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Abstract: The equations governing the time evolution of an ideal fluid in material
coordinates are expressed as an unconstrained canonical Hamiltonian system. The
incompressibility of the flow is consequent upon certain first integrals of the motion.
The variable conjugate to the configuration field is not the usual linear momentum,
but is instead a quantity that is related to linear momentum through an auxiliary
scalar field whose time derivative is the pressure. The definition of the Hamiltonian
involves a minimization with respect to this auxiliary field. The method of deriva-
tion may be generally applied to obtain unconstrained Hamiltonian descriptions of
Lagrangian field equations subject to pointwise constraints.

1. Introduction

In this note we present a novel Hamiltonian formulation of the equations of ideal
fluid flow, expressed in material coordinates. The Hamiltonian system is described
by Eqs. (6) below, which have the following noteworthy features: First, the vari-
ables are unconstrained - incompressibility is not guaranteed from configuration
constraints, but rather arises from integrals of the evolution. Offsetting this, the
definition of the Hamiltonian involves a minimization with respect to an auxiliary
field. An associated feature is that the conjugate momentum has an unobservable
component that does not affect the physical flow.

Surveys and extensive references describing prior variational and Hamiltonian
formulations of incompressible, inviscid fluid flow are given by Benjamin [2], Holm
et al. [9], and Serrin [13], for example. Our description arises from a general ap-
proach for constrained systems that is not restricted to problems in fluid mechanics.
Rather, it is widely applicable for obtaining unconstrained Hamiltonian dynamical
systems from Lagrangian field equations that are subject to pointwise constraints. We
first came upon the approach in the context of the dynamics of an inextensible elas-
tic rod [7], where the associated Hamiltonian system facilitated the characterization
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and stability analysis of solitary waves. When restricted to finite dimensional prob-
lems (i.e., to problems described by ordinary differential equations), our procedure
reduces to a variant of "vakonomic" mechanics [1]. In the language of geometric
mechanics, the method starts with Lagrangian dynamics subject to holonomic con-
straints, and derives a Hamiltonian description defined on the cotangent bundle of
the entire ambient configuration space, rather than one restricted to a given level
set of the constraints. In the resulting Hamiltonian dynamics, the constraints are
recovered as integrals of the motion.

In the new approach, the variable that is conjugate to the configuration variable
is neither the classic (linear) momentum nor the impulse. It seems appropriate to
give the quantity a name, and the term impetus has been proposed [7]. The usual
momentum and velocity are related to the impetus through an auxiliary variable
that we call the strίction. The striction is a Lagrange multiplier associated with
the constraint arising after differentiation with respect to time. Generally, the time
derivative of the striction is a familiar physical quantity. In the case of an ideal
fluid, the time derivative of the striction is the pressure field.

In our formulation of ideal fluid flow, the Hamiltonian depends only upon the
configuration and impetus fields, but evaluation of the Hamiltonian involves min-
imization over an appropriate class of striction fields. Consequently, the striction
satisfies an elliptic boundary value problem whose coefficients depend upon the
configuration and impetus. If one takes the material time derivative of this bound-
ary value problem, the elliptic system that determines the pressure is obtained.
Moreover, the impetus, striction and velocity are related through a variant of the
Helmholtz decomposition. From the point of view of analysis or numerical compu-
tation, a possible advantage of our formulation is that the boundary condition for
striction at a fixed boundary arises as the natural boundary condition associated with
the minimization, and does not involve evaluation of the velocity gradient at the
boundary (as required by the corresponding boundary condition for the pressure).

