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Abstract: A new approach to the Atiyah-Singer index theorem is described, using
the technique of continuous fields of C*-algebras. The proof is given in the case of
elliptic pseudodifferential operators on R”.

1. Introduction

In the study of pseudodifferential operators (abbreviated ¥’DOs) on a Euclidean
space, or, more generally, on an open manifold, in order to extract information on
the global properties of a ¥DO, one imposes “boundary” conditions. For instance,
Seeley [S] investigated the class of elliptic ¥ DOs of order 0 on IR” with the prop-
erty, in a certain sense, of being equal to the identity at infinity. If P belongs to this
class, then its kernel and cokernel are finite-dimensional, and hence the (analytical)

index, index P = dim Ker P — dim Coker P ,

is defined. For such operators, an index formula of Atiyah—Singer type has been
established (see, for instance, [B-B]). Hormander [H] also studied a class of ¥ DOs
of order 0 on R” and obtained an index formula. Bott and Seeley [B-S] and Callias
[Ca] studied differential operators with coefficients and their derivatives decaying at
infinity.

The classes of ¥DOs mentioned above cover a wide variety of operators. Never-
theless, interesting operators are left out of the picture (or at least not directly
handled). For instance, in the one-dimensional case, the operator D = x + % is one
of them. Not to mention that D is an important operator in quantum mechanics.

In [E-N-N] we presented a new, simple, proof of the Connes Isomorphism
Theorem for C*-algebra crossed products by IR-actions, using continuous fields of
C*-algebras. As a byproduct, we obtained an index formula for the operator D
([E-N-N, Remark 4.8]). In the present paper, we study a whole class of ¥YDOs by
similar methods, and establish an index formula (Theorem 3.1), describing the index
in terms of the symbol.

Let us describe briefly the content of this paper. The general idea behind our
proof is to consider the elements of Co(7*IR") as the classical limit (as % goes to
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zero) of elements of the algebra of compact operators on L2(IR"). More precisely,
the two algebras are considered as quotients of the C* algebra of the Heisenberg
group H»,11, and the “limit” notion is provided by the topology of the spectrum of
Hy, 1. In the second section we introduce the class of pseudodifferential operators
to which we apply this idea.

In the third section we state the main result of this paper, Theorem 3.1, which
describes the index of an elliptic YDO of positive order in terms of the topology
of its symbol.

The fourth section contains construction of the analytic index of an elliptic op-
erator P. The main point here is that the index is actually a K, class of the algebra
of compact operators on L>(R"), and we describe a convenient way of representing
it with the help of a graph projection e of a closed operator associated with P.

The proof proper of the Theorem 3.1 is given in the section five. The strategy
is fairly straightforward. In above terms, the graph projections e; form a continuous
field for A € [0, 1] (cf. Theorem 5.2), where the subscript refers to the operator with
symbol scaled by #, and where the limiting value ey is determined by the symbol of
the operator P. The proof of this fact is the main analytic ingredient of this paper.
The canonical trace on the algebra of compact operators gives rise to a field of
cyclic cocycles for # > 0 which does not admit a continuous extension to A = 0.
We replace it by a family of equivalent (in cyclic periodic cohomology) cyclic
cocycles wy which is actually continuous in % on the whole closed interval [0, 1].
The rest of the proof consists of identifying the right hand side of the equality:

index(P) = (ws, en) = (Wn,ex)|n=0 »

where (,) denotes the pairing between K-theory and cyclic cohomology.
In the last section we give an extension of the index theorem to the class of all
(not necessarily positive order) elliptic operators on IR”.

2. Pseudodifferential operators on R”

In the present paper, the Fourier transform of a function u € #(IR") is given by the
formula

(Fu)(&) = [ e "*Du(x)dx,
]Rn

where (x, &) = x1& + -+ + x,&, and dx = dx; - - - dx,, and the inverse Fourier trans-
formation is defined by

Fo)x) = Qn)™" [ ®u(E)dE,
]Rn

where dé = d&, - - - d&,.
A pseudodifferential operator in IR” is an operator of the form

(Pu)(x) = 2m)™" ]ﬁf" e a(x, E)Fu)(&)dE

where u is a compactly supported C*°-function, and a is a C*°-function on R” x R”.
In order for the formula above to make sense, the function a has to satisfy certain
growth conditions as ¢ approaches infinity. For instance, if |a(x, )] — oo as & — oo,
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then the growth rate must be polynomial. The choice of the asymptotic behaviour
in the direction of x is determined by the problems we are interested in.

In this paper we shall study the class of pseudodifferential operators investigated
by M. Shubin in [Sh].

Definition 2.1 ([Sh, Def. 23.1]) The symbol class T™(R"), me R, consists of the
C®-functions a on R" such that for any multi-index o, there exists a constant C,
with

(@) < Cul1+ ) 22)

where |z|* =22 + -+ 22 for z = (z1,...,2,) €R". We shall say that ac I'"(R")
is of order m.

A symbol aeI'"(IR” x IR") defines an operator, denoted by P,, or Op(a), by
the formula,

(Pau)(x) = 2r)™" [ " Da(x, E)(Fu)(&)dE
IRn

= Q2n)™" [ Dax, Eyu(y) dy dé (23)

x,&eR"xR", ue C(R").

The operator as above P, will be said to be of order m.

Let us summarize certain basic facts concerning the operators P,. For more detail,
see [Sh].

To begin with, P, extends to a continuous map

P, #(R") — #(R").

Here, of course, the space #(R”) of rapidly decreasing C°°-functions on R” is
equipped with the usual Fréchet space topology.

Convention. We will allways consider pseudodifferential operators as defined
on S (R").

Let (-, - ) denote the inner product in L>(R"):
(0¥) = [dW()dx, ¢,y eL*(R").

]Rn
For each ae I'"(IR" x R"), there exists a’ € ™ (R” x IR") such that

(Pagb,l//):((ﬁ,Pa/lp), ¢’¢ey(]Rn)

That is, P, has a formal adjoint. Since P, : S(IR") — ¥(IR") is also continuous,
the operator P, extends to a continuous map P, : #(R") — F(R"), where #(R")
is the space of tempered distributions.

By definition, if m < m’, then I'"(R") C I'"'(R"). If a€ '°(R” x R"), then
P, : #(R") — #(R") extends to a bounded operator on L?(IR”). Moreover, if
acI"™(R"xR"), and m < 0, then P, is a compact operator on L?*(R”). Set
r—= =, I'"®R"xR"). Then I'">*° = F(R"xR") and, for any acS~*, the
operator P, is an integral operator with kernel in S(IR” x R"). In particular, the
image of P, : #(R"Y — L (R"Y is contained in &(IR"). Such an operator is called
infinitely smoothing. Let us now consider some examples.
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Example 2.4. Set a(x,£) = x;. Then (P,¢)(x) = x;¢(x), p €L (R").

Remark 2.5. Usually, operators of pointwise multiplication by C°°-functions are

considered to be operators of order 0, but in our setting, they may have non-zero

order. The above example is the case when the order of a multiplication operator

is one.

Example 2.6. Consider the case a(x,{)=¢;. Then P, = }%, which is also of
]

order 1.

Let a = (a;;) be a k x k matrix of symbols of order m. Then the formula (2.3)
makes sense if we replace u by ¥ = CF valued functions. Thus we obtain an operator

P : (R, VY— LR V),

where S (IR"; V') is the space of rapidly decreasing V-valued functions. It is obvious
that P, is given by the matrix (P, ). All the properties of pseudodifferential operators
stated above also hold for P, with a matrix-valued symbol a. We shall call a a M-
valued symbol of order m.

