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Abstract: There is a standard way to define two symplectic (hamiltonian) structures,
the first and second Gelfand-Dikii brackets, on the space of ordinary mth-order lin-
ear differential operators L = -dm + U\dm~λ + U2d

m~2 H h Um. In this paper, I
consider in detail the case where the £4 are n x n-matrix-valued functions, with par-
ticular emphasis on the (more interesting) second Gelfand-Dikii bracket. Of parti-
cular interest is the reduction to the symplectic submanifold U\ = 0. This reduc-
tion gives rise to matrix generalizations of (the classical version of) the non-linear
Wm-algebras, called Fn,w-algebras. The non-commutativity of the matrices leads to
non-local terms in these Vn>m-algebras. I show that these algebras contain a confor-
mal Virasoro subalgebra and that combinations Wk of the Uk can be formed that are
n x ^-matrices of conformally primary fields of spin k, in analogy with the scalar
case « = 1. In general however, the Vm,n -algebras have a much richer struc-
ture than the Wm-algebras as can be seen on the examples of the non-linear
and non-local Poisson brackets {(U2)ab(σl(U2)cd(σf)},{(U2)ab(σl(W3)cd(σf)} and
{(Wϊ)ab(.G\(W$)cd(σ')} which I work out explicitly for all m and n. A matrix Miura
transformation is derived, mapping these complicated (second Gelfand-Dikii) brack-
ets of the Uk to a set of much simpler Poisson brackets, providing the analogue of
the free-field representation of the Wm-algebras.

1. Introduction

Since their discovery by Zamolodchikov [1], ^F-algebras have been an active field of
investigation in theoretical and mathematical physics (see refs. [2, 3] for reviews).
They are extensions of the conformal Virasoro algebra by higher spin fields Wk. The
commutator of two such higher spin fields is a local expression involving non-linear
differential polynomials of the W\. PF-algebras were found to arise naturally in the
context of the 1 -f 1-dimensional Toda field theories [4] where the higher spin fields
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appeared as coefficients of a linear differential operator L = -dm -f ΣX=2M*^m~*
that annihilates the first Toda field e~^1 . At a more formal level, the classical (i.e.
Poisson bracket) version of JF-algebras were shown [5, 6, 7] to be given by the
second Gelfand-Dikii bracket associated with the linear differential operator L. This
also implied close connections with the generalized KdV hierarchies [8].

Recently, in the study of the simplest 1 -f 1 -dimensional non-abelian Toda field
theory [9], a related but more general structure was discovered. This non-abelian
Toda theory has 3 conserved left-moving currents Γ, F+, V~ and 3 conserved right-
moving ones Γ, F+, V~ . The study of ref. 9 was purely at the classical level (Pois-
son brackets), and it was found that Γ, V+ and V~ form a non-linear and non-local
Poisson bracket algebra1:

y-2{T(σ\T(σ')} = (dσ - dσ,)[T(σf)δ(σ - a')} - l-δ'"(σ - σ') ,

y-2{T(σ\ V±(σr}} = (8σ - d(jr)[V±(σf)δ(σ - σ')] ,

y'2{V±(σ\ V±(σ')} = ε(σ - σ/)V±(σ)V±(σf) ,

y-2{V±(σ\ V^(σf)} = -s(σ - σ ')V± (σ)V^ (σ ')

+ (dσ - dσ,)[T(σ'}δ(σ - σ')} - -δ'"(σ - σ') . (1.1)

One sees that T generates the conformal algebra. More precisely, if σ takes val-
ues on the unit circle 51, then Lr = y~2 f^π άσ[T(σ) -f \]eίrσ generates a Pois-
son bracket Virasoro algebra i{Lr9Ls} — (r - s)Lr+s -f ^(r3 - r)δr+s,o with central
charge c = 12πy~2, where y2 is a (classically arbitrary) scale factor. The bracket
(1.1) also shows that F+ and V" are spin-2 conformal primary fields. The Poisson
brackets of V+ and V~ with themselves contain the new non-local terms involving2

ε(σ — σ') ~ 28~lδ(σ — σf). The complete mode expansion of the algebra (1.1) was
written in ref. 9 (Eq. (3.24)). To emphasize the similarities (non-linearity) and dif-
ferences (non-locality) with the JF-algebras, this algebra was called F-algebra [9].

It was conjectured in ref. 9 and confirmed in ref. 10 that the F-algebra
(1.1) is again associated with a linear differential operator L — -d2 + U (where
d = dσ = d/dσ)9 but this time U being a matrix, namely the 2 x 2 matrix U =

rji Π ̂  Ύr -|- \

_ r: j . The non-locality of the algebra turned out to be related to

the non-commutativity of matrices. More precisely, there is a standard way [11-
17] to associate two symplectic structures (Poisson brackets), the first and second
Gelfand-Dikii bracket, to any linear differential operator with scalar coefficients u^.
It was shown in ref. 9 that the analogous construction of the second Gelfand-Dikii
bracket for L = — d2 -f U9 with U the above 2 x 2-matrix, precisely is the F-algebra
(1.1). Using the 2 x 2-matrix U written above, the algebra (1.1) can be written

1 The Γ, F+, V form an isomorphic algebra, while the Poisson bracket of a left-moving with
a right-moving current vanishes.

