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Abstract: For the two-dimensional Schrodinger equation

at a fixed positive energy with a fast decaying at infinity potential v(x) disper-
sion relations on the scattering data are given. Under "small norm" assumption us-
ing these dispersion relations we give (without a complete proof of sufficiency)
a characterization of scattering data for the potentials from the Schwartz class

S = Co °̂ (1R2). For the potentials with zero scattering amplitude at a fixed en-
ergy £fϊxcd (transparent potentials) we give a complete proof of this characteri-
zation. As a consequence we construct a family (parametrized by a function of
one variable) of two-dimensional spherically-symmetric real potentials from the
Schwartz class S transparent at a given energy. For the two-dimensional case (with-
out assumption that the potential is small) we show that there are no nonzero real
exponentially decreasing, at infinity, potentials transparent at a fixed energy. For
any dimension greater or equal to 1 we prove that there are no nonzero real po-
tentials with zero forward scattering amplitude at an energy interval. We show
that KdV-type equations in dimension 2+1 related with the scattering problem (*)
(the Novikov-Veselov equations) do not preserve, in general, these dispersion re-
lations starting from the second one. As a corollary these equations do not pre-
serve, in general, the decay rate faster than x|~3 for initial data from the Schwartz
class.

* The main part of this work was fulfilled during the visit of one of the authors (P.G.G.) to the
University of Nantes in June 1994. He is grateful to the University of Nantes for the invitation
and the financial support of this visit. He was also supported by the Soros International Scientific
foundation grant MD 8000 and by the Russian Foundation for Fundamental Studies grant 93-011-
16087.
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1. Introduction

An interesting property of the fixed-energy scattering problem for the Schrodinger
equation in dimension 2,

d2 d2

 2Lψ = E\l/9 L = — —~2 — —2 + v(x)9 x — (x\,X2) £ IR 5 E G IR (£ is fixed )
G.X ι OX^

(0.1)

is its deep connection with the soliton theory, i.e. the following methods can be ef-
fectively applied to this problem: the finite-gap technique, the nonlocal Riemann

problem method, the 3-problem method and this problem posesses an infinite-
dimensional algebra of symmetries generated by KdV-type equations in dimension
2 + 1 (Novikov-Veselov hierarchy). Scattering transform for Eq. (0.1) allows us to
integrate these equations. Inverse scattering problem for (0.1) is closely connected
also with the inverse boundary value problem (Calderon problem).

The problems mentioned above were studied in the papers [1-22] and others
(some historical remarks are given in the end of this introduction). In the present
paper we study the scattering transform for Eq. (0.1) for potentials with decay rate
at infinity l/|x|M+2+ί, ε > 0, M = 0,1,2,.... We show that such decay rate results
in M+l algebraic relations on the scattering data (we shall call them fixed-energy
dispersion relations).

Let us recall the definition of the scattering data for (0.1).
We assume that

v(χ} = ϋ(x\ v(x) G L°°(1R2), φ:)| < q(\ + -x|)~2~ί;, ε > 0, q > 0 ,
(0.2)

where |jc| = ^/x2 +x^.

For E > 0 and any k = (&ι,&2) £ I^Λ sucn trιat; k2 = E, there exists an unique
bounded solution φ+(;c,&) of Eq. (0.1) with the following asymptotics:

(0.3)

The function f(k, /) in (0.3), k <E IR2, / G IR2, k2 = I2 = E is called the scattering
amplitude.

Let k G C2, k2 = E, Im£φO. Let, in addition zJ(&)φO, where A is the modified
Fredholm determinant of the integral equation (1.3). Then there exists a unique
solution of (0.1) such that

\l/(k,x) = elkx(l+o(l))9 ImλφO, for |jc| -> oo . (0.4)

It was shown in [12] that there exists a special real function Q(\E\9ε) with the
following properties Q(\E\,ε) > Q as E=\=Q9 Q(\E\9ε) —> +00 for fixed ε as \E\ —> oo
such that if a potential v(x) satisfies (0.2) and

q<Q(\E\,ε)9 (0.5)
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then
1) Fredholm determinant of Eq. (1.3) A(k)ή=0 for all k2 = E.
2) The fixed-energy scattering data for the potential v(x) is "small enough" for

unique solvability of the equations of inverse scattering.
The "small norm" condition (0.5) means that the potential v(x) is small being

compared with energy.
The solutions of the Schrόdinger equation with asymptotics (0.4) were intro-

duced to the scattering theory by L.D. Faddeev [23] as solutions of the integral
equation (1.3). It can be shown [12] that for E £ R, Im k φ 0,

i/'v /τ 1 Γ ^ ΊΎ I d\K) C -, , -, ^ . / A

= e — πsgn(lm^2^_
\χ\

(0.6)

where the function a(k) and b(k) are expressed through Faddeev's scattering
data by the formula (1.7). The formula similar to (0.6) can be written for any
complex E.

We consider the functions a(k) and b(k) as additional scattering data to /(&,/)
for E > 0 and as the main scattering data for other E.

Using the results of [8, 9] it was shown in [12] that at fixed energy under con-
ditions (0.2), (0.5) the scattering amplitude /(&,/) and the function b(k) uniquely
determine the potential. From the inverse scattering problem it follows that in the
slow decaying case /(&,/) and b(k) are independent at fixed energy.

For the potentials exponentially decreasing at infinity the uniqueness of the re-
construction via the fixed energy scattering amplitude was proved in [9, 12] for the
two-dimensional case under the conditions (0.2), (0.5) at the fixed energy and for
the three-dimensional case in [24] with and [27] without the "small norm" assump-
tion.

The scattering amplitude at a fixed energy is insufficient, in general, to recon-
struct the potential uniquely.

In the exact formulation it was shown in the series of papers [31-33] and others
started by pioneering work of T. Regge [31]. In the works of this series fixed-energy
inverse scattering problem is studied in the 3-dimensional spherically-symmetrical
case. The existence of nonzero multidimensional potentials with zero scattering am-
plitude at a fixed energy (transparent at fixed energy potentials) was observed by
T. Regge in [31] and with a different method it was shown by R.G. Newton in
[32]. The properties of R.G. Newtons's transparent potentials were clarified by P.C.
Sabatier in [33], where the one-dimensional family of transparent at a fixed energy
potentials was given and it was shown that nonzero potentials from this family
decrease at infinity as \x ~3/2.

In [8] it was shown that transparent at a fixed energy two-dimensional potentials
with the "small norm" assumption are parametrized by a function of two variables.
From the results of the present paper it follows that constructed in [8] transparent
potentials decrease, in general, as |*|~2. The explicit real nonsingular rational two-
dimensional potentials with zero scattering amplitude at a fixed energy are given in
[10]. They also decrease as \x ~2.

The central point of the present paper is a characterization of the scatter-
ing data at fixed positive energy for the real-valued potentials of the Schwartz

class S = C^CJR2). On the basis of this characterization we construct (Proposi-
tion 1, Theorem 2) real two-dimensional spherically-symmetric potentials from the
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Schwartz class S with zero scattering amplitude at a fixed energy E > 0. The clas-
sical scattering solution φ+(x,k) for such potentials has the following asymptotics
at infinity:

φ+(x9k) = etkx + 0(l/|jc|°°) for k1 = E . (0.7)

Further, (Theorem 3) we prove the following statement. Let the fixed energy scat-
tering amplitudes of two exponentially decreasing potentials with the property (0.2)
coincide and one of these potentials posesses, in addition, the property (0.5) at
this fixed energy. Then these two potentials coincide. This statement improves the
corresponding theorem from [9, 12]. In particular, there exists no nonzero two-
dimensional exponentially decreasing real nonsingular potentials transparent at a
fixed energy.

We prove that there are no nonzero real potentials transparent at an energy
interval. Moreover, we prove that if the forward scattering amplitude is equal to
zero at an energy interval then the real potential is equal to zero identically (The-
orem 4). This result is valid without the small norm assumption in any dimension
greater or equal to 1.

The most nontrivial part of our characterization theorem is the existence of
additional algebraic relations on the scattering data - fixed energy dispersion
relations.

Let the potential v(x) satisfy (0.2), (0.5). Then the scattering amplitude /(&,/)
satisfies (1.29) and b satisfies (1.25). Assume now, that, in addition, the poten-

tial υ(x) belongs to the Schwartz class S = C^0 (IR). Then for functions f,b we
have (3.8),(3.9). In the inverse problem we may start from arbitrary functions f,b
satisfying (1.29), (3.8) and (1.25), (3.9) respectively which are "small" enough for
unique solvability of integral equations of the inverse problem but the corresponding
potential may decrease at infinity rather slow. Necessary conditions on the scattering
data for the fast decaying potentials were found in [9, 12] for the positive energy
case. Another set of necessary conditions for the fast decay rate were found in [11]
for the negative energy case. In the present paper we show that analogs of the
necessary conditions from [11] (we call them fixed-energy dispersion relations) are
valid in the positive case too. (For three-dimensional problem an analog of the first
dispersion relation was used in [24].)

In the present paper we show that for real potentials from the class S
under the "small norm" assumption the scattering data f(kj\ b(k) satisfy (1.29),
(3.8), (1.25), (3.9) and 2 oo + 2 additional conditions from Sect. 3 corresponding
to M — oo are fulfilled. Let /(&,/), b(k) be arbitrary functions satisfying (1.29),
(3.8), (1.25), (3.9) and 2 oo + 2 additional conditions from Sect. 3. Assume also
that /(£, /), b(k) are sufficiently small, so the integral equations of the inverse
problem are uniquely solvable. Then our hypothesis is that the corresponding po-
tential is from the class S. Some restriction in time gives us no possibility to carry
out in the present paper a complete proof of this hypothesis. In the present paper we
prove this hypothesis (Theorem 1) in the transparent case /(&,/) = 0, k2 = I2 = E
at fixed energy E. In this case the "small norm" assumption for b(h) is not
necessary.

