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Abstract: Let Ga be the free lattice field measure of mass m0 on aZd, and : φx : be
the corresponding fourth Wick power of the lattice field φx. Let g G Co(Rd), g ^ 0,
be a given function and a! = a!(a) ^ a satisfy: limα_+o+ a! — 0 and a!Zd C aZd.
We prove that if d ^ 3, or d — 2 and limβ^o+ d\ logα|2 = oo, then {a/d Σx(ΞafZd gx

: φx :} satisfies the central limit theorem: there is V(a, af) with limfl^0+ V(a, ar) =
oo such that the distribution of V(a, af)~xald ΣX£a'zd 9* Φx u n ( i e r Ga is conver-
gent to the standard normal distribution, as a —> 0+.

1. Introduction

Let Ga be the free lattice field measure of mass m0 > 0 and lattice spacing a > 0
on aZd = {ax : x G Zd}, and let ( ) G a denote the expectation with respect to Ga.
Let

C^(x-y)=(φxφy)Ga.
Ga is thus the (lattice) Gaussian measure with covariance C^a\ It is easy to show
that (see [Si, BFS])

- 1

C(a\x - y) = (2πΓd J ml + 2a~2Σ (1 - cosakj)
ik' {x~eik'

with k = (k\,...,kd). Let : φ\ : be the fourth Wick order of φX9 i.e.

: φ x : = φ 4

x - 6φ2

x(φ2

x)Ga+3(φ2

x)
2

Ga .

Let g(}> 0) G C0(Rd) be a given function and a' = a!{a) satisfy: a'Zd c αZ^ and
limα_>o+ β ; = 0. From this we can see that a1 ^ a. For simplicity we also assume
that limα^o+ ^ exists. The main aim of this paper is to discuss conditions on a
and a' such that the central limit theorem holds for the system {ξ(a, a')}, where

ξ(a,a') = afd £ gx : φ4

x : .
x£a'Zd
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The central limit theorem for other systems of statistical mechanics has been
discussed by many authors (see e.g. [Ne] and references therein). A very general
central limit theorem for FKG systems was obtained in [Ne]. However, our system
{ξ(a,af)}, with underlying probability measure Ga, does not seem to be a FKG
system.

Let j ( yJ/2

V{a,a')=([a'd £ gx : φ4

x : )) .
\ \ χea'z< J lGa

For d = 3 and a = a1 we have limα_o+ V(a, a1) = oo. From [P, Theorem 1.1] and
[Fe, Theorem 1] we can see that

Using this we can easily show that the system {ξ(a, a)} for d = 3 satisfies the
central limit theorem, i.e.

^ = x ) = ( 2 π ) " 1 / 2 l e ~ 4 d y ' WxeR (L2)

For convenience, we will denote the property (1.2) by the following:

ξ(a, a) jι_
V(a, a)

However, the proof of (1.1) given in [P] or [Fe] (based on an idea from [GJ]) is
very complicated. In this paper we will use a different approach to prove a general
result which contains (1.2) as a particular case.

Our main results are as follows (we always assume limα_^o+ af = 0).

Theorem 1.1. Suppose that g(^ 0) e C0(Rd) and JRdg
2

xdx > 0.

(i) For d — 2, z/limfl_»o+ a'\ logα|2 = oo, then

X a ^ 0 + , (1.3)

where V(a,af) satisfies the following property:

V}aapl =4lfg2

xdx.

(ii) For d ^ 3, (1.3) is always true, where V(a, a') satisfies:

lim V(a, a'Γ24\af2d Σ QχQyC{a\x - y)4 = 1 .

More precisely, there exists a constant c^ G (0, oo) such that

lim
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Note. We remark that there is a constant c 6 (0,oo) such that

( rπ-{d-2) >/ > α

c(fl)(0) ^ \ c a ' d = 3 '
tc | logβ | , d — 2.

Hence, if /̂ ^ 3 and a! ^ a, oτ d — 2 and limα_>o+ α'| logα|2 = oo, then

lim Via, af) — oo .

The proof of Theorem 1.1 will be given in the next section. In Sect. 3 below
we will prove the key lemma (i.e. Lemma 2.1 below).

At the end of this section we give a remark on Theorem 1.1 above. For this
purpose we introduce some notations. Let μ0 be the Gaussian measure on &"(Rd)
with the covariance C = (-A + m2,)"1. Let μ~\k) = (\k\2 + ml)'1 and

μ~\k) = Im2 + 2a~2 f (1 - cos(akj)) J ,

where k = (k\,...,ka) and \k\2 — k\ -\ Yk2

d. Let fXjΛ{ ) be the function whose
Fourier transform is

/ , k ) = l ^rdl2e-ίkxμa{k)-λμ{k\ if \kj\ ^ π/a, j = l,...,d ,

I 0, otherwise .