Definition 2.7. A Mj-valued symbol a of order m will be said to be elliptic if there
exist positive constants C and R such that

a(x, &a(x, &) = C(x|* + |EF)" L for [x] + ¢ = R,

where I, denotes the k xk identity matrix, = refers to the usual ordering of
self-adjoint matrices and * denotes the usual adjoint of matrices.

If the symbol a is elliptic, then the operator P, will be said to be elliptic.

Example 2.8. Define a € C°(IR" x R") by a(x,{) =x+if. Then P, =x+ %,
which is elliptic of order 1.
Example 2.9. For (x,y,&,n)eR" x R", set
x+iy i&—n
a(x,y,é,n)=<, _ )
iE+n x—iy

Then a is elliptic of order 1, and
x+iy L+if
P, = s s ) .
x iy x—iy
Example 2.10. The symbol a(x, y,&,1) = x + iy + i€ — 5 is not elliptic (in the sense
of Definition 2.7).

Remark 2.11. Our definition of ellipticity (Definition 2.7) is strictly stronger than
the usual definition (e.g., Definition 1.1 of [T, Chapter 3]). For instance, the operator
of Example 2.10 is x + iy + a% +i 7367’ which is elliptic in the ordinary sense.

Example 2.12. Define a symbol a by a(x, &) = (1 +log(1 +x* + £2))~!. Then a is
of order 0, but not of any order smaller than 0. The symbol a is not elliptic.
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In our setting, a fundamental role is played by non-local effects, i.e., the be-
haviour of functions as |x| — co. Thus, we have to give up the property of being
properly supported ([Sh]). On the other hand, the pseudodifferential operators stud-
ied in the present paper still have good properties, enjoyed by operators belonging
to different classes, for instance the existence of a parametrix for any elliptic oper-
ator [Sh, Theorem 25.1]. Consequently, the regularity theorem holds [Sh, Corollary
25.1]. Furthermore, if P, is elliptic, then P, (as a possibly unbounded operator) on
L*(R"; V) is a Fredholm operator [Sh, Theorem 25.3]. We will denote by index P,
the index of a Fredholm operator F,.

If a pseudodifferential operator is elliptic, then the formal adjoint P of P, is
also elliptic [Sh, Lemma 25.1], and

index P, = dimKer P, — dimKer P} .

Example 2.13 (2.8 continued). Consider the operator P :=x + d/dx. Then P is
elliptic, and index P = 1. It is well known that the kernel of P is spanned by the

22
function ¢(x) =e" 7.
Example 2.14 Let P denote the operator of Example 2.9. Then index P = 1.

We conclude this section by recalling the following fact.

Theorem 2.15 ([Sh, Theorem 25.4]). Let P be an elliptic operator of order m > 0.
If P has a bounded inverse on L*(R"; V'), then P~" is the extension by continuity
of a pseudodifferential operator of order —m.

Remark 2.3. Denote the operator of Remark 2.11 by P. The spectrum of P*P is
discrete with infinite multiplicity, and so P does not have index.

3. The Index Theorem

In this section we will formulate the main result, the proof will be given in Sect. 5.

Once we know that if P, is elliptic, then P, has a Fredholm index (the analytic
index), and our next goal is to describe index P, in terms of the topology of a (the
topological index).

As usual, we regard symbols as C*°-functions on 7*R” = IR” x IR”. Suppose
that a is an Mj-valued elliptic symbol of order m > 0. The operator of pointwise
multiplication by the C°°-function a is a closed operator on L?(T*IR”; V). Let us
denote this operator by a, and its adjoint by a*.

Denote by e, the orthogonal projection of L2(T*IR"; V) @ L>(T*IR"; V') onto the
graph of a. This projection has the following matrix:

< (1+a*a)! (A +aa)'a* >
a(l +a*a)™! a(l +a*a)la*)

a =

Ellipticity of a implies that (1 +a*a)~!, (1 + aa*)~! are symbols of order —2m,
while (1 +a*a)~'a*, a(1 +a*a)~" are of order —m. In particular,

(1+a*a)"',(1 +aa*)"',(1 +a*a)"'a*,a(1 + a*a) ™' e M(Co(T*R™)).



510 G A Elliott, T Natsume, R Nest
Since 1 —a(l +a*a) 'a* = (1 + aa*)~!, it follows that
a(l+a*a)"'a* eM(Co(T*R")™),

where Co(T*IR")™ is the C*-algebra Co(7*IR") with unit adjoined.

Set é, = e, — (8 (1)) € My (Co(T*IR™)). Since the entries of é, are symbols of

order —m, we see that

—2n—(n+D)m

ltr(éa(dé,)™)| < C(1 + |x|* + &)~ 2 for some C>0.

From the inequality —2n — (2n + 1)m < —2n, it follows that tr(é,(dé,)*") is inte-
grable on 7*IR".
The main result of this paper is stated as follows.

Theorem 3.1. If P, is an elliptic pseudodifferential operator of positive order, then
. 1 PR
index P, = iyl T*f]R" tr(é.(dé,)™)
where T*IR" is oriented by dx; Nd&éy N -+ ANdx, NdE, > 0.
The proof will be given in Sect. 5.

4. The Analytic Index

Let P be an elliptic pseudodifferential operator of order m >0. We set T; =
P|C(R™; V) and will regard Ty as a densely defined unbounded operator on
L*(R"; V). Since P has the formal adjoint P*, the operator Ty is closable. Let T
denote the closure of 7. The operator T*7 is densely defined and self-adjoint, its
domain T*T contains C°(IR”; V'), and

T*T|C(R"; V) = P*P|C°(R™; V) .
Set (P*P)y = P*P|C®(IR"; V). Then
(P*P)y C T*T,

and, since (P*P), is self-adjoint,
(P*P)y=T"T.

By [Sh, Theorem 26.3] (and its generalization), the spectrum of T*T is discrete
with finite multiplicities. Similarly, the spectrum of 7'7T* is also discrete with finite
multiplicities. In particular, the eigenvalue 0 (if it exists) is isolated in the spectra
of T*T and TT*.

Denote by e the orthogonal projection of L*>(IR"; V) @ L*(R"; V) onto the graph
of the closed operator T. The projection e can be explicitly written in terms of 7'

( A+t q4+1T)I'T* >
S \TU+TT)"" TA+T*T)'T*

We shall call e the graph projection of P.
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Since the spectrum of T7*T is discrete and with finite multiplicities, (1 + 7*T)~2
is a compact operator on L?(IR"; V). An application of the polar decomposition of

T shows that (1 + T7*T )‘%T * is bounded. Thus
A+T* Ty LQA+TT) ' T e (LH(RYV)).
As for T(1+ T*T)~'T*, we have
1-TA+T*T)Y 'T*=0+T1TT*7",
and discreteness of the spectrum of 777* implies that
T+ T*T) 'T* e A (LA(R"; V)™ .

Here, as usual, # (L*(IR"; V))~ denotes the C*-algebra " (L*(R";V')) with unit
adjoined. Thus,
ee My(A (LX(R;V))™),

and
0 0
e— (0 . ) EMy(A (LA(R™V))).

In particular the difference class

=1 1)

determines an element of Ko(# (L*(R"; V))).
Denote by Ker P and Ker P* the projections onto the kernel of P and the kernel
of P*, respectively.

