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Abstract: We study representations of the central extension of the Lie algebra of
differential operators on the circle, the #).., algebra. We obtain complete and
specialized character formulas for a large class of representations, which we call
primitive; these include all quasi-finite irreducible unitary representations. We show
that any primitive representation with central charge N has a canonical structure of
an irreducible representation of the # -algebra # (gly) with the same central charge
and that all irreducible representations of % (gly) with central charge N arise in
this way. We also establish a duality between “integral” modules of #"(g/y) and
finite-dimensional irreducible modules of gly, and conjecture their fusion rules.

Introduction

The Lie algebra @, which is the unique non-trivial central extension of the Lie
algebra & of differential operators on the circle [KP1], has appeared recently in
various models of two-dimensional quantum field theory and integrable systems,
cf, e.g., [BK, FKN, PRS, IKS, CTZ, ASvM]. A systematic study of representation
theory of the Lie algebra @, which is often referred to as #7., algebra, was initi-
ated in [KR]. In that paper irreducible quasi-finite highest weight representations of
9 were classified and it was shown that they can be realized in terms of irreducible
highest weight representations of the Lie algebra of infinite matrices.

In the first part of the present paper we recall some of the results of [KR] and,
as an immediate corollary, obtain complete and specialized character formulas for
an arbitrary primitive representation of 2. (A primitive representation of @ is an

“analytic continuation” of a quasi-finite irreducible unitary representation of @.) The
results of [KR] were used previously in [Mat, AFOQ] to derive character formulas
of primitive representations of central charge ¢ = 1.
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In the second part of the paper we exhibit a connection between 2 and
the # -algebra #7(gly) at the central charge N. Our main result is that any prim-
itive representation of 2 with central charge N has a canonical structure of an
irreducible representation of #'(gly) with the same central charge and that all
irreducible representations of #°(gly) with central charge N arise in this way. An
immediate corollary is a character formula for these representations.

The vacuum module of & of central charge c is irreducible if and only if ¢ is
non-integral [KR]. If ¢ is a positive integer N, then this vacuum module contains
a unique singular vector of degree N + 1, and the quotient by the submodule gen-
erated from this singular vector is an irreducible 9-module [KR]. We will show
that this quotient is isomorphic to the vacuum module of the # -algebra % (gly)
with the same central charge. All these modules carry vertex operator algebra (or
chiral algebra) structures, and this isomorphism holds at the level of vertex operator
algebras. It follows that the Lie algebra of Fourier components of the fields from
W (gly) with central charge N is a quotient of the local completion Uy(2)j, of
the universal enveloping algebra of 2 with the same central charge, by a certain
ideal. A similar statement was conjectured in [FKN], where it was used in the study
of the so-called # -constraints in two-dimensional quantum gravity.

We recall that the # -algebra # (gly) can be defined as the kernel of certain
“screening” operators acting on bosonic Fock spaces, cf. [FF2]. These operators
depend on a complex parameter f§, and for “generic” values of f, this kernel is
finitely generated as a chiral algebra. We show that § = 1 is a generic value; this
value correqupds to central charge N, cf. also [F2, Bo, BS]. We then use the
realization of & in terms of N free bosonic fields to construct an explicit map from
the chiral algebra of 9 to the chiral algebra # (gly), and to show that this map is an
isomorphism. It follows that under this map of chiral algebras, the first N generating
fields J(z),...,JV~!(z) of & map to the generating fields W°(z),..., WN=1(z) of
W (gly), and the remaining fields J"(z),m = N, map to certain normally ordered
combinations of W0(z),..., W¥~!(z) and their derivatives. This happens so because
by taking the quotient by a submodule generated from the singular vector (this is
often referred to as decoupling of a singular vector), we effectively set to zero a
field of the form

JN@)—: PJz),...,T" (2)) -,
where the second term is a normally ordered polynomial in J°(z),...,J¥~!(z) and
their derivatives. This allows one to express J™(z),m = N, as a combination of
J%z),...,J¥"1(z) and their derivatives. Since such combinations are non-linear,
the resulting commutation relations between W°(z),..., WV~!(z) also become non-
linear, which is what we expect in # (gly).

One could try to prove this correspondence between & and #~ (gAl ~) by using an
explicit formula for the singular vector in the vacuum module of &. Although we
know a simple formula for this vector in the Verma module over & [KR, Sect. 5.2],
for large N it is difficult to derive from it a formula for such a vector in the vacuum
module in the PBW basis. But even if we knew a precise formula for it, it would
still be unclear how to show that decoupling of this vector gives # (gly). That is
why we prefer a less direct, but simpler and more transparent proof, which uses
free field realizations of & and ¥ (gln).

Our result implies that any irreducible representation of ¥~ (g/l\N) with central

charge N gives rise to a quasi-finite irreducible representation of & with the same
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central charge. Irreducible representations of #°(g/y) can be constructed as sub-
modules of the Fock modules over the Heisenberg algebra of N scalar fields. They
yield primitive representations of 2 and all of them can be constructed in this way.

In the third part of the paper we establish a remarkable duality between “inte-
gral” irreducible representations of # (gly) and finite-dimensional irreducible rep-
resentations of GLy(C), cf. also [K,F1,F2,KP1]. This leads us to the conjecture
that the fusion algebra of integral representations of #"(g/y) is isomorphic to the
representation algebra of the group GLy(C).

Throughout the paper we systematically use vertex operator algebra methods. In
particular, we give a general existence theorem (Proposition 3.1) which allows one
to check easily axioms of a vertex operator algebra.

The paper is organized as follows. In Sect. 1 and the first part of Sect. 2 we set
notation and recall some of the results of [KR]. In the second part of Sect. 2 we
establish character formulas for primitive representations of 9 with central charge
N. In Sects. 3 and 4 we study the vertex operator algebra structure on the vacuum
module of 2 and on #7(gly). In Sect. 5 we construct a surjective homomorphism
between them and derive consequences of this fact. In Sect. 6 we establish the
duality between # (gly) and GLy(C).

