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Abstract: We construct multi-string solutions of the coupled Einstein and Abelian
Higgs equations so that the spacetime is uniform along the time axis and a vertical
direction and nontrivial geometry is coded on a Riemann surface M. We concentrate
on the critical Bogomol’'nyi phase. When M is compact, the Abelian Higgs model is
defined by a complex line bundle L over M. We prove that, due to the coupling of
the Einstein equations, the Euler characteristic of M and the first Chern number of
the line bundle L identified as the total string number impose an exact obstruction
to the existence of a string solution. Such an obstruction leads to some interesting
implications. We then study the existence of multi-string solutions which can realize
a prescribed string distribution. We show that there are such solutions when the local
string winding numbers do not exceed half of the total string number. When M is
noncompact and globally conformal to a plane, we show that the energy scale of
symmetry breaking plays a crucial role and there are finite-energy radially symmetric
string solutions realizing a given string number if and only if the symmetry breaking
scale is sufficiently small but nonvanishing. Finally, we obtain finite-energy multi-
string solutions with an arbitrary string distribution and associated local winding
numbers. These solutions are not radially symmetric and are regular everywhere
and topologically nontrivial so that both the energy of the matter-gauge sector and
the energy of the gravitational sector viewed as the total Gauss curvature of M are
quantized.

0. Introduction

Domain walls, strings, and monopoles are interesting topological defects arising as
static solutions of gauge field equations with broken symmetry and nontrivial topol-
ogy. When the Einstein equations are coupled into the theory, these solutions give
rise to various cosmological implications. Cosmic strings are static solutions of the
coupled Einstein and Yang-Mills-Higgs equations so that the spacetime is uniform
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along the time axis as well as a vertical direction. When the gauge group is Abelian,
the system represents the coupling of gravity and a condensed matter system (super-
conductivity). In this framework, cosmic strings are static vortex-like solutions
which are believed to be relevant in the theory of galaxy formation in the early
universe [K1,V,G, W, Gr]. A basic perception is that cosmic strings might generate
the necessary density perturbations and curvature concentrations from which galax-
ies evolve. For a comprehensive but nontechnical survey article, see [K2]. See also
[Bra].

The main purpose of this paper is to construct cosmic strings solutions of the
coupled FEinstein and Abelian Higgs equations in the Bogomol’nyi phase. These
solutions realize an arbitrarily prescribed string distribution.

It may be instructive to recall that, in the absence of gravity, the Abelian Higgs
action density in suitably normalized units is given by the expression [NO,JT]

1
4
where ¢ is a complex scalar, 4, a real vector potential, Fy, = 0,4, — 0,4, the
Maxwell field tensor, D, = 0, — i4,, the gauge-covariant derivative, the flat Mink-
owski metric diag(—1,1,1,1) is used to raise or lower indices, and the constant
¢ > 0 measures the energy scale of symmetry breaking of the model. The dimen-
sionless parameter 4 > 0 is known to characterize the types of superconductivity.
The case 4 < 1 corresponds to type-1 superconductivity, while 1 > 1, type-II, char-
acterized by the existence of a sublevel critical magnetic field. The situation 4 = 1
is the intermediate type called the Bogomol'nyi critical phase which is characterized
by a zero surface-energy and only in such a situation can all string-like solutions
be constructed [JT,T1,T2] due to a reduction from the second-order equations to
a first-order system [B]. In this case the vortex or string number N is a topologi-
cal invariant characterizing the homotopy class of the solutions in the fundamental
group 7;(S') = Z and there are no restrictions to the ranges of the string number
N and the symmetry breaking scale ¢.

In the present paper, it will be seen that some new phenomena take place when
gravity is put into the model through the coupling of the Einstein equations. Since
we are interested in cosmic strings solutions, the Minkowski spacetime takes the
form R"! x M, where M may be assumed to be a Riemann surface equipped with
an unknown gravitational metric which will be determined by the coupled Einstein
and Abelian Higgs equations. We will concentrate on the critical Bogomol’nyi phase
A =1. The case A+1 is more difficult and will be pursued elsewhere.

The following two types of results will be presented.

1 A
& = JFuF" + 5D )D"$)" + S8 — ),

1. Exact obstructions to the ranges of N and ¢ for the existence of an N-string
solution. When M is compact, the obstruction is related to topology. When M is
noncompact, the obstruction comes from the finite-energy requirement or geodesic
completeness.

II. Existence theorems for multi-string solutions. We aim at getting static reg-
ular solutions that can realize a prescribed string distribution. These solutions are
nonradially symmetric, thus, may not be obtained by a dynamical system approach.

In Sect. 1, we consider the case that M is compact. In this circumstance the
Abelian Higgs sector is defined by a complex line bundle L over M and the string
number is the first Chern number of L. The bundle L reflects the magnetic excita-
tion pattern of the gauge and matter fields. We show that the Euler characteristic
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(M) of M and the first Chern number ¢ (L) of L or the string number N impose
an explicit constraint on the symmetry-breaking parameter ¢ for the existence of
a solution. Under our notation there, the constraint reads y(M) = 2ne*GN, where
G is Newton’s gravitational constant. This equation relates the topology of the
underlying gravitational surface M to the topology (N = |ci(L)|) of the magnetic
excitation pattern of the matter-gauge sector. In particular, we observe that there are
only countably 'many values of ¢ accumulated at ¢ = 0 to permit the existence of
cosmic strings. We then state some existence results for multi-string solutions. For
the prescribed string problem, our sufficient condition for existence requires that the
local winding numbers do not exceed half of the total string number N.

In Sect. 2, we consider the case that M is noncompact. We shall assume that
M is conformally R?. We have already found in [CHMcY] that, for self-dual equa-
tions [CG, L], the energy scale of symmetry breaking imposes an obstruction to the
string number N. We shall prove the equivalence of the self-dual equations and the
second-order Einstein and Abelian Higgs equations under the cylindrical symmetry
assumption, regardless of the asymptotic behavior of the metric. Therefore we arrive
at a true obstruction to the topological charge N for finite-energy cosmic strings.
Roughly speaking, the obstruction is less stringent for small scales of symmetry
breaking. This observation raises the question whether there are string solutions
when symmetry is restored. We shall show that then, there will be no finite-energy
string solutions. There, again, we state an existence theorem for multi-string solu-
tions. The basic assumption reads N < 1/2n¢?G which imposes no restrictions to
the local winding number. The borderline N = 1/27¢?G is a special situation that
the choice of a background metric becomes crucial, which signals the appearance of
some obstructions when N is large or gravitation is strong (large G). In particular,
beyond this barrier, metric incompleteness will occur.

Section 3 studies what happens when strings are absent. We will show in the
compact case and for the general coupling parameter 4 > 0 that in this situation
there will be only trivial solutions and M must be a flat torus. In other words, the
absence of string defects implies the absence of gravity.

Section 4 is a proof of the existence theorem for multi-string solutions on a
compact Riemann surface M. The Einstein equations reduce to a scalar equation
relating the unknown Gauss curvature of M to the energy density of the Abelian
Higgs sector while the string or vortex equations are sitting in the unknown grav-
itational background. In such a setting, prescribing N strings is like prescribing a
Gauss curvature through the influence of matter-gauge fields, while the former also
determines the latter through the background metric. We use a standard device to
reduce the unknown metric to an unknown conformal factor. Under the topological
constraint y(M) = 2me?GN, we can combine the Einstein and Abelian Higgs equa-
tions into a single elliptic scalar equation with an adjustable free parameter which
may be used to get a subsolution as was done earlier in a different problem [CY].
The difficulty in getting a classical supersolution forces us to introduce a d-perturbed
version of the equation. We then pass to the 6 — 0 limit of the solution sequence
of the J-equations. There we see that, in order to acquire L?-convergence for some
p > 1, we need to assume that the local winding numbers are all below N/2. In
particular it follows that, when N = 3, there are N-string solutions over M if and
only if the condition (M) = 2ne?GN holds.

In Sect. 5, we prove the existence of multi-string solutions on a conformally flat
surface. Again the method is to construct sub/supersolution pairs for a family of
d-regularized equations. It is interesting to observe that the condition N < 1/27e2G
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plays crucial roles both locally at the string axises in order to achieve an L”-
convergence (p > 1) and asymptotically at infinity in order to make an adjustable
term dominant to allow the existence of a special subsolution. Note that, here, we
do not have a suitable variational principle to work with.

In Sect. 6, we complete our proof of existence by showing that the solutions
obtained in Sect. 6 are of finite energies. More precisely, we establish sharp decay
estimates for the physical quantities at infinity when N < 1/27¢?>G. The solutions are
in the category that the Higgs field approaches the asymmetric vacuum |¢| =1 at

infinity. Nevertheless, the gravitational metric vanishes asymptotically like p4mGN
which results in the property that the Gauss curvature, the magnetic field, the kinetic
energy of ¢, and the Higgs potential all go to zero at infinity faster than any power
function of the type r~? (b > 0). Hence both the total curvature and the Abelian
Higgs energy are quantized. At the borderline N = 1/27¢?G, our estimates still
ensure curvature and energy quantizations and metric completeness.

In a broader sense, this work is related to the problem of constructing regular
static solutions of the Einstein equations coupled with matter and gauge fields. It
is well known that the Schwarzschild blackhole is the only solution of the vacuum
Einstein equations which is singular somewhere. When coupled with the Maxwell
equations, the only solution is the Reissner—Nordstrom solution which is again sin-
gular somewhere. Recently, it is shown in [BMc, SWYMc] that, when the Einstein
equations are coupled with the SU(2) Yang—Mills fields, there exist static regular
solutions. All the above-mentioned solutions are radially symmetric. Our solutions
constructed here are all static finite-energy regular solutions. Besides, they are non-
radially symmetric and carry nontrivial topology.

It has been observed in [BMc] that the existence of regular static solutions of
the coupled Einstein and Yang—Mills equations in three space dimensions indicates
that the weak gravitational effect cannot be neglected. The obstruction theorems in
the present paper provide further evidence to the above observation. For example,
the inequality N £ 1/2n¢’G in the noncompact case imposes a very weak upper
threshold to admissible string numbers N since G is a small quantity. However,
because G0, such a constraint must not be ignored in order to avoid energy
blow-ups. There is no such a phenomenon when gravity is absent [JT].

1. The Case of a Compact Surface

We divide our discussion into three subsections. We first introduce quickly the cou-
pled Einstein and Abelian Higgs equations in the aforementioned two-dimensional
setting of current interest. We then establish an obstruction theorem and point out its
important consequences. Finally we state our existence theorem for the prescribed
string solutions.