Theorem 4.1. In Ko(A (L*(R";V))),

0 0 N
[e] — [( 1)]—— [Ker P] — [Ker P*] .
Proof. The curve

(1+227*T)=" (1 4+ 22T*T)"'(AT*)
[1,00)3 A
AT(1+ 22T*T)~" AT(1 + A2T*T) " 'AT*

is norm continuous in M, (A (L*(IR"; V'))™). Since the eigenvalue 0 is isolated in
the spectrum, by the spectral theorem we have, as 4 — oo, in the norm topology,

(14 221*T)"' - Ker T*T,

)»ZT* —1 *

and (I+ Ty '(AT")—0,
T4+ 2Ty T =1 -1+ 22TT*)y' > 1 —KerI'T*.

Since Ker7*T =KerT = KerP and KerTT* = Ker T = Ker P, the conclusion

follows. O
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Corollary 4.2. Suppose that P is elliptic of order m>2n. Then the operators
(14+T*T)"" and (1 + TT*)"" are of trace class, and we have the equality

index P = Tr((1+ T*T)"") = Tr (1 + TT*)7"),
where Tr is the canonical (normal, semifinite) trace on A (L*(R"; V).

Proof. By [Sh, Lemma 25.1], the operators 1+ 7*7 and 14 T'T* are elliptic.
Hence by Theorem 2.15, (1 +7*T)~! and (1 + TT*)~! are elliptic operators of
order —2m. Therefore, by [Sh, Proposition 27.2], these operators are of trace
class.

The operators (1 + T*T)~'T* and T(1+ T*T)~! are elliptic of order —m <
—2n. Hence, again by [Sh, Proposition 27.2], (1 + T*T)~!T* and T(1 + T*T)~!
are of trace class.

Consider the trace class ideal £;(L>(R";V)) of A (L*(R";V)). The observa-
tion above means that e € My(L(L*>(IR"; V))). Theorem 4.1, together with the fact
that £;(L*(R";V)) is stable under the holomorphic functional calculus, implies
that

0
in Ko(L1(L*(R"; V))). By evaluating the trace Tr, we get that

0 0
[e] — [( : )] = [Ker P] — [Ker P*]

Tr((1 + T*T)~") = Tr((1 + TT*)™') = Tr (Ker P) — Tr (Ker P*)
= index P. O

5. Proof of the Index Theorem

The proof will be based on an idea introduced in [E-N-N]. Consider the family
o' = (4'(h)) of C*-algebras parametrized by the interval [0, 1] defined by

A'(0) = Co(T*R"),
A'(h) = A LX(R")), #£>0.

We can furnish o/’ with a structure of continuous field. As in [E-N-N] we make
use of the irreducible unitary representations (7;) of the (2n + 1)-dimensional
Heisenberg group Hp, ;. Write [y,x,z] for the element

1 x =z
Y | €Hyqr .
0 1

We use the Haar measure de dydz on Hy,.i. The representation 7z on

L*(IR") is given by

([, x,z))(t) = P D(t + ix),  peL*(R").
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Let fe#(T*R" xR). Regard the Fourier transform Ff of f as an element of
S (Haypy1) © C*(Hopy1). Then

1 . .
w(Ff)ot) = T [ (Ff)3,x,2)e 7 D(t + hix) dx dy dz

1

= Gy | 1&g+ Ry de d

and, if we denote by f(t,x,%) the function [ f(t,&A)e % d¢, ie., the Fourier
transform of f with respect to the second variable, then

1
2ny

T (Ff)(t) = [ ft,x,h)(t + fix)dx .

Denote by px( f ) the operator

1
()

pr( () = [ Fey,h)p(x+hy)dy,

which is a compact operator on L*(R").

Define po(f)e CogT*R) simply by po(f)(x, &) = f(x,&,0). Let p(f) denote the
vector field % — pz(f). The collection

r={p(f): feZ(T*R"xR)}

verifies the assumptions of Proposition 10.2.3 of [D]. Hence, I" determines a unique
structure of continuous field.

Remark 5.1. For any given 4 (L*(IR"))-valued continuous function @ on (0, 1],
any ¢>0, and any point g€ (0,1], there exists f €L (T*R"” xIR) such that
||Ph(f )—a(h)|]| < ¢ for all £ in some neighbourhood of #y. Thus, the field
£/'1(0,1] induced by o/’ on (0,1] is a constant field. The field o#’ is called
a field trivial away from a point.

By [E-N-N, Theorem 2.4], the family &/ = (4(%)), where

Co(T*R™%End(V)), % =0,

A = {
H(L2(R™ V), 0<h =1,

is in a natural way a continuous field, trivial away from 0. Furthermore, &/~ =
(A(%)™) is also a continuous field (see the proof of [E-N-N, Theorem 3.1]).

Let P: (R" V) — L(IR"; V) be an elliptic operator with symbol a of order
m > 0. For & > 0, let P; denote the elliptic operator given by the symbol az(x, &) =
a(x,h&). Denote by e; the graph projection of P;. Set ey = e, (e, is defined
in Sect. 3).

The crucial technical result needed is given by the continuity property of the
family of projections e; stated below, and its proof will occupy us for the main part
of this section.

Theorem 5.2. The vector field e = (e3) of Ma(L™) is continuous.
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Proof. For notational simplicity we restrict ourselves to the case of ¥DOs acting on
scalar-valued functions. Before embarking on the proof, let us explain the strategy.
The proof splits naturally into two cases.

In Part 1 we will prove the continuity at # > 0. This is the easy case, and it
consists of showing that if the symbols are close in a well chosen topology, the
corresponding operators are close in norm.

The interlude will contain certain more or less standard constructions and results
on various kinds of symbols associated to pseudodifferential operators and their
calculus.

In Part 2 we will prove the continuity at # = 0. Here the argument is more
delicate. Given an elliptic symbol a of order m > 0, we have to show, for instance,
the continuity of the field (1 + P;F;)~". Since for each fixed % the operator (1 +
P;P,)~ ! is defined by functional calculus, the field (1 + P;P;)~" is no more defined
by rescaling of a suitable symbol. Also by construction, the value of this vector field
at i = 0 is the operator of pointwise multiplication by the symbol (1 +a*a)~! of
order —2m, which, in turn, gives rise to the field of operators Op((1 + a*a), ) by
rescaling the symbol (1 + a*a)~!. Knowing that the latter is continuous (this is the
content of Lemma 5.4), it is sufficient to approximate (1 +P,:‘Pﬁ)_1 by Op((1 +
a‘a), "y around % = 0. This will be done in part two by analysing the behaviour of

a symbol of (1 +P;P;)"' as i — 0.

Part 1 Continuity at fig > 0. In order to show the continuity of e, it is enough

to show the continuity of é =¢ — (J J), because the vector field 7+ (§ 9) is

continuous, by construction.

From now on throughout the proof of Theorem 5.2, by abuse of notation, for
a given YDO P, let us denote by P also the closure of P|%(IR").

Since 1+ P P, is of order 2m >0 and is invertible on L*(R"™), by [Sh,

Theorem 25.4] there exists a YDO Ry of order —2m such that (1 +P,:‘OP;LO)’1 is
the extension by continuity of Rg. The ¥DO (1 + P} P;)R, is of order 0, and hence
is bounded on L2(IR"). Consider the path of operators

(0,11 — B(L*,(R")),
ho— (14 PP)Ry .