1. The Lie Algebra 7

Let 2 be the Lie algebra of complex regular differential operators on C* with the
usual bracket, in an indeterminate ¢. The elements

Jl= "0, (keZilel,) (L.1)

form a basis of 2. The Lie algebra & has the following 2-cocycle with values in
C [KP1, p.3310}:

m!n!
(m+n+1)
where f("(1) = " £(t). We denote by ¥ = 9 @ CC, where C is the central ele-

ment, the corresponding central extension of the Lie algebra 2.
Another important basis of 2 is

P/ (0", g(1)(0)") = Res;—o /" (1)g™ (1) dt (1.2)

L, =—-t'D' (keZlcZ,), (1.3)
where D = t0,. These two bases are related by the formula [KR]:
Jl = %Dy, . (14)

Here and further we use the usual notation [x]; = x(x — 1)...(x — [+ 1). One has
another formula for this cocycle [KR]

, ; 2. SUeG+r), ifr=-sz0,
Y@ f(D),r'g(D)) =  —r=/s-1 . (1.5)
0, if r +540.

The bracket in & may be conveniently calculated by the following formula:

[ (D), £°g(D)] = t"(f(D + 5)9(D) — f(D)g(D +r)) + ¥(t" f(D), fxg(D))((lfé)
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The Lie algebra 9 contains two 1-parameter families of Virasoro subalgebras
Virt(B), B € €, defined by

LE(B) =Ly + Ptk + 1)L},
Ly (B) =Ly + (k+ B(—k + 1)L}, (1.7)

so that
3 m

[LEB),LEB)] = (m— ) LE,(B) + 6,,,,_,,’"—15—

where Cp = —(12% — 128+ 2)C.! Note that these two families intersect at f = 1
and that C% =C.

Cy, (1.8)

As in [KR], define an anti-linear anti-involution o of 7, by:

o(t" f(D)) =17* f(D—k), o(C)=C, (1.9)
where for f(D)=Y,fiD',fi € C, we let f(D)=Y, f,D'. Then we have
oL} (B) = LZ,(B). In particular, Vir () := Vir® () is the only o-stable subalgebra
among the Vir®(p).

Define a Z-gradation & = ®;cz%; by letting

wtli =wtJ =k wtC=0.
This gives us the triangular decomposition of 9:
D=9, 990 D_, (1.10)

where @i = @]eilN@J,@Q 20 ® CC. Note that O'(@j) = @_j,a(@+) = @_,
o(Z0) = Do
Fix ¢ € C. Given 4 € &, we define in a standard way the Verma module with
central charge ¢ over Z:
M2, A)-U(@)@ (9 o5, )(E ,
where € is the 1-dimensional Do & @Jr-module, on which C acts as multiplication

by ¢,h € @0 acts as multiplication by A(%), and @Jr acts by 0. Here and further we
denote by U(g) the universal enveloping algebra of a Lie algebra g. In general, we

shall say that a Z-module has central charge ¢ € C if C acts on it by multiplication
by c.

Denote by 2 the subalgebra of &, which consists of the operators that can be
extended to regular differential operators on €. We have:

2 = linear span of {J}|/ +k = 0}.

It follows from (1.2) that 2 is a subalgebra of 9. Let ? =2 & CC. Note that
90 @ @+ C 2 and that the @0 ) 9+-module €y can be extended to be a Z-module
by letting & — 0. The induced Z-module

MAZ;2) = U(Z) @5, Co »

! The value of Cp given in [KR] should be corrected.
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which is a quotient of the Verma module MC(@,O), is called the vacuum Z-module
with central charge c.

There exists a unique irreducible quotient of the Verma module MC(@,A),

denoted by Vc(@,i). The module Vc(@,i) is called quasi-finite if all eigenspaces
of D are finite-dimensional (note that D is diagonalizable). It was proved in [KR,

Theorem 4.2] that Vc(@, A) is a quasi-finite module if and only if the generating
series

a0 = & Sry)

has the form:

(1.11)

where ¢(x) is a quasi-polynomial (i.e. a linear combination of functions of the form
x"e™, where n € Z, and o« € C) such that ¢(0) = 0.

Furthermore, it was shown in [KR, Theorem 5.2] that I{(@,X) is a non-trivial
unitary module with respect to the anti-involution ¢ if and only if ¢ is a positive
integer and

c et —1

4(x) =3

=1

(1.12)

for some ry,...,r. € R.

Definition 1.1. The %-module Ié(@,/l) with ¢ a positive integer and A;(x) of

the form (1.12) with ry,...,r. € C is called a primitive D-module. The numbers
ri,...,r. are called the exponents of this module.

2. Characters of Primitive Z-Modules

Let gl be the Lie algebra of all matrices (a,;), jez with only finitely many nonzero
diagonals. Letting wt Ej; = j — i defines a Z-gradation g/ = ®;czgl;. Given s € C,

we may consider the natural action of 2 on the space t*C[t,t~']. Choosing the
basis v; = t7/*5(j € Z) of this space gives us a homomorphism of Lie algebras

o5 D — gl
b (I f(D)) =32 f(—=j+9Ejk,- (2.1)

jez
Denote by gAl = 5[ @ CK the central extension given by the 2-cocycle [KP1]
C(4,B) = tr([J,4]B), where J = > E;.

i<0

The Z-gradation of Jl extends to gAl by letting wt K = 0. The Lie algebra gAl has
the following antilinear anti-involution:

A— 4, K—K,

where ‘A stands for the hermitian conjugate of a matrix 4.
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The map :f;s RAEN g;l defined by
bilz, = dilg if j+0,

7 D py_e"—1 =2

$s(e™) = ¢s(e™) — K () =K (22)
is an injective homomorphism compatible with the Z-gradations and the involutions
[KR]. Let gl be the direct sum ¢ of m coples of gl Given s = (s1,...,5,) € C" we
have a homomorphlsm qbs P ¢; P — gl

Given A € glo and c € C, there exists a unique irreducible g;l-module Vc(gAl,i)
with K = ¢/, which admits a non-zero vector |1) such that

Eij|/1> =0 fori< 7,
Eii|/1> = /I(E”)]i> forieZ.
All the modules V(gl A) are quasi-finite in the sense that all the eigenspaces of

d)o(D) (and hence of gbs(D) s € €C) are finite-dimensional.
Define A4; € glo(] € Z) as follows:

1 for0<i<j,
0 otherwise .