In Sect. 2 below we present our Hamiltonian formulation for the dynamics of an
ideal fluid, and in Sect. 3 discuss its derivation. The density may be inhomogeneous
(as in a stratified fluid), and both fixed and free boundaries are permitted. Then in
Sect. 4 we present two further variants. First we show that with modifications in
the initial expression taken for the Lagrangian, our approach generates a family of
Hamiltonian descriptions of ideal fluid flow involving different conjugate variables,
or impetuses. The version given in Sect. 2 is in some respects the most straightfor-
ward, but other systems are of interest. In particular we can recover the Hamiltonian
description of fluid flow obtained by Kuz'min [10], Osedelets [12] and Buttke [5]
for constant density fluids without free boundaries. The variable corresponding to
the choice of impetus made in Sect. 4.1 was called "vortex momentum density" by
Kuz'min [10], "velicity" by Buttke [5], and "magnetization variables" by Chorin
[6]. Chorin uses these variables to study the statistical mechanics of vortices on
lattices. Finally, we close with a description of how the Navier-Stokes equations
for homogeneous incompressible flows in domains without fixed boundaries can be
written in terms of the impetus variable.

2. Description

2.1. Consider an incompressible, inviscid, but possibly inhomogeneous fluid, occu-
pying a region in RN (N — 2 or 3), that is described by a (smooth) Lagrangian
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flow map (α,ί) i-» x9 where #(α,f) G RN are the current coordinates of the material
particle with reference coordinates α lying in a fixed region Ω. The superscript

will denote the material time derivative, so that x — dx((x.9t)/dt is the velocity.
The Jacobian matrix for the coordinate change α t— >• x is denoted F — dx/da (or
FΪJ — dxi/d<Xj)9 and Fτ denotes the transpose. The notation V — ( d / d x \ , . . . , d / d x N )
is reserved for derivatives in Eulerian coordinates - if /(α) is a function and v(a)
a (column) vector field on Ώ, then

» - V/ = .
da

(1)
The region currently occupied by the fluid is denoted x(Ω) or jt(Ω,ί)

We suppose the fluid boundary (if any) to be in two, smooth, disjoint parts, as
for a fluid of finite depth over an infinite bottom. That is, we assume dΩ — ΓQ U /"Ί,
where Γ0 is a free surface on which the pressure p vanishes, and Γi is that part of
the fluid in contact with an impenetrable fixed boundary jc(Γι ) with outward unit
normal n. Either or both of the boundaries Γ0 or Γ} could be absent. Thus the
boundary conditions are:

p — 0 on ΓQ, n x — 0 on Γ\ . (2)

If the domain is unbounded we assume the fluid to be at rest at infinity. We let
p — p(α) denote the Lagrangian fluid density (assumed to be independent of t).
That is, p(α) is the mass per unit volume in the reference configuration.

2.2. We first describe the new Hamiltonian formulation, and later derive and moti-
vate it. The dependent variables are the configuration field x and a conjugate variable
y that we shall call the impetus. Given fields (jc(α),Xα)) with detfo/δα > 0, we
define the Hamiltonian by

Jiff(x9y) — min f^pv2 da, subject to A = 0 on ΓQ , (3)
Λ Ω

where the variable v(x, y, A) (which turns out to be the velocity) is defined via the
equation

p v = y - V/i det — . (4)

We call the scalar field Λ — Λ(u) the striction. The first order conditions associated
with the variational principle (3) give rise to a second-order linear elliptic partial
differential equation for A. As we shall compute below, this means that A must
solve the boundary value problem

V - υ(x,y,A) = Q, n - v = 0 on Γ}, Λ = 0 on Γ0 . (5)

The boundary condition that applies on the fixed boundary Γi arises as the natural
boundary condition associated with the variational principle (3).

As we verify in Sect. 2.4 below, the canonical Hamiltonian system resulting
from (3) is

, -(Vυ)VΛάβt, (6)
oy ox da



210 J.H. Maddocks, R.L. Pego

where A(x9y) and v(x,y,Λ) are determined from Eqs. (4) and (5). Note that the
first equation in (6) implies that v is the velocity field.