We assert that this path is norm continuous.
For any se R, let Qf = O°(IR") denote the Sobolev s-space [Sh, Defini-
tion 25.3]. Any ¥DO of order m defines a continuous mapping:

0° — Q5"
[Sh, Proposition 25.4]. We have
11+ PEPORo — (14 By PigRoll = (PP — B Pip Rl
< P Pr — PPy [l2ml|Roll —2m

where |- ||2m is the norm on operators of order 2m considered as linear oper-
ators from Q*" to Q° (=L*(R")), and ||-||_2n is the norm on operators of
order —2m considered as linear mappings from Q° to Q*". Since as # — &/,
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0(P;Py) — o(Py;,Py) as symbols of order 2m, and as (1 + Py Py, )Ro = 1, there exist
ro >0 and 6 > 0 such that

”(1 —|—P;Pﬁ)R0 - 1“ <r<l1l for |ﬁ—h0| <o.

This implies that (1 + P;P;)Ro is invertible for |A — #i,| <. Hence there exists
a bounded operator Oy such that

(%) (I + Py Py)RQs = 1.

The operator Q3 is given by

On =143 (1-(1+B{R)RY',

n=1

and one sees that as i — fig, Oy is uniformly bounded.

From (x) it follows that (1 +P,:<Pﬁ)_l = RoQs. Recall [Sh, Proposition 25.4]
that the canonical inclusion Q*" < Q° is bounded. Thus, there exists a C > 0 such
that

ISl = CIIS]|-2m

for every ¥YDO S of order —2m. Hence,
11+ PEP) Y| < ClIA + P Pa) ™ 2w = ClIRo||—2m | Q4] -
Therefore, (1 + P;P;)~" is uniformly bounded for | — fig| < 8. We have
I+ PP~ = (L PP~ |
< CllA+ BB~ = (1 + Py Pro) ™'l -2m
Cll(1+ B P ™ (P Py — PrPa)(1+ PiPry) ™ l—2m

[IA

< ClI(L+ P P) | —2mll P Pry — P Pallaml| (1 4+ PriPrg) ™" | —2m
< ClRoll—2m|| On I[P Pry — Pr Pallom||Roll—2m -
Consequently,
[+ PP) " —(1+PiP) "' — 0 ash— fi.
Then

1Pa(1 + Py Py) " = Pio(1 + P Pry) ||
< NPy = Pr)(1 + PrPy) |
+ 1Pro (1 4+ P Pa) ™" — (1 + P Pi) ™)l —m
< N1Ps = Proll—m—2ml| (0 4 P Pi) " | —2m

+ ”Pﬁo”—m,—Zm”(l "‘PfrPh)_] -1 +PgoPﬁo)_l||~2m >
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where || + || —2m is the norm on operators as linear transformations from Q2" to
Q™. Therefore,

[P(1+ PyPy) ™" — Pay(1+ Py Pry) ' l—-m — 0 as o — fig.

Thus, the vector field A — P(1 + P,:‘Pﬁ)_l is continuous for 7 > 0.

Considering P* instead of P one can show that both vector fields % — (1 +
PyPy)~" and i — Py(1 + P;P;)”! are norm continuous for # > 0.

This completes the proof of Part 1.

Interlude. Before continuing with the proof, we will collect some more or less
known facts on various kinds of symbols associated to ¥DOs on R” and prove
a few auxilary results about their behaviour under our assumptions. It should be
perhaps pointed out that, in contrast to the case of R”, the results below are fairly
standard in the case of closed manifolds.

Let S* denote the space of symbols of order &, considered in [Ku, Definition 1.1];
that is, p€ C(T*RR") belongs to S* if for any multi-indices «, 8, there exists
a Cyp >0 such that

ID2DE p(x, &) < Cop(1 + )W, (x,&)eT"R".
The space S* is a Fréchet space with respect to the semi-norms

[Pl = max sup{|DDE p( O+ [N (e TR

Similarly, the space I'* is topologized by the semi-norms

lollf = max sup{|DEDEo(x, OI(1 + x| + [€)~* 11}

Bl=1
Suppose that £ < 0. Let o € I'*. Then we have
IDEDEo(x, )] < Cap(1+ el + [EDF M1 < Cop1 + 11

This means that the space I'* is contained in S¥, and the inclusion map I'* — S*
is continuous.

By Theorem 2.7 of [Ku, Chapter 2] there exist C > 0 and /y such that for any
p €S, if we set P = Op(p), then

1Pgll < ClpIPllell, ¢ e L. (5.3)

That is,
1P| < Clpl?.

Therefore, the map
8% — B(L*(R™))
p+ P =0p(p)

is continuous.
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Lemma 5.4. Suppose that o € I'*, k <0, with ||o||( ) < &. Denote by oy the rescaled
symbol ox(x, &) = o(x,AE). Then

]aﬁlgg) <e¢ forall0<h < 1.
Proof. Let o, be multi-indices such that |0 + S| < Iy. By definition,
DD, )] < ||ofli (1 + xl + e~
We have
IDDEan(x, &) = [BADIDIo)x,5)| < 5| o] (1 + x| + A ]y —1A

—18]
_ 1
< IollPA =+ a1y = ol (5 + 1)

k _
< [lollfc1 +1gn1,
as i < 1. Therefore,

onlfy’ = max, sup|DEDLon(x OI(1 + 12D < ol <

foral 0<h < 1. O
Given a symbol ¢ € I'*, denote by R(c) the ¥DO with right symbol o,

R(o)u(x) = [0 6(y, Eyu(y)dy dé

(2 Y
while the Y DO defined by (2.3) is regarded as a ¥ DO with left symbol o,

L(o)u(x) = [0 (x, Eyuy) dy dE .

1
@n)r

An advantage of considering ¥YDOs with right symbol is that the formal adjoint
L(o)* of L(a) is given by R(c*). We need another useful notion from [Sh]. Recall
that b(x, y, &) € C°(R*") is an amplitude of order k if for some k’, we have

030807 b(x, y, &)
< Copy(1 + x| + |y| + | TIHIBI=IIq | — ppF HHIBERT - (55)

For convenience we will say that such a b is of order k and of degree k', and

denote by Hk’k/ the space of amplitudes of order k£ and of degree k’. For b e Hk’kl,
an operator P(b) is defined by

P(b)u(x) = [ 8b(x, y, Eu(y) dy dE .

(2 y

For be Hk’kl, set by(x, y, &) = b(x, y, hE).
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Lemma 5.6. Let 6 €I'™ and let | be a positive integer such that 21 — m is strictly
positive. There exist 6/ € ™%, j=1,...,1—1,and be [["** with k' > 0 such
that
L(on) = R(ow) + Z A/R(c}) + H'Op(bn) .
o

Proof. The proof is modeled on that of [Sh, Theorem 23.2]. We present a complete
proof. (It should perhaps be mentioned that the proof of [Sh, Theorem 23.2] is not
correct as given; it uses an invalid inequality in Line 2 of page 174.)

Set w = x — y, so that

oi(x, &) = on(y +w, &) = a(y + w, i) .

Using Taylor’s formula at w = 0, we get

o+ whE) =o(nhd) + X Wi (@) + il 1, ),

0<|a]<!
where

ri(x, y, &) = ll —W f(l 1)1 (0%0)(y + w, i) dr .
al=1 %

The YDO with right symbol (x — y)*(6%0)(y,#&) coincides with the YDO with
right symbol
(=De)*(8o(y,1i€)) = MK (32050) (v, hE) ,

which is of order m — 2|a|. Set
. il
al =Y —'(6@;‘0‘).
le=j %
The operator with amplitude 7; is equal to that with amplitude

> = f(l 0= (=D ((F0)(y + tw, 1iE))

la|=1 &
=Y A f(l—r)’ "(=De)*d%0)(y + tw,hé) dt .
|a|=1

m—21,k’"

Let us show that this amplitude belongs to [] with &' > 0. It is enough to
show that the integrand is estimated uniformly in ¢. Since ¢ € I'™, one has

[(—=De)* 50Xy + W, )| < Cou(1 + |y + tw| + [BE))" .
Choose 7 such that m — 2/ < 0. Then
(I |y +ow[ + [RE)" < (U4 [w] + |y + ow] + [RE)" (A + [w])?