1.1. The Governing Equations. We begin by assuming that g,, is a general metric
tensor with signature (— + +4), R, the Ricci tensor, and R the scalar curvature.
Recall that the Einstein tensor takes the form

1
G,uv = R;tv - EguvR~

In order to define the Abelian Higgs sector properly, we need to work in a
frame-work in which the Higgs field ¢ is a cross-section on a U(1)-line bundle
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L over the spacetime and the gauge field, say A4, is a connection 1-form. Suppose
that 4 is a Hermitian metric of L and {(U,,e,)} is such an atlas of local trivial-
izations of L that e, satisfies A(e,,e,) = 1, Vo Let ¢, be the local representation
of ¢ on U, : ¢ = ¢,e,. Then we have h(¢h, ) = |$,|> which is obviously a local-
chart-independent scalar field, thus, may conveniently be denoted by |¢|2. Therefore,
using local coordinates and local representations, we can write the Abelian Higgs
action density at the Bogomol’nyi phase 4 = 1 in the form

1 / Lo -
= 20" 9" FuFy + 36" (Dud)Dud)” + (18] — &)

where and in the sequel we also allow the vanishing of the symmetry-breaking

parameter, ¢ = 0, to include in the model the restoration of symmetry. Note that,

in the above expression and subsequent discussion, we suppress the subscript “o”

when there is no risk of confusion, and that, D is the covariant derivative 1nduced

from the gauge connection 4 and F = d4 is the curvature of 4 or the Maxwell

field. The presence of the gravitational metric g,, indicates the influence of gravity.
The Einstein equations coupled with the Abelian Higgs model are !

Gy =—-4nG T, ,

D VDD = 547~ 23,

—Jlﬁaw(gﬂ"gﬂ"" VIglFw) = 56" (#ID,¢1" — ¢"[Dg))

where G is Newton’s gravitational constant (or more precisely a dimensionless
rescaling factor of the gravitational constant) and

Tuv = gu y’F\\/ + ( uﬁb] [Dy$]* + [Du¢] [Dyv]) gu\

is the energy-momentum tensor of the Abelian Higgs sector obtained by varying
the gravitational metric.

We assume that the spacetime is uniform along the time axis x° and the x°-
direction so that the line element takes the form

ds? = g, dxdx”
= —d? +d2? + gpdd/dx*, jk=1,2,

where #=1x%z =x3 and g; is the Riemannian metric tensor of an orientable
2-surface M (w1thout boundary), and that 4,,¢ depend only on the coordinates
on M and

A, =(0,41,4,,0).

! In literature, the matter-coupling factor 47G in the Einstein equations is often written 87G.
Here we still use 4nG in order to be consistent with our notation in [CHMcY].
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Then T}, is simplified to
Too=6, Tyn=-6, Tiz=Ty =7T3=0,

e 1
Tie = ¢ FyyFus + 5(ID;@1IDeB]" + [D;$1" [Dkd]) — g
where

1 / 1 . N 1
&= ZQ‘” g FuFin + Eg”‘(quS)(Dkd)) + §(|¢|2 - gy

is the energy density of the Abelian Higgs sector which is now defined by the line
bundle L restricted to the 2-surface M. The Maxwell field F; represents the first
Chern class, of course. Besides, if we use K, to denote the Gauss curvature of
(M, {gjx}), the Einstein tensor reduces under local isothermal coordinates into the
form

—Goo = G33 = K,

G,y = 0 for other values of u,v.

As a consequence, the system becomes the following two-dimensional Einstein and
Abelian Higgs equations on M:

K,=4nG &, Ty =0,

L
V9

1
V9

where g also stands for the determinant formed from {g;}.

D, aID]) = 3(BP ~ )0,

0p(g™9"" VaFur) = 39" (1D = $' D). (1

1.2. The Obstruction Theorem. The system (1) describes the interaction of the
gravitational and gauge-matter sectors confined in a two-dimensional space. We will
see that these two sectors are so strongly coupled that, topologically, they totally
determine one another. In fact, the first Chern number

1.
CI(L) = Z;f&’ijdeg
M

classifies the line bundle L up to isomorphisms which clearly indicates the magnetic
excitation pattern of the theory because the integer N = |c¢i(L)] is the number of
magnetic strings through M, identified as the algebraic number of zeros of the order
parameter ¢. On the other hand, the Gauss curvature K, reflects the topology of
M and measures the gravitational strength, which, by the first equation in (1), is
determined by the energy distribution of the matter and gauge fields. Thus it is clear
that there must be a link between these structures through the coupling of gravity
with the matter-gauge fields such as that given in (1).

More precisely, calling a solution of (1) with |¢;(L)| = N an N-string, we have
the following basic result.
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Theorem 1.1. Given an integer N = 0, there exists an N-string solution for the
Einstein and Abelian Higgs equations (1) on a line bundle L equipped with a cer-
tain Hermitian structure over an appropriate compact Riemann surface M, only
if the string number N, the first Chern number c;(L) of L, the Euler character-
istic y(M) of M, the symmetry-breaking parameter ¢ > 0, and the gravitational
coupling factor G satisfy the exact relation

(M) =212 GN = 216’ G|ey(L)] . (2)

Furthermore, if N = 3, the condition (2) is necessary and sufficient for the exis-
tence of an N-string solution. In any case, the solutions of (1) can all be obtained
from a self-dual or anti-self-dual system in which the matter-gauge equations are

all of the first order.

Before going into the proof of the above theorem, we would like to point out
some of its interesting implications.

1. The Unique Topology of the Underlying Surface. 1t is well known that a com-
pact orientable 2-surface M is topologically a sphere with » handles and the num-
ber n is called the genus of M. The Euler characteristic satisfies the equation
(M) =2—2n (see e.g. [NS]). Thus the relation (2) implies that the only pos-
sible situation we may have so that the Einstein and Abelian Higgs system (1)
has a cosmic string solution is given by » = 0. In other words, the 2-surface must
be diffeomorphic to the Riemann sphere S? and all other geometries with n+0 are
ruled out. In particular, the surface M cannot be a torus (n = 1). This result implies
the nonexistence of gravitational string condensation realized by the appearance of
a periodic lattice structure.

2. The Quantization of Symmetry Breaking Scale. Now we use the conclusion
x(M) =2 (or n =0) arrived above and rewrite (2) in the form

1
N aGN

We view the gravitational constant G as fixed. Equation (3) says that there are only
countably many levels of the symmetry breaking scale ¢ for which there may exist
cosmic string solutions, and, when ¢ is away from those quantized levels, there will
be no strings. In particular, when ¢ > & = 1/4/nG, there is nonexistence. Such a
fact seems to suggest that the existence of string solutions prefers lower values of
the symmetry breaking scale ¢. Indeed, in (2), the vanishing of ¢ implies that M is
topologically a torus and (2) no longer presents a constraint to the string number N.
However, we will see that in this case there is no nontrivial solutions. This simple
fact will be established later. Thus, we observe that the existence of cosmic strings
indeed requires symmetry breaking. Such a fact is also true for the noncompact
case.

e=¢ N=12,.... 3)

3. Effective Radius vs. Gravitational Attraction. Finally, since M is topologically a
sphere, we may define the “effective radius” of M, say R.q, by setting 47TR§H = |M|,.
Then we find that R.g has the lower bound

Reff >

1
2V 4)
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This simple inequality says that, as the gravitational constant, a smaller value of
the symmetry-breaking scale leads to a larger Reg. Thus it looks as if ¢ make an
effective contribution to the attractive gravitational force.

Proof of Theorem 1.1. Following the work of [CG,L], it is known that Egs. (1)
possess the following Bogomol’nyi self-dual structure

K, —4nG& =0,
Dip +iiDep =0,
Py £ (9] =) =0. (5)

Namely, the solutions of (5) verify (1). Here ¢j is the standard Levi-Civita skew-
symmetric 2-tensor satisfying €12 = /4.

We first show that the systems (1) and (5) are actually equivalent. Note
that a formally special case of the equivalence has been studied in [Y1]. This
equivalence problem is of interest in a broader sense in general gauge theo-
ries. For Yang-Mills with non-Abelian gauge groups, the equivalence is false
[Bu, T3,SSU, P,BM, SS, Bo]. In our problem here, the equivalence of (1) and (5)
is the crucial point.

Use 4, to denote the Laplace—Beltrami operator with respect to the unknown
metric g = {g; } with the sign convention that, on a compact surface, all its nonzero
eigenvalues are negative. Rewrite the last equation in (1) as

0,(e" ¥ Fypr) + igj9” ¥ (9[Dp $T° — ¢*[Dyrp]) = 0.
Therefore
1
NG
Thus

0,(\/ag " oule”  Fpel) + %a,(\/&sﬂ‘wwkw 4 (Dud)) = 0.

Ag(e" Fi) = | (e" Fye) + 217 (D;$)(De )" = 0.

Besides, we also have by using the second equation in (1) that

44]¢1° = [OP (1] — &) + 29" (D; ) Dip)"
These equations give us the useful expression

A4(e" Fje £ [|$* = &%]) = |$1*(e Fy £ [|]* — &'])
= g (Dyp & is] Dy §)Dih +ief D) . (6)
Define for a solution triplet of (1) the quantities ‘
P =/ Fy+(|pf —¢*) and P~ =eFy — (¢ — ).

Thus, according to the first equation in (1), we have, after a lengthy calculation,

PP~ =4g*Ty =0. (7)
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The first part of (6) implies the elliptic inequality
4gP" = PP + ¢ (D; + ie] Dy )(Dip + e Dy h)*
= [¢]°PT. (8)

Since M is compact, the maximum principle implies that, either P* =0 or P* <0
on M.
Similarly, the second part of (6) implies

AP~ = |p2P™ — ¢ (D¢ — ie) D,y $)(Did — iet Dy $)*
< |¢]PP~ . )

The maximum principle again says that, either P~ =0 or P~ > 0.

Using these observations in (7) we see that either P =0 or P~ = 0. Accord-
ingly, we have either D;¢ + iakaqb =0orDj¢p— isj‘Dkd) = 0. Thus (5) is fulfilled
and the two systems (1) and (5) are equivalent.

As a consequence, we may concentrate on the system (5).

It is easily seen that the energy density & of the Abelian Higgs theory can be
rewritten in the form

1 ./ / 1 1
€= Zg” g* (ij + 581k(|¢lz - 82)) <Fj’k’ + 5£j’kf([¢12 - 82)>
1 . R Lot %
+ ngk(Dfd) +ig/ Dy ) Dy + ief Dy )

1 ) )
+ Zsza’kF]k + V(e*Jy),

where V, is the covariant derivative with respect to the metric {g ,k} and J; is the
current vector defined by

i .
Je = Z(d)[Dk(;b] — ¢ [Did]) - (10)
Hence the curvature equation in (5) becomes
K, = +ne?Ge' Fy £ 4nG V(e ), xeM. (11)

We are now ready to determine the relation between the topology of M and the
string number of a solution.

For given p € M, choose a specific isothermal coordinate system (U, (x/)) so
that p € U C M and x/(p) =0,j = 1,2. Thus, around p, the second equation in
(5) is simplified to

Di¢p£iD,p =0,

which says in view of the 0*-Poincaré lemma (see [JT]) that, up to a nonvanishing
factor, ¢ or ¢* is holomorphic around p. In particular, if p is a zero of ¢, then

locally,
()| = Ix|"A(x) , (12)
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where # > 0 and n = 1 is an integer. The zero is obviously isolated. In this case,
people say there is a string passing through p with the winding number 7. It is not
hard to show that, for a nontrivial solution, |¢| < ¢ everywhere on M. Thus the
third equation in (5) implies that the vorticity field acquires its maximal magnitude
at the zeros of ¢. In other words, the zeros of ¢ give the locations of the vortices
or strings of a solution.