2 The precise definition of ε(σ — σ') depends on the boundary conditions. For example, on the
space of functions on Sl without constant Fourier mode, d~l is well-defined and ε(σ — σ r ) =
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more compactly. Since U is constrained by tr σ^U — 0, it is convenient to intro-
duce 2 x 2-matrix-valued (test-) functions F and G subject to the same constraint:
tr σ^F = tr σ^G — 0. Then

7~2{/tr FUjtτ GU} =/tr (GF"r + [F, ί/lc^G, £/]

- (F'G - FG' + GF' - G'F)£7) , (1.2)

where the commutators [F, (/] and [G, U] on the r.h.s. are simply the commutators
of the 2 x 2-matrices.

It is the purpose of this paper to generalize these developments to a linear differ-
ential operator L = —cm -f X^Li UkCm~k of arbitrary order m ^ 1 with coefficients

£4 that are n x π-matrices. The corresponding algebras will be called Vn^m-algebras3.
Symplectic structures (Poisson brackets) associated with n x 7ί-matrix wth-order dif-
ferential operators have been studied in the mathematical literature by Gelfand and
Dikii [12]. The Poisson bracket they define is now called the first Gelfand-Dikii
bracket, and leads to a linear algebra. In their paper [12] they also give the asymp-
totic expansion of the resolvent of L and a recursion relation for an infinite sequence
of hamiltonians in involution with respect to this first Gelfand-Dikii bracket. Here,
I am mainly interested in the second Gelfand-Dikii bracket [15], and to the best of
my knowledge this bracket has never been worked out so far for the matrix case.
For 772 = 2 and L = — c1 -f U, it was shown in ref. 10 that the models are bihamilto-
nian, and that the second Gelfand-Dikii bracket actually follows from the recursion
relations for the resolvent, or those for the hamiltonians4. For m ^ 3, these recur-
sion relations are much more complex [12], and it is not clear whether the second
Gelfand-Dikii bracket given in the present paper could also be extracted from the
formulas of ref. 12. In any case, the construction given here is a straightforward
generalization of the scalar case. Let me remark that all the developments of the
present paper can be generalized by replacing the n x ;?-matrices ί//x by operators
Uk acting in some Hubert space, provided the products of these operators and their
traces, as well as the functional derivatives δ/OUk are well-defined.

Let me note that for m = 2, it was shown in refs 10, 18, 20 how to construct an
infinite sequence of hamiltonians with respect to both Gelfand-Dikii brackets. This
led to matrix KdV hierarchies. The present developments are connected with matrix
versions of the generalized KdV hierarchies (i.e. matrix Gelfand-Dikii hierarchies)
or matrix KP hierarchies. The latter were recently studied from a somewhat dif-
ferent point of view by Kac and van de Leur [21], and the present paper is quite
complementary to theirs.

In Sect. 2, I will work out the second Gelfand-Dikii bracket5, first for generic
£ / ι , . . . Um and then for differential operators L with U\ = 0. The reduction from the
general case to the case U\ — 0 is non-trivial, as usual. In particular, it introduces
the integral (c~l) of a commutator of two matrices. It is thus the reduction to the
symplectic submanifold U\ = 0 together with the non-commutativity of matrices
that leads to the non-localities in the second Gelfand-Dikii bracket. I note that for
777 = 1 (and U\ φO) one simply recovers a gl(n) Kac-Moody algebra (cf. ref. 22).

3 More precisely, 1 reserve the name K,,.,,,-algebra for the reduction to the submanifold where
U\ = 0, see below.

4 Earlier related studies for m = 2 can be found in refs. 18, 19 and 20.
~ The first Gelfand-Dikii bracket will also be given but it seems to be less interesting.
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In Sect. 3, I prove that a Miura-type transformation L = -(d - P\ )(d - P2) . .
(d — Pm) maps the (relatively) complicated symplectic structure given by the Pois-
son brackets of the Uk to a much simpler symplectic structure given by the Poisson
brackets of a set of m decoupled fields Pi9 each Pt being a n x rc -matrix. This pro-
vides the analogue of the usual free field realization: whereas in the scalar case
(n = 1 ) the PΪ are just m free fields, i.e. m collections of harmonic oscillators, or
in other words they form m copies of a (Poisson bracket) £7(1) current algebra,
here, due to the matrix character, the P/ form m copies of a (Poisson bracket) gl(n)
current algebra. I also discuss the reduction to X^ Λ = ® corresponding to U\ = 0.
Since the Jacobi identity is obviously satisfied by the Poisson bracket of the P/,
as an important corollary, the Miura transformation immediately implies the Jacobi
identity for the second Gelfand-Dikii bracket of the Uk, which was not obvious a
priori.

In Sect. 4, I will discuss the conformal properties. It turns out that T ~ tr U2

generates the conformal (Virasoro) algebra, and the Poisson brackets of tr U2 with
any matrix element of any Uk is relatively easy to spell out. They turn out to be
exactly the same as in the scalar case, and I conclude that appropriately symmetrized
combinations Wk can be formed so that all of their matrix elements are conformal
primary fields of weight (spin) k. This analogy with the scalar case is due to the
fact that the conformal properties are determined by T ~ tr U2 Ξ tr IU2 and the
unit matrix 1 always commutes.