It is easy to see that
L _ el o+ Ly + o]

—— 32,
2 x| + Iyl
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for all x,ye R", 0 = ¢ < 1, w=1x — y. Hence,
[(=De)* o)y + w,hE)| < C'(1 + x|+ [y] + [REN" (1 + x =y,

where C’ is independent of # In a similar fashion, one obtains estimates for deriva-
tives. Therefore, if we set

b(x,y,&)= f(l N (=De) o)y + tw, &) dt

oc|*e
then be [[" "=, 21 — m > 0. Thus,
L(o1) = R(on) + Z #/R(0}) + 1'Op(bs) ,
]_
as required. O

The next lemma gives a convenient way of constructing left symbols for oper-
ators defined by amplitudes from the class []**'.

Lemma 5.7. Suppose that b€ [[%* with k < 0, k' > 0. Then the left symbol 6(A)
of 4 = Op(b) is given by

a(4)(x, &) = (2 ¥ S J e b x + y, E 4 ) dydn

(oscillating integral, see e g., [Ku)).

Proof. For ue ¥(R"), one has

Au(x) = [ 52 b(x, y, Eyu(y) dy dé

(2 Y

[ e Db(x,x + v, Eulx + y)dydé .

(2n)”

As a function of (y,¢), the function b(x,x + y, &)u(x + y) belongs to the class for
which oscillating integrals are defined, see [Ku, Chapter 1]. In fact,

|(8285)b(x,x + y, Eulx + )|

< 3 @) x + p, OB u(x + y)|
Pi+pa=p

< 32 Cap (14 x| + ]+ [EDEIH IR |y B 0Py 1 )]
Since u € S (IR"), |0}u(x + y)| is bounded. Therefore
|(0208)b(x,x + y, Eulx + )|
< 30 Cly (L + [EDFL+ [y 1= IBI(1 4 [y 1Al

< C(1+ [+ [y .
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Therefore,
1
(2

Au(x) = O, [ e b(x,x + y, Eulx + y)dyde .

Notice that the last expression is valid for any function u with all derivatives
bounded, i.e., such that
|0%u(x)| < C, for any o .

By (23.57) of [Sh],
o(A)(x, &) =e ™" ta(e™ )

1

— O [oirm
O, any Je b(x,x + y,E+n)dydy . ]

For later reference we record the following easy inequality.

Lemma 5.8. For k >0, one has
A+ R +E+n) < A+ +E)a+mh™*. O

Part 2. Continuity at #i = 0. In order to compare ¢y and e; (A >0), we need to
realize the C*-algebras A(%) on a single Hilbert space.
For % > 0, consider the unitary u; of L>(T*IR") defined by

(un)x, &) = et *Op(x, ), ¢ €LX(T*R").
Set B(f) = uj (A (L*(R")) ® D)uy, C B(LX(T*R")), % >0, and B(0) = A(0) =
Co(T*R").
By a straightforward computation,
1

Gl € e gt fiy O dy

) (uhea(f) © Dug)d(x, &) =

= Gyl €T S B By e
for feP(T*R"xR), ¢€L*(T*R"). For feF(T*R"xR), define ix(f)e
B(L*(T*R™)) by the right-hand side of (*#). Notice that the right-hand side of (¥x)
makes sense also for # = 0. In this case, the right-hand side of (xx) is precisely
the pointwise multiplication operator by the function f(x,&,0). So set o(f) equal
to the pointwise multiplication operator by f(-, -,0). The function A — ||Az(f)||
on [0,1] is continuous (see, for instance, [R, Theorem 3.5]) and, the totality of
vector fields A(f) : & — As(f) determines a unique structure of continuous field of
C*-algebras # = (B(h)) over [0,1]. It is clear that .o/ and & are isomorphic.

Given a symbol o€ I'*, let P, denote the YDO with symbol o7. Set ﬁgﬁ =
uy (P, ® Duy, i > 0. Then

1

Gy J€ o g O dyd

(% %) Poyp(x, &) =

for ¢ € L>(T*IR"). The right-hand side of ( * *) makes sense when % = 0, and
coincides with the pointwise multiplication operator by the function ¢ € C°(T*R").
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Denote by P, the field P, = (P,(%)) of operators
g, =0,

Ph)=/ .
(%) {P,,h, 0<h 1.

By the definitions of the fields # and P,, we see that if ¢ € '~ = S#(T*R"), then

P, is a continuous section of #. Actually, we have the following.

Lemma 5.9. If 6 € I'¥ k <0, then P, is a continuous section of 4.

Proof. By (5.3), for ¢ € S, the norm ||P,|| is estimated by |a|§2). For a given ¢ > 0,
(k)
I

there exists ¢’ € '™ such that [[¢ — ¢’[[};” <e. Then by Lemma 5.4,

los —O',’»llg(?)<8 forall 0 <A < 1.
Hence for A > 0, we have
5 5 0
1Py = Porll = 1P, = Py | = 1Poy oz | < o — 03] <2
It is clear that
I12,(0) — B (0)]| = sup|a(x, &) — o' (x,8)] < |lo — || <.
The observation above means that P, can be approximated by fields of the form
Py, 6’ € =, Hence P, itself is a continuous field. O

Let now a be elliptic of order m > 0. We have to show the continuity of the
following fields of operators:

(1+PP)™",

1+ B B)~'P,

(1+ 22" and

(1 +BEHY'B,.
_ Before giving the proof, let us recall the strategy. Take, for instance, (1 +
P,P")~!. Since a is elliptic of order m > 0, the symbol b defined by

b(x,&) = (1 + a(x, Oa(x, £)*) ™!
is of order —2m. By construction,
Py(0) = (1 4+ P,(0)P,(0)*)~! = the pointwise multiplication by b .
By Part 1, the field (1 + 2,B)~! is continuous on (0,1]. By Lemma 5.9, the field
P, is continuous on [0, 1]. Therefore, in order to show the continuity at % = 0, it is
sufficient to verify that
(1 + Bu(i)Bu(AY )™ = By()]| — 0 as h— 0.
Notice that for # > 0, one has the equality
(1 + Pa(m)Pah)) ™ = Po(®)| = (1 + Pu )™ — Pyl -

h

Thus we only have to show that
lA+P,P:Y ! —P,|| -0 ash —0.

an® ay

The main component of the proof is the following proposition.
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Proposition 5.10. Fix an elliptic a€ I'™, m > 0 and set Py = L(az). The following
holds:

N—1 | .
PPy = R(arar™) + Y. A/R(a]) + £V Op(by),
J=1

where o/ € =%, and b is an amplitude of order 2m — 2N < 0 and of degree
4N > 0. The operators Op(bz) are bounded uniformly in .

Proof. We can write:

Pyu(x) = R(a; u(x) = [ S Da(y, hE) u(y) dydé

(2 ny

and

(PP} u(x) = [ 28 p(x, p, héu(y) dydé = Op(pr)

(2 y
where p(x,y, &) = a(x, Ea(y, £)* is an amplitude of order 2m.
Set w =x — y, so that

p(x, y,hE) = p(y +w, y,hE) .

