-;u)— V,B(;0)0) ¢

llell x =11l g, =1/ W

+2p(toxlp+)-1og(p) -2 )¢
+[3(VuB(- i+ ) u— Vo B(-;u)u—1i" Vi, B(- ;ﬂ)u)go
+p(VuB(-;u+u)u—V,B(-;u)u)pdx

<|B(su+a) = B(5u) = VuB(3 )| 2 gyl 0l e

_ - P
2”1 -1 _7‘
+2||log(p+p) —log(p) 1wy

100l | VB +8) — T B )~ 7 Vo B e
T2l oo () IVuB(5 04 0) = Vo B(3 )| 2y pay -

From (A7) we conclude that
IVuB(5a+a) = Vo B(3a) =@ Vau B(50) | 12 gy ey = (||| e )
so that there is a constant cg >0 depending on Z such that
IVe?(z+2) = Ve (7) = Ve (@)(Z, )| 1
~113 112 ~ - - -
< s (@l +171%, +17] o 1l ) +0(Ile) =017 )-
Consequently,

Ve (z+2) — Ve () = V2 (@) (@, ) . x 1)

im — =0
1] x —0 12| x

and the second derivative V2e2(z)(Z,-) is already the second Fréchet-derivative.
By (A7) the mapping u+— Vu,B(-;u) is locally Lipschitz-continuous.  Hence,
V2e2(z)(&,-) is locally Lipschitz-continuous as well.

Finally we study the operator es. Its directional derivative at the point Z in any
direction z € X is given by

<V€3(@$7‘P>H(§,Ho :/WAQVV-ch—2ﬁp<pdx for o€ H,.
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Then we estimate

|e®(Z+2) —e*(Z) — Ve3(9?)m||H,

< sup /W|p2g0‘dx§\/meas(W)||p||2Loo(W). (A.11)

ol rro=1

From (A.11) we directly conclude that Ves is Fréchet-differentiable and the directional
derivative coincides with the first Fréchet-derivative. Setting

(V26 @) @.0). iy, =2 | o
we obtain
Ve (z+ &) = Vel (2) = Ve (2)F| x gy =0

so that e is twice Fréchet-differentiable with second Fréchet-derivative V2e? given
above. Since V2e3(Z) does not depend on Z, the second Fréchet-derivative is Lipschitz-
continuous on X.
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