Suppose the zeros of the Higgs field ¢ are labeled by pi,..., py € M with
multiplicities #ny,...,ny,, respectively. N = ny + - - - + n,, is the total string or vortex
number. The easily verified relation (cf. [N1, N2, Br, Ga])

1 .
= — | [e/Fjy dQ,
T m

says that N = |¢;(L)| (the first Chern number). Since |¢| has the local represen-
tation (12) around each point p = p; (with n =n;), [ =1,...,m, we see that the
substitution u = In |¢|* renders the last two equations in (5) into the form

Agu = (" — &) +4nd_nis,, , (13)
I=1

where J,, is the Dirac distribution on (M, {g;}) concentrated at p.
Using the last two equations in (5) and (10), we obtain

1, . . 1 1
iZ'gz'kujk £ V(") = —182(|¢|2 &)+ Zl’g|¢|2
1 1
= —Zsz(e” -&)+ ZAge” .
Hence Eq. (11) becomes
K, = —nG(*[e" — &1 — A,e") . (14)

Let up be a solution of the equation

4nN
lMIJ +4n¥n15p1 , (15)

Aguo =

where [M|, is the total surface area of (M, {g;r}) (see [A]). Thus (13)—(14) may
be put into the form

K, 4ne’N
A (u —e" — etup) = ——% Gt
! M,

Since the function w = g2u — ¥ — &2

to the consistency condition

ug is smooth on M, the above equation leads

_16 [K, dQ, = 4ne’N (16)
M

where d€, is the canonical surface element of M with respect to the metric
g ={g}. As a consequence of the well-known Gauss-Bonnet theorem, we are
led from the relation (16) to Eq. (2).
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On the other hand, suppose that (2) is fulfilled. The existence part is a weaker
version of the statement in Theorem 1.2 in the next subsection.
The theorem is proven.

Proof of the lower bound (4). We subtract (15) from (13) to obtain the equation

4nN
Ay —ug) = &* — & + TA’;—I . (17)
g

Since u — up and e* are smooth functions, integrating (17) yields the inequality
4nN < &|M]|, . (18)
Combining (2), (18) and using y(M) = 2, we arrive at (4).

The Case of Symmetry-Restoration. Now set ¢ = 0. We have seen that (1) and
(5) are equivalent. Using the last equation in (5), we obtain

4nN = £ [e*Fj dQ, = — [|¢* dQ, .
M M

Thus N =0 and ¢ = 0. The 2-surface M must be a flat torus, the energy density
of the matter-gauge sector vanishes everywhere, and there is no gravity.

1.3.  Existence of Multi-Strings. In the following, we state some existence results
for N-string solutions over a compact Riemann surface M.

Theorem 1.2. Suppose that the integer N satisfies the condition (2). For any
DPls---> Pm € M and integers ny,...,n, with ny+---+n, = N and

1 1
n < EN’ ~~~~~~ , hy < =N, (19)

Eq. (1) or (5) have a smooth solution triplet (g, ¢, A) so that it defines an appro-
priate Hermitian line bundle L over M with the first Chern number ¢;(L) = N and
the zeros of the Higgs cross-section ¢ are exactly pi,..., pn With the respective
multiplicities ny,...,n,. In particular, when N = 3, the system (1) or (5) has an
N-string solution so that the Higgs field has simple zeros at N distinct prescribed
locations on M if and only if the condition (2) is fulfilled.

The condition (19) is a technical restriction on the local string numbers. It is
not clear at this moment whether it may be dropped. The existence theorem will
be proved in Sect. 4.

Remark. Our results may be compared with the interesting work [GOR] on Abelian
global gravitational strings. There we find no-go theorems forbidding the existence
of regular solutions without the gauge field coupling in a compact setting and asymp-
totically well-behaved solutions in a noncompact setting. Here, in the context of
local strings with gauge field coupling, we have seen that there are values of the
physical parameters which allow the existence of regular solutions in both settings
(for existence results in the noncompact case, see [CHMcY] and Theorem 2.3 in
the next section).
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2. The Noncompact Case

In this section, we study the cosmic string solutions of the coupled Einstein and
Abelian Higgs equations (1) under the condition that the surface M is noncompact
and open. A typical case is that M is globally conformal to the Euclidean plane
R?. Thus we have (M,q) = (Rz,eﬂéjk). Two problems are considered. First, we
will derive a class of obstructions of the form (2) to the existence of finite-energy
string solutions under a radial symmetry assumption. Next, we obtain multi-string
solutions realizing an arbitrarily prescribed string distribution and associated local
string or vortex charges.

2.1. Obstructions to the Existence of Finite-Energy Solutions. We impose the
following specific form for the unknown field configurations of solutions of Egs.
(1) which is standard in physics literature:

nx)=n(r),
d(x) = U(r)e™,

2
A(x) = -NV(r)7

Ay(x) = NV(r)j—‘ , (20)

where (7, 0) are the polar coordinates of the point x € R? and the integer N is the
topological charge or the winding number.

Since the space is not compact, we do not expect to have an exact topological
constraint like (2). Instead, we can state the following result.

Theorem 2.1. Under the cylindrical symmetry assumption (20) and the finite-
energy condition

[ é&e"dx < oo, K e'dx < oo,

R? R2
Egs. (1) have a solution for ¢ > 0 if and only if the topological charge N satisfies
the condition |

< e
ne?G

e2y)

In addition, the solution gives rise to a geodesically complete metric if and only
if it fulfills the conditions stated in Theorem 2.3 below.
If ¢ =0, the system (1) has no solution except the trivial ones.

Our first recognition of an obstruction of the form (21) came through a study
[CHMcY] of the self-dual reduction of (1), namely, the system (5) over (Rz,e"éjk ),
where N = 1/2n£2G was recognized also as an obstruction. In this paper, we show
that N = 1/27¢2G is no longer an obstruction provided that the background metric
is suitably chosen (see Theorem 2.3 below). In fact, that the existence at the critical
case N = 1/2n&?G eluded our detection in [CHMcY] was due to a special assump-
tion on the background metric. There, we proved that no matter how the background
metric is chosen, there is no finite-energy solution when (21) is violated. However,
in the ranges

1 1 1
O0<N< —— d —— < N< ———,
212G an 212G el G
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there are finite-energy solutions with an arbitrary choice of the background metric
(see Remark (b) in Sect. 6 for details). Therefore, in the radially symmetric case, the
equality N = 1/27?G is to be understood as an obstruction to the arbitrary choice
of background metric. Here, to establish Theorem 2.1, we need only to show that
(1) and (5) are equivalent under the symmetry assumption (20).

Theorem 2.2. The coupled Einstein and Abelian Higgs equations (1) and the self-
dual system (5) are equivalent in the category of cylindrically symmetric solutions.

Remark. 1t is interesting to note that the equivalence assertion of Theorem 2.2
is valid for any cylindrically symmetric solutions, regardless of the asymptotic
behavior. In particular, it says that for solutions of infinite energy, Eqgs. (1) and
(5) are also equivalent. Thus we can describe, as well, all infinite-energy solutions
of (1) with the symmetry (20) by studying (5). In [CHMcY], we have shown that
the equations (5) have regular entire solutions outside the region (21) for which
the energy blows-ups take place at spatial infinity.

Proof of Theorem 2.2. The proof depends on the radial symmetry (20) because the
asymptotic behavior of a solution triplet is not a priori known.

As in the last section, it suffices to show either P =0 or P~ = 0. Suppose
otherwise that P~ £ 0. Then (7) says that P = 0 somewhere. Using the radial
ansatz (20), we see that there exists an r = 0 so that

P(r)= 2Ne"’(’)—V—r;(Q +(UHr)—e*)=0.

Set Z={r 2 0| P"(r) = 0}. We assert that the number of points in Z, #Z,
does not exceed 3 unless P = 0. In fact, if #Z = 4 but P* £ 0, then there were
r,r,i€Zsothat 0 < ry <r < rs.

Inserting the radial ansatz (20), we reduce (8) to the form

1
Pl + ;P;* > U?e'Pt. (22)

Consider (22) over (ry,73). Since P*(r,) =0, Pt would have a nonnegative
maximum inside the interval (r|,r3), contradicting the strong maximum principle
[GT]. Consequently #Z < 3. Hence P*(r)=+0 for all » > 0, with at most three
exceptions. Therefore we must have P~ = 0, another contradiction.

Assume now P £ 0. Then (7) says that P~ = 0 somewhere. The radial version
of (9) reads

1
Pr+-P < U?e"P~ . (23)

Again, according to the strong maximum principle, P~ cannot have a nonpositive
local minimum unless it is a constant. Thus we obtain P~ = 0.

Proof of Theorem 2.1. If ¢ > 0, it is convenient to introduce the rescaling

x
xe ¢ — ed, Aj = ed; .
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Then the energy density and Gaussian curvature obey the transformation rules
& — 8465, K, — sng

in the new coordinates so that the Higgs potential function takes the normalized
form

1
gllof 1.
As a consequence, the self-dual system (5) is written
K, — 4ne*GE =0,
Djp +iefDrp =0,
e Fp £ (¢ ~1)=0, 24)

which is the system studied in detail in [CHMcY]. It is known that a solution of
(24) with the symmetry (20) carries finite energy if and only if (21) is satisfied.
However, since by Theorem 2.2, Egs. (1) and (5) are equivalent, we arrive at the
first part of the conclusion.

The assertion on metric completeness is established in Sect. 6.

Assume now ¢ = 0. Since Egs. (1) and (5) are equivalent, we will use both of
them to argue freely depending on convenience.

First, we observe that for a nontrivial solution of the form (20), we have
U(r)=%0 at any r > 0. In fact, if there is an ro > 0 so that U(ry) = 0, then,
applying the boundary condition ¢ = 0 on |x| = rq in the inequality 4,|¢[* = |¢|*
over |x| < rp, we have ¢ =0 for |x| < ro. That is, U(r) =0 for r < ry.

With the radial symmetry (20), we have

v,

Inserting this expression into the last equation in (5), i.e., 2¢"F; = U? =0, we
obtain V(r) = const. for r < ry. However, the regularity of A; requires V' (0) = 0.
Thus ¥V(r) = 0 for » < ry. As a consequence, we find that (¢, 4)(r) =0, r < ro.
Using these facts in the radial version of (1), namely,

1
Nrr + ;11, + 8nGe"¢ =0,

1

N2 5 1, 4
Up+-U— —(V = 1)U - ze"U> =0,
r r 2

1
Vrr_;(1+r’7r)Vr—en(V—1)U2:0» (25)

and applying in (25) the uniqueness theorem for the initial value problem of ordinary
differential equations, we conclude that U(r) =0, V' (») = 0, and 5 = const. for all
r > 0. Thus, we arrive at a trivial solution.

Consequently, we may assume in the following that U(r)=#0 for » > 0. Since
(25) is invariant under the reflection U — —U, we may assume also that U(r) > 0,
r>0.
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Suppose in (20), N = 1. The regularity of ¢ at the origin requires that U(0) = 0
and U(r) = r" f(r) near » = 0, where f(0)%0. Hence the substitution u = In U?
reduces the last two equations in (5) to

1
Uy +—u, =™, >0,
r

Iim M =2N .
r—0 Inr

The boundary condition above implies lim,_,q ru,.(r) = 2N. Thus
ru,(r) = 2N + [pe"Pdp, ¥ > 0.
0

In particular, ru,(r) > 2N, r > 0, which implies, say,
u(r) > 2NInr+u(l), r>1.