As in the proof of Lemma 5.6, use Taylor’s formula at w = 0 to get that

1
p(y +w, y, k&) = a(y, hE)a(y, hE) + > il Py, )+ rn(x, v, E),

0<]a| <N

where

r(x, 3, &) = ll -W f(l OV NPy + w, y,hE) dr
aj=N &

The operator with amplitude

(x = »)(0 p)(y, ¥, k)

is the same as the operator with symbol of order 2m — 2|«|,

(=DE)@2 p(p, ., 5E)) = Bl 3%(—D2) p(x, y, i) sy -
Set
a,(p, &) = Z —(a“( De)* p(x, y,hE))

luf=j & x=y

Then o, € "%,
The operator Op((rw)z) is equal to the operator with amplitude

> f( ~De) (0 p(y + tw, y, REN1 — )V dt

|| =N %
N 1
- I_N—,f ((—=De)*a; p)(y + tw, p, A1 — )" ' dr .



Atiyah—Singer Index Theorem 523
Set

11
S 0.0 = 2 o3 [ (DeF TPy iy AL 1)

Assertion
2m—2N,4N
Sy €

First, observe that

(=Dey ot p)y +w, 3, ) = 32 (=De)" Ga)(y + tw,E)(—De)*a(y, )" .

ooy =0a

Now, we have

[(=D¢)* 0% p(x, 3, )|
S 3 G+ [+ |y le=tal (4 ) 4 ||yl

o oy =0

S Cu(I+ el + x =yl + &)yl 4 o — i leal =l

o o=

IIA

X (L [y] e = ]+ (2D + =yl
< TG (1 ]+ [y o gyt
x (14 |x — y|)Im=lal=lall+im=loll
Since m > 0, we have
lm — o] —lou|| < m+Jof +]oa] and |m—lo|| = m+|ay].
Therefore,
(=De)* 0% p(6, 1. O £ Ca(1+ Ixl + |y] + [ED*" 72V (A + e =y 27
From this it follows that
|(=De¢)*0; p(y + tw, , )|
< Gu(l+ [y + owl + [yl + €DV (1 + [aw] 22
< Cu(1+ [yl [w] + [ED 2V (1 aw] 2N
Choose N such that 2m — 2N < 0. Then
(L [y Jow] + (D720 < (14 ]+ )2,
(L [ow] P20 < (1 w42V
the latter inequality following from the fact that 0 < ¢ < 1, 2m + 2N > 0. Therefore,
I(=De)* 0% p(y + tw, y,)|
< CL+ [y + [ED 2N+ [w] 2N
< G [y ]+ [EDP 20 (1 (w72 (1 w2
< G/ x|+ [+ 127720 (1 = D™
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and C}’ is independent of . Hence,

[Sn (e, 1, ) £ Co(1 + x| + [y + D21+ [x — y)*
In an analogous way one obtains estimates for higher derivatives of Sy. This proves

that Sy does indeed belong to ] 2"*".
We are now in position to apply Lemma 5.7, where we set b = Sy and k' = 4N.
Set A5 = Op(b1) and let s,¢ be even non-negative integers. We consider the function

of (y,1),
(m) 5 (Dy)*(»)~(Dy)'b(x,x + y,hE + 1) ,

where x and ¢ are regarded as parameters (we borrow the notation from [Sh]). By
(5.5) and Lemma 5.8,

/2

()~ (Dy)*(¥) (D) b, x + y. il + A = C 3 Z{< )

22 pitp2ss j=0
XL [x] + [y] o+ (RS + o Y277 ()2 Py

S CO T ) TP IR () TY P (1 x|+ R + i 1Y}
J

S CEX T ) TP A+ | + [+ [An])F
J

< C) ROV TIE (L 4 x|+ JREDE

Therefore, if one chooses s, ¢ such that —s — k < —n and —f + k' < —n, then the
function

()= (Dy)*(¥) " (Dy) b, x + y, k& + Fin)

is integrable as a function of (y,7).
By Lemma 5.7,

o(Ap)(x, &) = [ e bx,x + y,hE + hin) dydy

(2 Y
1

= Gy I e~ ) ~(Dy)*(y) (Dy) b(x,x + y,hE + hin)dy dn ,

and
|0(A)x, &) < Co(1+ [x| + [AE])
with Cy independent of 4. By a similar computation,
10208 0(4n)(x, )| < Cophl?'(1 + x| + &)}~

with C,; independent of 7. It then follows that {a(4x)}o<s<1 is a bounded set
in S°. Now an application of (5.3) completes the proof of Proposition 5.10.

It should be pointed out that, in the case of k& =2m — 2N strictly negative,
although for each fixed 0 <% < 1, the symbol o(4y) is of order £, the set {a(4z)}
is not bounded in the space I'*, nor in S¥. [
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We can now complete the proof of the second part of Theorem 5.2. By Propo-
sition 5.10 we have the decomposition:

N=1 .
1+ PPy =R(+apa}) + Y. #/R(a]) + KV Op(by) .
j=1

Now,
L((1 + apa}) )1 + PoPF) = L((1 4 aza}) " R(1 + apal)
N—1 R
+ 3 L1 + apay) DR(0]) +AVL((1 + apa;) " )Op(by).
j=1
By (5.10),

sup{||Op(bz)||: 0 <% =< 1} < o0,

and by (5.9),
sup{||IL((1 + aza}) ™ )|: 0<h < 1} <oo.

Therefore,

IBNL((1 + anag)~")YOp(ba)]| — O
as b — 0.

If we set )
p(x, »,8) = (1 + a(x,Oalx, &) ) '6/(3,8),

then p € H_zj’k/ with &’ > 0, and

L((1 + ana})”")R(a}) = Op(P) .
Therefore,

Nf AIL((1 + aza;) " R(s})
j=1

— 0

as i — 0. It is easy to verify that
L((1 + a5a}) ™ R(L + asa}) = L((1 + axa}) (1 + aza})) + £Op(gs) ,
where ¢ is an amplitude of order —2 and of degree > 0. By (5.10),
I Op(bs)|| = 0 ask—0.
Obviously, L((1 + aﬁa;;)“l(l + agaj)) = 1. Therefore,

IA

N—1 )
IL((L + anaz) " )(1 + PPy — 1| < A Op(gn)|| + 21 AL + anaz) " [[[[R(ap)
j=

+ANIL((1 + apa;) | 1Op(Ba)|| ,

and
L1 + apag) "Y1+ PPy — 1] — 0 (5.11)

as i — 0.
For notational simplicity, set R; = L((1 + aza})~"). By (5.11), there exist con-
stants 0 >0 and ¢ > 0 such that

1 —Ri(1+PP)| £C<1 for 0<h < 0.
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This, in particular, means that if 0 < # < J, then Rz(1 + P3P;) is invertible. Thus,
there exists a bounded operator Sy such that

SpRi(1 + PPy ) =1,
and this Sj is given by
Sp =1+ > (1 =Rus(1 +PF;))" .
n=1

We know that ||S; — 1]| — 0 as & — 0. We have that (1 + P,P;)~! = SyRy, and that
It +FBap) ™ | < lISall IR -
From this it follows that
sup{||(1 + PiP;) : 0<h £ 6} <oo.
We have the inequality
I+ PPy ™" = LA+ anag) | = {1 = Rl + PaPIY(L+ PP
< 1= Re(1 4+ BPOINA + PP -

Therefore,
[(1+PP)~" = L((1 +ana;)”'|| — 0

as i — 0. We already know that (1 + P;P;)~! is continuous for # > 0. Hence by
the property (iv) of Definition 10.1.2 of [D], (1 +PﬁP,f)_’ is continuous at # = 0.

