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Abstract: It is shown that the problem of the immersion of a 2-dimensional surface
into a 3-dimensional Euclidean space, as well as the n-dimensional generalization
of this problem, is related to the problem of studying surfaces in Lie groups and
surfaces in Lie algebras. A particular case of the general formalism presented here
implies that any surface can be characterized in terms of 2 X 2 matrices using
an arbitrary parametrization. It is also shown that this generality of parametriza-
tion is useful for studying integrable surfaces, i.e. surfaces described by integrable
equations. In particular starting from a suitable Lax pair (i.e. a suitable integrable
equation), it is possible to construct explicitly large classes of integrable surfaces.

Introduction

Let F = (F\,F5,F3):n— R?® be an immersion of a domain 7 C IR? into the
3-dimensional Euclidean space. Let (u,v) € . The Euclidean metric induces some
metric g11(du)? + 2g12dudv + gy(dv)® on the surface F. If this surface is suffi-
ciently smooth, the functions g;;(u,v), and the functions d;;(u, v) which define the
second fundamental form, satisfy a system of three nonlinear equations known as
the Gauss—Codazzi equations. These equations are the compatibility condition of the
Gauss—Weingarten equations, which are a pair of linear equations characterizing the
dependence of the associated Cartan frame on u and v. There exist two geometrical
characteristics on such a surface known as the Gauss curvature K and the mean
curvature H.

The question of characterizing surfaces with a given K or a given H has been
studied extensively both in the classic and in the recent literature. The most cel-
ebrated results in this direction correspond to constant K and to constant H. It
turns out that the fundamental forms of such surfaces can be expressed in terms of
solutions of the sine-Gordon and of the sinh-Gordon equations. These equations are
integrable, and hence a large class of their solutions can be given explicitly. Us-
ing such global solutions, it is possible to study global properties of the associated
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surfaces (for example the long standing question of Hopf [1], if a compact surface
in R3 with constant mean curvature is necessarily a sphere, can be answered [2—
11]). The surfaces with 0,0,(1/v/—K) =0 (u,v are asymptotic coordinates) [12],
with 6665(1 /K) =0 ({ is a conformal coordinate of the second fundamental form)
[13], and with 0;0;(1/H) = 0 ({ is a conformal coordinate) [13], are also associated
with integrable equations.

Following [8] we call a surface integrable, iff its Gauss—Codazzi equations are
integrable [14-18]. Integrable equations also arise as the compatibility condition of
a pair of linear equations, which in the soliton literature is called a Lax pair [19].
However, in contrast to the Gauss—Weingarten equations, the Lax pair contains a
free parameter known as the spectral parameter. (For the integrable surfaces it is
possible to insert a spectral parameter in the Gauss—Weingarten equations.) The
Gauss—Weingarten equations are usually written in terms of 3 x 3 matrices. On the
other hand the Lax pairs of the sine-Gordon and sinh-Gordon equations involve
2 x 2 matrices. This shows that at least some integrable surfaces can be formulated
in terms of 2 x 2 matrices. Actually, Bobenko [13], generalizing to arbitrary surfaces
some earlier important results of Sym [20] regarding integrable surfaces, has recently
shown that if one uses a conformal parametrization then it is possible to write the
Gauss—Weingarten equations in terms of 2 x 2 matrices.

We will show that the problem of the immersion of a 2-dimensional surface
into a 3-dimensional Euclidean space, as well as the n-dimensional generalization
of this problem, is closely related to the problem of studying surfaces in Lie groups
and surfaces in Lie algebras. A particular case of our general theory yields the
characterization of an arbitrary surface in terms of 2 x 2 matrices (Theorem 2.1).
This result, which formulates a surface in terms of an arbitrary parametrization, is
a generalization of [13] which uses a conformal parametrization. In spite of the
fact that the change of parametrization implies only a gauge transformation and
a change of independent variables in the associated Gauss—Weingarten equations,
this generality of parametrization is useful for studying geometries described by
integrable equations.

Using our formalism it is straightforward to show that in certain cases, it is
possible to compute F explicitly: Let U(u,v,4), V(u,v,4) € su(2), where 1 € C is
the spectral parameter. Assume that U and V' satisfy

ou ov
— - —+[U,V]=0. 1
0 7 +[U, V] (1)
Let @(u,v,A) be a solution of the compatible system
0P 0P
— =U® — =V. 2
Ou ve, ov @)

Then the function F € su(2),

0P
F=o00"'U®+ o, 'V + ogqua + oqud~ ' UP

+ a5~ VD + T M 3)

where a;,...,0s are constant scalars, and M €su(2) is a constant matrix, defines
an immersion function. The case a; = ay; = o4 = a5 = M = 0 has been studied by
Sym [20].