It is easy to check that (see e.g. [Si, Sect. VIII. 1])

(Φ(fx,a)Φ(fy,a))μ0 = {ΦxΦy)θa

In this sense we can realize the Gaussian field φx on aZd by φx = φ(fx,a), which
is defined on &"(Rd).

The central limit theorem given in Theorem 1.1 is probably not enough for prov-
ing the existence of the continuum limit of some lattice 04-fields with counterterms.
However, it can help us to understand the form of some counterterm, and moreover it
might be used to study some properties of continuum φ4 -fields like the φ4 -quantum
field constructed in [BFS] or [P] and the new continuum φ4-fίeld constructed in
[AZ]. Heuristically, from Theorem 1.1 (ii) above we can see that the continuum
03-field with a spatial cutoff constructed in [BFS] or in [P] is singular with respect
to the Gaussian measure μo on 6ff(R3). Likewise, by Theorem 1.1 (i) we believe that
the continuum 02-field μ^g (see [AZ]) in the case where limα^0+ d\ logfl|2 = oo is
singular with respect to the Gaussian measure μ0 on Zf'iR2).

2. Proof of the Main Result

Let us first recall some properties of the Wick powers (see [Si, Sect. I.I]). If φx is
a Gaussian random variable (under a Gaussian measure G), then

: exp(^) := exp (tφx - -t2(φ2

x)G
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which implies

Π :exp(ff0X|) := exp ( ΣUΦ* ) e x P ( ~~ Σ*?(0x,)σ )
i=l \ί=l / V λ i=l J

=: exp ( Σ UφXι ) : exp ( Σ titj{φXιφXj)G I .
\z=i / γi^/</^« y

We remark that Qxp(Σ\<i<j<n^j(ΦχιΦχj}G^ *s n °t r a n dom

: exp Σ tiφXι : ) = 1 .
\i=i / I G

Therefore,

' - \ ( \
):) = expl ^Σ^tMΦ^Φxjhl (2.1)

From (2.1) we can see that

V(a, a')2 = 4\af2d Σ 9χ9y(ΦχΦyΫGa

x,yea'Zd

In this section we always assume that g ^ 0 is a given function in Co(Rd) and
JRd g^dx > 0. Let η(a) = F(β, fl7)""1/2^^, β ;). To prove (1.3) we only need to prove
that

~*> G β =(2A:-l) ! ! , £ = 1 , 2 , . . . , (2.2)
a^0+

lim {η(a)2k+ι)Ga = 0 , £ = 1 , 2 , . . . , (2.3)
a—>0+

where (2k - 1)!! = (2k - 1) (2k - 3) 3 1 for k ^ 1. To do so we need to
compute the quantity {ξ(a,a')k)Ga> We remark that

(ξ(a,a')k)Ga =a'2k £ fc, •••&><: < : • • • : < :>Go .
xι, ,xkea'Z2

Thus, it suffices to compute (: φXι : : φ\k :)oa. For this purpose we need to com-

pare the terms with the coefficient Π;=i A o n ^°^n s i ^ e s °f (2.1). In general, the

term with the coefficient Πi=ι A o n the right-hand side of (2.1) can be expressed

as a sum of some quantities of the following form:

k ι k ι

qa,a>(xu...,*k) := %k Π (ΦXIΦXJ)G! Π (Φχ2Φχj)έ!
7=2 7=3

k

•A -
where % is just the coefficient, lUj £ {0,1, 2,3,4}, Σ)=2 h,j = 4 a n d

/-I k

7=1 7=/+l
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We remark that there is a one to one correspondence between the quantity qa^ and
the set of Uj. For convenience we will use the set of litj to represent the quantity

qa,a'
Let

k

Qa,a'(Xl,~.,Xk)= Udxi Σ ?α,α'(*l,...,*Jt)>
z=l / u φ4

where the sum is taken over all litj ^ 4, in which there exists at least one pair
(i,j) such that luj e {1, 2,3}. Let

2k

Pa,a'(XU '.,X2k)= YIQXJ Σ <ϊa,a'(XU-.9X2k)9

where the sum is taken over all lUj with ltj = 4. In this case (i.e. ltj = 4 for all
possible pairs (/, j))9 the quantity qa,a'{x\>> )X2k) can be expressed as follows:

which corresponds to the set {/Z(Ml = Z/2jί 3 = = Ii2k_2j2k_ϊ = 4}, where z0 = 1, and
{/i,...,/2A:-i} = {2,...2k}. In fact we can derive the following expression:

2k

Pa,a' Ol , , XU ) = (4! f Σ 0*i 0JCM ( ^ , ^ ^ )%a Σ 0x,2 fe3 (0x,2 Φx,3 >Gβ
/I 136{2, ,2ifc}\{ί2,i3}

Σ 0^_2 fo^! (^2,_2 Φ^.! >Gfl>
/2*-iG{2, ,

where 12,14,..., 12k-2 a r e defined in the following way:

/ 2 = m i n { y :y e { 2 , . . . , 2 £ } \ { / i } } ,

hi = min{y :j G {2,...,2*} \ {iu...,/2/_i}}, / = 2 , . . . , * - 1.