2.3. We next demonstrate that Eqs. (6) imply Euler's equations for incompressible
flow. First, we note that detfix/<3α, evaluated at any fixed material point α, is a
conserved quantity for the dynamical system (6). Indeed, the matrix F — cbc/δα
satisfies the linear differential equation F — (dx/dx)(dx/da) = (Vv)F, so by Abel's
formula for the determinant, and condition (5),

-r-(detF) = V t;detF = 0 . (7)
ct

Thus the flow is automatically incompressible, and the assumption detF > 0 is a
condition on initial data only.

We compute, using (1) and the relation d(F~l)/dt = -F~lFF~l, that

pv = —(y - VA detF) = y - detF(V/i - Vz/VΛ ) = -VΛ detF . (8)
ct

These are Euler's equations with pressure

P = Λ (9)

and Eulerian density p — p/detF. Moreover, the boundary conditions (2) are sat-
isfied.

It is of interest to note that the minimization in definition (3) implies that v and
A can be determined from y through the decomposition

V υ = 0, (10)

subject to the boundary conditions

Λ = 0 on Γ 0, n υ = 0 o n Γ i . (11)

If pf detF = 1, then (10) is the usual Helmholtz decomposition.

2.4. So far we have demonstrated that the system (6) is an unconstrained system
of evolution equations that generates an incompressible flow which satisfies Euler's
equations. However it remains to verify that the system is indeed Hamiltonian, in
the sense that the expressions for the variational derivatives appearing in (6) are
valid for the Hamiltonian (3).

Regarding A at first as a field independent of x and y, we define a pre-
Hamiltonian J^(x,y,A)by

^(x,y,A) = f{pv2da, (12)
Ω

where v — v(x,y,A) is defined by Eq. (4). The definition (3) of the Hamiltonian is
then equivalent to

^(x9y9A)9 (13)

subject to the boundary condition A = 0 on Γ0. It is evident that $ is convex in
A provided detF > 0, so the minimum will exist in an appropriate function space.
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The fields x and y uniquely determine the minimizing field A — A(x,y), and for
this A we have δ^/δA = 0. This identity means that the variational derivatives of

.ffl may be computed directly from the relations

_, = —,9 , — , = -^,, .

It is straightforward to compute that δJjf/δy = v. Then the first of Hamilton's
equations in (6) reduces to the statement that the variable v is the velocity field.
Concomitantly the Hamiltonian (3) can be seen to be the kinetic energy (integrated
over the Lagrangian domain).

We next demonstrate that the incompressibility condition (5) is equivalent to
the condition δjfe/δA = 0. With A denoting the variation in A9 we find

Integrate by parts after changing to Eulerian variables, then change back to material
coordinates. One finds that the expression above equals

Jyi(V υ)άetFda - / λ(n v)dSx ,
Ω dx(Ω)

from which the desired equivalence follows.
Finally we compute the x-variation of ffl due to a perturbation f(α). Note that

δ , Λ N Λ £/ . d(x + εf)
(detF)f = — det -̂ — -

& c v ' dε

Then we obtain

ε=0

tr ( -F~l detF - V - idetF . (14)

= f(VA f (Vf - (V - x
Ω ° Ω

= / (f - VA )(n v)-(n x)(v - VA )dSx

dx(Ω)

+ / VΛ τ (Vv - (V - v)I)xdx .
x(Ω)

The boundary term vanishes because V/l is normal to the free surface ΓQ, and
variations satisfy n x — 0 on the fixed boundary Γ\. Since V i? = 0 by (5),
upon returning to material coordinates we can recover the second of Eqs. (6), so
that the system is indeed Hamiltonian, as previously claimed.

2.5. The Hamiltonian defined in (3) admits a symmetry (or gauge freedom) associ-
ated with certain translations of the impetus y. The symmetry leaves the flow map
x(oc,t) unchanged. Explicitly, whenever (x,y) is a solution of (6), and A(oc) is any
given smooth function with A — 0 on Γ0, then the pair (x,y + V/fdetF) is another
solution of (6). This is the sense in which part of the impetus y is unobservable -
the initial values of the impetus y may be altered by a term of the form V/ίdetF
with no effect on the flow map *(α, t\
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The symmetry of the Hamiltonian is associated with the conserved quantities

^ — Jyl(α)detFda , (15)
Ω

for it may be verified that

—-=0, - — - = V Λ ά e t F . (16)
oy ox

The arbitrariness of /ί(α) in (15) then implies the pointwise incompressibility con-
dition, namely that detF is independent of time.