In Sect. 5, I spell out the Poisson bracket algebra of the matrix elements of U2

and t/3 for any m ^ 2 (with the restriction U\ — 0 which is the more interesting
case). Again, this is done more compactly by considering / tr FU2 and / tr Ft/3.
For m = 3, and in the primary basis t/2, W-$9 the result reads (a is related to the
scale factor γ2 by a = -2y2):

{/tr Ft/2, /tr GU2} =aftr (--[F,U2]d~l[G,U2] - [F,G]^F3

+ -(F'G + GF' - FGf - G7F)t/2 - 2GF"'\ , (1.3)

{/tr Ft/2, /tr GW,} = aftτ ( - i[F, U2}d~\G, W3] - ^[F,G]t/2

2

- ^[F7, G7] + ±[F", G] + 1[F, G"} j t/2

4- F'G + GF' - λ-FG' - \G'F\ WΛ , (1.4)

{/tr F^3,/tr GW3} = aftr -[F,

7[F,G](r3t/2 -f t/2 W3) + -
6 3

2 - G'U2FU2) +

-^[F7, G7]^3 - -[F, G]77r3 + — (FG777 + G777F - F777G - GF'"}U212 6 12

(F"G' + G7F77 - F7G77 - G77F7)t/2 + GF(5) . (1.5)
8 6 /
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One remarks that in the scalar case (n = 1) this reduces to the Poisson bracket
version of Zamolodchikov's ^-algebra, as it should. In the matrix case how-
ever, even if F = fl,G = gl (with scalar /,#) this is a different algebra, i.e.
{/tr Wτ>(σ\ Jtr W^(σf)} does not reduce to the /^-algebra, since the r.h.s. contains

non-linear terms and tr C/| φ(tr 1/2 )2- In other words, the scalar (n = 1) Wm -algebras
are not subalgebras of the matrix Vn,m-algebras. The only exception is m = 2, since
one always has a Virasoro subalgebra.

In the final Sect. 6, I first discuss various restrictions, like imposing hermitic-
ity conditions on the Wk, or for n = 2,m = 2 how the restriction tr σ^U2 = 0 is
imposed. I also mention restrictions like setting all Uk with odd k to zero, etc.
Some other problems like free field representations and quantization are briefly
addressed, before I conclude.

Appendix A gives some results on pseudo-differential operators, while in
Appendix B, I evaluate certain sums of products of binomial coefficients needed
in Sect. 2.

2. The Gelfand-Dikii Brackets and the Vn, nΓAlgebras

2.1. Preliminaries. In this section, I will compute the (first and) second Gelfand-
Dikii bracket of two functionals / and g of the n x n matrix coefficients C4(σ) of
the linear mth-order differential operator

L = ~dm + ΣUkd
m~k = Σ,Ukd

m'k , (2.1)
k=\ k=Q

where δ = J^. To make the subsequent formula more compact, I formally introduced

UQ = — 1. The functionals / and g one considers are of the form / = Jtr P(t4),
where P is some polynomial in the Uk,k~ l , . . .ra, and their derivatives (i.e. a
differential polynomial in the £4). P may also contain other constant or non-
constant numerical matrices so that these functionals are fairly general. (Under
suitable boundary conditions, any functional of the Uk and their derivatives can be
approximated to arbitrary "accuracy" by an / of the type considered.) The integral
can either be defined in a formal sense as assigning to any function an equivalence
class by considering functions only up to total derivatives (see e.g. Sect. 1 of ref.
12), or in the standard way if one restricts the integrand, i.e. the £4, to the class of
e.g. periodic functions or sufficiently fast decreasing functions on R, etc. All that
matters is that the integral of a total derivative vanishes and that one can freely
integrate by parts.

To define the Gelfand-Dikii brackets, it is standard to use pseudo-differential
operators [13, 14] involving integer powers of δ~l. Again, d~l can be defined in a
formal sense by dd~l = d~ld = 1, but one can also give a concrete definition on
appropriate classes of functions. For example for C°°-functions h on R decreasing
exponentially fast as σ —» ±00, one can simply define (d~lh)(σ) = /^ dσ'h(σ') =

/^ dσ'0(σ-σ')Λ(<O Alternatively any of the choices (d~lh)(σ) =
J^oo dσ'(λθ(σ - σ r) - (1 - λ)θ(σ' - σ))/z(σr) is equally valid, the most symmetric

choice being / = \\ (d~lh)(σ) — /^ dσ'^ε(σ - σ f ) h ( σ f ) . For periodic functions

Throughout this paper, m will denote the order of L which is a positive integer.
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on the circle, d~l is well defined on functions with no constant Fourier mode. Then

(d-'AXσ) = 5-n dσ'\ε(σ - σ')h(σ') with ε(σ - σ') = £ £t+o Ig^-Λ From the
definition of 3"1 as inverse of d one deduces the basic formula

-ί . (2.2)

For a pseudo-differential operator A = Σί=-oo 0/3z one denotes

/ -i
A = ΣX'd1' > Λ- = Σ ̂  , res ^ - α_! , (2.3)

ί=0 i= — oo

so that A = A+ + A-. A well-known important property [13] is that for any two
pseudo-differential operators A and B the residue of the commutator is a total deriva-
tive and hence /res [A,B] = 0. This is true if the a^bj commute with each other.
In the case of present interest the a^bj are matrix-valued functions and one has
instead

/tr res [A,B] = 0. (2.4)

For completeness, this and other properties of pseudo-differential operators are
proven in Appendix A.