This implies that starting from a suitable Lax pair (2), it is possible to construct
large classes of integrable surfaces. Several such surfaces are studied in [24]. Here
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we only present a simple example: The first and the second fundamental forms of
the Weingarten surface

K-UH+U+U2=0, (4)

where U, U, are real constants, U;+U,, U;=+0, can be obtained through the
solution of the sine-Gordon equation

*0 U} -U? 201U,
oo Ty o2 T I 02 cos0 =0 )
This surface is parallel to the surface with K = —UZ.

We will also show that the use of Lie point groups [21] provides an effective
method for both finding as well as classifying integrable surfaces. As an illustration
of this method we will show that the integrable case of inverse harmonic H [13],
is distinguished by the fact that this is the only case for which the Gauss—Codazzi
equations admit a nontrivial Lie point group of transformations of a given type (see
Theorem 3.1).

After this manuscript was written, it was pointed out to the authors by Juan Al-
varez that there is a close connection of some of our results with Cartan’s method
of moving frames [22,23]. Indeed, some of the results of Sects.1 and 2 are con-
crete realizations of Cartan’s general approach. We note that, in spite of the fact
that several examples of Cartan’s method are given in [22 and 23], it is in gen-
eral nontrivial to implement Cartan’s construction. A brief description of Cartan’s
method, as well as the formulation of some of the results of Sects. 1 and 2 in the
language of moving frames, is given in the Appendix. This appendix was written
by J.C. Alvarez to whom we are grateful.

Global consequences of the results presented here will be discussed elsewhere.

1. The General Formulation

Let G be a Lie group and ¢ the Lie algebra of G. We assume that in ¥ there
exists an invariant scalar product, not necessarily positive definite. (Such a scalar
product exists for any semi-simple finite dimensional group as well as for many
infinite dimensional groups.) We denote the scalar product between g; and g, € 4
by (g1,92). Since the scalar product is not degenerate there exist an orthonormal
basis in ¥, (e;,¢) = d;;, where ;; denotes the Kroneker delta. In the following
presentation we only consider the case that dim¥% =n < oo.

We first introduce a surface in G. Let @(u,v) € G for every (u,v) in some
neighborhood of IR?. There exists a canonical map (left shift) from the tangent
space of G to the Lie algebra 4. If %f and %{’ are the tangent vectors of @ at the
point (u,v), this map is defined by

P

0 =Ug, 0T

=Ve, j=1,...,n, (1.1)
where U; and V; are some functions of (u,v), and throughout this paper summation
over repeated indices is assumed. Equations (1.1) define @ through its value in the
Lic algebra.
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Proposition 1.1. Let ®(u,v) € G be a differentiable function of u and v for every
(u,v) in some neighborhood of R?. @ defined by Egs. (1.1) exists iff the functions
U; and V; satisfy

ou oy _
PP VeUicyj » (1.2)

where cyj; are the structural constants associated with 4, i.e.
lex,er] = crijg - (1.3)

In Egs. (1.2),(1.3) j = 1,...,n, and summation is assumed over k and I, which run
from 1 to n.

Proof. @ exists iff Egs. (1.1) are compatible, i.e. iff

0 (09 0 (09 0P 0P

e _¢—-1 _ ___dj—l —1 —1

60(014 ) éu(av ) [6 ? > ou }’
where [, ] denotes the usual commutator. This equation together with Egs. (1.1) and
(1.3) imply Eq.(1.2). O

We now introduce a surface in 4. Let F(u,v) € ¢ for every (u,v) in a neigh-
borhood of IR?. The first fundamental form of F is defined by

OF OF\ ., ./0F oF OF OF\
<au >(a’)+2<a .- >dd +<a >(d) (14)
Let NO €%, [=1,...,n—2 be the set of elements defined by

(NONDY = 1, <g’; N(l>> <ZF N<’>> 0, I=1,....n—=2. (L5)

The second fundamental forms of F are defined by

<gf,N<’>>(d )2+2<§aF N<’>> dudv

0°F
+<62,N(’)>(d Y, I=1,...,n—2. (1.6)

We can relate surfaces in G to surfaces in 4. Using the adjoint representation
we can write

g—}; = ¢_1ajq¢,

oF

= =0 'bied, j=1,..,n, (1.7)

where a; and b; are some functions of (u,v).