Results on inverse scattering at fixed energy for Eq. (0.1) can be applied to
the solution of the Cauchy problem (and to the construction of explicit soliton
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type solutions) for the KdV-type equation in dimension 2 + 1 (Novikov-Veselov
equation)

<M*ι,*2,0 ^υ r d3v (d(Uυ) c(Wυ)\ (dU , dW
£ —z 1 « \ — Zr, \ -—

dt dx\ dx\dx\ \ dx\ 8x2 J \dx\ 8x2

v = v, E E IR, x\,x2,t E IR ,

O -./ / / f\((γ v ' ^2 /Ύ γf \2 \
j p r , ί/^Λ i , -^2, t /vv^ 1 *Ί / v^2 -^2' '

£/(*ι,*2,0= -J J —4^ / x 2 . / 7^2^—c
TΓ J J I I V. v' \2. I V- v' \Z \Z

and its higher analogs. Equation (0.8) is contained implicitly in the paper of S.V.
Manakov [1] as an equation possessing the following representation:

=[L-E,A]+B(L-E), (0.9)

(Manakov L — A—B triple), where /, is the Schrodinger operator from (0.1), A
and B are suitable differential operators of the third and zero order respectively.
Equation (0.8) was written in an explicit form by S.P. Novikov and A.P. Veselov
in [3,4], where higher analogs of (0.8) were also constructed.

The both Kadomtsev-Petviashvily equations can be obtained from (0.8) by con-
sidering an appropriate limit E —> ±00 (V.E. Zakharov).

In terms of the scattering data the nonlinear equation (0.8) takes the form

—^— =2i fe +k] -3k\k2 -3k\k2

2] b(k,t)9 k E C2, Im£φO, k2 = E ,

8f(k9l9t) _ . r 3 2 3

dt l I- ] ~ ' 2 ~ ' "
(0.10)

In the present paper (Corollary 1, Theorem 1, Theorem 5) we obtain the following
result.

Let v(x,t) be a solution of (0.8) with the following Cauchy data ι ( c) = v(x,Q):

1) I;(Λ:) G C^? (IR2),
2) υ(x) satisfies (0.5),
3) υ(x) is transparent at the energy E9 i.e. /(&,/) = 0 at the energy E,
4) t;(jc)φO.

Then for any ίφO υ(x9t) E C^IR2) and ι;(jc,/) ^ C^.(IR2) (i.e. υ(x9t) de-

creases at I* ^oo exactly as |x|~3).
In Theorem 5 under the "small norm" assumption we obtain, in particular, the

following result. Let the Cauchy data u(jc,0) E CJ^ (IR2) generate a solution v ( x 9 t )
of (0.8) such that at a fixed / Φ O v(x,t) decreases at infinity as x\~3~ί:, ε > 0. Then

/ v(x)dx = 0. (0.11)
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We have, also, the following hypothesis. Under "small norm" assumption the

Cauchy data φ:,0) G C(^°}(IR2) for Eq. (0.8) generates a solution υ(x,t) e

C^IR2) in c, 0 < ε < { for all t. This solution belongs to C^;

}(IR2) in x if
(0.11) is fulfilled. The faster decay rate for all / results in additional conditions on
the Cauchy data which can be written. We think, also, that this hypothesis is true
without the "small norm" assumption, but it is not clear for us how to prove it in
the latter case.

Let us mention the following. The decay rate of the potentials constructed in
the preceding papers was not studied carefully enough. For example, we correct
Corollary 1 from paper [8] and Proposition 9.4 from [12].

Historical Remarks. The relations between the fixed-energy scattering transform
for the two-dimensional Schrodinger operator and nonlinear integrable equations in
dimension 2 + 1 were observed for the first time by S.V. Manakov [1].

The methods of the soliton theory were applied for the first time to the inverse
problem at fixed energy for the two-dimensional Schrodinger operator in 1976 by
B.A. Dubrovin, I.M. Krichever, S.P. Novikov [2] in the quasiperiodic case.

The sufficient conditions on the finite-gap scattering data which guarantee ab-
sence of the magnetic field and reality of the potential were found by S.P. Novikov
and A.P. Veselov in [3,4].

The nonlocal Riemann problem method (Manakov [28]) together with ideas
from [3,4] were applied by the authors in [5,6] for constructing two-dimensional
Schrodinger operators with decreasing potentials and explicit solutions of the cor-
responding KdV-type equations in dimension 2 + 1.

The connection between the kernel of the nonlocal Riemann problem and the
scattering amplitude at the fixed energy for the corresponding potentials was found
by one of the authors (R.G.N.) in [7]. As a consequence a characterisation of the
fixed-energy scattering amplitude with small norm for real, smooth, decaying at
infinity potentials was obtained in [7].

The scattering transform at a fixed energy for general decaying at infinity two-
dimensional potentials was constructed by Manakov and one of the authors (P.G.G.)
in [8]. In [8] it was shown that in this scattering transform the nonlocal Riemann

problem of the type [28] and the ^-problem of the type [29] are presented simulta-
neously. In [8] it was shown that the connection between the fixed-energy scattering
amplitude and the nonlocal Riemann problem data found in [7] is unchanged in the

presence of nontrivial <9-problem data. Thus, the <3-problem data parametrizes the
variety of all potentials with the given fixed-energy scattering amplitude. Assuming
the nonlocal Riemann problem data to be identically zero transparent at a fixed
energy potentials were obtained in [8]. The "spectral transform" constructed in [8]
was applied to solve the Cauchy problem for equations from the Novikov-Veselov
KdV-type hierarchy for the decaying at infinity Cauchy data.

In [9] it was shown by one of the authors (R.G.N.) that the scattering data
introduced in [8] can be considered as a restriction of the Faddeev scattering data
[23] to a fixed energy level. The connection between the scattering amplitude at
a fixed energy and the nonlocal Riemann problem data was obtained in [9] once
again from the point of view of the direct problem by the technique developed in
[23]. In [9] the necessary conditions on the fixed-energy scattering data correspond-
ing to the fast decaying at the infinity potentials were found and it was shown
that exponentially decreasing potentials under small norm assumption are uniquely
determined by the fixed-energy scattering amplitude.
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The explicit examples of real nonsingular transparent at a fixed energy potentials
(rational solitons) were constructed by one of the authors (P.G.G.) in [10]. These
potentials decay at infinity rather slowly (as the minus second power of distance).
These potentials are constructed independently by V.E. Zakharov.

The two-dimensional scattering problem at a fixed negative energy was stud-
ied by S.P. Novikov and by one of the authors (P.G.G.) in [11]. In this case
we have a pure ^-problem. In [11] it was shown that for an arbitrary nonsingular
scattering data (without the small norm assumption) satisfying the reality and the
absence of magnetic field reduction the solution of the inverse problem is unique
and nonsingular and the L2 spectrum of the corresponding operator lies above our
fixed energy. If it is not so the δ-problem data is singular but rather little about
inverse scattering in this case is known. For the fast decaying at infinity poten-
tials the necessary conditions on the scattering data were found in [11]. These
conditions have a different origin and structure than the necessary conditions from

[9].
The further development and generalization of these papers [5-11] and some

results of [23-26, 18,30] were given in [12].
In [13] by J.-P. Francoise and one of the authors (R.G.N.) the hamiltonian

systems describing dynamics of poles of the rational solitons from [10] were found.
In papers [5-12] only the case of nonzero fixed energy was studied. The zero

energy level was examined by M. Boiti, J. Leon, M. Manna, F. Pempinelli [14],
T.Y. Tsai [15], Z. Sun, G. Uhlmann [21], A. Nachman [22].

On the other hand the studies of the inverse problem at fixed energy (E = 0)
for the two-dimensional Schrodinger equation (for the equation div(y(;c)gradι/0 = 0)
in a bounded domain were stimulated by the paper [16] of A.P. Calderon. In the
two-dimensional case the studies of the Calderon problem were started by R. Kohn,
M. Vogelius [17], J. Sylvester and G. Uhlmann [18]. The method to apply results of
the two-dimensional inverse scattering at fixed energy to the Calderon problem was
given for the first time by one of the authors (R.G.N.) in [19]. Among subsequent
works on the Calderon problem in dimension 2 let us mention important papers of
Z. Sun, G. Uhlmann [20,21] and A. Nachman [22].