On the other hand, it is easy to calculate that |D¢[? + |D,¢|* = ju’e”. There-
fore we obtain the lower bound

1 4N?
D16 + D29 2 5 - =5 - et D = 2N O ] = > 1

Consequently,

[&e"dx = 4nN?e" D [N "ldr = 0o .
R 1
In other words, we have energy blow-up.

If N =0, then by (20), 4; =0, j = 1,2. Thus the last equation in (5) implies
that U = 0, contradicting the assumption that U(r) > 0, r > 0.

In conclusion, there is no nontrivial solution when ¢ = 0 except those carrying
infinite energy. The theorem is proven.

In the compact case, the nonexistence result at ¢ = 0 may also be established
quickly by a similar method. In fact, from the second equation in (1), we have as
before 44|¢|*> = |$|*. Thus the maximum principle implies that ¢ = 0 everywhere.
Inserting this fact into the last equation in (5), we find Fjz = 0. Thus & = 0 and
K, =0, which imply that M is a 2-torus and the solution triplet (¢,4,{g}) is
trivial.

Remark. Taking G =1 and ¢ > 0 sufficiently small, there are some earlier numeri-
cal studies of cosmic strings as static solutions of the coupled Einstein and Abelian
Higgs equations. For example, we may cite [LM] in which numerical solutions are
obtained for ¢ lying in the range 1072 ~ 10~! and N = 1. It is seen that these
solutions are consistent with our obstruction (21). Moreover, (21) also allows us to
point out that, whenever ¢ = 1/4/7 (with A =1 and G = 1), finite-energy solutions
will fail to exist. It seems to be a reasonable conjecture that similar obstructions
are present even when the coupling parameter A= 1.

2.2.  An Existence Theorem for Multi-String Solutions. In Theorem 1.2, it is seen
that we can construct multi-string solutions for (1) on a compact Riemann surface.
The sufficiency condition stated in Theorem 1.2 imposes some restrictions to the
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local winding numbers #;’s of the strings. Such a barrier comes from the topological
type of the base space and from our method in the existence proof (see Sect. 4).
When (M, g) is conformally flat, the constraint from the topology disappears and we
are able to get solutions which realize an arbitrarily prescribed string distribution and
the respectively designated local winding numbers r,’s. The condition for existence
is only stated for the total charge N.

Here is our main existence result for the noncompact case.

Theorem 2.3. Consider the coupled Einstein and Abelian Higgs equations (1) over
an open Riemann surface (M,g). For any pi,..., pm € M and ny,...,n, € N, the
system (1) has a finite-energy solution so that M = R*, g is conformal to the
standard metric of R*: gjk = €"6k, the zeros of ¢ are exactly p,..., p, with the
corresponding multiplicities ny,...,ny, the conformal factor €" verifies the sharp
decay estimate

%) = O(le"‘szN) as |x] — oo

and there hold the following quantized values of the total gravitational curvature,
the magnetic flux, and the energy of the matter-gauge sector

[Kye"dx = 4n*e*GN, [ Fi2dx = 27N, [ée"dx = ne’N
R2 R2 R?

provided that the total string number N = ny + - - - + ny, satisfies the bound

< L
= 212G

Besides, the Gauss curvature K,, and the physical energy terms F jzk’ D,
(|pf? — %) obey the sharp decay estimates

Ky, Fio IDi¢P, 0<é&—[¢f=0(x"") as x| = o0

forany b > 0 if N < 1/2ne’G. When N = 1/2ne>G but m = 2, there hold instead
the asymptotic decay rates at r = |x| = oco:

K,=007"),  Fp=00"%,
Djof =0(7),  0<&—|pf=0077).
While, when N = 1/2ne*G and m = 1, the radially symmetric solution satisfies

Ky =0(~2™),  Fy =0 @),
D;pl = 00—V 0 < @ — ¢ = 0 V).
]

Furthermore, in the same category of solutions, the obtained surface (Rz,e”éjk)
is geodesically complete if and only if the integer N fulfills the above condition,
N < 1/2ne*G. When N > 1/2ne?G, although there is an N-string solution and
the corresponding Gauss curvature is the curvature function for some conformal
metric which is complete, the obtained gravitational metric itself in the solution
is not complete.
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Remarks. (a) We see that the condition N < 1/276G for existence of multi-string
solutions is fairly general because N > 1/2ne?G already leads to metric incom-
pleteness. It is not clear whether there are finite-energy multi-string solutions in the
range 1/2nc’G < N < 1/mne?G, but it seems clear that metric incompleteness is an
early signal for energy blow-ups because we know that such a scenario is true in
the context of radially symmetric solutions for which the strings are superimposed
at one point [CHMcY]. Indeed it is not clear as to whether, after all, a similar ob-
struction as (21) is present for nonradial solutions of finite energies. Our analysis in
Sect. 5 seems to indicate the existence of an obstruction. However, we were unable
to establish it rigorously.

(b) The solutions stated in Theorem 2.3 are most interesting because they belong
to the category that the Higgs field tends to the asymmetric vacuum at infinity in
spite of the decay of the gravitational metric and are crucial in the Higgs mechanism.
In the radially symmetric case, we have found that there are exactly two distinct
families of solutions: those who go to the asymmetric vacuum (characterized by
|¢| = 1) and those who go to the symmetric vacuum (characterized by ¢ = 0) at
infinity. See [CHMcY] for details. There the first family of solutions was rather
elusive to catch from the shooting data. In Sect. 6, we will show that the metrics
arising from the second family of solutions are all incomplete. Thus Theorem 2.3
says that another interesting aspect of the solutions in the first family is that some
of them (namely those in the range N < 1/2n¢°G) can provide complete metrics.

In Sect. 5, we prove the existence of multi-strings for a given string distribution
and obtain some preliminary properties of the solutions which will be useful in de-
riving the desired asymptotic estimates. In Sect. 6, we establish the decay estimates
and identify in terms of the total string number N the criterion for completeness of
the gravitational metric.

3. The Role of Defects

When the gravitational sector is ignored and the Abelian Higgs model is considered
in a two-dimensional framework, the equations govern the electromagnetic prop-
erties of a planar superconductor so that the Higgs field ¢ appears as an order
parameter. At the places where ¢ vanishes, superconductivity is destroyed and the
magnetic field penetrates the sample in the form of vortex-lines. Thus the zeros
of ¢ are also called defects which are indicators of spots of partial restoration of
the symmetric normal phase. It is already well-known in the Abelian Higgs model
that the appearance of these defects is equivalent to the existence of mixed states
characterized by |¢| £ 1, Fy £0 [Ab, JT]. Here we would like to know whether
the same statement holds in the presence of gravity, i.e., whether the existence of
strings or defects is crucial to producing gravity or a nonflat spacetime. For techni-
cal reasons, we will mostly concentrate on the compact case. The general situation
when the Higgs potential takes the form £(|¢|* —1)* and 4 > 0 is arbitrary will
be studied.

The basic result in this section says that the absence of string defects implies
the absence of gravity. Such a fact may be seen intuitively as follows. When there
are no string defects, the state is purely superconducting and the energy vacuum
is attained. Thus the energy distribution of the matter-gauge sector is everywhere
zero. However, the Einstein equations (i.e., the first equation in (1)) imply that the
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space curvature vanishes identically. As a consequence, we arrive at a flat space
with trivial topology and there is no gravity.
With the notation in Sect. 1, the Einstein and Abelian Higgs equations become

K,=41G &  Tp=0,

1 ; A
70" VADeD) = 298 — ), xEM.
1 ; e i .
—50r(a"a" VaFu) = 30" @ID4) ~ (D) (26)

Suppose that there are no defects, i.e., ¢(x)+0, Vx € M. Then the line bundle
L over M defined by the solution of (26) is trivial: L = M x C. We may view ¢ as
a complex-valued function on M. Thus there is a real-valued function f € C*(M)
so that ¢ = pe'/ where ¢ = |¢| > 0. Perform the gauge transformation

prspe/, A A~ 0if

in (26). We see that the last two equations in (26) take the form

; A
449 = (g" 45400 + (0" =)o,

1 . .
ﬁﬁj(g"‘ Va4r) = —29"%4;0¢ In o,
1 . Ayl .
—0(g" 9" \JgFur) = —g" A . (27)

V9
From the third equation in (27), we obtain
1
V3

However, the first term on the left-hand side of (28) is a total divergence, thus an
integration of (28) leads to

N . 1 dpl .
0p(g"* Valg" AiF ) + 597" g7 FpFu = —g" 44k0* . (28)

1 v ’ .
[ {Eg” g% FyFi + 74 jAkqoz} dQ,=0.
M

The two terms in the integrand are both positive-definite. As a consequence, we
obtain 4, =0, j =1, 2. Inserting this information into the first equation in (27),
we have

)
d4(p — &) = §<0(<p +e)p—¢), xeM. (29)

Using ¢ > 0 and the maximum principle in (29), we find ¢ = ¢. 'Consequently,
& = 0 everywhere. In view of the first equation in (26), we arrive at K, = 0, which
indicates that M is a flat torus, gravity is absent, and the solution is trivial.

We summarize the above discussion as follows.

Theorem 3.1. For a solution triplet (¢, A, {gjx}) of the gemeral Einstein and
Abelian Higgs equations (24) with 1 > 0 and M being a compact 2-surface, the
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absence of string-like topological defects, i.e., $+0 on M, implies that the solu-
tion is gauge-equivalent to a trivial solution so that M must be a flat torus, which
is characterized by K, =0, ¢ =¢, 4 =0.

A similar study may be carried out for the noncompact case as far as the field
configurations decay fast enough at infinity so that the boundary terms resulting
from integrating the first term on the left-hand side of (28) drop off. Thus, if such
a property holds, the statement of Theorem 3.1 is also valid in general.

4. Proof of Theorem 1.2

Suppose that we can solve the coupled system (13)—(14) for the unknown metric
g and function u. Using u and applying the methods in [N1,N2,Br, Ga], we can
construct a suitable line bundle L over (M, g) equipped with a Hermitian metric
so that ¢;(L) =N and a solution pair (¢, A) of the last two equations in (5) is
obtained. The validity of the first equation in (5) follows directly from (14). Thus
we may only concentrate on the solvability of (13)—(14).

Our main strategy is as follows. We first combine the two equations, (13) and
(14), into a single equation with a peculiar-looking nonlinearity. Then we perturb the
resulting equation by a positive parameter so that a supersolution may be constructed
in such a way that a monotone iterative scheme can be used to find a classical
solution. Finally we take the zero parameter limit to recover a solution of the
original equation.

4.1. Reduction to an Elliptic Equation. We shall use the following standard device
to get rid of the unknown gravitational background metric g on M.
Assume that g is conformal to a known metric go:

g=2¢€"go,

where 7 is an unknown conformal exponent, and that K, is the Gauss curvature of
(M, go). Then n, K,, K, are related through the equation

—Agon + 2Ky, = 2Ky€" .