Proposition 1.2. Let ®(u,v) € G be a surface defined by Egs. (1.1). Let F(u,v) €
% be a differentiable function of u and v for every (u,v) in some neighborhood



Surfaces on Lie Groups, on Lie Algebras, and Their Integrability 207

of R2. Equations (1.7) define a surface F(u,v) € 4 iff the functions aj and b;
satisfy

da; 0b; .
a—vj‘l'akmcklj: a_u]"'kalcklj, klLj=1,..,n. (1.8)

Proof. Equations (1.7) are compatible iff

Oa; 0b;
a_vjef +ajle, ®,07 '] = —a;’e/ + bjle, P, P'] .
Using (1.1), this equation reduces to (1.8). O

1

We can also use the adjoint representation! to express the elements N() ¢ 4

defined in (1.5) in the form
ND =g 'cPVgp, 1=1,..,n-2 j=1,.,n. (1.9)

Since the scalar product is invariant under the adjoint representation it is straight-
forward to compute the first and second fundamental forms of F.

Theorem 1.1. Let a;(u,v),b;(u,v), U;j(u,v),V;(u,v), j = 1,...,n, be differentiable
Sfunctions of u and v for every (u,v) in some neighborhood of R?. Let {e}io1 be
an orthonormal basis in the Lie algebra 4 of the Lie group G. Assume that the
functions a;,b;, U;, V; satisfy Egs. (1.2) and (1.8), where cyyj, k,1,j=1,...,n, are
the structural constants associated with 4. Then

i) Equations (1.1) define a surface ®(u,v) € G.
(i) Eq

(ii) Equations (1.7) define a surface F(u,v) € 9, whose first fundamental form
is given by

ay(du)’ + 2a;b;dudy + b(dv)* , j=1,...,n. (1.10)
Let cﬁ-l), 12j=<n1Z1=n-2satsfy
n

S =1, zaj D= Ebc(” I=1,...,n—2. (1.11)

j=1

Then the second fundamental forms of F are given by

Oa; Oa;
C}I) (—a;j + akU,ck1j> (du)2 + 2051) (a—vj + ai V]Ck1j> dudv

ob;
+c (a—v’ +ka}ck1]) (v, I=1,....n—2. (1.12)

Proof. The function @ € G defined by (1.1) exists iff Egs. (1.2) are valid. If @
exists, then the function F € ¥ defined by (1.7) exists iff Egs. (1.8) are valid.
Using Eqgs. (1.7) and (1.9) into (1.4)—(1.6), we find (1.10)—(1.12). O

! Throughout this paper we use matrices thus we write ®~!a;¢® instead of Aq(P)aje.
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1.1. On the Explicit Computation of the Immersion Function

It is possible in certain cases, to compute a;, b;, and F, explicitly.

Theorem 1.2. Let U;(u,v) and V;(u,v), j = 1,...,n, be differentiable functions of
u and v for every (u,v) in some neighborhood of R?. Let {e}}?, be an orthonormal
basis in the Lie algebra 4 of the Lie group G. Assume that:

(1) U; and V; satisfy (1.2), where cyyj, k1,j=1,...,n, are the structural
constants associated with 9.

(ii) U;j and V; depend on the parameter 1, but . does not appear explicitly in
Eq. (1.2).

Define U and V by
U = Ujej, V="Ve. (1.13)
Then,

(i) If A and B are defined by

5U oU ou ou
toya o (uU)—HXsU

A=aje = 15, + oy —— pm E» +[U,M], (1.14a)
v ov vV
B=bjg =0 ZV -I—ocza + o3 7 +a4u6 -l—cxs (UV)+[V,M], (1.14b)
where M = mje and wy,...,ds, my,...,m, are constant scalars, then the equations
oF 1 oF 1
— = D — =@ B, 1.15
ou ¢ 42, ov (1.13)

are compatible, and can be used to define a surface F(u,v) € 9.
(ii) The solution of Equations (1.15), where A and B are defined by Egs. (1.14)
is, to within an additive constant matrix, given by

0P
F=q® 'U®P+ 0@ VP + 307 — + oqud” ' UP

04
+osv® VD + oI MP . (1.16)
Proof. (i) The equations
0P 0P
—=ue, T =ve, (1.17)
are compatible iff
ou oV
i V] = .
o o +[U,V]=0. (1.18)
Equations (1.15) are compatible iff
d4 0B
— — — 4[4,V U,B] = 1.1
m = o A V] +[UB] = 0. (1.19)

It can be verified that if 4 and B are defined by (1.14), and if U, V' satisfy Eq. (1.18),
then 4 and B satisfy Eq. (1.19).