2.2, The Gelfand-Dikii Brackets for General U\,...Um. In analogy with the scalar
case (i.e. n = 1) [13, 14, 15, 17], I define the first and second Gelfand-Dikii brackets
associated with the n x ^-matrix wth -order differential operator L as7

- fl/tr res ([L9Xf]+Xg) ,

= Φ res (L(*fL)+Xg ~ (LXf)-,LX^ , (2.5)

where a is an arbitrary scale factor and Xf,Xg are the pseudo-differential operators

X, - δf Y, - δβ (2 6ΪΛl £ Γ r ? 1ί C Γ r \Δ'Ό)

oum+\-ι oum+\-ι

The functional derivative of / = Jdσ tr P(U) is defined as usual by

'ΛΛ-Σf-^yfeg^. <")s"'Ί,j fΛ\ 1" N .,., „ ,

where (Ujf )β denotes the (/', z) matrix element of rίh derivative of C4 It is
easily seen, that for « = 1, Eqs. (2.5)-(2.7) reduce to the standard definitions of
the Gelfand-Dikii brackets [13, 14, 15, 17]. For m = 2, n = 2 and with the extra
restrictions U\ = 0, tr σ3t/2 = 0, the second equation (2.5) was shown in ref. 10
to reproduce the original F-algebra (1.1) (with a = -2y2).

1 To avoid confusion, let me insist that [L,Xj]+ means the differential operator part of the

commutator, and has nothing to do with an anticommutator.
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To start with, I compute the first Gelfand-Dikii bracket. Inserting the definitions
of L,Xj and Xg into the first equation (2.5), and using formula (2.2) and the cyclic
commutativity (2.4) under /tr res, it is rather straightforward to obtain

m m k—l / 7 i c — 1

= Σ Σ Σ(- +

l=\ k=l s=0

(LXf)+ = Σ Σ Σ 7 Um^X(,s)dk->-* , (2.8)
/=! k=l s=Q \ Λ J

and after changing the summation indices and integrating by parts

m-l m-l-p m-\-p-q

=α/tr Σ Σ Σ

m-\-p-q-s , (2.9)

where .¥/ and 7^ are given by (2.6). After renaming Xs+\ -* isFs,Yr+\ — > fG,-,
Um-k — > (— Ofcί4» Eq. (2.9) coincides, up to an irrelevant overall factor, with the
Poisson bracket defined by Eq. 8 of ref. 12. It is obvious from the r.h.s. of (2.9)
that it is antisymmetric under / «-» g. It is however non-trivial to prove the Jacobi
identity. This was done in ref. 12.

Next, I will consider the second Gelfand-Dikii bracket as defined by the second
equation (2.5). Contrary to the first bracket (2.9) which is linear in the £4, the
second bracket, in general, will turn out to be non-linear in the Uk and will show
a richer structure. First, one has the following

Lemma 2.1. Let
VXf(L) - L(XfL)+ - (LXf)+L (2.10)

which is a differential operator of order 2m — 1 at most. Define its coefficients
by

2m- 1

V X f ( L )

Then
m-\

{/,0}<2) = */t r Σ^(/)Λ+ι (2-12)
*=o

Proof. The lemma follows obviously from the definitions (2.5) of the second
Gelfand-Dikii bracket and (2.6) of Xj together with Lemma A.2 of the appendix.

Note that only the i^(f)k with & = 0, . . . m — 1 appear. I will show below
(Lemma 2.5) that all i^(f)k with k ^ m actually vanish, so that Vx is a mapping

from the space of mth -order differential operators onto itself. Next one has the

Lemma 2.2.

L(XfL)

2m— 1 m 2m- j -I min(m,p+j+l)

Σ Σ Σ Σ S?J jU^WUn-p-j-^W , (2.13)
y=0 1=1 p=Q q=



124 A. Bilal

where for / ^ 1

with Sfjι = 0 z/max(0,r) > min(g,y).

Proof. Starting with (2.8) for (XjL)+ and the (second) definition (2.1) of L one
has

m m m k— I / / ι _ i \ q
v~~^ v~^ v~^ v~^ / \s I l ~r ^ L j v^
Z_-/ Z-y Z--/ Z-/ \ / I ς, I Z_-/ i γ
q=0 l=\ k=l s=Q V Λ / r=0 V A

x Um^(XlUm^)s+<l-r)d--'s+r . (2.15)

Reshuffling the summation indices (s = k — I — s and then j = r -f s) gives for the
r.h.s of (2.15),

m m k k+q—1

Σ Σ Σ Σ s™ t+//ym_,(Ai£/m_ t)<*-/+»->>d>. (2.16)
q=:θ k=o 7=1 y=o

Since S — 0 for k < / one can extend the sum over / from 1 to k while

^ = 0 does not contribute. Also, the sum over j can be rewritten as ̂  .̂ 0 at the

expense of restricting the sum over q. Introducing p — k -^ q — j — I one finally
arrives at (2.13).

Lemma 2.3.