Then a gﬁ-module VC(gAl,/l) is a non-trivial unitary module if and only if ¢ is a
positive integer and

A=Ay + Ay +...+ Ay, wheren 2 n = ... Z n.. 24)
One has the following “specialized” character formula for these modules [KP2]:
s (L a(/ — —i
Ty qu’ () =¢"9 I (=g /gy, (2:5)
ety 1Si<j<c

where 4 is given by (2.4), a(d) =) (m —s)(n —s+1)/2, and ¢(q) =
]—[;Zl(l — g’) is the Euler product.

It is proved in [KR, Theorem 4.5] that an irreducible quasi-finite gAlm—module
remains irreducible when restricted to ¢s(2), provided that s, —s; € Z for i+j.
This allows one to describe the primitive Z-modules.

Proposition 2.1 (KR, Theorem 4.6). Let V' be a primitive D-module with exponents
Fly...>¥e. Break the set {ri,...,r.} into a disjoint union of congruent mod Z

classes, i.e.

{ri,-.,re}=S1U...USn,
where S; = {s, +n(1'), ., Si +n(’)} DeZ and s; — s; ¢ Z Let s=(s1,...,5m)
and ADWV) = A"(xi) +...+Ang). Then the @-module V is obtained Jrom the
g;lm-module
& 7., (31.4907))

i=1
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~ A~ 1
by restricting to ¢s(2). In particular the specialized character tryq"o is equal to

the product of the corresponding characters of the irreducible gAl-modules (given
by the right-hand side of (2.5)).

Let H; = E;; — Eiy1,i+1 + 0:0K(i € Z) be the simple coroots of é\l We define
Ao € gly by Ao(K) =1, Ag(Ey) =0 for all i and extend A; from gl to gl by
letting A;(K) = 0. Then ;1] =A4;+ /Alo( Jj € Z) become the fundamental weights,
ie. A;(H;) = 3.

The highest weight of a unitary module Ve(gl, A) is defined as 7= A+ cAy. We

have N N
A=Y kid;, where k€Z, and Y k=c. (2.6)

We shall often write V(é\l,:?:) in place of Vg(gAl,l).

Let p(i) = {p,} be the sequence associated to 7 which is non-increasing and
contains k; integers equal j(j € Z). Because of the obvious stabilization properties,

the classical character formula for gl/(N, C), cf. [M, Chap. 1,(2.9")], still holds for gAl
and can be stated as follows. Define the complete character of the module ¥.(g/, 1)
by

ch(h)(= ch>(h)) = tr hegly.

h
vl ®
Let S, =ch- (n € Z) be the character of the n fundamental module. Then we
have:

Chc,/i = det(Sp,-—i+j)i,j=l C - (27)

,,,,,

Example.
chyy =87 = Su-iSus1 -

We can now define the complete character of a %-module V by
[eo] Ln
chV =try [Tx,° .
n=0

Due to Proposition 2.1 and formula (2.7), the calculation of the characters of prim-
itive Z-modules reduces to the calculation of characters of fundamental g/-modules
restricted to ¢y(9).

Let # = ®iczV(gl, A,) denote the direct sum of all the fundamental gAl—modules.
The following construction of % is well known (see e.g., [K2, Chap. 14]). Fix s € C
and consider the Clifford algebra C/ over € on generators Y and Y;*(j € Z) with
defining relations

Vi), =0 [l =0 [Uny7], =0. (238)

Then # is identified with the space of the unique irreducible representation of the
algebra C/ which admits a non-zero vacuum vector |0) such that

Wl0) =0if j 2 0, ¢F[0)=0ifj>0.

The basis element E;; of gNZ is represented by the operator : Yo" : (= y;y" if
J > 0and = —y*y; otherwise) and K by the identity operator. The decomposition
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of & into irreducibles with respect to é\l coincides with the charge decomposition
F = OmezF ™, where charge |0) = 0, charge |, = —charge Y* = 1. Due to (2.1),
we have

6L e] =~ + W [$uLad ] = (=r + 005 .
Since the vectors Yo, ... Y, Y, ... —*jb|0> with0 <i) <ip <...,and 0 £ j; <
Ja < form a basis of &, we obtain the following formula for ch& restricted
to ¢5(2) (cf. [AFOQ]):

ch7 = ] (1+ 11 x;(’“*””) (1+ 11 xﬁf’*”") : (29)

refy n€Zy n€Zy

Then the character of m™ fundamental é\l~module restricted to $s(@ ) is equal to
Sm(x) = x5 "Resy,—0 Xy~ ' chF dxo . (2.10)
Summarizing, we obtain the following result:

Theorem 2.1. Let V be a primitive D-module with exponents ry,...,r.. We keep
notation of Proposition 2.1. Let AY(V) = AV + cxAg,k = 1,...,m. Then the
complete character of V is given by

m
chV = []ch~, x),

,,,,,

by formulas (2.9) and (2.10).

3. VOA Structure on the Vacuum Module of &

In this section we will define the structure of a vertex operator algebra (VOA) on
the vacuum module M, and hence on the irreducible quotient module V. over 9.
The general definition of VOA was given in [B, FLM]. We will however use a
slightly different approach, inspired by [G]. This approach will allow us to give a
simple proof that this structure indeed satisfies all axioms of VOA.