(ii) It can be verified that F also satisfies (1.15). Using a variation of parameter
it follows that this F is unique to within a constant matrix. [
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Remark 1.1. This result is a consequence of the following observation: Equation
(1.19) is the variational equation of Eq.(1.18). Indeed, if U and V' are replaced
by U + ¢4, V + ¢B, then the O(¢) term of Eq. (1.18) yields Eq. (1.19). This means
that every symmetry of Eq. (1.18) implies a solution of Eq. (1.19). In particular the
invariance of Eq. (1.18) under translations in u,v, A yield the solutions corresponding
to oy, 0, o3. The solutions corresponding to o4 and as are due to the invariance of
Eq. (1.18) under the dilations u — cju, U — cl_lU and v — v, V — cz_lV, c1
and ¢, constants. Finally, the solution corresponding to M is due to the invariance
of (1.18) under U — DUD™', ¥V — DV D', D a constant matrix.

2. The Immersion of a 2-Dimensional Surface in R3

As an example of the general formalism we consider the case that G is SU(2).
Then ¢ = —io;, j = 1,2,3, where

0=(38) w=(F) w=(i %) en

and c;x = 2e;, where e, 4,7,k = 1,2,3, is the usual antisymmetric tensor.

With the vector F = (F;,F,,F3)T € R?® we associate the matrix F =Fe €
su(2). Thus the problem of the immersion of the 2-dimensional surface x; =
FE(u,v), j=1,2,3, into the 3-dimensional Euclidean space, becomes the problem
of studying the relationship between the 3-dimensional sphere ®@(u,v) € SU(2) and
the two dimensional surface F(u,v) € su(2).

Theorem 2.1. Let U(u,v) and V(u,v) € su(2), be differentiable functions of
u and v for every (u,v) in some neighborhood of R?. Assume that these func-
tions satisfy the equation

ou o

=~ 5 HUV]1=0. (22)
Then the equations
0P 0P

define a 2-dimensional surface ®(u,v) € SU(2).

Let A(u,v) and B(u,v) € su(2) be real differentiable functions of u and v for
every (u,v) in some neighborhood of R>. In addition to the above, assume that
these functions satisfy

0A OB
e B]=0. 24
= S AV +[UB] =0 (24)
Then the equations
oF oF
— =040 — =9¢"'Bd 2.
o ) % ) (2.5)
together with F = —iF o}, i.e.
—iF —F, —iF
F= ( ’ 2 1), (2.6)
F, —iF F;
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define a 2-dimensional surface x; = F(u,v) € R, j=1,2,3, in a 3-dimensional
Euclidean space. The first and second fundamental forms of this surface are

(4,A4)(du)? + 2(4, B)dudv + (B, B)(dv)? , (2.7)

and

<6—A1 +[4, U],C> (du)* +2 <0—A +[4,7], c> dudv + <a—B +[B,7], C> (dv)?,

ou ov ov
(2.8)
where
1
(4,B) = —Etrace(AB), (2.9a)
and (4,5]
A
C=-"22 Al =+/(4,4) . (2.9b
[4.B]] 4] = V{4,4) )
Proof. These results follow from Proposition 1.2, using ¢ = —io; and ¢ =
2e,-jk. O

Remark 2.1. Equations (2.2) are the Gauss—Codazzi equations. They are the com-
patibility conditions of the Gauss—Weingarten equations (2.3). This formulation
involves 2 x 2 matrices and not 3 x 3 matrices.

Remark 2.2. Equations (2.3) can be considered as a Lax pair for the “zero cur-
vature” equations (2.2). However, in order to apply the machinery of the in-
verse spectral theory one needs to insert a spectral parameter in Egs. (2.3) (see
Sect. 3).

Remark 2.3. Theorem 2.1 characterizes surfaces in terms of a general parametri-
zation. A more restrictive parametrization is used in Theorem 2.2.