It is easy to see that there are (2& — 1)!! choices of such kinds of sets: {ioj\,...,
hk-2,i2k-\}' Thus we obtain that

a'2kd Σ PaAxu . ,X2k) = (2k-\)\\L\af2d Σ QMΦxΦyΫcΛ
x\, ,x2kea'Zd \ x,yea'Zd )

= (2k-\)\\V(a,a')2k.

Hence, to prove (2.2) we only need to prove that

lim V(a, a'Γ2ka/2dk £ ββ,β/(*i,... ,x2k) = 0, k ^ 1. (2.4)
fl^0+ *i, ,χikea'zd

To this end let us first state a lemma.

Lemma 2.1. LMer ί/ze same assumptions as in Theorem 1.1, the following is
always true

lim V(a, dykddk Σ Qa,a<(xu Λ) = 0
β " " 0 + xi, , x ' Z ^

/or any k Ξ> 1.
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This lemma will be proven in the next section.
Using Lemma 2.1 we can easily prove Theorem 1.1.

Proof of Theorem 1.1. It is clear that (2.4) is an immediate consequence of Lemma
2.1. If k = 2 / + 1 for some / ^ 1, then for each quantity #α,α'(*!,...,JC2/+1) m e r e

exists a pair (i,j) such that litJ G {1, 2,3}. From this remark and (2.1) we can see
that there is a constant c = c(l) such that

(ξ(α,α') 2 / + 1 ) G β g c » * ' + 1 > Σ Qa,a'(XU...,X2l+l).
x\, ,X2i+ίea'Zd

By Lemma 2.1 we then know that

lim V(a,a'Γ21-ι(ξ(a,a')2l+ι}Ga=0,

which proves (2.3). The proof of (1.3) is then complete.
Finally, let us discuss the asymptotic behaviour of V(a, a') as a —> 0+. Let

I 2 ( a , a') = V.aad Σ 9 9 k Φ Φ ) A
χ9ykΦχΦy)Ga-

x,y£a'Zd,xφy

By definition and (2.1) we know that

V(a,a')2=4\af2d Σ QχQyC{a\x - yf = h + h ,
x,yea'Zd

where C<β>(* - y) = (φxφy)Ga

If d — 2 and limβ^0+ a'\ logβ|2 = oo, then lim supfl_^0+ h(a, a') < oo,
limα^o+ «/ 2C ( f l )(0)4 = oc and

Hence, if d — 2 and limα^o+ d \ logα|2 = oo, we have

If d ^ 3 and a' ^ a with limα^o+ β / = 0, then there is a constant kd G (0, oo)
such that

o,x,yea'z<t (aV\x
d

Using this we can show that if limα^o+ xfl = x G i?2 with xa G aZd, then the follow-
ing limit:

lim

exists. We denote this limit by / x . It is easy to see that the function / is positive
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and finite. If limα_+o+ 4 := α E (0,1], then we can also show that the limit

exists and is equal to fx. In this case (i.e. α > 0), we have

lim —i—' ., = 4\(xd f qx fxdx + 4! Γ q2dx ,
a^v u u R2 R2

which is positive and finite.
We remark that if d ^ 3 and a' ^ a, then

dd Σ gyC<a\x - y)4 g O{\)ada-^d-2\ Vx G a'Zd .

Hence, if α = 0, then

l im — (j

In this case (i.e. α = 0), we have

__d^-2) "" 4 * J ax"x -
R2

The proof of Theorem 1.1 is then complete, provided Lemma 2.1 has been
proved. D

3. Proof of Lemma 2.1

The aim of this section is to complete the proof of Lemma 2.1. Let us first prove
two lemmas.

Lemma 3.1. (i) There is a constant c\(d) E (0,OO) such that

χ,yea'z" (c1(4)(ίz'4C<α)(0)2 + |logα|), d = 4 .