Next, we turn to the proof of the continuity of (1 + PP;)~'P; at # = 0. The
strategy is the same as above. So, let us briefly discuss the proof.

By construction, (1 + P,(0)P,(0)*)~'P,(0) is the pointwise multiplication oper-
ator by the function (1 + aa*)~'a. Therefore, it is enough to verify that

(1 + PPy) " Pr = L((1 + anaz)~'an)|| — 0

as i — 0.
It is not difficult to see that for 0 <7 < §, the operator (1 + P,P;)~'P; is
written in the form

(1 + PPy) ' Py = Sp{L((1 + ana;)~'an) + A Op(Py)}
where p is an amplitude of negative order and of positive degree. It follows then that
(1+PPy) ™" = (1 + ana;)~'an) = (Sp — DL((1 + anaz) ') + £S:0p(py) ,

and that
I+ PiPy) ™" Py — L((1 + apay) 'an)|| — 0

as i — 0.

Thus the continuity of (1 + PP;)"'P, at i = 0 is proved.

One can show the continuity of (1 + BP;)~'P;, and (1 + P;P;)~! in a similar,
though perhaps more tedious manner.

This completes the proof of Theorem 5.2. O
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Proof of Theorem 3.1. Once the continuity of the field of graph projections is
established, we can prove the index theorem, Theorem 3.1, by generalizing the
arguments of [E-N-N, 4.7]. However, in the present paper we give a more visual
presentation of the idea behind the proof, which will occupy us for the rest of this
section.

For an elliptic operator P : #(R"; V') — F(R"; V'), the graph projection e be-
longs to My (A (L*(IR"; V))™), as we know. If dim V' = d, then

H (LR V) = Ma(A (LX(RM))),
H (LR V)™ = Ma(A (LA(R")))™ C Ma(A (LA(R™))) .

Thus,

e € Myy(A(L*(R"))™) and é=e— (O

0
0 1) € Myu(AH (L*(R"))),

where () ?) € Mp(C), and I is the d x d identity matrix.

For each # > 0, the sub-x-algebra {pﬁ(f); t € S(T*R" x R)} is precisely the
sub-algebra #">° of integral operators with integral kernels in &(R” x R"), and
hence is closed under the holomorphic functional calculus in #°(L*(R")). As for
the case of % = 0, the sub-x-algebra {po(f); f € L(T*R" x R)} is the subalgebra
F(T*R") of Co(T*R"). The subalgebra F(T*RR") is also stable under the holo-
morphic functional calculus.

It is well known that "> C %, (L*(IR")). Denote by Tr the restriction of the
canonical trace of 4 (L*(R")) to A '°. For j=1,...,n, set D; = %, and let M;

denote the pointwise multiplication operator on (L*(R”)) by the coordinate func-
tion x;. For any T € #™°, the commutator [D;,T] extends to a compact oper-
ator, and 6,;,_1(T) = [D;, T] defines a derivation d,;_; : A" — % *°. Similarly,
02j(T) = [M;,T] also defines a derivation of ">, j = 1,...,n. It is straightforward
to check that 6,0; = 0;6;, j,k = 1,...,n, and that Tr(6,(T)) = 0 for any T € A",
j =1,...,n. From those observations, it follows that the (2n + 1)-linear functional w
on A defined by

1y
w(T07--->T2n):( ,) > sgn(o)Tr(Tode1y(T1) - - - Og2m)(T2n))

aES,

is a cyclic 2n-cocycle.
Let ¢ € > be a rank one projection. Then

o(g,...,q)=1.

Since #"*° is stable under the holomorphic functional calculus, the pairing between
the class of @ and Ko(# (L*>(IR"))) is well defined. By definition ([Co, Proposi-
tion 14]),

([g).[2mi)'nlw]) = 1.

Recall the continuous field of C*-algebras &7’ = (4’(%)) introduced in the begin-
ning of this section. For each # > 0, o defines a densely defined cyclic 2n-cocycle
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on A'(h) = A (L*(R")). We denote by g the cyclic 2n-cocycle on F(T*R")

defined by

80(f0""’f2n)_ f fodf A f

(2miy'n! 7.
where T*IR" is oriented by dx; Adéy A -+ Adx, NdE, > 0.

Let # € [0,1] be fixed. For f,g € #(T*R" x R), let us define f*ﬁ g by

(f *4 §)x, », 1) = @n)™" [ f(x,z,h8)§(x + hiz, y — z,h) dz .
In particular, if # = 0, then
(f %0 §)x ,0) = (F9)(x, 3,0) ,

where fg is the product in Co(7T*IR").
For # > 0, we have

pe(HIpa(@) = pu(f *4 §)  in BULH(R™).
By a straightforward computation,

1

[f(x,0,/)dx = 7wy ok,

Te(pn(/)) = ﬁ,,(z 7

Furthermore,

57
Saj—1(pa(f) =1 j,Pﬁ(f)]—Ph<<af>>, j=1,...,n,
]

0
821(pu( ) = [My, pu( /)] = p ( (a?)) Jj=1...,
J

It is easy to see that, for given fy,..., fo, € L(T*R" x R), the function

A — (,l)(ph(fo),---apﬁ(on)

is continuous on (0, 1].

Lemma 5.14. In the limit as i — 0,

(P Lo+ +» P1(fan)) = €0(Po(fo)s-- > P0(fr)) -

Proof (see [N-N] also). By the definition of w, we have

(i (Fo)s---» 01 (Fan))
(—1)

= > sgn(a)Tr(pa(f Voo (pr (1)) -+ Soam(pr(fon))) -

n! 0ES,

J f& & h)dxde.

S

(5.12)

(5.13)
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Let us analyze the term Tr(ps( fo)él(pﬁ( fl )« - dan(pa( fz,,))). By the observations
(5.12) and (5.13),

Tr(pa(f6)S1(pa(/1) - - San(P1(S20)))
<t (o (8)- (3)
() (8))
G d (o (B) e () o
G 1 0fs o1 Afom

— === dxdf ash —0.
(2ni)"T*RnX{0}f06x1 38 o 0 %

Similar computations apply to the other terms, with the result that

L fdf A ndf,

%{r})w(ph(fo),,,,,ph(fzn)) - WT*]R"X{O}

= e(po(fo)--rp0(fp)) . O

Everything we have shown above can be generalized to matrices over #(7T*R” x
R). As for cyclic cocycles, it is enough to consider the cup products w# tr, & # tr
of w, & and the matricial trace tr on matrices.

Lemma 5.15. For f,..., fon € Ma(FL(T*R" x R)), we have

lim (@# tr)(pa(fo)s - pr(f20)) = o ow(fodfy n---ndfy,).

(Zni)"n! T*R7x{0}

Now we are in a position to complete the proof of Theorem 3.1.

Given an elliptic pseudodifferential operator P of order m > 0, with symbol a,
denote by e = (e) the field of graph projections. Since S (Ha,+1) is stable under the
holomorphic functional calculus in C*(Hp,41), there exists a continuous field e™ =
(er™) € My(M4(I')™) of projections such that [|e — e*|| <& < 1. So, in particular,
e;*° ~ e; (Murray—von Neumann equivalence).