While the Hamiltonian can be seen to be a convex function of the impetus vari-
able y, its invariance to certain translations implies an absence of strict convexity.
The pre-Hamiltonian defined through (12) and (4) is a strictly convex function of
the impetus, but the minimization in the definition (13) of the Hamiltonian generates
the translational invariance.

3. Derivation

It remains to motivate our choice of impetus as the conjugate variable leading
to the new Hamiltonian system. In point of fact, the Hamiltonian formulation we
have described can be found from a constrained Lagrangian action principle via a
Legendre transform, in an almost classic construction. The ideas that we describe
carry over to Lagrangians that are convex in the velocity, and a wide class of
holonomic pointwise constraints. But for the sake of definiteness, we here restrict
attention to the case of an incompressible fluid.

3.1. The framework is as follows. Let

L(x,x) = $\px2 da, (17)
Ω

be the Lagrangian. To incorporate the incompressibility constraint detF = const, we
first differentiate in time, writing instead tr((δ;c/δα)F~1)detF = 0, or
(V j)detF = 0. Then the full variational Lagrangian incorporates the differen-
tiated constraint with a multiplier, or striction, field Λ(a,t):

&(x,x,Λ) = ftpx2 - Λ(V - .x)detF</α (18)
Ω

According to the usual (Lagrangian) action principle, the appropriate equations of
motion are the Euler-Lagrange equations —(d/dt) (δ^/δx) -f δJ^/δx — 0, supple-
mented with the constraint δ^/δΛ = 0, and the boundary conditions (2). With cal-
culations analogous to the ones described above, one may easily compute
Then the impetus y is defined by

y = — - = px + VΛ detF . (19)
ox

This equation is then inverted to solve for jc = v(x,y,Λ) = p~l(y — VΛ. detF), and
the pre-Hamiltonian is defined through the Legendre transformation

J^(x,y,A) = fyτvda - &(x,v,Λ) = f^ρv2da . (20)
Ω Ω
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The last identity uses an integration by parts and the boundary conditions A = 0 on
Γ0, n v — 0 on T\. The constraint δ^/δA — 0 then yields (5), which determines A
in terms of (x,y). Since (5) is equivalent to δjfe/δA — 0, and the pre-Hamiltonian
$ is a convex function of A, the Hamiltonian may accordingly be defined via
minimization as in (3), leading to the Hamiltonian system (6).

3.2. The algorithm to derive the Hamiltonian for the impetus formulation of the
dynamics can be described in another equivalent way, which proves slightly more
convenient in many examples. From the Lagrangian (17) we obtain the momentum
density

* δL

ξ = γ7 = px ,
ox

and the associated Hamiltonian defined through the classic Legendre transform,
namely

H(x9ξ)=±f£dx. (21)
Ω

Then the impetus is defined through (19) as before, which can be re-written

ξ = y-VAdetF. (22)

With this relation, the pre-Hamiltonian (20) has the equivalent definition

jfr(x,y,A)=H(x,ξ). (23)

3.3. The only direct antecedent of the approach described above that is known to
us is the theory of vakonomic mechanics [1]. That body of work is concerned with
systems described by ordinary differential equations, and the primary focus is on
issues arising for non-holonomic constraints that do not concern us. Nevertheless,
the finite dimensional analogue of the unconstrained impetus variable in Eq. (10)
certainly appears in that theory. Arnold et al. [1] also mention that for holonomic
constraints, the theory yields Hamilton's equations in "redundant coordinates." How-
ever, the formulation utilizing a minimization principle, as in (3), is apparently new,
even in the case of ordinary differential equations.