1. The Equations of Direct Scattering

The Faddeev scattering data (see [23,24]) h(kj\ kj G (C2, k2 = I2 = E, \mk =
Im / for Eq. (0.1) are defined by the formula

W9l)=-l-;ffe-ilxψ(x9k)υ(x)dxldx2, (1.1)
( 2 π ) R2

where

ψ(x9k) = eikxμ(x9k)9 (1.2)

μ(x,k) =l+ffg(x- y9k)υ(y)μ(y9k)dyl dy2 , (1.3)

(1.4)



416 P.O. Grinevich, R.G. Novikov

For k G 1R2 the following limits exist:

φ γ ( x 9 k ) = ψ(x9k + /Oy), μy(*,A) = μ(x9k + /Όy) ,

h γ ( k 9 l ) = h(k + Mγ9l + iOγ)9 £,/,?£ IR2, k2 = I2 = E, y2 = 1 . (1.5)

In addition,

4>+(*,£) = ^/,,,(*,*), /(*,/) = AW(*,/) , (1.6)

where φ+, f are functions from (0.3). For k2 = E E IR, I m & φ O ψ(x9k) is the
function (0.6). For a(k) and Z?(£) the following formulas are valid

a(k) = h(k,k), b(k) = h(k,k + ξ(k)) , (1.7)

where ξ(k) is a different from zero root of the equation

ξ2 + 2kξ = 0, ^ G I R 2 . (1.8)

In the two-dimensional fixed-energy scattering theory it is convenient to introduce
new notations

x\- ix2, dz = ?(dχι - idX2 ), dz- = i(δη + idX2 ) ,

A = * L + *. λ'=1-^, E = kl+kl = l} + l\. (1.9)

V^1 V^

In addition,

e^ = β4^^). (1.10)

In new notations the Schrodinger equation (0.1) takes the form

L\l/ = E\l/9 L = -4dzdz-+v(z), z G C1, £ e IR (1.11)

(in this paper the notation / = /(z) does not mean that dz-f = 0).
The functions φ+ from (0.3), φ9μ from (1.2), (1.3), a9b from (1.7) take the

form

φ+ = φ+(z,λ,E), f = f(λ,λ',E)9 ψ = ψ(z,λ9E) ,

μ = μ ( z 9 λ 9 E ) 9 a = a(λ9E)9 b = b(λ9E) . (1.12)

Further, we shall always assume that the fixed energy

E=l (1.13)

(the case of an arbitrary fixed positive energy may be reduced to (1.13) by scaling
transformation). We shall also omit E in the further notations.

Now (1.2) is read as

ιl/(z9λ) = e^'+z/λ)μ(z9λ). (1.14)
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For the functions a(λ)9 b(λ) we can write

(Zπ) p
(1.15)

For λ\ = 1 corresponding to Imk = 0, formulas (1.3), (1.4) make no sense without
a regularization, but the boundary values

μ±(z9λ) = μ(z,λ(\ =p 0)), (1-17)

are well-defined. We consider also functions

± (2π) 2 j/ β

where

Let the potential v(z) satisfy the "small norm" condition (0.5) for E — 1. Then the
function ψ(z9λ) has the following properties (see [8, 12]):

1) For all | Ί | φ l ψ(z9λ) is uniquely defined by Eq. (1.3).
2) \l/(z9λ) is continuous in λ outside the unit circle \λ\ — 1.
3) There exists a function p(λ9λ'\ \λ\ = \λ'\ = 1 such that the boundary values

of the function ψ(λ9z) on the unit circle | A | = 1 satisfy

4) Outside the unit circle the function ψ(z9λ) satisfies the following equation.

l-ϊ- = r(λ)\l/(z, —1 /λ) 9 (1.20)
dλ

where

(1.21)
λ

In terms of μ(z,λ) Eq. (1.19) and (1.20) take the form

μ+(z,A)-μ_(z,l)+ § p(λ,λ',z)μ-(z,λ')\dλ' , ( 1 . 1 9 ' )
μ'|=ι

^^I=r(λ9z)μ(z9-l/λ)9 (1.200
δ/

where
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5)

ψ(z,λ) = eϊ(λz~+z/λ}(\ +o(l)) as Λ ^ 0 , o o , (1.23)

μ(z,λ)-^l as /ί^ 0,oo. (1.23')

The functions p(λ,λ'\ b(λ), ψ(z,λ) have the following symmetry properties
[5,6,8]:

p(λ,λ') + p(-λ'9-λ) + § p(λ,λ"}p(-λ',-λ")\dλ" = 0 (1.24a)
μ"l=ι

for all λ,λ', \λ\ = \λ'\ = 1,

p(λ',λ) = p(λ,λ'), (1.24b)

(1.25a)

(1.25b)

= μ(z,λ) . (1.26)

Using (1.25) we may rewrite Eq. (1.20), (1.20') as

vp^nj _ z)a(z λ) (127)
c1/ 5/ί

The scattering amplitude f(λ,λ') and the function p(λ,λ') are connected with
h±(λ,λ') by the following equations (see [12]):

h±(λ,λ') - πi § h±(λ,λ")θ \±- (^-^]\ f(λ",λ')\dλ"\ = f(λ^λ'),
\λ»\=\ L ι v Λ ^ / j

(1.28a)

p(λ,λ') + πi § Pα,/0
μ ; / |=ι

(1.28c)

(here #(jc) is the standard Heaviside function θ(x) = 0, x < 0, θ(jc) = 1, jc ^ 0).
It is well known that for a real sufficiently fast decreasing at infinity potential

the scattering amplitude has the following properties (see, for example, [35]):
a) Reciprocity

f(-λ',-λ) = f ( λ , λ f ) . (1.29a)

b) Unitarity

f(λ,λ')-f(λ',λ) + πi § f(λ,λ")f(λ',λ")\dλ"\=0. (1.29b)
U"l=ι
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Due to Eqs. (1.28) the property (1.29J) implies (1.24J), where j = α, b and vice
versa [7,12]. In terms of h+(λ9λ')9 h-(λ,λ') defined by (1.28a) the properties
(1.29) take the form (see [12])

h+(λ,λ') = h-(-λ',-λ), (1.30)

where (1.28a) is also assumed to be valid.
It is well-known also that under condition (0.2) the scattering amplitude f(λ9λ')

is a continuous function. If (0.2) and (0.5) are valid then b(λ) is continuous for
μ | Φ l , and

/l - l ) b ( λ ) e Lpa(<C), (1.31)

where 2 < p < 4 (see [12]).

2. The Equations of the Inverse Scattering

Given scattering data at fixed exergy E — 1 / and b9 where / = f(λ9λ'\ \λ\ =
\λ'\ = 1 is an arbitrary continuous function satisfying (1.29) and b(λ) is an arbitrary
continuous function in the domains D± = {λ G C| ± \λ\ ̂  ±1} satisfying (1.25)
such that

-
(The boundary values of b(λ) on the unit circle \λ\ = 1 in D+ and D_ may be
different.) Then the corresponding potential v(z) is constructed in the following
way (see [8, 12]).

1) Using Eqs. (1.28) we calculate p(λ,λ') via f(λ,λ') and define r ( λ ) by (1.21).
2) We construct a function μ(z9λ) with the analytic properties (1.1 9'), (1.20'),

(1.23') as a solution of the following integral equation:

9 , ,
2πι\ζ\=\ζ-λ\λ>\=]

~ — / o o λ(2.2).
ς - /

Here the Cauchy-Green formula was used

τ - (2-3)

The main case of our paper is f(λ9 λ') = 0. From (1.28) it follows that p(λ, λ') = 0.
In this case Eq. (2.2) is uniquely solvable in C((C) for all z under condition (2.1)
on the scattering data.
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For the case of negative energy this fact was used in the paper [11] and then
for the case of positive energy in [12]. Another system of integral equations for
solving (1.19'), (1.200, (1.237), which is more convenient in the case f ( λ 9 λ ' ) ή = Q
was suggested in [12].

3) Expanding μ(z,λ) as λ —> oo,

(2.4)

(from (2.1) it follows that there is no c(z)/λ term in (2.4)) we define v(z) by the
formula

υ(z) = 2idzμ-}(z). (2.5)

4) It can be shown (see [8]) that

where
ψ(z, λ) = eτ(Λz~+z/λ)μ(z, λ), L = -4dzdz- + v(z), (2.7)

φ) = φ) (2 8)

Potential υ(x) constructed from the scattering data f(λ,λ'\b(λ) with properties
formulated in the beginning of this section may decay rather slowly. The necessary
and sufficient conditions for decay rate at infinity faster than l*]"^, M > 0 will be
discussed in the next sections.

3. Fast Decaying Potentials. Necessary Conditions on the Scattering Data

Later we shall use the following notation:

f(*)G CJ[ί°(]R2) if /"' "2

n2v(x) e C(R2) and

n\ 3 «x ' ox 2 (i + M)"' CΛltn2 > 0 (3.1)

for all nonnegative integers n\9ri2 such tnat n\ -\-HI ^ N.
Let the potential v(x) satisfy (0.2), "small norm" assumption (0.5) and

ι ( c) G C(3) (IR2). (3-2)

In this section we show that under these assumptions we have 2M -f 2 additional
necessary conditions on scattering data.

Let us introduce the following functions:

f/ \(jj] e-^~+Z/λ]\ v(z)ψ(z,λ)dZRdz, , (3.3a)
c ι\0λj j

1

τ= e + ™ v(z)^(z,λ)dzRdzI . (3.3b)
θλ

(It should be noted that a(λ) = a0(λ), b(λ) = b0(λ).)
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If (0.2), (0.5), (3.2) are fulfilled then
1) For m — 0,1,...,M the integrals (3.3) converge, the functions am(λ\bm(λ)

are continuous in Z)_ and £>+\0.