Besides, we have 4, = e™"4,,. Hence Egs. (13)—(14) become
Agou = €'(e" — &%) + 47:[21;1,5],1 , (30)
Agy(—n — 2nGe") = —2K,, — 2nGe’e"(e" — &%), (31)

where now J, is the Dirac distribution at p on (M, go).
Let v = u — ug where ug is a solution of
4nN "

Agttg = ——— + 41 _nid,, . 32
9010 tM'go Elpl (32)

Then (30)—(31) take the form

41N
M,

Agov = €"(e"0F" — g?) + (33)
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8n2Ge*N

Agy(—n — 21Ge"™ + 2nGe*v) = —2Ky + ——— .
M|,

(34)

Using (2) and the Gauss—Bonnet theorem, we see that the right-hand side of (34)
has zero integral. Consequently, there is a smooth function vy on M so that

0+ 2nGe"o ™’ — 21Ge*v = vy + ¢, (35)

where ¢ is an arbitrary constant to be adjusted later.

We now insert (35) into (33). Use the notation a = 2nG. Then we arrive at the
following equation,
- /«tevo-kaszv—ae”o“(euo+v _ 82) + 4nN

A
90 !Mlgo

on M. (36)

Note that 1 = ¢ is an adjustable parameter which should not be confused with
the coupling parameter A in the previous sections. We shall find in the rest of this
section a solution of (36) which is obviously equivalent to (30)—(31) or (33)—(34).

4.2. The Perturbed Problem. Let (U, (xf)) be an isothermal coordinate chart near
p1 € M for the surface (M, go) so that ¥(p;) =0(j =1, 2). According to [A],
when U, is small the function uy (see (32)) has the property

up(x) =n;1In IX|2 +wi(x) in (U, (), (37)

where w; is a smooth function on Uj.

We can use (37) to define a regular perturbation of ug as follows.

For any o > 0 so that p € U; whenever |x(p)| < 30, choose a function
p € C®°(M) satistying

0sp=1  pp)=1 forx(p)l <o, p(p)=0 for |x(p) > 20.
Take ¢ sufficiently small so that
uy(x) = mIn(x|> + op(x)) + wi(x)  in (U, (F)), I=1,....m (38)
(6 > 0) naturally extends to a smooth function on the full M and
m .
ud=uy in M- JU; up < uy in M.
I=1
It is more transparent to rewrite (36) in the form

4nN
M|,

+v )
“o ‘(eu0+b _ 82)—|-

on M . 39)

v — e 2 N
Agov = Jelo—ae uptae (up+v)—ae

The function e~ "0 is a singular factor. We overcome this difficulty by introducing
the perturbed equation

4nN
|M|

vo—ag’ ng+a62(uo+v)—ae“0+v

Agv = de (e —g?) +

on M. (40)

90

From now on, we assume 0 < § < 1 (say).
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4.3. The SublSupersolution
Lemma 4.1. There is a smooth function w on M independent of o so that

MO +w

(eu0+w —¢ )+

on M. 41)

Ag W > ;Lev0~a82u8+aaz(u0+w)—ae
0

for some suitable 1. Namely w is a subsolution of (40) for all 6.

Proof. As before, let (U, (x')) be a coordinate chart near p; € M. Suppose that
o > 0 is a small number so that

{x e R’||x| <30} C {x e R*x =x(p) for some pe U;},l=1,....m.
Define a function f; € C°(M) so that

0=fe=1, f(p)=1 for|x(p)] < cand pel, I=1,..,m,

So(p)=0for |x(p)] =226 and pelU, I=1,....m, orpeM—UIU,.

Then the equation

8N
dgow = ———fo — C(0) (42)
oM,
has a solution if C(o) satisfies
8N
C(o) = —5 [ fodQ, . (43)
IM, i

90

The solution is unique up to an additive constant.
By (43) and the definition of f,, we see that C(¢) — 0 as ¢ — 0. Thus we can
choose suitable ¢ > 0 to make

8N 4nN

90

Define
Ul ={peMlpeU,lx(p) <o}, I=1,....m.

Hence, in view of (42) and (44), we have

4nN . 7
Agw > ﬂz in U7 .
1=1

90

Of course, we can choose w such that e“0t" — ¢2

inequality (41) holds in UL, U; for any 4, 6.
Recall that w is independent of J. Besides, by the definition of uj, we have
u < u}. Thus

< 0 on M. Consequently the

e—a£2 ug +ag? (ug+w)—ae0 TV eaaz(uo —u(l) YtacZw—ae ot

1%

Co>0 inM—JUY. (45)
I=1

v
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Of course,
sup(e™ — )= —-C;, C; > 0. (46)
M

The constants Cp, C; are independent of J. From (45)—(46), we see that when A
is large enough, the inequality (41) holds in M — U, U/ as well.
In summary, w satisfies (41) for all o.

Lemma 4.2. Define v, = —ug + Ing2. Then vy > w on M.

Proof. Use the notation of Lemma 4.1. Suppose ¢ > 0 is small so that U7 N U} = 0)
for /4 ['. Of course, .,
w<v mU;,, [=1..m

when ¢ is sufficiently small. Using (32), we can rewrite (41) in the form

Ago(uo +w—In 82) >/182600—aszug+a62(u0+w)——ae"0+w(eu0+w—ln & 1)

in M — Uy . (47)
I1=1

On oU/(l =1,...,m), we already have uy +w —1Ine? < 0. If there is a point p
so that (ug +w — In&?)(p) = 0, then the function ug +w — In&? has a nonnegative
interior maximum in M — UL, U/ which is false due to (47) and the maximum
principle. The lemma is proven.

4.4. Solution of the Perturbed Equation. We shall use v; as a supersolution to find
a solution of (40). Note that v, is singular at the points py,..., p,. Nevertheless,
we can apply the following iterative scheme. We define

(Ago —C; )vn :ievo—aazug+asz(uo+vn_|)—aeu0+v"‘1 (e“O'H’n—l _ 82)
4N
-Céu,,_1+mn—l— onM, n=23,..., (48)

90

where C5; > 0 is a constant to be determined as follows.
Consider the function

F@) = e (e — &), (49)
It is direct to see that the derivative f'(¢) is bounded for ¢ € R.

Set

Cs =14 4sup {e”‘)(")_“sz"g(")} - sup {f'(t)}
x EM teR

in (48). We have
Lemma 4.3. There holds on M the inequality

V>V > >0, > > W (50)
Proof. We have already seen in Lemma 4.2 that v; > w. Using (48), we obtain

4N

(44, — Cs)vo = —Cov1 +
90 IMI

on M. (51)
90
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Thus (d44y — Cs)(v2 —v1) =0 in M —{pi,..., pu}. Since vy € LP(M) for any
p > 1, we have v; € W>P(M) and v, € C"*(M) for any 0 < o« < 1. In partic-
ular v, is bounded. Using the maximum principle, we get v; > v;.

Besides, using the notation (49), the inequality (41), i.e.,

4N
M|,

90

N 2,0
Agw > 4" £ (ug + w) +

Lemma 4.2, and (51), we find
(4gy — C5)w —1v2) > ievo‘"';zug(f(uo +w) = f(uog+v1)) — Cs(w —v1)
= (207 f1(ug + &) — Co)w — v1)
>0 (w< é&<un).

Thus the maximum principle implies that w < v;.
Suppose vx—; > vy > w with k& = 2. Then (48) says that

(449 — Cs)(vks1 — k) = ie""_agz“g(f(uo + o) — fluo +ve—1)) — Cs(ve — vx—1)

) —arzu
= (A"~ £ (ug + &) — Cs)(vp — vx_1) > 0,

where &, is between v,_; and v;. Hence viy; < vg.
Moreover, we have

(Agy — Co)Ow — Vi) > 26040 f g +w) — f (g + v1)) — Colw — ve)
= (30 g + &) — Ca)w — vg) > 0.

Consequently w < v4;. The proof of the lemma is finished.
Taking the limit

lim v, = ¢°
n— oo

in (48) and using (50), we see that v is a solution of Eq.(40) satisfying
> 2w onM. (52)

In order to find a solution of the original equation (39) or (35), we need to
consider the 6 — 0 limit in the following subsection.

4.5. Passage to the Limit 6 — 0. First, observe that (52) implies that, for any
p > 1, there is a constant C > 0 independent of J so that

0]l pary < C- (53)

Next, it is easy to see that the one-parameter function f'(uo + v°)(x) is uniformly
bounded.

. . a2 2 . . . ;
Besides, since e ™% “ < ¢~ 0 and in the local isothermal coordinates (U;, (x/))
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around p1 we have
2 2 —2ag?
P ug(x) __ e % w,(x)|x| 2as°n;

due to (37), we see that there is a constant C > 0 independent of J so that

e8| papy < € (54)
provided that
2ag’mp < 2. (55)
From the condition (2) and y(M) = 2, we have
ag?N = 2. (56)
Combining (55)—(56), we arrive at the condition
n,p<%N, I=1,....m. (57)

Suppose that n;’s satisfy the restriction (19). Then there is a p > 1 so that
(57) is valid. Using (53)—(54) in (40), we see that there is a constant C > 0
independent of & to confine the W?7-norm of v°:

Hvéllwlp(M) =C VO<o<l. (58)

From the embedding W5P(M) — C™(M) for 0 < m < k —2/p with k =2 and
p > 1, we infer in view of (58) that

1t |cany £ C (59)
for any 6, where C > 0 is a J-independent constant.

It is now useful to rewrite (40) with v = ¢° in the form

u0+v&

4N
M|

5 2, 5\, 235
Agovo = )eglotas (ug—ug)tae” v —ae

(@0 — 2y + . (60)

90

By the definition of ), we know that the factor ™ W=1)) is bounded. Using (59),
we see in particular that the right-hand side of (60) has uniformly bounded L?-
norm for any p > 1. Thus (58) holds for any p > 1. As a consequence, {¢°} is
bounded in C"* for any 0 < o < 1. Applying this fact in (60), we conclude that
{v°} is bounded in C**(M). However, the compact embedding C>*(M) — C%(M)
enables us to get a convergent subsequence {v”*} (5, — 0 as n — c0) so that

On

v — some element v in C*H(M). (61)

Inserting (61) into (60), we find that v is a solution of (36).
The proof of Theorem 1.2 is complete.

5. Proof of Theorem 2.3: Existence Part

We now study the Einstein—Bogomol’nyi system (24) on the full plane. We shall
look for a solution of the system so that it is such that the Higgs field ¢ vanishes
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precisely at the given points py,..., py € R? at the respective orders n,,...,n,. We
can use the same device to reduce this problem to a system of nonlinear elliptic
equations of the form (30)—(31). Comparing (5) and (24), it is easy to see that
the new system may be obtained by a rescaling of the parameters in (30)—(31):

e 1, 271G — 21Ge.

This simplification is convenient for our discussion to follow.