Theorem 2.2. Let Uy, U,, V,a,b1,by, a%0, by +0, be real differentiable functions
of u and v for every (u,v) in some neighborhood of R?. Assume that these func-
tions satisfy the Gauss—Codazzi equations (2.2), where Us, V3, Vs are defined by

i ob i b b
ot a0 bU - big mha mhal )
b, ° a ’ ab, )

Let @ € SU(2) be defined by Eq. (2.3). Then the equations

F
= —i<15_1a0145, g—v = —-i¢_l(b10'1 + by0,)P, (2.11)

OF
ou
where 1,02,03 are the Pauli matrices (2.1), define a 2-dimensional surface
x;i =F,v), j=123, in R3. Its first and second fundamental forms

are
a(du)* + 2abydudv + (b* + b%)(dv)?,

aUy(du)? + 2aVsdudv + (b1 Vs — by V7 ) (dv)? . (2.12)
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This surface is unique to within its position in space. The Gauss and mean cur-
vature are

2

biU, — alj -

K=— <—Ul> + & (———‘Ul 2 1) and H=" 00— g5
a a ab, a ab,

A frame on this surface is given by F,, F, and N = —i® 63 ®.

Proof. These results follow from Theorem 2.1 with the choice 4 = —ing), B =
—i(b101 + by02),U = —35Uj0;,V = —5V;0;. In particular Egs. (2.4) become

ob 0 0b
al+bUy —biUy =0, L4bls——=0, “24alh-bUs=0.
ou ov ou
Solving these equations for V5, Us, 15 we find (2.10). The Gauss and mean curvatures
are defined by

K =det(l - I7"), H=—trace(] - I7"),

= (g“ g“), = (d” d”), (2.14)
921 g2 dy dn
where g;; and d;; are the entrees of the first and second fundamental forms respec-
tively. Using these definitions together with (2.12) and (2.10b), we find (2.13).
Now we show that the surface F is unique within its position in space. Given the
fundamental forms (2.12), Egs. (2.10) imply Us, }5, V1. Since these functions satisfy
the Gauss—Codazzi Egs. (2.2), @ € SU(2) can be defined by Egs. (2.3) to within
three constants. Then Egs. (2.11) (which are compatible since (2.4) are satisfied),
imply F € su(2) within three additional constants. These six arbitrary constants
correspond to motions of the surface in R3. Indeed, the transformations

F=fFf'4+4, N=fNf~', d=0f, feSUQR), 4ecsu?),
leave Egs. (2.3) and (2.12) invariant. Furthermore, this transformation introduces six
arbitrary constants. The constants of 4 introduce a translation £; = x; + b;, while the
constants of f introduce a rotation X; = Zzzl @jk X, Zi:l ajag =o. O

All the well known parametrizations can be obtained as particular cases of the
above general formulation. The orthogonal and the conformal parametrizations are
discussed in Example 2.1 and in Sect. 3.1 respectively.

Example 2.1 (Parametric lines of curvature). Letting b; = /2 = 0, and introducing
the notations b = b, f = Uy/a, h = —V;/b, the Gauss—Codazzi Egs. (2.2) become

0 (10a 0 (10b
%(—b‘a—l})-i-a—u(;a)-l—abfhzo, (2.15)
0 ob 0 Oa
@(bh)—fa =0, %(af)—h% =0. (2.16)

The first and second fundamental forms are

dX(du)? + bX(dv)?, A f(du)* + b*h(dv)* . (2.17)
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A frame on this surface is

oF F
— =—i® a0, P, oF _ —i9 o, d, N =—id 530 .
ou ov

The Gauss and mean curvature of this surface are

K=fh H=f+h. (2.18)
Equations (2.15) and (2.16) are the integrability conditions of
od 1 _ida —a oP 1 1gb ibh
a—zg( o i@af)q)9 a—=§<7au iab>‘p' (2.19)
u af 5o % ibh —

3. Integrable Surfaces

We call a surface F(u,v) integrable iff the Gauss—Codazzi equations are inte-
grable. We call an equation integrable iff it can either be linearized directly or
it can be solved through the inverse spectral method [14-18]. Equations solvable
by this method arise as the compatibility condition of a pair of linear equations
known as the Lax pair. This system of linear equations, in contrast to Gauss—
Weingarten equations (2.3), contains a free parameter. This parameter, which will be
denoted here by A, plays a crucial role in the integration of the associated nonlinear
equations.

There exist several methods for inserting a parameter A in Egs. (2.3). Here
we shall emphasize the following method. Suppose that the Gauss—Codazzi equa-
tions are invariant under the action of some Lie point group of transformations.
If Egs. (2.3) are not invariant under this group, then the group parameter A, will
appear in Egs. (2.3). An elementary illustration of this procedure will be given in
Example 3.1 using a well known integrable surface. This method can also be used
for a systematic search of integrable surfaces. Here we show, as an example, that
the integrable case of harmonic inverse H can be distinguished by the fact that
it is the only case that the Gauss—Codazzi equations admit a nontrivial group of
transformations of a given type (see Theorem 3.1).