2)

as μ| -> oo am(λ) = 0(1),

bm(λ) = O

as μ| -> 0 «,„(/) = 0

1

6W(A) - O

From (1.20) and (3.3) it follows that

3)

= r(λ)bm(λ),

(3.4a-)

(3.4b-)

(3.4a+)

(3.4b+)

(3.5a)

(3.5b)

where r(λ) = πsgn(λλ - l)b(λ)/λ.
In the formulas (3.3) we apply the operators dχ and d^ to a holomorphic function

and to an antiholomorphic function respectively. Let

Then

reφ

9 r,r G

For an arbitrary holomoφhic function /(/), λ G C\0 we have

= dφ j\λ\ yff(λ)= - 7(1), A
Λ

(3.6)

So we can replace the operators <3J and δj in (3.3) by ( j j d φ ) m and (~±dφ)
m

respectively.
Comparing (1.18) and (3.3) we see that

(3.7a-)

(3.7b-)

(3.7a+)

(3.7b+)

+0))\M = l = (—dφf} h.(λ,λ')
\M

+0)) μhl - (-u/

-0))|μH = (^
\ Z Λ

bm(λ(\ - 0)) |μH - (-ίλ'd
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If (0.2),(0.5),(3.2) are fulfilled then the functions f(λ,λ'\ h±(λ,λ') are M times
continuously differentiable on the torus and b(λ) G C^M\D-).

lfυ(x) G C^}(1R2) then

f(λ,λ')e C(00)(Γ2), (3.8)

if, in addition, the "small norm" assumption (0.5) is valid then

b(λ) € C£\D±). (3.9)

The definitions (3.3) and Eqs. (3.5),(3.7), /w = 0,... ,M and the property (3.4),
m = 0 were given in [12].

Now we come up to one of the most important points of our paper. From
(3.4),(3.5),(3.7) m = 0,...,M we shall obtain 2M + 2 additional necessary condi-
tions on the scattering data f(λ,λ') and b(λ) for a potential υ(x) with properties
(0.2),(0.5),(3.2). A half of these conditions was given earlier in [9,12]. Analogs
of the second half of these conditions for the case of negative energy were con-
sidered earlier in [11]. These conditions shall be written in terms of the functions
h-(λ,λ'\b(λ).

We recall that the functions h-(λ,λ') and f(λ,λ') are connected by (1.28a).
Let us introduce new functions

a±(λ) = 0(±(1 - λλ))am(λ), b±(λ) = θ(±(l - λλ))bm(λ). (3.10)

2M 4- 2 additional conditions on the scattering data will be obtained by induction.
Let M = 0. Equation (3.7b—) with m — 0 takes the form

The relation (3.11) is the first additional condition on the scattering data h-(λ,λ'),
b(λ). Let us calculate the function a^(λ) as a solution of the boundary value prob-
lem for Eq. (3.5a) in D_ with the boundary conditions (3.7a—) on the unit circle
\λ\ = 1 and (3.4a—) on λ = oo. This boundary problem is solvable if and only if
the following equality is valid

^ζ A f p " " - ' V ' ΐ > / ^ V ' ϊ > / ~ ' ' 3 n v " ' > 5 / | _ / " 2 1 O Λ

m=ι-o

for an appropriate constant SQ. Under condition (3.12) the function α0 (λ) takes the
form

nb(ξ}b(ξ)dξRdξ, |

ξ ξ-λ +S° (3'13)

The relation (3.12) is the second additional condition on the scattering data
h-(λ,λ'),b(λ).

The step of induction is the following.
Let for a fixed M = n we have found 2^ + 2 additional condition on the scatter-

ing data and we have expressed the functions a~(λ\ b~(λ\ m = 0, . . . ,n via b^(λ)

and (3φ>rh-(λ,λ'),=,'n = 0,.. .,/ι.
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Assume now that M = 77 + 1 .Then using Eqs. (3.4—),(3.5),(3.7—), w = 0,...,
n + 1 and expressions for a~(λ\ b~(λ) obtained at the previous step we shall find
2 conditions more on the scattering data and we shall express a~+^(λ)9b~+l(λ) via

02 = 0 , . . . , / 2 + 1 (C(*\(R2) C C,(

?

3)(1R2) so all con-

ditions found for M = n are fulfilled for M = n + l).Using (3.5b) we obtain bn+](λ)
as

Λ,
dλ

(3.14)

The relation (3.7b—), m = n + \ is the 2« + 2 + 1 additional condition on the scat-
tering data

-α /δφ/r+ 1A_μ,λ /) | λ / =_. . (3.15)

The function +1)(<C) so the condition (3.4b-)5 /H = Λ + 1 is fulfilled.

Let us calculate the function a~+{(λ) as a solution of the boundary value problem
for Eq. (3.5a) in D_ with the boundary condition (3.7a— ) on the unit circle \λ\ = 1
and (3.4a— ) on / = oo. This boundary value problem is solvable if and only if the
following equality is valid:

77+1

Λ(U')
dξ

ξ-λ

1/1=1-0

(3.16)

for an appropriate constant sn+\.
Under condition (3.16) the function a~+l(λ) takes the form

(3.17)

The relation (3.16) is the (2n + 2 + 2)/7ί/ additional condition on the scattering data.
We recall that the function b~+\(λ) is expressed via b^(λ\ (^τdφι)

m h-(λ,λ')\,, ,,
m = 0 , . . . , Λ . The step of induction is done.

Thus an algorithm to write 2M + 2 additional conditions on the scattering data
for a potential with the properties (0.2),(0.5),(3.2) is presented.

In the paper [12] from Eqs. (3.5),(3.7),m = 0,...,M only ((3.4) was not used)
M + 1 additional necessary conditions on the scattering data were derived. These
conditions can be considered as a method to determine

m = 0,...,M (3.18)

via the function h-(λ,λ'). The first of these conditions coincides with (3.11). In
[12] an algorithm to write all these conditions was suggested.
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Remark. Let b(λ) be an arbitrary function such that b(λ) G C(M)(Zλ_). Then the
derivatives (3.18) completely determine all the derivatives

for all nonnegative integers, n\,n2 such that n\ + n2 ^ M.
These M + 1 conditions on the scattering data are local for b(λ) and almost

local for h-(λ,λ'\ We shall call these conditions local. It is rather natural to replace
M+ 1 conditions (3. 11), (3. 15) in the family (3.11)-(3.17) by local conditions. It
can be shown that this new collection of conditions is equivalent to the old one.
The conditions (3.12)-(3.14),(3.16),(3.17) are nonlocal for b~(λ\ h.(λ,λ').

Thus for a potential with properties (0.2), (0.5), (3.2) M + 1 additional lo-
cal conditions and M + 1 additional nonlocal conditions on the scattering data
b^(λ\ h-(λ,λ') are constructed.

Remark. Analogs of these nonlocal conditions on the scattering data for a negative
energy were constructed earlier in [11].

We have studied boundary value problems on D_ . It is rather natural to consider
analogs of these conditions on D+. Let us show that these new conditions are
equivalent to the old ones.

According to (1.30) we have

h+(λ,λ') = h-(-λ'9-λ). (3.20)

Lemma 1. Let am(λ), bm(λ) be defined by the formulas (3.3), where m = 0, ...,M,
v(x) satisfy (0.2), (3.2). Then

(3.21a)
k=o

(3.21b)
λ'=0

where βmk(λ) are defined by

m

(3.22)
λ =0

The functions βmk(λ) have the following properties

a) βmm(λ) = λ2"' , (3.23)

b) βm0(λ) = 0 for m > 0, (3.24)

c) degβmkW = m + k for 0 < k ^ m , (3.25)

d) A,+U.(A) = λ2βm,k^(λ) + λ2dλbmk(λ) , (3.26)

where βw = 1, βm,-\ = 0, βm m+\ = 0.

The proof of Lemma 1 follows from (3.3), (1.26) and the following relations.
Let

= exp --

Gm(λ) = 0\ exp U (λz + z/λ)} . (3.27)
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Then

k=Q

m

Lemma 2. Let the functions a~(λ\ b~(λ\ m = 0,... ,M satisfy the boundary value
problem (3.5), (3.4-), (3.7-). Let the functions h+(λ,λ') and h-(λ,λ') be con-
nected by (3.20). Then the functions a*(λ), b+(λ) defined by (3.21) satisfy the
boundary value problem (3.5), (3.4+), (3.7+).

The proof of this lemma will be given at the end of this section.
Assume now that f(λ,λ') = 0 (and h-(λ,λf) = 0 accordingly). Then the first

M + 1 local conditions simply mean that on the unit circle \λ\ — 1 the function
b(λ) and all the derivatives d"* d*?b(λ)9 n\ g: 0, ^2 ^ 0, n\ + n^ ^ M are equal to
zero. But the nonlocal conditions in this case are rather nontrivial. The first of them
(3.12) takes the form

γ / ι \ I / o /-»r\ \
/o(/i)|, ;, ,= —5Ό , (3.29)

where

and (3.13) takes the form

From (3.3a) it follows that
^(oo) = 5(0), (3.32)

where v ( p ) is the Fourier transform of the potential v(z).
From (3.29)-(3.32) it follows a rather interesting corollary.

Corollary 1. Let v(z) be a nonzero transparent (i.e. f(λ,λ') = Q) at a fixed
energy E = 1 potential satisfying (0.2), the "small norm" condition (0.5) and

φ)ec£}

fi(]R2). Then
ϋ ( 0 ) > 0 , (3.33)

where

v ( p ) - -T^ / / e-^(pz~+βz}v(z)dzRdz!, p e C . (3.34)

Proof of Corollary 1. From (3.31), (3.30) it follows that

Consider the average of a^(λ) over the angle

1 T-/V (e'φλ)dφ. (3.36)
2n A
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It has the following properties

- φ, (3.37)

α0(A) = 0 as |λ| g 1, α0(oo) = ί(0).
Consider the restriction of α0(/ί) on the real axis Imλ = 0, Re /I = r > 0. Then

Im Λ=0

= — θ(r2- \}$\b(eiφr)\2dφ ^ 0, (3.38)
r o

α 0(l) = 0, α0(oo) - ΰ(0). Thus, ΰ(0) > 0.
From formula (3.32) and Corollary 1, Corollary 2 follows.

Corollary 2. Let the assumptions of Corollary 1 be fulfilled. Then there exists no
path connecting the points 0 and oo which has no intersections with the support
ofb(λ).