5.1. The Elliptic Equation and its Perturbation. Set a = 2nGe* as in Sect. 4.

Choose go to be the standard flat metric. Hence 4,, = 4, K,, =0, and we end

up with the following equations on R?:

Au = e'"(e" — 1) +4n)y nid,, , (62)
=

A + ae’) = ae(e" —1). (63)

Define the background functions

m |x___ pll2

up = yomn | ———— |,
= I+ x— pil
m

wo = Zm ln(l + Ix — p/|2).
=1
Then it is seen that ug < 0,wy = 0, and

m
Aug = 4ny né,, — Awy
=1

=d4ny néd, —¢,
=1

where, in this section and part of the next section,

Awg = 43 o
g=Adwg =43 —————— >
E+ = pi)

’

which should not be confused with our notation for the Riemannian metric

g =A{g}.
Let u = ug + v. Then (62) becomes

Av = €1t — 1) +g. (64)
By (63)—(64), we easily infer that

h="T 4 0t
a

is an entire harmonic function, which clearly defines a background for the gravi-
tational metric. The choice of /4 is often crucial in establishing existence in some
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situations. In the radially symmetric case, / is a constant. We now take the point
of view that, far away from local regions, the solutions look radially symmetric,
thus, multi-string solutions and radially symmetric string solutions should reside in
the same metric background. Therefore we are led to assuming that # = ¢ = const.
Of course, such a choice may restrict the range of non-symmetric solutions we are
searching for, and hence, is only a technical convenience. In this section, we again
use the notation 4 = e“ as in the compact case, which should not be confused
with the coupling parameter 1 considered in Sects. 0—3. Note that this parameter is
adjustable as in the compact case. Finally, inserting the above expression into (64),
we find the resulting equation

UO+L‘

Ap = Jem 0+ (ot — 1) 4 g in R?. (65)

As in the last section, Eq. (65) is not convenient to work with. We can avoid
the difficulty by introducing the following d-regularization of (65):

11‘5 v )
Av = Je—@o+av=¢ ) it 1y Ly in R?, (66)
where .
ug =S In(d + |x — pi|*) —wo .
=1
Note that

452 —g. (67)

1(0+ lx - pz|2)2

5.2. The Solution of the Perturbed Equation via SublSupersolutions. We first find
a supersolution of (66).

Lemma 5.1. The function v§ = —ug (0 < 6 < 1) is a supersolution of (66).

Proof. By virtue of (67),

A = —40y —————
N T
" 6_ llg‘i’t? O+ o
<g= Ae—-awo+a(v1 e )(eu0 vy _ 1)+g
Thus vf is a supersolution as expected.
We now turn to the recognition of a suitable subsolution.

Lemma 5.2. There is a Jg independent of 0 < 6 < 1/2 (say) so that for aN
there holds

IIA

S s
0> Je~ 0wl _ 1)+ g in R? (68)
whenever A > Jg. In other words, v =0 is a subsolution of (66) for all .

Proof. We rewrite u) as

m 1-90
)
up=—>nh({l+ —m— | <0 69
0=~ ( 5+u-pw> (69)
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and ] 5 s
e — 1 = et ud (0 < Eud) < 1).

Note that, since ug <0,

'
uy _
s ~ 01

5
Uy
Besides, by (69), we know, for 0 < § < %, that ug — 0 uniformly as » = |x| — occ.
0y 0 i
Thus ¢ — 1 uniformly as » — co. Hence
B 5
e~ Wo—ae 0(@"0 _ 1) < e—awc.—a(euO _ 1)
— e—awo—a+f(ug)ugug

— e—a+€(ug)ugug (ﬁ___l—>

i=i (1 P = i)

m 1-0
by (69 =_e—a+«uz>u3( m_ )
(by (69 LTHE sTR-pp

m 1
* (E(l F - p1|2>a"f>

E—hg,

where

1-90
=0;{ —4mM8— th0 <6, <1, [I=1,...,m
o 1(5+IX—P1|2) s : "

By virtue of the assumption aN < 1 or 2aN + 2 =< 4, we obtain
rhs(x) — oo (ifaN < 1) asr=|x| — o0
uniformly with respect to 0 < 6 < 1/2 or
r*hs(x) — some number ¢; > 0 (if aN =1) as r = |x| - co.

Using the definition of 4, it is easily seen that there is a suitable ¢y so that ¢5 = ¢
forall 0 < 6 < %

The above observation enables us to conclude that there is an 7y > O and 4, > 0
so that

ué
Jem0=ae (g _ 1) 4 g < —,,1—4(lr“h5 ~rlg) <0 (70)

whenever » = |x| = ry and 2 > A, because r*g = O(1) at infinity.

1
On the other hand, we see by the definition of u) that ug Su (0= %). Thus
Fa !
e~ wo—ae O(eug _ 1) é e—(/zwo—a(euo2 _ 1) ) (71)
By (71), we can find 4y = 4; so that (68) holds in {x € R?| |x| < ro} for all
0 < 6 < 1/2 whenever 1 > Jo.
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The lemma is proven.

5.3. Solution of the Original Equation — the Nonradial Case. Since 1§ > 0 is a
supersolution, v = 0 is a subsolution, and all involved are regular, so by [Ni2], we
see that (66) has a smooth solution v° in R? satisfying

W= 20" 20 nR. (72)

We now study the passage 6 — 0 of the family {°}.
For §; < 0,, we have ug‘ < ugz‘ Hence vf‘ > vfz. In particular, v = —up =
9 > o for all § > 0. Thus a weaker form of (72) is

vo>1v" =20 inR%. (73)
Let us consider the right-hand side of (66). It is clear that
—ae“OHé 5.8
e (eu0+b _ 1)

is a bounded function with an upper bound independent of J. Besides, we have in
view of (73) the bound

—awO-Hw‘S —awg+avy __ e—a(u0+w0)

e

IIA
o

x—p| 7 = f (74)

I
=

=1

for the other factor on the right-hand side of (66). So the d-independent upper bound
function f has singularities at x = p;, / = 1,...,m. We hope to apply L’-estimates
to control the sequence {1°}. For this purpose, we require

f €Ll (R*) for some p > 1. (75)
By (74) and n; < N, we see that (75) is ensured provided that aN < 1. When
aN = 1, we only consider the nonradial case where m = 2 (there are more than two
centers of strings). Thus n; < N for / = 1,...,m, and (75) is still ensured. Roughly
speaking, the condition aN < 1 is sufficient to give us (75). It is interesting to
note that this local regularity condition is the same as the condition stated in
Lemma 5.2 where we need to control the behavior of the nonlinearity at infinity in
order to obtain a subsolution.

As a consequence, we conclude that the right-hand side of (66) has uniform
L? bound on any given compact domain in R%. In other words, for any bounded
domain ¢ C R?, there is a constant C( p,0) > 0 independent of &, so that

140°llrie) < C(p, 0). (76)
Applying the interior L”-estimates [ADN, BJS] and using (73) and (76), we see

that
1l p2ne, £ C(p.0O) (77)
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for some J-independent constant C(p, ®) > 0. Using the continuous embedding
— 2
whr(0) — C™(0) M0§m<k~; (78)

with k =2, we see that {t°} is bounded in C(0). From this fact and (73), we
conclude that {v°} is uniformly bounded over the full R?. )
In view of (66), the boundedness of {v°} implies that {4v°} is also bounded

in R%. Thus the interior L?-estimates say that (77) holds for any p > 1 and any
given bounded domain . Take p > 2. The embedding (78) gives us the bound

|1’5|C1(z) < C(p,0), Vé6>0. (79)

Using the properties of the right-hand side of (66), we see in view of (79) that
|Av‘3lcl(g) < C(p,0) for any 6. Since O is arbitrary, the above results and the
interior Schauder estimates enable us to conclude that for each « € (0, 1) there is a
constant C(a, p, ®) independent of § > 0 so that

0| 2a@, £ C(2 p,0). (80)

We are now ready to use a standard diagonal subsequence argument to obtain
a solution of (65) on R? in the limit § — 0.
Letry <m<---<pr<---,r;j—o00 (as i — 00) be a sequence of positive
numbers and
B, ={x e R* x| <r}.

Applying the estimate (80) on {v°} with O =B, i=1,2,..., and the compact
embedding Cz’i(B,-) — C?(B;), we can extract on each B, a convergent subsequence
of {v°} in C?(B,). We start from B;. Choose 3),8! — 0 as n — oo and v; € C*(By)
so that oo — vy in C*(B)) as n — oo. Then there is a subsequence {42} (say) of
{6}} and an element v, € C*(B;) satisfying 62 — oo and v vy in CX(By) as
n — oo. Of course, v; = v, in B;. We can repeat this procedure to get sequences
{6:}, i=1,2,..., so that

(i) {8} c{o, ' hi=23,..5

(ii) for each fixed i = 1,2,...,0, — 0 as n — oc;

(iii) for each fixed i = 1,2,..., there is an element v, € C2(B,) satisfying vo» —

v; as n — 00,
(iv) there holds v, = v;—; on B;_,i =2,3,... .

Set v(x) = vi(x) for x € B; and i = 1,2,.... The property (iv) above says that v
is a well-defined C2-function on R%. By virtue of (i) and (ii1), we see that v — v
as n — oo in C%(0)-norm for any given bounded domain ¢ in R?. Take & = oh in
(66). Letting n — oo and using (i) above, we find that v is a smooth solution of
(65). Moreover, the inequality (73) implies that v verifies the same bounds

0<v<-—u inR%. (81)

In particular, v vanishes at infinity.
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5.4. Solution of the Radial Case. We now deal with the case aN =1 and m = 1
(clustered strings) individually. Without loss of generality, we assume that the single
center of the N strings is at the origin. It suffices to find a radially symmetric solu-
tion. For this purpose, we use the reduction in [CHMcY] with ug = 2N Inr (r = |x]).
Then Egs. (62)—(63) give us

1
P + e —u+2NInr = ¢ = constant .
Thus, we come up with a single equation, replacing (65) with A = e“ as before,
1 u
Uy + ;ur — Jp—2aN ja(u—e )(eu -1), r>0,
lim ru,(r) = 2N, lim u(») =0. (82)
r—0 r—o0
The boundary condition at » = 0 is important when we use the radial solution de-
fined in the punctured plane » > 0 to get a classical solution of the original problem
over the entire R. For a full discussion of this simple “removable singularity” prop-

erty, see [SY] for a similar problem.
We now introduce the new variables

t=Inr, U@ =ue).

Then the system (82) becomes

U’ = le”(U_eU)(eU -1), ~—oc0<t< oo,
Jim U'()=2N,  lim U(r)=0. (83)

In [CHMcY], we showed that Eq. (83) has a negative solution in the neighbor-
hood of t = —oo and lim,—, o, U(t) = —o0. Besides, note that the right-hand side
of the equation, g(U), can be written in the form

— gaU—eYy U _ :_ﬂi aU—eV)
g(U) = Ae (e 1) adU[e 1.

Therefore, multiplying Eq. (83) by U’ and integrating over (—oo,t), we find the
reduced equation

U”(t) = 4N? — %eaw—e") =F(U). (84)

It will be useful to study the critical points of this equation first. Suppose Uisa
number that F(U') = 0. In order to ensure the uniqueness property at the equilibrium
U = U for (84), we need to require that

F'(T) = 2(e¥ — 1)@~ =
The only choice is U = 0. Inserting this result into F(U) = 0, we find that

= 2aN%® = 2Ne¥V | (85)
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where we have used the condition aN = 1. In the sequel, we will always assume
(85). Hence, for ¢ in a neighborhood of # = —oco, we can rewrite (84) in the fol-
lowing form so that the derivative is explicit:

U'(t) = 2N/ 1 — en1+U=¢) | (86)

where we have chosen the positive radical root because, according to the boundary

condition at ¢ = —oo in (83), U’ > 0 initially. Since, in (86), U’ > 0 and the

uniqueness holds at the equilibrium U = 0, we can use the fact that F(U) decreases

in U < 0 to conclude that U = U(¢) (the local solution of (82) near t = —00)

solves (86) in the entire interval —oo < ¢ < oo and U(¢) < 0 = U for all ¢.
Besides, (86) can be rewritten in the integral form

vo  qu

- = 87
vy VF(U) t @7

Consequently, we must have U(t) — U = 0 as t — oo. In fact, since

F"(0) =2le™*=4N,
we can derive from (87) the sharp estimate
U] =0(e™ V") ast — 0. (88)
Returning to the original variable » = €', u(r) = U(lnr), it is seen that a desired

solution of (62)—(63) is obtained. However, we do not have a bound like (81).
Instead, from (88), we have

lu(r)| = O(r”m) as r — 0. (89)
Note also that (86) implies U’(z)/|U(t)| — /F"(0)/2 = v/2N as t — co. Hence

lu(r)] = O~V a5 7 — 0. (90)

In order to see that the solutions just obtained carry finite energies, we need to
study the asymptotic behavior of v in (81) or u itself.