The choice of which local coordinates are used on a surface depends on which
particular geometrical property is analyzed. For example, surfaces of given H, or
given negative K, are usually studied using conformal, or asymptotic coordinates,
respectively. We illustrate the importance of coordinates in Example 3.2, where we
show that in a certain coordinate system, surfaces of K = 0 are characterized by
the Born—Infeld equation.

Theorem 1.2 provides an algorithmic approach of constructing integrable sur-
faces starting from a suitable Lax pair. Several such surfaces are presented in [24].
An example of a Weingarten surface, and a certain generalization of this Weingarten
surface, are given in Example 3.3 and in Example 3.4.

Example 3.1 (Constant H). The first and second fundamental forms of surfaces of
constant mean curvature are

X0 ((du)? + (dv)?), %(HezG — 1)(du)* + %(Hem + 1)(dv)?, (3.1)
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where G solves the hyperbolic sine-Gordon equation

PG PG 1 _
2 tazt Z(HzeZG —e209)=0. (3.2)

Indeed, if H is constant, Egs.(2.16) can be integrated explicitly. It is conve-
nient to write f and % in terms of H and a new variable G, 2f = H — e 29,
2h = H + e~26. Equations (2.15),(2.16) become

a = a(u)eC b= B(v)e’,
o) B(v) aw(u)B(v) 2 26 —2Gy __
(o), * (zgon), + 25 e -7 =,

where the subscripts # and v denote partial derivative. The functions a(x) and
PB(v) can be taken equal to 1 without loss of generality, since under the change of

variables Bﬁau = 0y, ﬁ@u = 0,, the above differential equation becomes (3.2).
Equation (3.2) is the integrability condition of
@ B l < —iG, %(—HeG -I-e'G)) o
ou 2\ L(He® — e 9) iG, ’
o2 _1 ( G s(He? +e_G)> o (33)
o 2\ L(He® + e 9) —iG,

Equation (3.2) is invariant under the orthogonal group
' =usin0+ vcos0, v =ucosh —vsinf .

Under the action of this group Egs. (3.3) become

b 1 iGy g (2 + ) -
au 2 %(#_’_ie_G) _le 5
-G
o e Amers)y
w T\ (), ¢

where 1 = e/’ Equations (3.4) is the Lax pair of Eq. (3.2).
We note that surfaces of zero mean curvature are characterized by the solution
of the Liouville equation

1
Gyo + Guu — Ze% =0. (3.5)

A surface of constant mean curvature corresponding to an elliptic solution of equa-
tion (3.2) is given in Fig. 1.
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Fig. 1. A surface of constant mean curvature.

Example 3.2 (The Born-Infeld equation). The Born-Infeld equation
PG (8G)2 PG (aa)z 3G 0G *G

o \ou) "o \ ) " ou ovoudv

characterizes surfaces of zero Gaussian curvature (flat surfaces) in the following
coordinates:

(3.6)

2
(du)? + (dv)?, e’ [Gu(du)z +2G,dudv + %(dv)z . 3.7)

Indeed, let us consider the frame F, = —i®~'01®, F, = —i® '6,®, N = —ip~!
03P, i.e. a=by =1, by =0. Then Egs.(2.4) become U;s = V3 =0, V, = —-Uj.
The Gauss—Codazzi Egs. (2.2) yield V; = —U?/U,, and

U, -V, =0, Uy—Vy =0.

These differential equations are solved by U, = (e%),, V2 = (e“),, and then the
Born-Infled equation follows.

v

3.1. The Conformal Parametrization

The following characterization of surfaces of a given mean curvature H can be found
in [13]: Using a conformal parametrization the fundamental forms can be written as

_ H o
%dldl,  D(d{)? + ?eZGdCdC + D(d0)?, (3.8)
where_ H is the mean curvature. The bar denotes complex conjugation, D({, ¢ )e C,
G({,0) € R, and G,D satisfy the equations
0

PG g (H\ 26 1 ,0H
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These equations are the compatibility conditions of

ov (@ D¢ 0w 0 —Fe
o¥ _ wy, T _ | ¥, (3.10)
5C %eG 0 ac De=€ aa—cg

This result also follows from Theorem 2.2 with the identification { = u + iv,
b1 =0, a=b, = eG, U, = —2DRe_G + HeG/Z, V, = —2Dle_G, D = Dy +iDy,
Y = @exp(G/2).