Proof of Corollary 2. The function ά^(λ) is identically equal to 0 as \λ\ g 1. If
such a path exists then a^(λ) is holomorphic in a neighborhood of this path and as

a consequence identically equal to 0 along this path so a^(oo) = 0. It contradicts
Corollary 1.

Consider an important particular class of potentials depending only on |z|, v(z) =
v(\z\). In this case the functions am(λ\ bm(λ} possess the following
symmetries.

Lemma 3. Let the potential v(z) depend only on |z|, i.e. v(z) = v(\z\). Then

am(eιφλ) = e~imφam(λ\ bm(eιφλ) = eimφbm(λ). (3.39)

In this case all nonlocal conditions are fulfilled automatically.

Proposition 1. Let the scattering data b(λ) in the transparent case f ( λ , λ f ) = 0
have the following properties:

(1) b(λ)e
(2) ff?djb(λ) μ|=1= 0 for all m,n ^ 0 ,

(3) b(et>λ)
(4) b(λ) = b(λ\ b(\/λ) = b(λ) (it follows from property 3 and (1.25)) .
Then all local and nonlocal conditions on the scattering data, formulated above,

are fulfilled automatically.

We shall prove Proposition 1 by induction. The function b^(λ) = θ(λλ - \)b(λ)
is known and satisfies the first additional condition. The step of induction is the
following.

Suppose that under out assumption the first 2« + 1 additional conditions on
the scattering data are fulfilled, the functions b~(λ) and for n ^ 1 a~_λ(λ) are

expressed in terms of b(λ) and these functions satisfy (3.39), b~(λ) G Q£? ((C)
and all derivatives of b~(λ) vanish as \λ\ — 1.
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We will show that the two next additional conditions are fulfilled, we will
express b~+l(λ) and a~(λ) in terms of b(λ) and we will see that these functions

satisfy (3.39), b~+λ(λ) G C(£?\<C) and all derivatives of b~+λ(λ) vanish as μ| = 1.
We define

_
— θ(λλ-\)b(λ)bn(λ)

= -^/τ0 (ξ~ξ~1} b-^rdξκdξl (140)

The function In(λ) is well-defined and In(λ) = In(\λ\) (it follows from (3.39)). Thus,
a~(λ) Ξ 0 as λ\ = 1 and it solves the boundary value problem (3.5a), (3.7a—) with
/z_(λ, Λ/) = 0, (3.4a—) and it satisfies (3.39). Now we can define

b~(λ) = djb~(λ) - ^b(λ)a~(λ). (3.41)
λ

We see that if b~(λ) G C^ (C) and all derivatives of b~(λ) vanish as \λ\ = 1 then
the same is valid for b~+l(λ). It is the step of induction.

The proof is completed.

Proof of Lemma 2. From (3.21) and (3.5) in £>_ and (3.23), (3.26) we obtain the
following relations in £>+\0:

dja+(λ) = d Σ βmk(-lβ) aϊ(-
ί =o

m =- I

k=o m f

π sgn(λλ - 1)

k=Q

(3.42)

1 m
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k=0

/ _j \Jγnk\
k=0

k=0

\ m

_ \

k=o

\
-=
λλ

-2
λ

(3.43)

Thus, the functions a+(λ\ b+(λ) satisfy (3.5) in D+\Q. The relations (3.4+) follow
from (3.4-) and (3.23), (3.24), (3.25).

To prove (3.7+) we use the following identities:

k=0

The relations (3.44) follow from (3.23),(3.26).
Due to (3.2la), (3.7a-), (3.20), (3.44) we have

b+

m(λ(\

i

= Σ/?«*(-iM )(-iλ'dφ,)
kh+(λ,λ')\,/=,

k=Q

(3.45)

Lemma 2 is proved.
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4. The Construction of Potentials with Zero Scattering Amplitude
at Fixed Energy

Now we are ready to formulate one of the main results of our paper.

Theorem 1. Let b(λ\ λ G C be an arbitrary function with the following properties:

3) df?d1b(λ) = 0 for all m,n ^ 0.
Λ μ|=ι=

4) The function b(λ) satisfies the first M + 1 nonlocal conditions on the scat-
tering data formulated in the previous section for the case f ( λ , λ f ) = 0, i.e. the

=
lenriy auiu jυtmuiuίeu in ine preuiυus seciiuri jυr Lne case j ^A, A j

following M + 1 boundary value problems on D- = {λ E C| \λ\ ̂  1}

— v, ^ ^ — ̂  ^ , w = 0 1 ... ,M (41)

<zre resolvable, where the functions b~(λ) are defined recurrently by:

_ _ 7Γ ~7Z
^m_ι_ι(^) == ^;~^m(^) —=θ(λλ — 1 )b(λ)am (/ί), (4.2)

/

/e potential v(z) constructed from the scattering data b(λ), f ( λ , λ f ) = 0 by
the procedure, described in Sect. 2 for E = 1 has the following properties:

1) v(z) is real-valued.

2) υ(z) e C^}

3(IR2).

3) The scattering amplitude for the two-dimensional Schrδdinger equation

-4dzΰz-ψ(z, λ) + υ(z)\l/(z, λ) = E\l/(z9 λ\ E=\ (4.4)

is equal to zero ( f ( λ . λ ' ) = 0, \λ\ = \λr = 1) at the energy level E = 1. Moreover,
the classical scattering solutions φ+(z,λ) 0/(4.4) have the following asymptotίcs:

φ+(z,λ) = e~2(λz~+z/λ} + O(\z ~M~2\ where \λ\ = 1 , (4.5)

or in the standard notation

φ+(k,x) = elkx + 0(|jc -M~2), k2 = E = 1 . (4.6)

From Theorem 1 and Proposition 1 it follows:

Theorem 2. Let f ( λ , λ f ) = 0, b(λ) satisfy the same conditions as in Proposition 1.

Then the corresponding real potential v(z) E C °̂ (IR2)

φ+(^,x) = e^ + 0(1/|* °°), k2 = E = 1

(/.£?. φ+ (^,*) — elkx decays as \x — > co faster than any degree of |
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Proof of Theorem 2. If the scattering amplitude /(A, A') = 0 (and ρ(λ,λ') = 0
accordingly) then the function μ(z, A) (see Sect. 2) is defined as a solution of the
equation

djμ(z, A) = r(A,z)μ(z, A) , (4.7)

such that
μ(z,λ) —> 1 as |A | —> oo , (4.8)

where

r(λ,z) = e-W+*li+*+ίl»r(λ), r(λ) = .~ λ), (4.9)
A

or equivalently the function μ(z, A) is defined as a solution of the integral equation

μ(z,λ)=l+(Azμ)(z,λ), (4.10)

where

( A z f ) ( λ ) = d7 (Γ(A,Z)/(A)) = f f ' , dζRdζί, (4.11)Λ π £ ς — A

or equivalently
μ(z, A) = 1 -\-Az 1 + (A2μ)(z, A) . (4.12)

According to the theory of generalized analytic functions (see [34]) Eqs. (4.10),
(4.12) have a unique solution for all z.

This solution can be written as

μ(z,/l) = (/ — A2

z)~l(\ +AZ \). (4.13)

Equation (4.13) possesses a formal asymptotic expansion

μ(z,λ) = (I +A2

Z +A4

z+A6

z-{ )(1 +ΛZ 1). (4.14)

From (4.22) it follows that (4.14) uniformly converges for sufficiently large |z|.
To study (4.14) we need some estimates on A2,Az.It is convenient to write A2

as

(A2

zf)(z,λ)=^ffK(z,λ,η)f(η)dηRdηι, where (4.15)
π c

K(z,λ,η) = I(λ,η,z)ex.p *- (ηz + z/η + ήz + z/ή)\r(η) , (4.16)

I(λ,η,z) = // r(ζ)_ exp [-l(Cf + z/ζ + Cz + z7θ] ί/C^G
c(C-/l)()7-0 L 2 J

(4.17)

Lemma 4. Lei Z?(A) satisfy the conditions 1), 2), 3) of Theorem 1. Then

1)

(4.18)

= ^ V . for all m,n ^ 0.
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2) For an arbitrary testing function f ( λ ) G C(C) we have ( A z f ) G C(C),
(A2

zf) G C((C) #«£/ the following estimates are valid
a)

(Λz

2/) (A) = - - + O — for λ -> oo, where (4.19)
/ \μ| /

c_, = - / / / / e x p -π <r <r > ? - £

x exp (/jf + z/ίί + f/z + ί/j/) /(ίfXGϊ rfί, dηs dη, , (4.20)

(4.21)
= d+z|

c) I K δ Γ δ ί Λ ί / W l l c S f i ^ l l / l l c f o r a l l m . i i ^ O . (4.23)

Equation (4.14) may be written as

μ(z,λ)= 1 +Λ 1+^ 1 + +^M+5-l +^M, (4.24)

where
/ 00 \

1+Λ l ) . (4.25)

From Lemma 4 we get the following estimates on RM.

Lemma 5. Let b(λ) satisfy conditions 1), 2), 3) o/ Theorem L Then

α(2)

1) IδΓ^Af I ^ " M 3 /or «// m,/ι ^ 0 . (4.26)

2) RM = + O - J , ίw A -> ex) , wAere (4.27)
J

o(2)
r allm,n*Q. (4.28)

From (2.4), (2.5), (4.28) we see that the term RM gives a contribution to the potential

v(z) and to the function μ(z,λ) from the functional class C[^3(1R2).