2m— 1 m 2m—j—I min(/w,/?+/+7) / _ /

(LX»+L=Σ Σ Σ Σ r „
n)\ r _

(2.17)

/; Once again one starts with Eq. (2.8), this time for (LXf)+. However, it is
more convenient to rewrite it as

m m
( T V \ \~^ \~~*" T 7 ^k — / vr /Ό 1 O \(LΛf )+ — 2_j 2^Um-kO Λj , (Z. lδ j

1=1 k=l

so that

m m m k — l / f r
/ T V \ T V^1 \~^ V^ \~^ I ^ \ T 7 ( V T 7 \(k — /—r) ί50f+/' /O 1 Π Λ(LXf)+L = λ, Z^ Zv Z-, r (7m_^(Jί/(7m_^)1 ;^y . (2.19)

j i } , j n Λ \ ' /

Throughout this paper, I define a binomial coefficient (£) to vanish unless a ^

b ^ 0. Hence, the sum over & can be written ^^=0, and one then interchanges the
roles of k and #. Introducing then j — k-^-r and p — q— I — r one finally obtains
(2.17).

Whereas (2.17) just contains a simple binomial coefficient, (2.13) contains the

57f'/ which are sums over products of two binomial coefficients. Unfortunately, for
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general r,/, g,y, I was not able to derive a simpler expression for £,?'/. However,
one has the following lemma, proven in Appendix B.

Lemma 2.4. For q ^ j and r ^ / ̂  1 one has

#/=(j l ί ) . (2.20)

and for q rg j and / > r § 0 one has

(2.2D

Lemma 2.5. TTze coefficients of & in (LXf)+L and L(XfL)+ are equal for j ^ m.
In other words,

τΓ(/)y = 0 for 7 ^ m . (2.22)

Proof Since for any pseudo-differential operator A one has A+ = A — A-, one can
rewrite (2.10) as Vx (L) = -L(XfL)- + (LXf)-L from which it is obvious that

Vχf(L) is at most of degree m — 1 and (2.22) follows. Alternatively, as a consistency

check, it can also be easily proven directly by considering the terms with j ^ m
in Eq. (2.13) for L(XfL)+. Then q ^ max(0, p+j + l-m) = p+j + l-m ^
p -f /, and q ^ min(m, p -\-j + I) = m rg y. Hence q g 7 and # — /? ^ /, so that

by the previous lemma S^ / = ( f_5~_l ) ) " ( ^ ~ / ) Comparing with Eq. (2.17) for
(LXf)+L proves (2.22) again.

Collecting the results of Lemmas 2.1, 2.2 and 2.3 one has the

Proposition 2.6. The second Gelfand-Dikii bracket associated with the n x n-
matrix m^-order differential operator L as defined by Eqs. (2.5) and (2.6) equals

2m-j-1 min(m,p+/+/)

x Um-q(XιUm-p-j-ι+q)
(p\ (2.23)

Remark. 2.7. It will follow from the results of the next section on the Miura trans-
formation that the previous proposition gives a well-defined symplectic structure,
i.e. that (2.23) is a well-defined Poisson bracket obeying antisymmetry and the
Jacobi identity. More precisely, I will show that the Uk and thus also the func-
tionals / and g are expressible in terms of certain n x ^-matrices Pi9i = l , . . . m ,
and that the bracket (2.23) equals the Poisson bracket of / with g when computed
using the much simpler P/-Poisson bracket which is manifestly antisymmetric and
obeys the Jacobi identity.

Remark. 2.8. For m = 1, the first Gelfand-Dikii bracket vanishes, while the
second Gelfand-Dikii bracket is very simple. From (2.23) one has { / , g } ( 2 ) —
a f i r ^(f)oY9 where Y ΞΞ Y} = δg/δUl9 and also X = Xl =δg/δUi. Now, for
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m — l,^(/)o only contains 3 terms, involving S^ = 1, S^ = 0 and SQ® = 1,

so that τ^(/)o = -U\X +XU\ +Xf and

This is a Poisson bracket version of the gl(n) Kac-Moody algebra as considered by
Drinfeld and Sokolov [22]. To make this even clearer, introduce a basis {Tb},b =
1,... n2 of the Lie algebra gl(n) of n x ^-matrices with [Ta, Tb] = fabcτc and define
for σ on the unit circle Jb = -^ /"π dσβ/m tr TbU\(σ). Then Eq. (2.24) becomes

•Γ rfl r/>Ί - robe TC > I \ „ s χv π-<aη-<b /O O ^ Λι\Jr,Js |(2) = V Λ+J + — pWs,o tr y y . (2.2!>)

2.3. The Gelfand-Dikίί Brackets Reduced to U\ = 0. The problem of consistently
restricting a given symplectic manifold (phase space) to a symplectic submanifold
by imposing certain constraints φi — 0 has been much studied in the literature. The
basic point is that for a given phase space one cannot set a coordinate to a given
value (or function) without also eliminating the corresponding momentum. More
generally, to impose a constraint φ — 0 consistently, one has to make sure that for
any functional / the bracket {φ,f} vanishes if the constraint φ — 0 is imposed
after computing the bracket. In general this results in a modification of the original
Poisson bracket.

For the first Gelfand-Dikii bracket it is easy to see that (2.9) does not contain

any terms containing Xm = -j^- or Ym = -j^ . Hence the first Gelfand-Dikii bracket

of U\ with any functional automatically vanishes. As a consequence, one may con-
sistently restrict it to the submanifold of vanishing U\ simply by taking (2.9) and
setting U\ = 0 on the r.h.s.

For the second Gelfand-Dikii bracket the situation is slightly less trivial. One

has to impose {/, U\}\v =0 = 0 for all /. Since Ym — -jjj-, one sees from (2.23)

that this requires i/^(f)m-\\u =0 = 0. In practice this determines Xm which otherwise

would be undefined if one starts with U\ = 0. In the scalar case it is known [15]
that Xm should be determined by res [L,Xf] = 0. The following two lemmas show
that this is still true in the matrix case.