6. Proof of Theorem 2.3: Asymptotic Decay Estimates
In this section, we complete the proof of Theorem 2.3 by obtaining the asymptotic

properties of the solutions and the condition that is crucial for the gravitational
metric to be complete. We split out discussion into the following two subsections.

6.1. Decay Estimates. Let v be a solution of (65) satisfying (81). Then u = uy + v
fulfills Eq. (62) with the function 7 given by the expression

n=—awy+a(v— e +c. (91)
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Hence, by the definition of wy, we have

Uy +U) i 1

er) — ec+a(v—~e - - 92
B Py ©2)
Choose rp > 0 sufficiently large so that
{P1-..» Pm} C B(ro) = {x € R*| |x| < ro}.
Then (62) becomes
du =€ —1) in R> —B(ry). (93)

The decay property (92) implies the following.
Lemma 6.1. Suppose that aN < 1. Then the solution u of (93) has the bounds

—Glx|7? < u(x) <0, |x| >r (94)

for any b > 0. Here C, > 0 is a constant depending on b. If aN =1 and m = 2
(there are at least two string centers), (94) holds for b =2. If aN =1 but m = 1
(superimposed strings), then the radial solution satisfies (94) with b = v/2N.

Proof. Assume aN < 1 first. Introduce the comparison function
w(x) = Clx|~?. (95)

Then
Aw=br""w, |x|=r>r. (96)

Choose ¢ € [0, 1] so that e — 1 = e““u. Thus, by (93), (96), and setting o = e,
we have for ry > 0 sufficiently large,

AMu+w) = ou+ b*r 2w

< b Hu+w), [x|=r>r, 97)

since e" satisfies (92) and 2aN < 2. For such fixed ry, we can take the constant C
in (95) large to make
() + W) |sjry > 0.

Applying the maximum principle in (97), we obtain u +w > 0 in R> — B(ry) as
expected.

If aN =1 but m = 2, the estimate comes from (81) and the definition of ug
(see the proof of Lemma 6.2 below). If aN =1 and m = 1, the estimate follows
from (89).

We next show that J;u satisfies similar decay properties as u stated in (94). For
this purpose, we first prove

Lemma 6.2. Suppose aN < 1 or aN =1 but m = 2. There holds 0;v =0 at
infinity, j = 1,2.

Proof. By (81) and

m 1 _
—up(x) = ;nl In (1 + FEE Pl|2> =0@r"%)
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as |x| = r — oo, we see that v € L2(R?). Besides, using
01—t <1 g

m _ 271/
:l_H |‘x pll

e = 0(r )
=1 (1 [x = py?)m

and . |
e ™ =[] = = 0(r" (98)
N —pmem —0)

(at |x| = r = 00), we conclude that the right-hand side of (65) lies in LA(R?) as
well. Hence the L?-estimates for (65) enable us to get v € W22(R?).
Furthermore, differentiating (65) gives us

A(9yv) = deMraC=e gt gleiote — 112)(0;0)
+ )Le““WO‘L“(””e“OH)(l +a—ae""")e"(0;e")
+ 28T (@0 1) (056 M0) + (99) - (99)
Of course, d,g € L*(R?). Using

(Iml———'x — i ) =00

96" — 9.
/ PA\EQ+ x = prPyn

and (98), we find
e~ ™0(0,e0) = O(r~ Nty € LA(R?).
Differentiating (98) gives us
dje=™0 = O(r~aN+Dy.

Inserting the above information into (99), we see that the right-hand side of (99) lies
in L>(R*). Thus the elliptic Z?-estimates lead us to the conclusion d;v € W>2(R?).
Consequently 0;v — 0 as |x| — oo.

We are now ready to derive the decay estimates for |Vu|.

Lemma 6.3. For the solution u of (93), we have

[Vul> < Colx|™°,  |x| > ro, (100)
where b > 0 is again arbitrary for aN < 1 and C, > 0 is a constant, while, for
aN =1 but m = 2, the solution of (93) can be so obtained that (100) holds for
b=3.
Proof. From Lemma 6.2 and the definition of uy, we see that |Vu| — 0 as |x| — oco.
Differentiating (93), we obtain

A(Oju) = (0m)e'(e" — 1) + €™ (dju)

= f] +(erl+u _ ae'l(eu _ 1)2)(6174) (101)
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In view of (91) and Lemma 6.1, we see that, at infinity,

O(r~"), Vb, >0, when aN < 1,
[ = (102)

O(r—°), whenaN =1,m > 2.

Set & = |Vu|?. Thus, as a consequence of (101), there holds

Ah

v

2e" b+ 2(Vu - Vp)e'(e" — 1)

v

eh+q(x), |x| > ro, (103)

where g(x) satisfies the same decay estimate as f; in (102).
Suppose that w is given by (95). From (96) and (103), we have

Ah—w) = "™h—br w4 q(x), |x|=r>nr. (104)

Assume that by > 2+b whenaN <1l orS = 2+bwhenaN =1butm = 2.
Then there is some C > 0 in (95) so that

q(x) > —b*r2w(x) for |x| =7 > ry. (105)
By (92), if aN < 1, we may also assume that

e > 206%™ for |x| =7 > ry; (106)

while, if aN =1 but m = 2, by the uniform bound (81) and the arbitrariness of
the constant ¢ in (91) or (92) so that (") |,—,, may be made sufficiently large,
we still have the validity of (106).

Inserting (105)—(106) into (104), we find the inequality

A(h —w) = e""h — 2652w

1\%

265 X h—w), |x|=r>r. (107)
Of course, we can adjust the constant C in (95) to make

() = W) |y 0. (108)
Using the boundary conditions (108) and #—w — 0 (as |x| — o0) in (107), we
arrive at h < w for |x| > ry as desired.

Let u = up + v and 7 be defined in (91). Then gy = " and ($,A4) give rise
to a solution triplet of the coupled Einstein and Abelian Higgs equations (1) or (5)
on the conformally flat surface (R {g k}), where

9(x) = exp (—é—u(x) 135 marg(e - m) :

Ai(x) = —Re{2id*In ¢},  Aa(x) = —Im{2i0*In p} . (109)
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In general, if ¢ has the local representation ¢ = e’ where ¢ and w are
real functions, by 0, = 0+ 0*,0, =i(0 — 0*) and the second line in (109), we

have . .
D1¢:(6+6*)¢—i{—ia¢¢ a(Zi }d) 2¢da ,
Dy =i(0—0")p —1i {—i6;¢ 6(;15* } ¢ = 2i¢poo .

Using these formulas and (109), we have the relation |D;¢|? + |Dy|?> = 2e“qul2
Let b be the exponent described in Lemma 6.1. Then by the third equation in
(24) and (92), we have
F12 — O(r(——b+2aN)) ,

1= =0(~")
for r = |x| large. By Lemma 6.3, we have
o(r?), ¥h > 0, where aN < 1,
ID;p|* = { O(r™?), where aN = I,m 2 2, (110)
O(r—20+V2M)) ' where aN = I,m = 1.
These estimates imply immediately that

fF]zdx = 27N .
R2

Consequently, by the first equation in (24) and (92), we find that the Gauss curva-
ture satisfies

o(r=?), VYb > 0, where aN < 1,
K, =4 O(r™"), where aN = 1,m = 2,
O(r~2V™) where aN = I,m=1.

Thus the decay estimates stated in Theorem 2.3 are obtained.
Furthermore, since we can rewrite the energy density of the matter-gauge sector
in the form

6= 3¢ Fy + 3¢ (Dg +1D29) + L (9P 17

1 1 S .
=5 (e_"Flz + §(|¢|z - 1)) + 7€ "|D1¢ +iDy |

~ e8P ~ 1) + %e"”([D@][Dzd)]* — [D1¢T [D200)

1 1 A
=S¢ P + Ee“"lm{ajs’k(ﬁ*(Dkq,’))} , (111)
hence (110)—(111) lead us to the following total energy of the matter-gauge coupling
[é&e"dx = nN
RZ

and the energy of the gravitational sector which is realized by the total Gauss
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curvature

[K,e"dx = 4n*GN ,

R2
where we have used the first equation in (24) to relate the total curvature to the
matter-gauge energy. Returning to the original system with the symmetry-breaking
parameter ¢ > 0, we see that the decay estimates and the quantization identities are
established.

6.2. The Completeness of the Metric. Let p,q be two arbitrarily given points in
the conformally flat surface (Rz,eqéjk), where the conformal exponent # is de-
termined by the expression (91). Suppose that € is the set of piecewise differ-
entiable curves of the form x =x(¢) € R?, 0 <t < T connecting p,q. Namely,
x(0) = p, x(T') = q. The geodesic metric d on (Rz,e”éik) is defined by

T
d(p.q) = inf [ i(n)|dr, pg e R (112)
&0

Recall that (Rz,e”éjk) is called complete if it is a complete metric space with
respect to the metric d and, by the Hopf-Rinow—de Rham theorem, this latter
property is equivalent to the statement that each geodesic on (Rz,e”éjk) can be
extended to a global geodesic defined on the entire real line R. See e.g. [S]. In this
case, the infimum in (112) may always be attained by minimizing geodesics, which
is obviously an important feature.

We now proceed to show that the metric completeness for the solutions obtained
is equivalent to the restriction N < 1/2n¢?G.

Ir21 fact, for the obtained solutions, the conformal factor e” satisfies the estimates
in R*:

Ci(1+7)72N < e < Cy(1 +7) 2N, v = ], (113)

where C;,C, > 0 are constants. By (113), it suffices to consider the radially sym-
metric metric go = (1 +7) 72V 5.

Considering rays starting from the origin as geodesics, it is straightforward to see
that the completeness of gy is equivalent to the property that the geodesic distance
from the origin to infinity is infinite, namely, the integral

o

JA+r)yNdr
0

is divergent, which clearly requires that aN < 1 as expected.
Thus we see that the obtained gravitational metric is complete if and only if
the total string or vortex number N satisfies the upper bound N £ 1/2r¢>G, which

coincides with the existence condition stated in Theorem 2.3.
The proof of Theorem 2.3 is complete.