Lemma 6. To calculate the potential v(z) and the function μ(z,λ) up to terms of
the order O(l/|z|^+3) it is sufficient to consider only the first 2M + 6 terms in
the formula (4.24).

Let
μM(z,λ) = 1 +AZ - 1 + - +42M+5 - 1 . (4.29)

Now we give some estimates of μM(z,λ).
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Lemma 7. Let the conditions l)-3) of Theorem 1 be valid, f(z,λ) be a smooth
function of λ, z such that all the derivatives dkdl

fd™Bn-f(z,λ) are bounded on the
λ-plane uniformly in z, i.e.

Then
1)

\dkAd>«dJf(z,λ)\ ^ aklmn for all z,λ.

(2-i/l )

ΣMφo-^
*=o V " z-zY

(4.30)

(4.31)

Here o denotes the product of operators and * means that we apply a differential
operator to the function.

2) Consider the asymptotical expansion of Az * f(z,λ) as λ —> oo,

/I2 (4.32)

(r(A) vanishes as \λ\ —> oo, so we have no nonholomorphic terms in (4.32).) Then

3) Let \λ\ — 1. TTzeft the function Az * /(z, A) decreases as z —-> oo faster than
any degree of \z together with all her derivatives.

4) ^42 */(z, 1) w α smooth function of z, λ such that IzlK^ί
are bounded in z,λ. (For Az * /(z, A) /ϊ w ^o/ ίrwβ.)

5)
k~] i / ι

where
w = z/2i, R = (\- v/λ2), v = z/z .

Lemma 8. Consider the function A2k+l * 1, where k G N U 0.
1) For |/l| = 1,

^f+1 * 1 GC^°}(IR2) i n z .

2) Consider the asymptotic expansion of this function as λ —> oo,

(4.33)

(4.34)

z.

So, all the terms A2k+{ * 1, A: E N U O in expansion (4.24) give a contribution
to the function μ(z,λ) for \λ\ — 1 and to the potential v(z) defined by (2.5) from
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the functional class C^0 (IR2) in z and in the asymptotical calculations these terms
can be neglected.

This statement directly follows from statements 2-4 of Lemma 7.
We have proved that if we want to calculate the potential ι (z) up to terms of

the order 0(l/|z|M+3) it is sufficient to approximate the function μ(z,λ) by

μ(z, λ) ~ /4ppr(z, λ) = 1 + A] . 1 + A\ . 1 + - - + A2

2

M+Λ 1 . (435)

To calculate the asymptotic expansion of /iM

ppr(z, λ) for large |z| let us apply the
formula (4.33) from Lemma 7.

The direct calculation with help of the formula (4.33) shows that

Appιγ

(4.36)
where w,R, v are defined by (4.34),

UM(Z, λ) € C<^>(IR2VD) in z for all λ, (4.37)

(4.38)
D is the unit disc |z| < 1, the functions ^(/l, v) are defined reccurently by

i '")£(δ ; 0iy
A =0 \ ' R)

(4.39)
Really, we have

Appr s 0 \ 1 j_ j2 / |ApP r /V 3 \ (A AC\\
r-M+]\z>Λ) ~ L *~ Λz * r-M \Z>A) V^.^ UJ

Substituting (4.33) to (4.40) and comparing expansion coefficients at l/w/ ϊ+1, n =
0,...,M+ 1 in both sides we get (4.39).

Let us introduce some additional notations. Consider the differential operator
^(δ; o ^y7. It can be written as

1 \n n

j ) = Σfnkdl where fnk = fnk(λ, v), R = R(λ,v) = 1 - v/λ2 . (4.41)

The functions fnk = fnk(λ,v) have the following properties:

a)
1 1

b)
/»* = 5B* + 0(l/|A|n-*+2) as λ -* oo . (4.43)

c)
A+2) as A ^ O . (4.44)
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d)

fn+\Jc = — (dλfnk + fnJk-\ )> /OO = ^ = -j TTT ,
R R 1 - v/λ2 (4 45)

fk,\ = 0, /£,*+! = 0 .

e) For a fixed v /(A, v) is meromorphic in λ with poles only in points λ2 = v.
In these points

2n—k+\

. (4.46)

Now we can formulate the main algebraic lemma of our article.

Lemma 9. Let the scattering data b(λ) satisfy conditions of Theorem 1. Then for
n = 1,...,M we have

(4.47)
ι=o

where functions c/(λ) satisfy the following equation:

(4.48)

(7ί can be obtained by a formal substitution v = 0 in Eq. (4.39).) These functions
do not depend on v and are defined by

cn(λ) = -πsgnμl- l ) α B t ( Λ ) f l t ( λ ) , (4.49)
*=0

where ank(λ) are defined by

dlol- = ±Xnk(λ)odl απίμ) = (-l)«-^I-Lπ (4.50)

and functions am(λ) have the form

am(λ) = θ(λλ - l)a-(λ) + θ(\- λλ)a+(λ) , (4.51)

where a~(λ) are defined by the boundary value problems (4.1) and a^(λ) are
defined by (3. 2 la).

The proofs of Lemmas 4, 5, 7, 9 will be given at the end of this section.
Using Lemmas 4,5,8,9 we can complete the proof of Theorem 1.
The fact that the reconstruction procedure from the scattering data described in

Sect. 2 gives real smooth nonsingular potentials was proved in the previous papers.
Using (4.36), (4.47), (4.49), (4.43), (4.50), (4.34) we obtain the following esti-

mate on μM

ppr(z, λ) as λ — >• oc,

(4 52)
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Here,

f A * 1 \(4.53)

From (4.52), (2. 5), (4.34) and Lemmas 6,8 it follows that

M C . X(4.54)

where ^(^) £ C^}

3(]R2\D), all the terms in (4.54) are from the functional class

). The function v(z) is smooth, so the statement 2 is proved.
From (4.1) and property 3) of the function b(λ) in the formulation of Theorem 1

it follows that

= 0 for all m,n2 ^ 0. (4.55)

Using (4.36), (4.47), (4.49), property e) of the function fnk, (4.50), (4.55) and
Lemma 8 we see that

* = 0,...,M (4.56)

and

μ(z,l)|μ|=| = 1 + ̂ (

+

A; V ) + uu(z, λ) + μM(z,λ) , (4.57)

where

uu(z, λ) e C ( R 2 V D ) , /iM(z, λ) e

From (4.57) it follows that the function

φ(Z,λ)=e-2{λf+z/λ)μ(z,λ) _ (4.58)

has asymptotics (4.5). Now using rather standard arguments we show that φ(z,λ)
coincides with the physical solution φ+(z, λ). Theorem 2 is proved.

The scheme of the proof of Lemma 4. We prove the estimate (4.18) only. The
estimate (4.22) follows directly from (4.18) and conditions 1), 2), 3) of Theorem 1.
The estimates (4.19), (4.21), (4.23) are rather simple.

For the sake of definiteness let us assume that m = « = 0. (The proof for general
m,n S; 0 is very similar.)

The denominator in (4.17) can be transformed in the following way:

1 1 (η-ζ)

(ζ-λ)(ή-ζ) (ζ - λ)(ζ - η) (ή - ζ)

i i N O / - 0
ζ-ηj(ή-ξ)
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According to (4.59) we have

, η,z) = — — (/,(^,z) + I2(λ,η,z)), (4.60)
η — A

where

where
ίS(ζ,z) = (-//2)(ζf + z/C + ζz + f/0 .

Applying the formula (4.64) from the proof of Lemma 7 we get

,,y2),z-f/f,

- - -(i/2)(z -zlλ)\n-λj (Γ C - λ \η - ζj - \(i/2)(z - z/ζ ))

I22. (4.61)

The following estimate is valid

l/i +|/2θ| + |/2i| ^ ~, (4.62)

where the constant depends only on b(ζ).
It remains to estimate /22,

/22 = j^^4lj/.

where

and F(ζ,η,z) is a bounded rapidly decaying function of ζ uniformly in η,z. From
these properties of F it follows that

. const I In (I? -
22

where the constant depends only on b(ζ).
The estimate (4.18) for m = 0, n = 0 follows from (4.60)-(4.63).
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Proof of Lemma 7. Let us start from the following formula:

's '

437

f (e's^F(λ,z)) =
"

where

(4.64)

(4.65)

This formula is formal, in general, however if all functions (<3j o £-_)kF(λ,z), k =

Q,...,N are continuous in λ and vanishes as λ —> oo sufficiently fast, then formula
(4.64) is an exact identity. Applying (4.64) to Az * f(z, λ) we get

Az*f(z,λ) = —^- e\p--(λz
(Z-z/λ) 2

2;

• z/λ + z/λ)

k

(4.66)

exp \--(λz + λz + z/λ + z/λ)

2i
*(r(λ)f(z,λ))

exp --(λz + λz + z/λ + z/λ)

1 - V / ϊ 2 ,
(4.67)

The function ( d r o *(r(λ)f(z,λ)) and all their derivatives are bounded

on the /l-plane uniformly in z. Thus,

1
for all 0.