Lemma 2.9. One has
r(f)m-\ = -res [L,Xf] . (2.26)

Proof. On the one hand, from the definitions of L and Xf one easily obtains

m mm ί Jc ' \
res [L,Xf] = Σ[Um+ι-ι,Xι] + £ Σ(-)*-' _ (XfU^f-1^ . (2.27)

/=! /-I *=/ V * A /

Note the commutator term which is a new feature of the present matrix case as
opposed to the scalar case. On the other hand, from Eq. (2.23) one has

m m—l+l m / / /
nj/-{ f\ , _v V V ί ςflJn~l \ C L ~ L

7 U )m-\ — 2^ 2^ 2^ ^Q-pJ ~ n
l=\ p=Q q=p+l-\ V \ V

x Um-q(XιUq-p+l-ι)M . (2.28)
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From Lemma 2.4 one knows that all terms with p -f / g q ^ m - 1 vanish. The
remaining terms have either q — p + I — 1 or q = m. Unless p = m — I 4- 1, one
has p + I — I g m - 1, so that using Eq. (2.21) and Eq. (B.7) one has

m m — l / , / _ i

- Σ Σ(-)p - i

ί / ̂  i 1 t/o(^/f/o)(w"/+1) . (2.29)
V ' V

The last two terms combine into Σplo/+1( •)• Upon relabelling k = p -f / - 1, and
recalling ί/o Ξ — 1, the r.h.s. of this equation is seen to coincide, up to a minus
sign, with the r.h.s. of Eq. (2.27). This proves (2.26).

Lemma 2.10. For C/i = 0, res [L9Xf] = 0 is equivalent to

)(*-7) J . (2.30)

Proof. In Eq. (2.27), separate the terms with / = m from those with / φ m . For
U\ = 0, the terms with I = m are simply -mX'm while those with /φra coincide
with m times the derivative of the r.h.s. of (2.30).

One sees that the non-local term d~][Um+\-ι,Xι] originates from the non-
commutativity of matrices and the necessity of solving for Xm when reducing to the
symplectic submanifold with U\ = 0.

The main result of this section is the following

Theorem 2.11. The second Gelfand-Dikii bracket for n x n-matrίx mth-order dif-
ferential operators L with vanishing U\ is given by

{f,g}(2)=afti ΣX(AT,+1,
7-0

] m—l f-m—l / ιr _ι /

- Σ f Σ(-)Ί ί ί
m ι=\ ^k=o \l l

m~}k+j+l

k=0

m—l 2m—j—I mm(m,p+j+I)

+ Σ Σ Σ
/=! p=Q q=max(Q,p+j+l—m)

(2.31)
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where the Sqj_ l are defined by Eq. (2.14), and it is understood that UQ =

-1 and U\ = 0.'

Proof. As discussed above, the bracket for U\ = 0 is obtained from the unre-
stricted one, Eq. (2.23), by determining (the otherwise undetermined) Xm from
^(/)m_ι v =0 = 0. This ensures that all brackets {f,U\} vanish when U\ is set

to zero after computing the bracket. By Lemma 2.9, ^(f)m-ι\u =Q = ® implies

res [L9Xf]\u =0 = 0 which by Lemma 2.10 determines Xm as given by (2.30). All

one has to do is to insert (2.30) into (2.23). The terms ~ Xι with / < m are not
affected and give those terms in (2.31) that do not have a factor ^ in front. On the
other hand, the terms ~ Xm in ^(/)7 are (j < m)

m—j m

Σ Σ ( S9- m - ( ** m } } Um-q(XmUq-p-j)(p} . (2.32)

Now, S^J_p m is non-zero only i f q — p ^ min(g,y). Since q ^ p + j this is only

possible if q = p -\- j in which case Sp

m

J'J = ( P+J } . Hence (2.32) equalsj"1 \ j /

m-j / v I ;\
\Y TJ 1 V^ I ^ J \ TJ Y(P> (Ί ^^\\Am,Um-j\— 2^ 1 1 um-p-jΛm . (Z..JO)

p = l \ J J

Inserting Eq. (2.30) for Xm it is straightforward to see that, upon rearranging the
summation indices, one obtains exactly all the terms in Eq. (2.31) for i^(f)j that

contain a factor ^. One can check again that i^(f)m_\ vanishes.

Remark. 2.12. If one takes m = 2, L = -d2 + U, so that U2 = U and X\ = X,
only i^(f)o is non-vanishing:

"ϊ/'ί f\ \TTΆ~IΓTT Y~W J^ / VΎ T L T TY\f I ( Yr T T ι _ T TYf \ γtlt ί^) Ί.Λ\r \J )Q = L^? ̂  L^?^- JJ H—(/ιc/ H- C7A J H—(A U -r C/A ) A , (z.j4J
2 2 2 2

and with X = & and 7 = ̂  one obtains (using J x d ~ l y = — f(d~lx)y)

+ -(X'Y+ Y X f - X Y f - Y f X ) U - -YX"'\ , (2.35)

which obviously is a generalization of the original F-algebra (1.2) to arbitrary
n x ^-matrices U = UΊ. To appreciate the structure of the non-local terms, I
explicitly write this algebra in the simplest case for n — 2 (but without the re-
striction 8 tr σ^U = 0 which is present for (1.1)).