Let V = @32,V, be a Z-graded vector space, where dimV, < oo for all n,
called the space of states. A field on V of conformal dimension 4 € Z is a
power series ¢(z) =34 ¢;z7/~4, where ¢; € End V and ¢;¥, C V,—;. Note
that if ¢(z) is a field of conformal dimension 4, then the power series 0.¢(z) =
> iea(—j — A)¢;z7=4= is a field of conformal dimension 4 + 1. Let

j
di2)= 3 ¢z p_(2)= ¥ ¢zl (3.1)

Jj>—A4 j£—4

Given two fields ¢(z) and y(z) of conformal dimensions 4, and 4y one defines
their normally ordered product as the field

L PEW(2) == - (2W(2) + ¥(2)d+(2) (3.2)
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of conformal dimension 44 + A4y. The Leibniz rule holds for the normally ordered
product:

0z p(2)W(z) =2 0:9(2)W(2) : + : $(2)0:Y(2) : . (33)

Two fields ¢(z) and y(z) are called local with respect to each other, if for
any v € V, and v* € V% both matrix coefficients (v*|p(z)y(w)|v) for |z| > |w| and
(v*|Y(w)d(z)|v) for |z| < |w| converge to the same rational function in z and w
which has no poles outside the hyperplanes z = 0,w = 0 and z = w.

A VOA structure on V is a linear map (the state-field correspondence) Y (:,z) :
V — End V[[z,z~']] which associates to each a € ¥, a field of conformal dimension
n (also called a vertex operator) Y(a,z) =) ez a;z~/7", such that the following
axioms hold:

(A1) (vacuum axiom) There exists an element |0) € ¥, such that ¥(|0),z) =Id
and lim,_ Y(a,2)|0) = a.

(A2) (translation invariance) There exists an operator 7 € End V' such that
0.Y(a,z) =[T,Y(a,z)], and T|0)=0.

(A3) (locality) All fields Y(a,z) are local with respect to each other.

A VOA 7V is called conformal of rank ¢ € C if there exists an element w € V;
(called the Virasoro element), such that the corresponding vertex operator Y (w,z) =
Y ez L,z="2% satisfies the following properties:

(O) Ly =T, Loy, =n - 1d, and Lyw = ¢|0).

One can show that a VOA automatically satisfies the associativity property
(cf. [G]):
Y(a,2)Y(b,w) = Y(Y(a,z — w)b,w) . 34)

Here the left-hand (resp. right-hand) side is the analytic continuation from the
domain |z| > |w| (resp. |w| > |z — w|). Formula (3.4) gives the operator product
expansions. In particular, one easily derives from (C) that the L, form a Virasoro
algebra with central charge c.

Let us call two fields ¢(z) and Y(z) wultralocal with respect to each other
if there exists an integer N, such that for any v € V,, and v* € V), both series
(v |¢)(z)¢(w)| )(z —w)¥ and (v* |y (w)P(z)|v)(z — w)V are equal to the same finite
polynomial in z*! and w*!. Clearly, ultralocality implies locality. Moreover, in a
vertex operator algebra any two vertex operators are automatically ultralocal with
respect to each other according to formula (3.4) and the fact that the Z-gradation
on ¥V is bounded from below.

The following proposition allows one to check easily the axioms of a VOA.

Proposition 3.1. Let V be a Z -graded vector space. Suppose that to some vec-
tors a© =10) € Vy,a'V) € Vy,,..., one associates fields Y(|0),z) = Id,Y(a'V,z) =
» ; aﬁl)z‘-/“'l,... of conformal dimensions 0,4,,..., such that the following prop-
erties hold:

(1) all fields Y(a®,z) are ultralocal with respect to each other ;
() lim,_,oY(a®,2)|0) = a9 ;
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() the space V is spanned by the vectors

ks (k1) . . )
a4, gy 100 i € 2 (3.5)

(4) there exists an endomorphism T of V such that

[T,Y(a",2)] = 0.Y(a",z), T(]0))=0. (3.6)
Then letting
ks (k) (k1)
Y(a(“-jz-—é'ks ” 'a-i‘z—é‘kza-l/l‘l‘k, 10).2)
=it o DT 3k Y (@R, 2) - 027 (6%, 2)0) Y (¥, 2) 1 (3.7)

(where the normal ordering of more than two fields is from right to left as usual),
gives a well-defined VOA structure on V.

Proof. Choose a basis of monomials (3.5) and construct the map Y(-,z) by formula
(3.7). Then it is clear that axiom (Al) holds. Given two fields ¢(z) and Y(z), if
[T, (z)] = 0.¢(z) and [T,¥(z)] = 0,(z), then from (3.2) and (3.3) it follows that

(T,: @2 (2) :] = 0: = p2)Y(2): . (3-8)

Hence the axiom (A42) follows inductively from (3.7) and (3.8).

Using an argument of Dong (cf. [L, Proposition 3.2.7]), one can show that
if three fields y(z), ¢(z) and Y(z) are ultralocal with respect to each other, then
: @(2W(z): and y(z) are ultralocal. It is also clear that if ¢(z) and Y(z) are
ultralocal, then 0,¢(z) and Y(z) are ultralocal. This implies axiom (A3).

Finally, from the uniqueness theorem of [G] it follows that the map Y(:,z) is
independent of the choice of the basis. [

We shall say that the VOA constructed in Proposition 3.1 is generated by the
fields Y(a",z),i > 0.