(4.68)
It proves (4.31). Here we used the following property. Let φ(z,λ) be an infinitely
smooth function of z, A, zφO and all the derivatives d"]d"2φ(z, λ), n\,n2 ^ 0 are
from the Schwartz class in λ. Then

φ(z,λ), (4.69)

where 5- ! is defined by (4.65).
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To calculate (4.32) consider (4.66) as \λ\ —» oo. We see that nontrivial contri-
bution arises only from the term

\-v/λ\
* (r(λ)f(z9λ)λk~ldλRdλI, (4.70)

N can be chosen arbitrary large. It proves the statement 2.
Assume that \λ\ — 1. Then

Az*f(z,λ) = RN(z,λ) (4.71)

for any N ^ 0. It proves the statement 3.
Applying Az to the both sides of (4.66) we get

42 * f(z,λ) = -aj Ki) g _ o , (κlj/(A)Z)) + QN ,

(4.72)
where w,R(v, λ) are defined by (4.34),

QN(z,λ) = d j ] r(A)exp -(λΞ + λz + z/λ + Ξ/λ R^z~λ) , (4.73)Λ I L 2 J J

RN(Z,!) is defined by (4.67). Let N > k\ + k^. Let us apply the operator D =

a"'5"-25;'^2 to (4.72). Using (4.68), (4.69) we get

<N-\

v k=Q

D * ( r(Λ) exp \-(λz + λz + z/λ + z/λ \ RN(z, λ)

(4.74)

Taking into account (4.30) and the properties l)-3) from Theorem 3 we obtain

that the i-term, 0 ^ k ^ N - 1 in (4.74) is O (ORT) as l z l ̂  °° uniformly in

λ. Combining it with (4.67) we complete the proof of the statement 4. Using that
the number N in (4.72), (4.74), (4.68) can be taken arbitrary we prove (4.33).

Proof of Lemma 9. Let us observe that functions ^n(λ9 v), « = 0, ...,M satisfy
(4.39) if and only if these functions satisfy the following system;

λ,v), m = 09...9M

— r
®m(λ,v)=
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where
0oα,v) = -r(λ),

the functions ^m(/l, v) are continuous in λ for fixed v and

#m(Λ , v) -> 0 as λ -> oo .

439

(4.76)

(4.77)

Let us observe also, that functions cm(λ) satisfy (4.48) if and only if they satisfy
the following system:

\ A Φ O ,

where
(4.79)

The system (4.78) coincides with (3.5) but with a different starting function dQ(λ)
instead of bo(λ).

Let us prove that functions cm(λ) from (4.49), m — 0, ...,M and functions

dm(λ) = — πsign(/U — l)Σαw*
k=Q

solve (4.78). The direct calculation with help of (3.5) shows that

m

djcm(λ) = — πsgn(λλ —

= -π sgn(/U -

(4.80)

k=0

- \)Σ*mk(λ)r(λ)bk(λ}

=r(λ)dm(λ)9 (4.81)

djdm(λ) = -πsgn(/U-

= — πsgn(λλ —

= — πsgn(/U —

k=Q

k=Q

- -πsgn(;j-
m+I

(4.82)
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In these calculations and later we use the fact that the functions ak(λ), bk(λ)9 k =
0, ...,M vanish on the unit circle \λ\ = 1 with all derivatives. (This property follows
from conditions 1), 3), 4) of Theorem 1.) Due to this property the functions cn(λ)
defined by (4.49) and dn(λ) defined by (4.80) are smooth in the neighborhood of
the unit circle \λ\ — 1.

Let us prove now that functions ^n(λ9v) defined by (4.47) and @n(λ,v)
defined by

(4.83)

satisfy (4.75).
The direct calculation with help of (4.78), (4.45) shows that

k=0

k=0

k=0

... 1

R(λ,vY

.k=0

), (4.84)

/=0

/=0 /=0

w+1

/=0 \/=0

= ®m+ι(λ, v) + r(λjem(λ, v ) . (4.85)

Using the estimates (4.44), (4.50), (3.4) it is easy to show that the function <&m(λ9v)9

^m(λ, v), m = 0,... ,M are bound in λ and ^m(λ9 v) —> 0 as λ -^ oo.
Lemma 9 is proved.

5. Two Uniqueness Theorems

Definition. A measurable potential v(z) will be called exponentially decreasing if
there exist α > 0 and β > 0 such that \v(x)\ < βe~*\x\.
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Theorem 3. Let the fixed energy scattering amplitude of two exponentially
decreasing potentials with the property (0.2) coincide and one of these poten-
tials possesses, in addition, the "small norm" property (0.5) at this fixed energy.
Then these two potentials coincide.

Corollary 3. There exist no nonzero two-dimensional exponentially decreasing real
non-singular potentials transparent at a fixed energy. (There is no "small norm"
assumption in Corollary 3).

Remark. The result of Theorem 3 improves the corresponding result from [9,12].
The proof uses, in particular, the ideas from [27].

Proof of Theorem 3. We shall use (see [12,27]) the fact that for an exponentially
decreasing potential with property (0.2) each of functions a(λ\b(λ) in the domains
D+ and D_ can be written as a ratio of two real analytic functions; the Fredholm
determinant A ( λ ) of Eq. (1.3) is real analytic in Z)+ and £>_ and all these three
functions are uniquely determined by the scattering amplitude at fixed energy. One
of the potentials satisfies the "small norm" assumption (0.5), thus Zl(/l)φ0 for all
Λ , e D + , Z λ _ .

Thus for both potentials υ\(z\ v2(z) the corresponding functions μ\(z,λ), μ2(z9λ)
satisfy Eqs. (1.19'), (1.207), where p ( λ , λ f ) is defined by (1.28). But one of the
potentials satisfies the "small norm" assumption (0.5) and it is shown in [12]
that Eqs. (1.19'), (1.207) have unique solution, i.e. μ\(z,λ) = μ2(z,λ). Thus, v\(z) =
V2(Z\

Theorem 4. Let the potential v(z) satisfy (0.2) and its forward scattering amplitude
f(k,k) is identically zero at an energy interval Efix — δ < k2 < Efix + δ. Then
the potential v(z) is equal to zero identically. (In this theorem we do not use the
"small norm" assumption). This theorem and its proof given below are valid in any
dimension dim = 1,2,3 ....

Proof of Theorem 4. As a consequence of the unitarity property (1.29) of the
scattering operator we have the well known "optical theorem"

Imf(k,k) = --- / f(kj)f(kj)dl. (5.2)

From (5.2) it follows that Im/(£,A:) = 0 if and only if /(λ,/) = 0 for all /
such that I2 = k2. So, if at the energy level E the forward scattering amplitude
f(k,k) = 0, k2 — E, then the whole fixed-energy scattering amplitude f(k, /), k2 =
I2 = E is equal to zero. It is well known that the forward scattering amplitude
f(sy,sy), y E IR2, \y\ = 1, s £ IR+ admit a meromorphic continuation in s to the
upper half plane. Thus, if the forward scattering amplitude is equal to zero on an
energy interval it is equal to zero for all energies. Thus, the whole scattering am-
plitude at all energies is equal to zero and as a consequence the potential υ(z) is
identically zero.

Remark. The result of Theorem 4 is valid also for the equation

-A\l/ - k2u(x)ψ = k2ψ, c e l R Λ d= 1 ,2,3. . . , (5.3)

where u(x) is a real measurable function such that \u(x)\ < q/(\ -f |jc|)ί/+< and for
the equation

-Ail/ + (υ(x) - k2u(x)} ψ = k2ψ, x E IRΛ d = 2,3,4,... , (5.4)
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where v(x\ u(x) are real measurable functions such that

For Eq. (5.4) the result that both potentials v(x) and w( c) are equal identically to
zero if the scattering amplitude /(£,/) = 0 for all A, / G RJ, </ ^ 2, k2 = I2 is a
corollary of results obtained in [25].

6. Nonlinear Integrable Equations

In this section we discuss if the additional conditions on the scattering data studied
in Sect. 3.4 are invariant under deformations, generated by nonlinear equation (0.8)
and its higher analogs.

In terms of the scattering data these equations (Novikov-Veselov equations)
take the form

1 """ * '60,0,7-2/+1
A

(Eq. (0.8) corresponds to / = 1).
It is known that the symmetry conditions (1.25), (1.29), (1.24) (and, as a corol-

lary, (3.20)) are invariant under the flows (6.1). For the additional conditions from
Sect. 3 the situation is more interesting.

Theorem 5. (1) Let the scattering data b(λ,t), f(λ,λ',t) satisfy (6.1), where

att = Q Z>(A,0) G C(

3°°\D_l /OU',0) G C(oo)(Γ2) and b(λ,0), /(/U',0) satisfy
(1.25), (1.29) and the first two additional conditions (3.11), (3.12) from Sect. 3
corresponding to M — 0. Then these conditions are fulfilled for all t.

(2) Let the scattering data b(λ,t), f(λ,λ',t) satisfy (6.1) with 1=1, where

(1.25), (1.29) and the first 4 additional conditions (3.11), (3.12) and (3.15), (3.16)
for n = 0 (corresponding to M = 1). Then these conditions are fulfilled for all t if
and only if a^(oo) = 0. (Let us recall that for the potential v(z) with the property
(0.2) flQ~(oo) = £(0), where v(p) is the Fourier transform (3.34) of v(z).)

Proof of Theorem 5. Let \λ\ = 1, λ1 = -λ. Then

b~(λ,t) = e2i(λ2l+l+λ2ί+l}tb~(λ,0), (6.2)

A_(A,A ' ,O = e2l(λ2l+ί+λ + }th-(λ,λ',Q) (6.3)

and (3.11) is fulfilled identically for all t if it is fulfilled for t = 0.
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We have

h-(λ,λ',t) = h-(λ,λ',Q) for \λ\ = \,λ' = λ,

b(λ, t)b(λ, 0 = b(λ, 0)6(λ, 0) for λ G £>_ (6.4)

and (3.12) does not depend on / and it is fulfilled identically for all t if it is fulfilled
for t = 0. (The first part of Theorem 5 is proved.)