Theorem 3.1. Equations (3.9), which are the Gauss—Codazzi equations with respect
to conformal coordinates of a surface of mean curvature H, admit a Lie-point
group of transformations of the type

G'=G+19((,(,D,D,G)+0(4%), D*=D+(({,D,D,G)+0(?), (3.11)
where g,d are arbitrary differential functions of the arguments indicated, iff

1 -

7 =/O+1O. (3.12)
The associated group of transformations is given by

H' = +idf)Q—idf)H,  G'=G—In[(1+ilf)(1—irf)],

D
D= _— . 1
(1+idf)? (3.13)
In this case the Lax pair of Egs. (3.9) is
Af 1-Af -
ov (G-t — (i) pee
T P, (3.142)
B0 0
oY 0 e
— = y. (3.14b)

T\(E)be o+ iy

Proof. Substituting
G'=G+Jlg, D'=D+id, H'=H+2p,
where (¢, () is an arbitrary differentiable function, in Egs. (3.9) we find

H? H =
g+ 5 @%s+ 5~ Db~ De ¥ + 2D g =0, (3.15)

be 26 | He o6
b= Ze + 7e g, (3.16)
where g7 and b7 denote total derivatives. We next use the assumption that g and d
depend only on {, ¢,D, D,G. For example, the total derivative of D with respect to

{ equals
b 6b od od

D —Gr.
o TPt Pt 56T
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Substituting this expression and a similar one for b, in Egs.(3.15) and (3.16),

and using Egs. (3.9) to replace %Gf’ %—?,%,

g,0,0,G,D,H, their derivatives, as well as

we find two equations involving

D¢, Gy, G, G;Gy, G¢Dy, . (3.17)

Equating the coefficients of the quantities (3.17) to zero in these equations we obtain
certain constraints for g,d and b‘

The coefficients of Dy: 9% = % =0 or d = b(C D).

The coefficients of Gj: %bg e 20 4+ %% _{ + g.

The coefficients of G;G;: —5’; =0.
Thus -
b=0(D) g=g(({D). (3.183)
The coefficients of Gy, GzD; together with (3.18) imply

2 2 2
&g 8, _ 0, g b = 0, sl
oD oLac

otoD ap™

azg HC 6g Hg H2
b4 "apa T2t [’ 0, (3.20)

=0, (3.19)

Dd+0dD—2|Df*g=0, (321)
By - by + 2H, (3.22)
oD = {9 - .
Equation (3.21) implies that D“ is independent of D, thus

DED)=FOD, 9= 5(F+F) =g,
Then (3.20) yields
H*q+HHh=0, or h=—HG = —%(F—I—F)H )

These equations together with (3.22) imply
FH; =Y +2H;G or (F—F)H;=FH .

Thus
= M(0)
In(F — F)H}; = 0, H= 2t
{In( H } or For
Since H € R, M(() is purely imaginary, i.e. M({) = iA, 1 € R. Thus
n=2% s_Fop,  a=leem,  y=ultL

F—-F 2 F—-F
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Letting F = —2if, these equations reduce to
1 =7 . ,
H=——, h=il—s, D = -2ilfD, g=IiMf—-f). (323)
f+f f+f
Equations (3.23) are the infinitesimal versions of Egs. (3.13).
Equations (3.14) can be derived from (3.10) using Egs. (3.13). O

3.2. An Integrable Weingarten Surface and Generalizations

A vparticular case of Theorem 1.2 implies the following integrable Weingarten
surface.

Example 3.3. Let 0(u,v) be a solution of the sine-Gordon equation

%0 U -U} . 201U,
0 0=0 324
o T Zror o cos (324)

U; + Ut -
Uy, U, constants, Uy +0, U;j & U,. Then the surface with fundamental forms

2
(du)® + %%du dv + % , (3.25a)
Up(duy + X2 0(2,8120;(? Si00) o + R U?Zle’]); o (3.25b)
is the Weingarten surface,
K —UH + (Ut 4+ U2)=0. (3.26)
The Gaussian and mean curvature of this surface are
K = U? — U2 +2U,Uycot,  H =2U, +2U cotf. (3.27)

Proof. Rather than using Theorem 1.2 we verify this result directly: Letting a =
1, U constant, U, constant, Egs. (2.10) yield

b b1b1y
Vo= iUy — byUs,  Us= -2y = Dbt bibiu
b, by
The solution of two of the Gauss—Codazzi equations (2.2) yields
cos sin 0 sin QU, + cos OU;
b= 7m b=mogm N=- T2
Ui + U; Ui +U; Ui+ U;

Then the third Gauss—Codazzi equation (2.2) becomes (3.24).
We note that if U, = 0, then the above theorem characterizes surfaces of constant
negative Gauss curvature (K = —U?). O