Let

(2.36)

See Sect. 6.2 for a discussion of the reduction to tr #3 U — 0
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Then one obtains from (2.35) (with a — -2y2) the algebra

y~2{T(σ\ T(σ'}} =(dσ - dσ,) [T(σ')δ(σ - σ')] - '̂"(σ - σ') ,

y-2{Γ(σ), V±(σ')} = (δ, - dσ,)[V±(σ')δ(σ - σ')] ,

V 3 ( σ ' ) } =(dσ - d σ , ) [ V 3 ( σ ' ) δ ( σ - σ')] ,

V±(σ')} = ε(σ - σ / ) V ± ( σ ) V ± ( σ f ) ,

')} = - s(σ - σf)(

4- (5σ - dσ>) [T(σ')δ(σ - σ')} - -

V±(σ')} =ε(σ - σ ' ) V ± ( σ ) V , ( σ l ) ,

} =ε(σ - σ'XF+ίσ)^"^7) + V'(σ)V

- \δ"'(σ -

(2.37)

Once again, one sees that T generates the conformal algebra with a central charge,
while F+, V~ and F3 are conformally primary fields of weight (spin) two. It is
easy to check on the example (2.35), that antisymmetry and the Jacobi identity are
satisfied. For general m this follows from the Miura transformation to which I now
turn.

3. The Miura Transformation

In this section, I will give the matrix Miura transformation. By this transformation,
all Uk(σ) can be expressed as differential polynomials in certain n x ^-matrices
Pj(σ)J = l , . . .ra, and hence every functional / of the Uk will also be a functional

/ of the Pj. I will define a very simple Poisson bracket for functionals of the Pj.

Using this Poisson bracket one can compute {f(P\g(P)} = {f(U(P)\g(U(P))}.
I will show that this Poisson bracket coincides with the second Gelfand-Dikii
bracket {/(£/),#(£/)}(2) defined by Eq. (2.23) in the previous section. As a corol-
lary, this proves the antisymmetry and Jacobi identity for the latter. The Poisson
bracket of the Pj can be reduced to the submanifold where Σm

=ι Pj = 0. This im-
plies U\ — 0. Then I will show that this reduced Poisson bracket for the Pj gives
the second Gelfand-Dikii bracket for the Uk reduced to U\ = 0, i.e. Eq. (2.31).

3.1. The Case of General U{,... Um.

Definition and Lemma 3.1. Introduce the n x n-matrix-valuedfunctions Pj(σ)J =
l , . . .w. Then for functionals f,g (integrals of traces of differential polynomials)
of the PJ the following Poisson bracket is well-defined
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or equίυalently for n x n-matrix-υalued (numerical} functions F and G

{/tr FΛJtr GPj}=aδijJ* (F!G - [F,G]Λ) . (3.2)

Proof. Definition (3.1) is obviously bilinear in / and g and reduces to (3.2) for the
special functionals chosen. When (3.2) is chosen as a starting point, bilinearity is
implicitly understood, so that (3.1) follows. Antisymmetry is obvious for both (3.1)
and (3.2). It is easy to see that the Jacobi identity for the bracket (3.2) amounts to
the Jacobi identity for the matrix commutator [F, G] which, of course, is satisfied.

Note that due to the <5/7 in (3.2) one has m decoupled Poisson brackets. In the
scalar case (n — 1), (3.2) simply gives {Pi(σ),Pj(σ')} — (-a)δijδ'(σ — σ'). These
are m free fields or m £7(1) current algebras. In the matrix case, comparing (3.1)
or (3.2) with (2.24) one sees that each Pj actually gives a gl(n) current algebra.
So one has no longer free fields but m completely decoupled current algebras. This
is still much simpler than the bracket (2.23). To connect both brackets one starts
with the following obvious

Lemma 3.2. Let PjJ — \,...m be as in Lemma 3.1. Then

L = -(d-Pl)(d-P2)...(d-Pm) (3.3)

is a m^-order n x n matrix linear differential operator and can be written L =
ΣΓ=o Um-kdk with UQ = -1 as before. This identification gives all Uk,k = I9...m
as &th-order differential polynomials in the Pj, i.e. it provides an embedding of
the algebra of differential polynomials in the Uk into the algebra of differential
polynomials in the Pj. One has in particular

7=1 i<J 7=2

I will call the embedding given by (3.3) a (matrix) Miura transformation. The most
important property of this Miura transformation is given by the following matix-
generalization of a well-known theorem [16, 17].

Theorem 3.3. Let f(U) and g(U) be functional of the £4, k=\,...m. By
Lemma 3.2 they are also functionals of the Pj, j — 1,... m : f(U) = /(F), g(U)

= g(P\ where /(F) = f(U(P)) etc. One then has

{/(F),#(F)} - {/(ί/),0(t/)}(2) , (3.5)

where the bracket on the l.h.s is the Poisson bracket (3.1) and the bracket on the
r.h.s. is the second Gelfand-Dikii bracket (2.23).