Thus, for aΰ(λ,t) defined by (3.13) we have

α-(A,0 = α0~W) (6-5)

From (3.13) using the symmetries h-(λ,λ) = h-(—λ,—λ) (it is a consequence of
(1.30)) and (1.25) we get that

α0-(-l,0 = fl0"(^0- (6.6)

From (3.14) it follows that

(6.7)

(-ιλ'δφ/ )A_(λ, A', 01 ;.'=-Λ =
|/,| = l

+ (21 + \)it(λ21 - λ2l+2) h-(λ,λ',t)\λl=_λ .

(6.8)

Comparing (6.7) and (6.8) and using the fact that (3.11) is fulfilled for all t
we get that if under conditions of the first part of Theorem 5 (3.15) with n = 0 is
fulfilled for / = 0 then it is fulfilled for all t.

From (3.5), (6.1), (6.5) it follows that

= -(21 + l)it λ21 -

= dfr(W) - (21 + \)itdjA-(λ) , (6.9)

where
21 - -±λ d;a-(λ,0) . (6.10)
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From (6.1) it follows that

= δ;//z_CU',0) - (21 + \)it ( λ21 -

(6.11)

Let 1=1. Using (6.9)-(6.11) we can transform the boundary value problem
(3.5a),(3.4a-),(3.9a-) with m = 1 to the following form:

= (λ2 - 1) dja-(λ^\ λ e D- ,
V A /

1

I7

(6.12)

(6.13)

A~(λ) = O(\\ (6.14)

If b{ ( λ , t ) is expressed via b(λ,t),h-(λ9λ'9t) then this boundary value problem is
equivalent to (3.16), n = 0.

From (6.12), (6.14), (6.6) it follows that

for some φ(Λ.) such that φ(Λ.) is a bounded holomorphic function on D.
Substituting (6.15) to (6.13) and using (3.4a) with m = 0 we get

(6.15)

— = 0. (6.16)

The problem of finding a bounded holomorphic function φ(λ) on D_ with the
boundary value (6.16) is solvable if and only if α^"(oo) = 0. Under these conditions

φ(λ) = 0. So, under conditions of the second part of Theorem 5 the 4th additional
condition is fulfilled identically in t if and only if α^"(oo) = 0.

Theorem 5 is proved.

References

1. Manakov, S.V.: The inverse scattering method and two-dimensional evolution equations.
Uspekhi Mat. Nauk. 31(5), 245-246 (1976) (in Russian)

2. Dubrovin, B.A., Krichever, I.M., Novikov, S.P.: The Schrodinger equation in a periodic field
and Riemann surfaces. Dokl. Akad. Nauk. SSSR 229, 15-18 (1976), translation in Sov. Math.
Dokl. 17, 947-951 (1976)

3. Veselov, A.P., Novikov, S.P.: Finite-zone, two-dimensional, potential Schrodinger operators.
Explicit formula and evolution equations. Dokl. Akad. Nauk. SSSR 279, 20-24 (1984), trans-
lation in Sov. Math. Dokl. 30, 588-591 (1984)

4. Veselov, A.P., Novikov, S.P.: Finite-zone, two-dimensional Schrodinger operators. Potential
operators. Dokl. Akad. Nauk. SSSR 279, 784-788 (1984), translation in Sov. Math. Dokl. 30,
705-708 (1984)



Transparent Potentials. Dispersion Relations 445

5. Grinevich, P.O., Novikov, R.G.: Analogues of multisoliton potentials for the two-dimensional
Schrόdinger operator. Funkt. Anal, i Pril. 19(4), 32^2 (1985) translation in Funct. Anal, and
Appl. 19, 276-285 (1985)

6. Grinevich, P.G., Novikov, R.G.: Analogues of multisoliton potentials for the two-dimesional
Schrόdinger equations and a nonlocal Riemann problem. Dokl. Akad. Nauk SSSR 286, 19-22
(1986), translation in Sov. Math. Dokl. 33, 9-12 (1986)

7. Novikov, R.G.: Construction of a two-dimensional Schrόdinger operator with a given scattering
amplitude at fixed energy. Teoret. Mat. Fiz. 66, 234-240 (1986)

8. Grinevich, P.G., Manakov, S.V.: The inverse scattering problem for the two-dimensional

Schrόdinger operator, the ^-method and non-linear equations. Funlft. Anal, i Pril. 20(2), 14-24
(1986), translation in Funkt. Anal, and Appl. 20, 94-103 (1986)

9. Novikov, R.G.: Reconstruction of a two-dimensional Schrόdinger operator from the scattering
amplitude at fixed energy. Funkt. Anal, i Pril. 20(3), 90-91 (1986), translation in Funkt. Anal,
and Appl. 20, 246-248 (1986)

10. Grinevich, P.G.: Rational solutions of the Veselov-Novikov equations-Two-dimensional po-
tentials that are reflectionless for fixed energy. Teoret. Mat. Fiz. 69(2), 307-310 (1986)

1 1 . Grinevich, P.G., Novikov, S.P.: Two-dimensional "inverse scattering problem" for negative
energies and generalized-analytic functions. I. Energies below the ground state. Funkt. Anal,
i Pril. 22(1), 23-33 (1988), translation in Funkt. Anal, and Appl. 22, 19-27 (1988)

12. Novikov, R.G.: The inverse scattering problem on a fixed energy level for the two-dimensional
Schrόdinger operator. J. Funkt. Anal. 103, 409-463 (1992)

13. Franςoise, J.-P., Novikov, R.G.: Solutions rationnelles des equations de type Korteweg-de Vries
en dimension 2 + 1 et problemes a m corps sur la droite. C.R. Acad. Sci. Paris 314, Ser. I,
109-113 (1992)

14. Boiti, M., Leon, J., Manna, M., Pempinelli, F.: On a spectral transform of a KDV-like equation
related to the Schrόdinger operator in the plane. Inverse Problems 3, 25-36 (1987)

15. Tsai, T.Y.: The Schrόdinger operator in the plane. Dissertation, Yale University (1989)
16. Calderon, A.P.: On an inverse boundary value problem. Seminar on Numerical Analysis and

its Applications to Continuum Physics, Soc. Brasileira de Mathematica, Rio de Janeiro, 65-73
(1980)

17. Kohn, R., Vogelius, M.: Determining conductivity by boundary measurements II. Interior re-
sults. Comm. Pure Appl. Math. 38, 644-667 (1985)

18. Sylvester, J., Uhlmann, G.: A uniqueness theorem for an inverse boundary value problem in
electrical prospection. Comm. Pure Appl. Math. 39, 91-112 (1986)

19. Novikov, R.G.: Multidimensional inverse spectral problem for the equation — Aψ -f- (υ(x) —
Eu(x))ψ = Q. Funkt. Anal, i Pril. 22(4), 11-22 (1988), translation in Funct. Anal, and Appl.
22, 263-272 (1988)

20. Sun, Z., Uhlmann, G.: Generic uniqueness for an inverse boundary value problem. Duke Math.
J. 62, 131-155 (1991)

21. Sun, Z., Uhlmann, G.: Recovery of singularities for formally determined inverse problems.
Commun. Math. Phys. 153, 431-445 (1993)

22. Nachman, A.I.: Global uniqueness for a two-dimensional inverse boundary value problem.
Preprint (1993)

23. Faddeev, L.D.: Inverse problem of quantum scattering theory II. Itogi Nauki i Tekhniki, Sov.
Prob. Mat. 3, 93-180 (1974), translation in J. Sov. Math. 5, 334-396 (1976)

24. Novikov, R.G., Henkin, G.M.: The ^-equation in the multidimensional inverse scattering prob-
lem, a) Preprint 27M, Institute of Physics, Krasnoyarsk (1986), (in Russian); b) Uspekhi Mat.
Nauk. 42(3), 93-152 (1987), translation in Russ. Math. Surv. 42(4), 109-180 (1987)

25. Novikov, R.G.: Multidimensional inverse scattering problem for acoustic equation. Preprint
32M, Institute of Physics, Krasnojarsk (1986) (in Russian)

26. Henkin, G.M., Novikov, R.G.: A multidimensional inverse problem in quantum and acoustic
scattering. Inverse Problems 4, 103-121 (1988)

27. Novikov, R.G.: The inverse scattering problem at fixed energy for the three-dimensional
Schrόdinger equation with an exponentially decreasing potential. Commun. Math. Phys. 161,
569-595 (1994)

28. Manakov, S.V.: The inverse scattering transform for the time dependent Schrόdinger equation
and Kadomtsev-Petviashvili equation. Physica D 3(1,2), 420-427 (1981)



446 P.G. Grinevich, R.G. Novikov

29. Ablowitz, M.J., Bar Yaacov, D., Fokas, A.S.: On the inverse scattering transform for the
Kadomtsev-Petviashvili equation. Studies in Appl. Math. 69, 135-143 (1983)

30. Zakharov, V.E.: Shock waves spreading along solitons on the surface of liquid. Izv. Vuzov
Radiofiz. 2969, 1073-1079 (1986)

31. Regge, T.: Introduction to complex orbital moments. Nuovo Cimento. 14, 951-976 (1959)
32. Newton, R.G.: Construction of potentials from the phase shifts at fixed energy. J. Math. Phys.

3, 75-82 (1962)
33. Sabatier, P.C.: Asymptotic properties of the potentials in the inverse-scattering problem at

fixed energy. J. Math. Phys. 7, 1515-1531 (1966)
34. Vekua, I.N.: Generalized analytic functions. Oxford: Pergamon Press, 1962
35. Landau, L.D., Lifshitz, E.M.: Quantum mechanics: Non-relativistic theory. 2nd ed. Oxford:

Pergamon Press, 1965

Communicated by B. Simon