The following generalization of this result is proven in [24].
Example 3.4. Let w(u,v) be a solution of the sine-Gordon equation
Pw  Pw

W—Wﬁ—ESanw:O.
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Let the subscripts # and v denote partial derivatives. Let R(u,v) be a solution of
the linear equation
(asR, + a4Ry, + asR), + ay(a3R, + asR, + asR) + aR =0 ,
where
a; = —wytanw + (@, — w,)tan @, ay = (@y, —wy)tanw + (w, — @, )tan @ ,

agaz = —sinw, apas = coswtan @ ,
agas = [, + (tan @)’w, — wy] cosw + (¢, — 2w, ) sinwtan @ ,
(cos @)?

ap = (20, + wy)
cosw
and @(u,v) is an arbitrary function such that a9 =0. Then
R2(sin w)*(du)?® + 2pR? sin 0 sin wdu dv + p*R*(dv)? ,
—[R(sin w)? cos p(du)? + R sin ¢ sin 2wdu dv + pRsin 0 sin( + w)(dv)?],
where 6 and p are given by
tan ¢

__ singcosw
aﬂ% +a4R¥RK + as ’

s 0= —
p sin(¢p + 6)’ tan tan ¢ +

are the first and second fundamental forms of the surface

cos @ 1
H+—==0.
R + R? 0

K+
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Appendix

by Juan Carlos Alvarez Paiva

The purpose of this appendix is to relate some of the results of the main paper to
Cartan’s method of moving frames. We start with a short and, necessarily, incom-
plete, review of the method; for details and examples see [22] and [23].

Let H be a homogeneous space for a Lie group G. If 2 is a 2-dimensional
manifold consider the right action of G on the space of smooth maps from X to H,
C°(2,H). The main problem addressed by Cartan is the classification of the orbits
of G on C*°(2,H).

Cartan’s simple and beautiful idea is summarized in the following proposition

Proposition 1. If on a G-invariant subset, C, of C*°(2,H) we can define a map,

¢:C—C?(2,G),
such that:

a) too(f)=f, if f is an element of C and 7 is the canonical projection of
G onto H.
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b) o(f - g9)=o(f) - g, forall g€ G.

Then the Lie algebra valued 1-form do(f) - o(f)~! depends only on the orbit
of G through f.

Proof. The proof is just the following simple computation:
do(f9) - o(f9)~" = d(e(f) - 9Xo(f) - 9)7!

=do(f)-g-g o) =de(f) - o(f)".

Note that the 1-form do(f) - @(f)~! is the pullback of the Maurer—Cartan
form on G under the map ¢@(f). As such, it satisfies the equation

1
do = E[w,w] .

Any Lie algebra-values 1-form on X satisfying this equation is the pullback
of the Maurer—Cartan form under some map from 2 to G, but this map is not
necessarily of the form ¢(f) for some f in C.

In what follows we shall call the map ¢(f) a Cartan lift of f.

We now indicate how the general results of Sects. 1 and 2 can be formulated
in the language of moving frames. We follow the notation of Sect. 1.

Let G be a Lie group and ¥ its Lie algebra. Let G act on ¥ via the adjoint
representation; form the semidirect product, G < 4. If the pair of ¥-valued one

forms,
(XUg) du+ (LVig) dv,

(Xajg) du+ (Lbjg) dv,
is considered as a % < %-valued form, then Egs. (1.2) and (1.8) imply that this
form satisfies the Maurer—Cartan equations for G <1 4. We have then a map, &,
from a neighbourhood of the origin in R?> to G <1 % such that the pullback of the
Maurer—Cartan form under & equals the % > %-valued form. This map is uniquely
defined up to right translation. In the notation of Sect. 1, the G-component of # is
@, and the ¥-component is F.

If one starts with a map,
F:X—9,

then, considering ¥ as a homogeneous space for the group G <1 %, one can construct
a Cartan lift,
PF):2—>GxY%.

The G-component of ¢ is a surface on the Lie group associated to F.

In Sect.2, R? is identified with su(2) and the action of the Euclidean group
is identified with the action of SU(2) > su(2). Given a surface, F : X — su(2),
a Cartan lift,

o(F)=(D,F): 2 — SUQ2)asu(2),

is defined by Egs. (2.11).

The pullback of the Maurer—Cartan form of SU(2) under @ gives the second
fundamental form of the surface. Furthermore the Maurer—Cartan equation it satisfies
are the Gauss—Codazzi compatibility conditions.
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