Now fix ¢ € €, and consider the vacuum -module M, = Mc(@,y). The space
M, is Z,-graded by eigenspaces of the operator —D : M, = @,cz, M. ;, so that
M, = C|0), where |0) = 1® 1. Recall that J}|0) =0 for / € Z, and k + = 0.
Note that vectors of the form

In 1y
S —ty—1 . k,—11—1t0> ,

where (I;,k;) € Z2 span M,. It follows that the generating fields J/(z) = D okez
J{z7¥=1=1 satisfy conditions (2) and (3) of Proposition 3.1. Condition (4) clearly
holds. Condition (1) follows from the operator product expansion [R]:

m+n

J"(2)T"(w) ~ 3 ([nlad ™) = (= 1) [mlad " (2)) (2 — w)

a=1
+ (=1Y"mnlc/(z — wy™t2 (3.9)
Hence the vacuum Z-module M, is a VOA. 1t follows (by skewsymmetry of vertex

operators) that any quotient of the Z-module M, is a VOA. In particular, the
irreducible vacuum module ¥, = V.(2,0) is a VOA.
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Let now o(B)= (1, —BJ%,)0). It is easy to see that Y(w(B),z)=
Siez LE(B)z772, where L[ (B) is defined in (1.7). We know from (1.8) that

L{(P) generate the Virasoro algebra Vir(f) with central element Cg. Furthermore
from (1.6) and (1.7) it is easy to see that the axiom (C) of the Virasoro element
holds. Thus, we have established the following result:

Theorem 3.1. For any c and f3, the quadruple (M., |0), w(B), Y ( - ,z)) is a conformal
VOA of rank cg = —(12% — 128 + 2)c generated by the fields J'(z),1 = 0,1,2,...,
of conformal dimension 1+ 1. The same holds for V..

Remark. 3.1. Recall that a field ¢(z) is called primary of conformal dimension 4
with respect to a Virasoro element w, if the following operator product expansion

holds:
Ap(w) n wp(w)
z-—w? z—w

Y(w,2)p(w) ~

The field J(z) is primary with respect to Y(w(f),z) if and only if f ::% (in
this case the rank of M, equals c¢). For / > 0 one can always add to the field
J'(z),1 = 0, a normally ordered combination of the fields J*(z),0 < k < I, so that
the resulting field is primary of conformal dimension [+ 1 with respect to w(f)
for all but a finite number of values of f.

4. Vertex Operator Algebra of #;(glv)

Let g be the Lie algebra g/y(C) or siy(C). Let b be the corresponding subalgebra
of diagonal matrices. We denote by 4 C b* the set of roots, A, the set of positive
roots corresponding to upper triangular matrices, and let a;,...,ay_; be the simple
roots. We identify h* with § using the trace form (a,b) =trab on gly, so that
(o,00) =2 for o € A.

R Let g = g® C[t,t7!] @ Ck be the affine algebra associated to (g,(,-)) and let
h=bh® C[t,t~!']® Ck be the homogeneous Heisenberg subalgebra of §. The Lie

algebraf)\ has generators u(n),u € b,n € Z with commutation relations
[u(m), v(n)] = My, —n(u,V)K .

Given y € b*, denote by m, = m.(h) the space of the irreducible representation of
the Lie algebra Iy which admits a non-zero vector |y) such that

un)ly) = Snoy()ly), form =0, Kkfp) =y .

By Proposition 3.1, the space my has a structure of a VOA generated by the fields
wz) =3,z u(n)z~""',u € h. This VOA has the well-known family of conformal
structures given by the Virasoro element (in the s/y case the linear term should be
dropped):

w, = %Zux—nw(—mw +al(=2)[0), (@€ @),

where {u,} and {#'} are dual bases of I and / is the identity matrix in g/y. The cen-
tral charge of the corresponding Virasoro field Y (w,,z) for sly (resp. gly)is N — 1
(resp. N(1 — 12a%)). The corresponding Z, -gradation my = @;ez, 7o, ; is given by
wt |0) =0, wtu(n) = —n.
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There exists a unique operator e’ : 1y — m, which maps [0) to |y) and which
commutes with all operators u(n) with u € h,n+0. Let

= oy (- 2 (5 ).

n<0 n>0 n

and let X,(z) = ) X,(n)z™" be its Fourier expansion where X,(n) are linear oper-
ators from my to m,.
Given f € C, let

N-—1
Hi(8) = ) KernyXps (1) .

i=1

This is a vertex operator subalgebra of the VOA 7y (cf. [FF2, Lemma 4.2.8]).

The VOA #j(g) is a Z,-graded subspace of mo, i.e., #Wj(g) = Djcz, W5(3);)s
where ng(g)j is a subspace of the (finite-dimensional) vector space g ;. It is clear
that, given j, for all but finitely many 8 € C the dimension of #3(g); is the same
(say a;) and is minimal. Such f is called j-generic. The value f € € which is
Jj-generic for all j € Z, 1is called generic. Thus for each j we have a rational map
from € to the Grassmannian of a;-dimensional subspaces in mo; given by f—
_“//71;(9)]. This allows us to define for an arbitrary fy € €, By +0, the analytic contin-
uation: #5,(g) = Djez, #5,(8);, where #5.(g); = lim/;_;ﬁo_"t/_/g(g)j and the limit is
taken over the set of generic . Thus #j(g) is a family of vertex operator subal-
gebras of my, which depends on B. This family of VOA is called the family of #<
algebras
of g.

Remark. 4.1. On a more formal level, consider § as a formal variable, i.e., con-
sider my and g, as free modules over the ring C[f]. Then the intersection of the
kernels of operators X, (1) : my — 7p,,i = 1,...,1, is also a free €[B]-module. For
any Bo=+0, #5,(g) is then defined by the specialization of this ring at f = fy, i.e.,
as the quotient of this kernel by the submodule generated by (B — o). Clearly,
W5, (g) is a vertex operator subalgebra of Wg(g), and it coincides with #3(g) for
generic f.

Remark. 4.2. The VOA #3(gly) (resp. “/_V,;(glN)) is isomorphic to the tensor prod-

uct of the VOA #j(sly) (resp. %(sl ~)) and the VOA associated to a free bosonic
field (of conformal dimension 1).

The VOA #j(sly) coincides with the # -algebra defined in [Z] for N = 3 and
in [FL] for general N.
The following is a corollary of Theorem 4.5.9 from [FF2].

Theorem 4.1. The VOA Wi(gly) is freely generated by fields WOb(z),i =
0,1,...,N — 1, of conformal dimensions i + 1.

Remark. 4.3. Note that w, € #{(gly); recall that the central charge is equal to
N(1 —12a%).

The following theorem was conjectured in [Bo] and its proof was indicated in
[BS] (cf. also [BBSS]).
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Theorem 4.2. #{(g) = #(g).