Remarks. (a) The Gauss curvature K, obtained in Theorem 2.3 decays fast at
infinity. Such a property already implies that K, is the curvature of a complete
metric ¢’ (say) because a well-known theorem [KW2] says that K, € C°(R?) is
the curvature of a complete Riemannian metric on R? if and only if

lim inf K (x) £0.

r—00 x| 2r
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In our case considered here, we can have ¢’ = g when N < 1/27¢2G. On the other
hand, when K, decays fast at infinity but N < 1/27¢?G is violated, the gravitational
metric g will fail to be complete. Thus, now, g+ the complete metric g’ mentioned
above.

(b) In an earlier paper [CHMcY], we have constructed all finite-energy radially
symmetric N-string solutions in the ranges 0 < N < 1/27¢?G and 1/276’G < N <
1/ne2G. There the conformal exponent 7 of the gravitational metric is expressed in
the form.

n=-2aNInr+a(u—e)+c, a=2n’G, r=[x|,xcR> (114)

so that the function u satisfies the property ¥ = 2NInr + O(1) at » =0 and 7 is
everywhere regular. In fact in [CHMcY] the constant ¢, which clearly defines a
metric “background,” is set to zero for convenience. This point of view comes from
the assumption that one should recover the Minkowski metric represented by 7 = 0
when gravity is turned off through putting G = 0. In this way it is shown that there
is energy blow-up at N = 1/a = 1/2n?G too. In the present paper we have proven
that when ¢ is suitably chosen, there are finite-energy solutions in the full range
N < 1/a = 1/27e*G. 1t is straightforward to examine that the conclusions arrived
in [CHMcY] in the ranges 0 < N < 1/a = 1/2n¢’G and 1/276G < N < 1/n2G
as well as in N = 1/ne?G are independent of the value of ¢. Thus we are led to
the obstruction result stated in Theorem 2.1. The equation N = 1/2n¢?, however,
may be read as an obstruction to an arbitrary choice of the metric background. This
is a peculiar and unique situation for radially symmetric solutions.

When aN < 1, the solutions with u — 0 as » — oo correspond to the solutions
of the coupled Einstein and Abelian Higgs equations (1) for which the Higgs field
go to the asymmetric vacuum. Such solutions are contained in those already dis-
cussed in the present paper. The other family of solutions are those which have the
asymptotic behavior

lim ru, = —p, ﬁ>M.

F—00 a

(115)

Thus, by (114)—(115), we obtain the sharp decay estimate for the conformal factor
e’ as follows:

e"=0(r"%) as r — 0o, where & > 2aN +2(2—aN)=4.

Combining the above with the discussion in this section, we see that (R?,e"0 k) is
not a complete surface.

When aN > 1 but aN < 2, there are still radially symmetric finite-energy
N-string solutions. In this case the function u in (114) either stays bounded or
tends to —oo as » — co. Hence e" decays at least like

e’ =072y, 2aN > 2

as » — oo. Thus, again, the metric cannot be complete no matter how u or the
Higgs field ¢ behaves at infinity.

In summary, in the class of radially symmetric solutions, the only finite-energy
solutions which are able to give rise to complete gravitational metrics are contained
in those stated in Theorem 2.3.

(c) One may wonder what happens if the Einstein equations are coupled with
Yang-Mills-Higgs equations with non-Abelian gauge groups. When the cosmic
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strings are sought so that the spacetime is uniform along the time axis and a vertical
direction and the line element takes the specific form defined in Sect. 1, we have
seen that the Einstein tensor has a significant reduction to a form that its only
nonvanishing component is the Gauss curvature of a 2-surface where nontrivial
geometry is coded in order to accommodate gravity. Such a property imposes a
great restriction to the form of the energy-momentum tensor 7T}, via the Einstein
equations

G — Agyy = —4nGTy, , (116)

where A = 0 is the cosmological constant. In fact, the system (116) indicates that
self-dual cosmic strings such as those contained in the Bogomol’nyi equations are to
be considered to achieve consistency. This observation motivates our earlier work in
[Y2]. There we found when the gauge group is U(1), we must have A4 = 0 which
is the case studied in the present paper. When the gauge group is either SU(2) or
SU(2) x U(1), namely a simplified Georgi—-Glashow model [AO1] or the standard
Weinberg—Salam model [AO2], the cosmological constant 4 must be positive and
the associated gravitational metric can never be complete. Here we would like to
remark that incompleteness of the metric is in fact a simple consequence of the
positivity of A. Indeed, assume A > 0. Then 00-component of Eq. (116) reads

K, — A = 4nGé&, (117)

which is defined an unknown 2-surface (M,g) conformal to R*. Again, K, is the
Gauss curvature of (M, g). Since & = 0, Eq. (117) says that K, = A4 > 0. By the
theorem mentioned in the above Remark (a), we are convinced that K, is not
the curvature of any complete metric of M. Thus, it seems to indicate that com-
plete gravitational metrics may only arise from the Einstein equations coupled with
Abelian gauge and matter fields such as those provided in Theorem 2.3.

The methods here are immediately applicable to the more general problems stud-
ied in [GORS] where the gauge and Higgs sector possesses a broken SU(2)gigpat X
U(1)ocar symmetry. The accurate behavior of the metric at infinity of the solutions
obtained in this paper and the solutions constructed in [CHMcY] may directly be
used to determine the corresponding asymptotic deficit angles. An easy calculation
shows that the solutions that approach the symmetric vacuum at infinity lead to
much larger deficit angles which may occupy an entire continuum.

7. Concluding Remarks

In this paper, we have derived obstructions to the existence of static and regular
cosmic string solutions of the coupled Einstein and Abelian Higgs equations. These
obstructions are of a topological nature, which may be seen clearly when the un-
derlying surface where the strings reside in compact, and are not present when the
Einstein equations or the weak gravitational coupling is ignored. We have observed
that, now, the symmetry-breaking scale, the string number, the base-space topology,
and Newton’s gravitational constant all play important roles. It will be interesting
to know what happens in non-Bogomol’nyi coupling where A#1. We suspect that
similar obstructions should occur.

The solutions constructed in this paper can indeed generate local concentrations
of energy and curvature. This fact is easily seen from the properties of the solutions
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and the governing equations (1) or (5). The zeros of the Higgs field ¢ obviously
produce energy peaks on the underlying surface M. Due to the first equation in (1)
or (5), we observe that these energy peaks directly give rise to curvature peaks.
These peaks are initial seeds for matter accretion in the theory of galaxy formation
in the superconducting phase stage. Note that there are no metric singularities at
all.

The paper also leaves a number of questions which will be worthwhile to pursue.

The first question is about the existence of an N-string solution when N = 1,2
in a compact surface M under the condition (2). Our crucial assumption (19) fails in
this case. As mentioned before, when (19) is not fulfilled, the LP-convergence with
some p > 1 of the approximation sequence constructed in the proof of Theorem
1.2 is not ensured. Thus, we encounter a gap for existence when N = 1,2. Whether
it is only a technical problem or has a hidden geometric/topological reason is not
quite clear to us at this moment.

The second question concerns the obstruction (21). We have learned that
(21) is necessary and sufficient for the existence of a regular static finite-energy
N-string solution with cylindrical symmetry so that the field configurations enjoy
the radial dependence as given by the standard expressions (20). It is not clear
whether such a condition or any condition like that occurs for nonradial solutions.
In our construction of nonradial solutions, we have seen that the stronger condi-
tion N < 1/2n&?G plays an important part both in order to get local regularity (a
suitable L{ -convergence) and to get asymptotic control at space infinity in our
problem. We do not know whether that condition can be lifted. Since we have
obtained finite-energy radial solutions under (21), it seems reasonable to speculate
that there may be nonradial solutions realizing any prescribed N-string distributions
in the regime

1 1

—— <N < ——
2nelG netG

as well. Several obstacles will have to be dealt with in order to move on.

The third question is whether completeness of a gravitational metric is important
to cosmological consequences. Theorem 2.3 already identified a subclass of solutions
which lead to complete metrics. We have seen there that, if we insist on the metric
completeness, we have obtained all possible multi-string solutions for the coupled
Einstein and Bogomol’'nyi equations (5) so that the matter-gauge fields approach
the broken vacua asymptotically.

The methods used in the present paper suggest ways to obtain multi-string solu-
tions numerically. A similar approach has been taken for the self-dual Abelian Higgs
and Chern-Simons models where solutions over the full R? are approximated by
solutions constructed on a sequence of bounded domains and the truncation errors
near infinity are shown to vanish exponentially fast. It would be interesting to con-
duct a parallel study for computing multi-strings because in this situation we still
have several unknown parameter regimes to be investigated. Here we expect that
the truncation errors decay faster at infinity than any power type function of the
form r~? for N < 1/2ne’G due to Theorem 2.3. Furthermore, our discussion al-
ready provides the problem over a compact surface an implementable method to
find the solutions. It may be useful to test by the iteration scheme described in
Sect. 4 whether there are solutions with string charges N = 1, 2.

The study in this paper on the borderline case N = 1/2n¢’G also reveals an
important fact that radially symmetric solutions and nonradially symmetric solutions
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may have very different features and properties. When radial symmetry is assumed
so that the strings are clustered at the origin, we have seen from (85) that there is
a unique solution which approaches the asymmetric vacuum at infinity so that the
conformal factor ¢ in the gravitational metric

ds? = —df* + dz* + e"(dx? + dx3) (118)
satisfies
e = 2Ne717r“2e(“_eu)/N, r=x|, xcR?, (119)

where u = In|¢|*> = 0 at infinity. On the other hand, for multi-string solutions
(m =z 2) for which the radial symmetry property is not present, the metric factor is
given by

) = 1T [x — py| 2N = IV ¢ e R2. (120)
I=1

Here 4 > 0 should not be confused with the coupling parameter in the Abelian
Higgs model. We have shown the existence of solutions for all / sufficiently large
(see Lemma 5.2 and Subsect. 5.3). Therefore, the obstruction to an arbitrary choice
of the background conformal factor (85) for the metric (118) disappears for multi-
strings. This fact is significant because the property » = 0 at infinity in (119) and
(120) clearly indicates that these equations give rise to different metric background
at infinity. Thus we see that multi-strings certainly enjoy a richer spectrum of struc-
tures than radially symmetric solutions with a single string center. This interesting
phenomenon does not take place in the subcritical case N < 1/27¢?G. In this latter
case we have shown in [CHMcY] that for any 4 > 0 there is an N-string solution in
the asymmetric vacuum asymptotically, i.e., # = 0 at infinity, and the metric factor
assumes the form

2 2 U
el = /{r—4na GNeZns G(u—e )’ r= le )

This result indicates the indifference of system concerning the choice of the con-
formal factor 4.2

Our prescribed string defect problem for the coupled Finstein and Abelian
Higgs equations considered here may be compared with a well-developed area in
differential geometry —the prescribed Gauss curvature problem on a 2-surface [A,
Av,ChY,KW1,KW2 Mc,Nil]. In our situation, the Gauss curvature is determined
by the energy distribution of the matter and gauge interactions and the latter are
strongly governed by the prescribed string defects and their associated strengths. In
turn, the Gauss curvature affects the gravitational background which immediately
influences the matter-gauge interactions as a feed-back.
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2 Again, in [CHMcY], the results are stated within the special scale 2 = 1. However, the results
in the subcritical case N < 1/2162G and supercritical case N > 1/2ne?G are valid for any 1 > 0.
This fact is crucial in our obstruction theorem in the noncompact case (Theorem 2.1) in this paper.
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