(ii) There is a constant C2(d) e (0, oo) such that

a'2d Σ
x,y£a'Zd

a'2d Σ gχ9yC(a\x -y)ύ c2{d)aldOa\Q),

Proof. We only prove (i), since (ii) can be proven by a similar argument. It is
obvious that

dld £ g2

xC
{a\0)2 S O(l)a/dC{a\0)2 .
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Hence, we only need to provide a suitable upper bound for the following quantity:

a'2d

which is denoted by f\(a,af). Since a fL a' and \ima^o+a' = 0, by computation
we show that

fι(a9a') £

We recall again that

for x j E a'Zd with xφy. Using this we can show that

and

λ, Qy\χ-y\ v '
κeaZd

 yeaZd

τ-d+Λ ^ O(\)a/dC(a\0)2, d ^ 5.

Thus we have proven (i) for d ^ 2 and dή^4. However, for d = 4 we have

Hence, (i) is also true for J = 4. D

Let ,

/ 2 ( α , α ' ) = max ^ Σ

As in the proof of Theorem 1.1 given in the last section, we can show that there
are constants C3,C4 e (0,oc) such that

c3V(a, arf ^ f2(a, a1) ^ c4V(a, a1)2 ,

and so

c5a
fdc^(0)4 ^ f2(a, d) ^ c6a

/dC^(0)4 (3.1)

for some constant c5,cβ G (0, oo).

Lemma 3.2. Suppose that l\ti + hj + Σ/=/+i ,̂7 = 4 Λ«β? /i,/, /2,/, /z ,y ^ 0 for j e
[i +l,k]. Then there is a constant cΊ e (0, oo) such that

*ld Σ gXιhc{a)(χt-χi)ki Π cMixi-xj)1-'
xιEa'Zd ί=l y=ί+l

^ c 7 /2(α,α ') i ( / l ' + / 2 1 + Σ ^ ' + l / l j ) (3-2)

/or xi,x2,^+i, , ^ € a'Zd with xux2,xi+\, -,Xk € supp(g).
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Proof. By the Holder inequality we know that the left-hand side of (3.2) is less
than

π f Σ c<a\x,-xjA
''Zd,x,esupp(g) I j=i+l \xea/Zd,xiesupp(g)

Σ 1 ύθ(\)f2(a,a')
xea'Zd,xlesupp(g) I

where we used the fact: ard ΣXiea'zd x esupp(g) * = ^ 0 ) t° obtain the last inequality.
This completes the proof of Lemma 3.2. D

We now use Lemma 3.1 and Lemma 3.2 to prove Lemma 2.1.

Proof of Lemma 2.1. We will only consider the quantity qa,a'(xι> ,Xk) m which
there is a pair (z, j) such that Ijj G {1, 2,3}. If /ZJ = 3, then there must be a new pair
(/, f) or (A,/) such that l^y — 1 or //̂  = 1. Thus we may always assume that there
is a pair (i,j) in the quantity qa,a'{x\, "^k) such that //j G {1,2}. Without loss
of generality we may also assume l\^ G {1,2}. Thus, the quantity #a,a'(jti,...,jC/O
can be expressed as follows:

7=3

- ^ π 1 π
7=3 i=3 y=i+l

We remark again that
k-\ k

Σ Σ h,j = 2k.
Ϊ=1 y=ί+i

Then, by Lemma 3.2 we know that

a,d{k-2)

3, ,xk£a'Zd i=3

Π C ( f l )(x2 - x; ) / 2 j *Π Π C(a\Xi
7=3 /=3 ;=ί+l

^ O(l)f2(a, α/)ΐ(Σ*=3(Zi,.+

^ O(l)/ 2 (α, α ' ) ϊ - ^ ' 2, Vx!,x2 G

with xi,X2 ^ suPP(g) Therefore,

a'dk Σ Πfo? β ,«'(*i. ••••**)
xι, ,x

' ) f " J / l 2β'2^ Σ fefcC(a)(x,-x2)
/l2. (3.3)
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If d — 4 and l\^ — 2, by Lemma 3.1 and (3.1) we then know that the right-hand
side of (3.3) is less than

^ 0(l)(afdC(a\θ)2 + I loga\)(afdC{a\θ)4γ"l2

^ O(l)a/2(a/4C(a\0)4)k2 + O(l)| \oga\a'-2a4(a/4C(a)(0)4)ϊ

since a1 ^ a. If l\^ — 2,d^2 and d φ 4 , then by Lemma 3.1 and (3.1) again we
know that the right-hand side of (3.3) is less than

However, if /1,2 = 1? by Lemma 3.1 and (3.1) we know that the right-hand side of
(3.3) is less than

O(l)a/3d/4(a/dC(a\0)4)2

for d ^ 2. Since limfl_>o+ a1 — 0 and there are constants c8,C9 e (0,00) such that

csa
/dC{a)(0)4 S V(a,af)2 ^ c9a

/dC{a\θ)4 ,

we have ^

lim+ F(α, af)~2a/dk £ Π <7^,«'Oi, ..,**) = <>,

which proves the desired result. This ends the proof of Lemma 2.1. D
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