Proof. Due to Remark 4.2, it suffices to prove the theorem for g = s/y. By defini-
tion, #p(sly) C #p(sly), for any B. The theorem now follows from the comparison
of characters of #{(sly) and _“/71(5']]\/) given below.

It follows from Theorem 4.1 that for generic ﬁ,Wﬂ has a basis, which consists
of lexicographically ordered monomials in the following Fourier components of

the fields WP(z) =Y,z WA Pzr=i=0 (P p < —i—1,i=1,...,N - 1}.
Therefore we have for a generic f:

o0
ch#i(sly) = ch#j(sly) = chWj(sly) = H H(l g . 4.1)
i=1 j=
On the other hand, due to the vertex operator construction [FK] of the basic
g-module L(Ag), we have:

={ve L(Ay)h-v=0}, 4.2)

E, (0)|r, =X, (1) . 4.3)
By the complete reducibility of the g-module L(Ay), we conclude from (4.2) and
(4.3) that o
Fi(sly) = {v € L(Ao)lg - v =0} . (44)
But the character of the right-hand side of (4.4) is known [K1, Proposition 2],
which gives us

ch#(sly) = 1;[ (1 = g®2) /p(g)V~!
a€A4

= II (=) /e@"!

E_I Ioj( g)", (4.5)

where p = %Zae 4, % Comparing (4.1) and (4.5) completes the proof. [

Corollary 4.1. Let g = gly. Then the intersection of the kernels of the operators
X, (1) on my coincides with Wi(gly). Furthermore one has:

N—-1 oo
ch#igly) =TT I (1 —¢) " . (4.6)

i=0 j=1

Remark. 4.4. As in [FF2], _W—f;(g) and #j(g) may be defined for an arbitrary simple
Lie algebra in the same way as for g = sly. The same argument as above shows
that for an arbitrary simply-laced simple Lie algebra g, #1(g) = #1(g), cf. also [Bo,
BS] (note that this is not true for non-simply laced g).

The Fourier components of vertex operatorsAfrom the VOiA Ty span a Lie alge-
bra U(h)sec, which lies in a completion of U(h)/(k — 1)U(h) [FF1]. The Fourier
components of vertex operators from the VOA #p(g) span a Lie subalgebra of
U(H)1oc, which we denote by U#5(g)i0.. This Lie algebra is also called # -algebra
of g.
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Remark. 4.5. The Lie algebra U #1(g)i,. (for simply-laced g) was considered for
the first time in [F2]. More precisely, in [F2] the Lie algebra 7 was defined, which
is linearly spanned by all Fourier components of vertex operators from 7, which
commute with the action of g and which are invariant with respect to the natural
action of the Weyl group W of g on .

The Lie algebra S¥ coincides with U #1(g)10c- Indeed, according to Theorem
42, the Lie algebra U#1(g),. consists of all Fourier components of vertex
operators from 7y, which commute with the operators X, (1),i =1,...,N — 1. This
is equivalent to commuting with g. On the other hand, it is easy to show that all
elements of U%{(g);,. are automatically W -invariant.

This is obvious in the case g = s/, because U#(sly)i. is generated by the
Fourier components of the vertex operator % : u(z)? :, which is invariant under the
transformation u(z) — —u(z). This fact and Theorem 4.2 imply that all elements of
U#(9)1oc for an arbitrary simply-laced g are invariant under the simple reflections
from W, and hence are W -invariant (note however that not all # -invariant elements
of U(b)lac bclong to U/ﬂ/l‘(g)loc)'

Moreover, it follows from Theorem 4.5.9 of [FF2] and Theorem 4.2 that if g
is simply-laced, and P)(u),...,P;(u) is a set of generators of the ring C[h]”, then
the fields : P1(u(z)):,...,: P/(u(z)): freely generate the VOA #{(g).

5. Connection Between & and W1(glv)

Due to Proposition 3.1, & is a (super) VOA with the generating (odd) fields

)= Yz @) = Yz
icz iez
Recall that a(z) =: Y(2)*(z) :== D, cz a,z”""! is a free bosonic field, i.e.,
[, 0n] = MOy —p, and that each F ™, the subspace of F# of charge m, is irre-

ducible with respect to the a, (this follows from formula (2.5) for ¢ = 1). It follows
that #(© is a vertex operator subalgebra isomorphic to the VOA mo(C).

Note that the homomorphism ¢ : £ — gl induces a Z-module homomorphism

s:Mle(@)@) Cy— 7O .

u@)
o~ ~ AN

Similarly, the homomorphism ¢) : 2 — g/ induces the homomorphism of

2-modules .

SNZMNH((?(O))‘X’ .

On the level of operators the map ¢y is given by
J(z) = 20 Y (2)0 Y (2) : (5.1)
i=1

where Y/(z) and y*(z) denote the fermionic fields on the i copy of #. Recall
also the following formula of the well-known boson-fermion correspondence (see
e.g., [K2, Chapter 14])

X, (@) = @Y (@) (5.2)
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Lemma 5.1. Im ey C #1(gln).

Proof. Due to (5.2), #{(gly) is the intersection of the kernels of operators 4; =
[ (@)Y (z) : dz. Since |0) € Ty is in the kernels of these operators, and My
is generated by the Fourier components of J/(z),/ = 0, applied to |0), it suffices
to check that J/(z) commutes with 4;. Due to (5.1), we have to check that

N ‘ .
[1:2—:1 YE@)OMYHR @) L [ )t () du] .
forany m = 0 and i = 1,...,N — 1. In fact, a much stronger statement holds:
[kz_:lN : l//k(Z)lﬁ*k(w) :,f : l//l(u)lp*’(u) . du] -0. (5.3)

In order to prove (5.3) we calculate the operator product expansions (OPE). We
have

Omn

z —

Y@y (w) ~

Om )

z

By the Wick theorem, we have

Y)Y () : 4o Y W)Y (u) : .