We have
0 0
index P = <[el] — {(O . )} ,[(27‘ci)"n!co]>

_ - 0 0 A,
= <[el 1— [(0 I)J ,[(2mi) n.u)]>
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and, as fi — e;° is norm continuous for # >0, and /" °° is stable under the holo-
morphic functional calculus,

(%) = <[e§§°] - Kg ?)} ,[(2ni)"n!w]> for all & > 0.

Then, by continuity (Lemma 5.15),

A 0 0N o N 0 0N o
(x) = <[eo 1= KO 1>J »[(2mi) n.80]> = <[ea]— [(0 1)} »[(2mi) n-80]>,

since S (T*IR") is holomorphically closed in Co(7*IR").
Although éy = ¢y — (8 (1)) does belong to the domain of the extension of g, we
do not know yet that

(%) <[€a]—[(0 . »[( m)n-80]>—(—2n—l.)mpmn 1(éa(déq)™) -

A problem arises from the fact that in general in a subalgebra 4 of Co(7*IR")
such that #(T*R") C 4, and &, € 4, the classes [e,] — [(J 9)] and [eg°] - [(§ 9)]
may be different in Ko(4). To circumvent this difficulty we can argue as follows.

Let A be the subalgebra of Co(T*RR") consisting of symbols of order < —m. It
is straightforward to show that A is stable under the holomorphic functional calculus
in Co(T*R"). We have é, € Mr;(A4). Now, the equality

[ ) [

holds in Kop(4) and & is defined on 4. The equality (xx) above follows.
This finishes the proof of Theorem 3.1.

6. The Topological Index

In this section we shall briefly discuss a variant of the topological index formula.

Suppose that P, is an elliptic pseudodifferential operator of arbitrary order, with
symbol a, acting on L2(R”,C"). So, a is a v x v matrix valued symbol. For such
an operator,the Index P, is well defined [Sh]. Since a is elliptic, there exists R > 0
such that a is invertible on |x|* + |¢]* = R. Denote the (27 — 1)-dimensional sphere
x> + |€]* = R by $2~!. The restriction of a to S ! is a GL(v,T)-valued C*°
function on S?~1,

Denote by X the outward unit normal vector field on $*"~! C T*R". Let us
choose the orientation of $2"~! so that the (2n — 1)-form 1y(dx; Adé; A~~~ Adx, A
dé,) on §"~! is positive.

Theorem 6.1 (cf. [H, Thm. 19.3.1], [B-S, Thm. A]). Suppose that a is an elliptic
symbol. The following equality holds.

(n—1)! Ik tr((a 'da)® ") .

index P, Qriy'(2n — 1)! sn—1
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Proof.

Part 1 The positive order case. We will show that

(n—1)! o N
(2miy'(2n — Svfltr((a )= (2miy'n! T*fmntr(ea(dea) ).

(*)

In order to do so, we need to recall the description of K°(7*IR") in terms of
complexes of vector bundles with compact support ([A-S]).

For any locally compact space Y, denote by C} the product bundle ¥ x C”
on Y. Since a is an isomorphism on [x|” + ¢ = 0, the triple (T g Chognr @)
is a complex of vector bundles with compact support. Hence we get the class
[Crugn Crapnral € K%(T*IR"™). Let By and By, be closed subsets of (7*R")t = §"
such that 2" = By U Boo, By N Boo = S*~!, and 0 € By. By the clutching construc-
tion, we obtain a vector bundle £ = Cp Ua Cy_ . When we describe Ko(T*R") as
difference bundles, the class [E] — [Cy,,] is precisely the class [Cr.ga, Cr. o, al.

Suppose now that ¢ is a GL(N, C)-valued C*-function on S?*~!. Again by the
clutching construction we get a vector bundle (EN U (EN Then the map ¢ — [(E

5 _1—[CY,] € K°(5*") determines a (well deﬁned) map 6 : K'(S?~ 1) — KO(SZ”)
and induces an isomorphism onto K°(T*IR") C K%(S?").
It is not difficult to see that, by the canonical isomorphism

Ko(Co(T*R™)) 2 KYT*R"),

the classes [e,] — [(0 0)] and [Cp, U, C;_1—[C},,] coincide. Thus,

01
stal) 00
([a]) = [ea] — KO 1)}

in Ko(Co(T*R")) = KO(T*R”), where [a] is the class of a in K'(§?~!)=
Ki(C($>71)).

The left-hand side of (x) is the pairing between a Kj-class [a] and a (2n —
1)-trace on C(S?"~!), while the right-hand side is the pairing between a Ko-class
lea] = [(5 V)] and a 2n-trace on Co(T*IR"). Since K;(C(S?"~")) is singly generated,
in order to complete the proof of Theorem 6.1, we have only to exhibit an elliptic
operator P of positive order with index P = 1 and to show that the left-hand side
of (x) takes value 1 for such a P.

We construct an M;,_(C)-valued symbol a; on R/ by induction. Set a;(x;, &) =
x1 +i&;. Suppose that a;_i(xy,...,x;—1,&1,...,&—1) is defined. Define a; by

aj(xl,...,xj,él,...,éj)

- (aj—l(xla'-'axj—l,él""aéj—l) _(xt+léj)1 )
(x; + &)1 aj—1(x1,. X1, 81,05 &jo1)
where I is the 2772 x 2/=2 identity matrix (cf. [V]).
It is clear that g; is elliptic, of order 1. Notice that P, = x + %. This is a stan-

dard construction of elliptic operators on higher-dimensional spaces. More precisely,
F,, is the tensor product P,, = P, # --- #P“. of n copies of P, (see, e.g., [B-B]).
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Hence, index P,, = 1. Therefore, the right-hand side of (x) is equal to 1 by Theorem
3.1. A straightforward computation shows that the left-hand side of (x) is also equal
to 1. Thus, the equality (*) holds for arbitrary elliptic symbols of positive order,
and Theorem 6.1 is proved in this case.

Part 2. The nonpositive order case. Suppose that P is elliptic of order m < 0.
Let / be a positive integer such that 2/ +m > 0. Choose an elliptic operator Ag
of order /, and consider A = AjA¢. Choose R > 0 sufficiently large that the (left)
symbols o(A), a(AP), a(P) are invertible on |)c]2 + lélz > R2. Since A is formally
self-adjoint, index (A) = 0. Hence, index (P) = index (A P).

It is easy to see that, by asymptotic expansion,

o(AP) — a(N)a(P) € I'*+m=2

From this it follows that 6(AP), 6(A)a(P) are homotopic on the sphere S¥'~! =
{(x,): x> + |€]* = R?}. Therefore, in K'(S*"~'), we have the equality

[o(AP)] = [a(A)] + [a(P)] .

By the choice of A, we obtain an asymptotic expansion of a(A) such that the leading
term ao(A) is self-adjoint, and 6(A) — ao(A) € T'?~2. Hence, (A) and ao(A) are
homotopic, and

[o(M)] = [o0(N)] =0
in K'(S?*~1). Therefore,

[o(P)] = [o(AP)] € K'(S*7').

Hence, by Part 1 of the proof,

(n — Dt [ tr((6(AP) 'da(AP)))

index(P) = index(NP) = o o =1
¢ §2n—1

-1
= EW_T)T f tr((O'(P)_ldo-(P))Zn—l).
b gan—1

Thus, the formula given in Theorem 6.1 is valid also for elliptic operators of
non-positive order. [

The topological index formula in Theorem 6.1 is identical to the formulae in
[B-S] and [H] except for sign. This difference comes from the different choices of
the orientation on S~
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