The impetus-striction formulation has certain features in common with two other
works. First, Dirac's theory of constraints [8] concerns the construction of a Hamil-
tonian formulation for Lagrangian dynamics where the Lagrangian is a convex, but
not strictly convex, function of the velocities. The Hamiltonian that Dirac con-
structs is a strictly convex function of the conjugate momenta, but is constrained.
The impetus-striction formulation is, at least in a formal sense, dual to Dirac's
construction. We start from a constrained Lagrangian that is strictly convex in the
velocities, and obtain an unconstrained Hamiltonian that is convex, but not strictly
convex, in the impetus variable.

Second, Benjamin and Bridges [3] have also exploited a Hamiltonian system
that is only defined after minimization with respect to an auxiliary variable. Their
work is in the context of two-fluid flows. They assume irrotational motion in each
component, and introduce two velocity potentials. The auxiliary minimization is
then used to enforce the appropriate interface conditions at the boundary between
the two fluids.
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3.4. The motivation for the choice of impetus variable given in Sec. 3.1 was in terms
of the Lagrangian form of the action principle. Consideration of the Hamiltonian
form of the action principle provides yet another perspective. The classic constrained
action involves the configuration jc, momentum ξ, the Hamiltonian (21) and the
pressure p as a Lagrange multiplier:

f H ( x 9 ξ ) -fξ x + p(detF - l)dadt. (24)
tQ Ω

Using (14) the Euler-Lagrange equations of (24) with respect to x, ξ and p may
be written in the form

x\ /detFV/A / 0 \

ξ + ξ/p = ° ' (25)

pjt V l - d e t F / \ 0 /

which can be recognized as a degenerate symplectic system. After we substitute
A — p and integrate by parts with respect to both space and time, the action (24)
takes the form

xdadt. (26)
to Ώ

Now eliminate the momentum ξ in favor of the impetus y = (ξ -f detF VA) to
obtain the action in the form

fH(x,y-detFVΛ)-fy xdadt. (27)
tQ Ω

The Euler-Lagrange equations of (27) with respect to t, y and A are:

x\ ί δ^/δx\ / 0 \
y + λf/δ v = 0 , (28)
Λ / , \δ3r/δΛj V θ /

where Jf^x, 7, /t) is the pre-Hamiltonian defined in (22) and (23). Notice that in
each of the degenerate symplectic systems (25) and (28) the third equation enforces
the incompressibility constraint. However, pointwise minimization of the action (27)
with respect to the striction A implies the third equation in the system (28), and
yields the classic action

}jV(x9y)-fy xdadt9 (29)
to Ω

according to the definition of ffl in (13). The Euler-Lagrange equations of (29) are

0 I\(X\^(δ*/δX\_(θ\ (3Q)

which is a non-degenerate symplectic system equivalent to the evolution equations
in (6).



Hamiltonian Formulation of Ideal Fluid Flow 215

4. Variants

The procedure we have described can be modified in various ways. For example,
heretofore the Hamiltonian ffl has been the total kinetic energy, but it is straightfor-
ward to include a potential energy term of the form fΩ F(x, α)c/α, in which case the
Hamiltonian is the total energy. However we here confine ourselves to a description
of two other variants.

4.1. First, in the absence of free boundaries, the "vortex momentum density" or
"velicity" formulation of incompressible inviscid fluid flow [5,10,12] can be recov-
ered and extended to variable density flows. Instead of (18), one begins with a
different Lagrangian, namely the kinetic energy written in an Eulerian description:

L(x9χ) = f \px2dx = J|pjc2detFc/α . (31)
x(Ω) Ω

In this formulation p(α) = p(α)/|F(α,0)|. That is, p(α) is the mass per unit volume
in the initial configuration. In particular it is important to realise that, a priori, the
term detF appearing in (31) could be a function of time.