w—u zZ—U

N . :
(kzl YR (w) :> (¥ @y () :) ~

But for local fields a(z) and b(z) with OPE a(z)b(u) ~ > ;¢(2)/(z = u)’ we have
[az), [ b(u)du] = c|(z). Hence the left-hand side of (5.3) is equal to
Y @Y (w) Yy (w)Y(z) ;= 0. O

By Lemma 5.1, we have a 9-module homomorphism ey : My — #1(gly). We
know that (see (4.1)):

N—-1 oo L
ch#igiv) = T TIA =)' = 1 ang”

i=0 =1 nz0

and clearly

o0
chiy = [1(1 - ¢")* = X bug”.
k=1 nz0
Observe that chMy and ch#7(gly) coincide from weight 0 to weight N, i.e.,

an, = b, for n =0,...,N and, moreover, ayy; = by + 1. It follows that the lowest
nonzero weight of the kernel of gy is N + 1. From [KR, Example 5.2] we know
that there exists a unique singular vector v of weight N + 1 such that the submod-
ule (v) generated by v is the maximal proper submodule in My, i.e., Vy = My/(v)
is irreducible. Hence we see that the kernel of ¢y is nothing but the submod-
ule (v). The homomorphism ey : My — #1(gly) therefore induces an injective
Z-module homomorphism #y : Vy — #71(gly). By comparing specialized charac-
ters (see (2.5)), we have chVy = ch#(gly). Thus we have proved the following
fact.
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Theorem 5.1. The map ey : My — Wi(gly) induces a D-module isomorphism
nn:Vn—=Wi(gly), which is also an isomorphism of VOAs. One has:

en(w(B)) = wg_1p2 .

Remark 5.1. To any VOA V one can canonically associate a Lie algebra, which
consists of all Fourier components of vertex operators from V. For the VOA My this
Lie algebra which we denote by UN(9 )ioc, lies in a certain topological completlon
of U(@)/(C N)U(@) We call UN(@)IOC the local completion of U(@) Denote
by sn,n € Z, the Fourier components of the vertex operator Y(S, z), where S is a
singular vector of degree N + 1 in My. Now let U#1(gly)ic be the Lie algebra
of all Fourier components of vertex operators from the VOA #(gly), which was
defined in Remark 4.4. By Theorem 5.1, U#1(gln )i is the quotient of the Lie

algebra UN(@)IUC by the ideal generated by s,, n € Z.
Corollary 5.1. %(gly) is a simple VOA.

Proof. Any ideal of #1(gly) as VOA can be regarded as a Z-module via en-

Since #1(gln) = Vy as a P-module is irreducible, there are no nontrivial ideals of
Wi(gly) as VOA. O

Corollary 5.2. Any representation of the VOA #1(gly) can be canonically lifted
to a representation of the Lie algebra 9 with central charge N.

Let b be the Cartan subalgebra of g/ (as in Sect. 4). For y € h* let y; = Y(Ex),
i=1,...,N. Recall that each m,(y € h*) is a representation space of the VOA
7y, hence of the VOA #7(gly). Denote by Vy(y) the irreducible quotient of the
Wi(gly)-submodule of 7, generated by the highest weight vector |y).

Proposition 5.1. (a) The modules Vy(y) are all up to isomorphism irreducible
modules over the VOA #1(gly). R

(b) The lifting of a module Vy(y) to D is isomorphic to the primitive @-module
With exponents y1,...,yn.

Proof. (a) follows from the fact that irreducible #(gly)-modules are determined
by the highest weights. In order to prove (b) note that Vy(y) is an irreducible
highest weight Z-module with ¢ = N and one finds by a direct computation that

4,0 =YL =t O

Thus, the primitive Z-modules with central charge N produce all irreducible
Wi(gln)-modules. In particular, from Theorem 2.1 and formula (2.5) one obtains
the complete and specialized characters of all irreducible #7(gly)-modules. The

Wi(gly)-modules Vy(y) with integral y were considered in [BMP], where they
were used in the study of semi-infinite cohomology of W-gravity models.

Remark 5.2. Fix r € € and consider the associative algebra CI, on generators
Yi(j € —r + Z) and §*(j € r + Z) with defining relations (2.8), and let Y(z) =
Yie—riz Yz /Ty =), ierrz W'z —/*7_ Let %, denote the unique irreducible
Cl-module such that

Ylry =0if j+1+r>0, Y r)=0if j—r>0.
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Then formula (5.1) gives a primitive representation of 2 in F 9 with central
charge 1 and exponent r.

Remark 5.3. Summarizing, any positive energy 9-module M gives rise to a module
over the associated VOA M,. If ¢ ¢ Z, then M. = V. If ¢ € Z., then any primitive
%-module gives rise to a module over the VOA ¥, and all irreducible modules over
V. are thus obtained.

Remark 5.4. In [Zh], Zhu constructed an associative algebra A(V') corresponding
to an arbitrary VOA ¥ and established a one to one correspondence between irre-
ducible representations of ¥ and irreducible representations of A(V). In our case,
one can show that the associative algebra A(M.), ¢ € €, is isomorphic to the poly-
nomial algebra in infinitely many variables wy, wy,..., which correspond to the
generating fields J%(z), J'(z),..., and that A(Vy) for N € Z, is isomorphic to the
polynomial algebra C[wy, wi,...,wy_1].

6. Towards Fusion Rules for &

We can define spaces of conformal blocks for the Lie algebra 2 in the same fashion
as for the Virasoro or affine algebras, using coinvariants, cf., e.g., [FFu].

For simplicity we will restrict ourselves to the genus 0 case. Consider the pro-
jective line CIP! with a global coordinate ¢ and » marked points: zj,...,z,. We
assume that z; 00 for all i = 1,...,n. Around the point z; we have a local coordi-
nate ¢ — z;. Denote by Z(z;) the Lie algebra of differential operators on the formal
punctured disc around z;. Elements of this Lie algebra are finite sums

> Jult —z:)(0)",  where fu(t —z) € C((t — z)) .

meZ

Now let @(zl,...,zn) be the central extension by C of the Lie algebra @/ %
(z,), such that its restriction to each of the summands Z(z;) coincides with the one
defined by the 2-cocycle (1.2).

Denote by %, the Lie algebra of regular differential operators on CIP'\
{z1,...,2,}. We have a natural embedding of this Lie algebra into the Lie algebra

"_19(z;), obtained by expanding a differential operator around each of the points

is trivial, and

..... n - @(Zl""’zﬂ)'
Let Mj,..., M, be highest weight %-modules with the same central charge. Then

the tensor product M; ®...® M, is a @(zl,...,zn)-module. We define the space
of conformal blocks, corresponding to these modules, as the dual space to the
denote this space by H(Mj,...,M,). In particular, the case n = 3 corresponds to
the so-called fusion rules, which can also be defined via the intertwining operators
introduced in [FHL], cf. [W].

A primitive Z-module with positive integral central charge N is called inte-
gral if all its exponents r,...,ry are integral; denote this module by V(r) (recall
that all these modules are unitary). Let P = Z" and P* = {r € P|r; = ... = ry}.
Putting the exponents in a decreasing order, we see that the integral primitive
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Z-modules are parametrized by P :r+— V(r). On the other hand, we may view
P as the weight lattice of the group GLy(C). Then PT parametrizes the finite-
dimensional rational irreducible representation of GLy(C) : r — F(r), where F(r)
denotes the finite-dimensional irreducible representation of gly(C) with highest
weight r, (i.e,r(E;) = r;).

Conjecture 6.1. The space H(V(ry),...,V(r,)) is isomorphic to the space of
gIn(C)—invariants in the tensor product F(r|)®...Q F(x,). In particular, for
r,s€ PT, let
F(r)@F(s)= @ crF(m)
mepPt
be the decomposition of the tensor product of gly(C)-modules. Then the fusion
rules of primitive integral D-modules with central charge N are given by the same
Sformula:
V() - Vis)= @ cav(m).
mepPt
Example 6.1 (a) Since #'(gl,) is isomorphic to the VOA mo(C), we have the
fusion rules V(r) - V(s) = V(r +s).

(b) # (gly) with ¢ =2 is isomorphic to the tensor product of the irreducible
vacuum module with ¢ =1 over the Virasoro algebra and 7y(C). Denote by [n]
the irreducible module over the Virasoro algebra with central charge 1 and highest
weight n?/4,n € Z... Conjecture 6.1 states that the fusion rules for these modules

are given by
[m] - [n]= > [k],
k€EPm, n

where P, ={kllm—n| <k < m+n m+n+kis even}, mn keZ..
In order to provide some evidence for Conjecture 6.1, let

M=m,
7E€P

where 7, is the irreducible h-module defined in Sect. 4, h being the Cartan subal-
gebra of g = gly(C). Then the classical vertex operator construction [FK] gives M
a structure of a unitary g-module of level 1. More explicitly, M decomposes into
a direct sum of irreducible unitary g-submodules of level 1 with highest weight
vectors |y) € m,, where y € P are such that y; — 7,41 = J;s for some 1 < s < N
(here we put yy4; = 7;), the corresponding g-submodule being @yey+07y, Where
0={BePly,Bi=0}

Viewed as a g-module, M decomposes into a direct sum of finite-dimensional
irreducible modules, which can be integrated to GLy(C). On the other hand, each
7, is a module over the VOA m, hence over the VOA #(gly). Due to Theorem

5.1, we see that each m, has a canonical structure of a Z-module with central
charge N. Thus, M is a Y-module (and a #7(g/y)-module) with central charge

N. Moreover, it follows from the proof of Theorem 4.2 that the action of 2 and
GLy(C) on M commute.

Theorem 6.1. With respect to the commuting pair (@, GLN(C)) the module M
decomposes as follows:
M= @ V(r)®F(r), (6.1)
rept
the highest weight vector of V(r) ® F(r) being |r).
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Proof. Recall that by the specialized character formula (2.5) we have

1 ..
rnd®® =g Yooy T (=g )o@ . (62)

1Si<jsN

On the other hand, denote by #(r) the direct sum of all GLy(C)-submodules of
M isomorphic to F(r). Since 2 commutes with GLy(CT), this is a Z-module. It
is clear that |r) € V'(r) C %(r) is the vector with minimal eigenvalue of Lo(3)
on %(r). Comparing (6.2) with the character of %(r) computed in [K1] (see

also [K2, Exercise 12.17]), we see that try(r)qLO(%) = tr,;,(r)qLO(%). It follows that
U(r) = V(r). 0

Due to (5.3) we have the following equivalent formulation of Theorem 6.1:

Theorem 6.2. The representation of gl in FEN given by > ez Eiz " 'w™ —

SV k@)W (w) and the representation of gly(T) in FEN given by Ej; —
[ W@ (z):dz(i, j=1,...,N) commute. The decomposition of FEN with
respect to the commuting pair (gl, gin(C)) is as follows:

7 = P V(ZZ,,) R F(r). (6.3)

rept i

(By restricting to 9 via the embedding ¢y this decomposition coincides with the
decomposition (6.1) with respect to (2, gly(C)).)

Remark 6.1. The decomposition (6.1) is easy for N = 1. For N =2 an equiv-
alent form of (6.1) was established in [K]. The decomposition (6.3) for gen-
eral N was proved by another method in [F1, Theorem 1.6]; it also follows from
[KP1, Proposition 1].

Remark 6.2. Another motivation of Conjecture 6.1 is the fact that fusion rules given
by this conjecture for ¢ = N coincide with the limit of the fusion rules for the p™
unitary minimal model as p goes to infinity.

Note added. After this paper was finished, we saw on hep-th net the paper by H. Awata,
M. Fukuma, Y. Matsuo, and S. Odake “Character and determinant formulae of quasifinite repre-
sentation of the #] ;oo algebra” (hep-th/9405093), where character formulas for a certain subclass
of quasi-finite modules are given.
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