Because the Lagrangian is changed, so also are the definitions of the impetus and
striction variables, and here they will be denoted z and Θ. As above one computes

δ&
z ΞΞ —- = (ΛJC + V<9)detF, ρv = zdetF~} - V<9 ,

ox

Ω Ω

Then with Jtf — min^Jf^z, (9) (which implies V ι;(jc,z, (9) = 0), the canonical
Hamiltonian equations are

4- V(\pv2)} detF . (32)

From these follows d(detF)/dt = 0 and

p = -

which are Euler's equations with pressure

P = Θ + \pv2 . (33)

The difficulty with free boundaries is revealed by the expression (33) relating the
pressure to the striction, for in contrast to the analogous identity (9) arising in
Sect. 2.3, here the free surface condition p = 0 cannot be expressed as a simple
boundary condition on the striction Θ.

In the absence of free boundaries Buttke [5] refers to any variable y/p found
from a Helmholtz decomposition of the form (10) (in the case detF = 1 and p
constant in space) as a "velicity," and describes the dynamics for the particular
velicity M — z/p, where z is the impetus associated with the Lagrangian (3 1 ). In
connection with his numerical work on unbounded domains, Buttke [5] asserts that
the gauge freedom described in Sect. 2.5 can be exploited to guarantee that the
particular impetus z (or equivalently the velicity M) has compact support for all
time.
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One might incorporate detF into the Lagrangian in a rather more general way
than is taken in either (17) or (31). If the kinetic energy is originally written in
the form

with p = p/gi (detF(α,0)), and the constraint is written #2(detF) — 0, then one
obtains the modified Lagrangian

^ = /ipϋ 2

0 l-(/l^)(V.

The impetus variable is then y ~ pυg\ + V(Λg'2)άeiF, the Hamiltonian is the ki-
netic energy, and the associated dynamical system is

Consequently this generalization yields a family of systems, but does not yield any
essentially new structure. In some sense the functions g \ ( s ) = \ and g2(s) = s—\
that lead to our system (6) are the simplest choices.

4.2. Finally, we show how to modify the Hamiltonian formulation (6) of ideal flow
to include a viscosity term, yielding the incompressible Navier-Stokes equations. It
is simplest to do this in the case of constant density, p = 1 = detF, and in the
complete absence of boundaries, so Ω = RN . (Such assumptions were also made by
Osedelets [12] and Buttke [5].)

It then suffices to consider the system

x = v, y = -(VvfVΛ + vAv . (34)

Here v and A are determined by the Helmholtz decomposition y = v -f V/L with
V v — 0 as in (10), A is the Eulerian Laplacian, and v is the viscosity coefficient.
The incompressibility condition <9(detF)/dί = 0, and the relation x = v involve only
kinematics and therefore follow just as was described in Sect. 2.3 and Sect. 2.4.
The additional term in the second of Eqs. (34) is merely the appropriate viscous
stress arising in the force balance. The system (34) is of the general form of a
dissipatively perturbed Hamiltonian system in which the structure matrix has been
modified by the addition of a negative semi-definite symmetric operator:

y

Such systems can be convenient for stability analyses. (See, for example, Maddocks
& Overton [11] or Bloch et al. [4].) However in the system (34) the term vAv is
a degenerate operator on the impetus y. Consequently it is of interest to note that
the system

x = υ, f = -(VvfVΛ * + vA y* (36)

is also equivalent to the incompressible Navier-Stokes equations. Here the variable
y* may evolve differently from y. The first equation and incompressibility condition
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again involve only kinematic considerations. Moreover by (36) and the decompo-
sition y* = υ + V/l*,

v = — (y* -VΛ*) = y* - VΛ* + (Vv)τV/L*
ot

= -VΛ* + vA(v + VA*)

= -V(/ί* -vAΛ*) + vAυ,

which are the Navier-Stokes equations, with the pressure related to the striction by

A = vΔA* + p Notice that Eqs. (34) and (36) generate different time evolutions
for the variables y and y*. But the velocity fields v(a.,t) and flow maps jc(α,ί) for
the two systems coincide.
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