Proof. In the scalar case, the simplest proof is probably the one given by
Dikki [17]. Here, I repeat this proof, adapting it to the matrix case where nec-
essary. The l.h.s. of (3.5) is given by the r.h.s. of (3.1) which can be rewritten
as

δ§ a D "' Π6Ϊι,^rj , (3-6)

whereas the r.h.s of (3.5) is given by (2.23) which I recall is the explicit form
of a Jtr res (L(XfL)+Xg — (LXf)+LXg). Since Xf and Xg contain -&- and ^- one
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needs to obtain |£ in terms of jf 9 and similarly for g. This is done as follows. One

has, using δL — ΣΓ=ι δU^dm~k

9 andXf = Σ/Li ^~l~δu —"» as we^ as Lemma A.I,

m δ f
/tr res XfδL = /tr Ejτr^k = δf(U) . (3.7)

On the other hand, denoting δ/ = δ — P/, so that L = —d\...dm, one has δL —
^ ^ ... δ/_ιc)P/δ / + ι . . .d m so that using Lemmas A.I and A.3,Z_-α=l

/ tr res XfδL = f tr 5>P, res (δ f +ι. . . dmXfd{... dt-\) . (3.8)

Writing δf(U) = δ/(P) - /tr Σΐ=ι δp^ one obtains from (3.7) and (3.8) the

desired expression of |£ in terms of -££-:

— = res (δ/+ι . . . dmXfd\... δ, _ ι ) . (3.9)

Then Eq. (3.6) becomes

{/(P)J(P)}

= αΣ/ tr res (d i+i . . δwA^δι... δ/_ι )[δ, , res (δ/+ι . . . dmXfd{... δ/_ι)] . (3.10)

At this point one has an important difference with the scalar case. In the scalar

case, Eq. (3.6) reads a Σ// Jp:(|p:)' so tnat onty δ not ^ = S — PΪ appears in
the commutator with res (...) in (3.10). But in the scalar case, P/ commutes with
res (...), so that one could replace δ by δ/ and also obtain (3.10). In the present
matrix case, however, one cannot simply replace d by δ/, and one needs δ/ from
the beginning in (3.6). The rest of the proof goes as in the scalar case [17] and
I only give it here for completeness. Using first Lemmas A.3 and A.I, and then
Lemma A.4, the r.h.s. of (3.10) becomes

#Σ/ tr res ( '̂+ι δmXgd\ ...di res ( δ / + ι . . . d m X f d \ . . . δ z _ ι )

- d j . . . dmXgdι ... δ/_ι res ( δ / + ι . . . dmXfd\ . . . d^}))

If one would replace the - subscripts by + subscripts, this expression would vanish
(since then the external -f subscripts could be dropped and both terms cancel). Since
(...)_ =(...) — (...)+, one can thus simply drop the - subscripts to obtain

m

{f(P),g(P)} = aΣ(St+ι - Si) ,
1=1

5,• = / trres3/. . .3 m Λr ί ,aι . . .3 ί _ι(5, . . .δ m A r

/ a 1 . . .δ ; _ι)+ . (3.12)
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Performing the sum, all 5Z , cancel except for

Sm+ι = I ir res Xgd\... dm(Xfd\ . . . dm)+ = / tr res XgL(XfL)+ ,

S{ = / tr res d, . . . 5 (̂3 1 . . . dmX/)+ - / tr res LXg(LXf)+ , (3.13)

so that

{f(P),g(P)}=a(Sm+ι - S i ) = a f tr res (L(XfL)+Xg - (LXf)+LXff) , (3.14)

which completes the proof.

The previous proposition states that one can either compute {C4, ί//} using the
complicated formula (2.23) or using the simple Poisson bracket (3.1) for more or
less complicated functionals Uk(P) and Uk(P). In particular Lemma 3.1 implies the

Corollary 3.4. The second Gelfand-Dίkii bracket (2.23) obeys antisymmetry and
the Jacobi identity. Bilinearity in f and g being evident, it is well defined Poisson
bracket.

3.2. The Case U\ = 0. As seen from (3.4), U\ = 0 corresponds to E!Ίι Λ = °
In order to describe the reduction to Σ{ PI = 0 it is convenient to go from the
P,J= l , . . . m to a new "basis": Q = Σ™=\Pί and &a,a= l , . . . r a — 1, where all
&a lie in the hyperplane Q = 0. Of course, Q and each 2?a are still n x ^-matrices.
More precisely:

Definition and Lemma 3.5. Consider a (m - 1 ^-dimensional vector space, and
choose an oυercomplete basis of m vectors h j 9 j = l , . . . m . Denote the components
of each h} by hj , a — 1, . . . m - 1. Choose the hj be such that

j = δjj - — ,

? = ̂ , (3.15)
ί=\

and define the completely symmetric rank-3 tensor Da^c by

Dabc - !>?**/ (3 16)
7=1

Define Q and 0*a,a = l , . . . m — 1 to be the following linear combinations of the

(3-17)
j=\ j=\

If one considers the Pj as an orthogonal basis in a m-dimensional vector-
space, then the &a are an orthogonal basis in a (m — I )-dimensional hyperplane
orthogonal to the line spanned by Q. Equation (3.17) is inverted by

P: = -Q + mΣh«0>a. (3.18)
m a=\
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Proof. First, note that the vectors hj with the desired properties (3.15) exist, since
one can choose them to be the weight vectors of the vector representation of
SU(m) ~ Am-\. Next, considering the P/ as orthogonal means that one formally
introduces some inner product (Pί9Pj) = <57 y. Then obviously from the definitions
(3.17) and the properties (3.15) of the hj one has (@>a,&b) = δab, a$ well as
(Q^a) = 0. Finally, Eq. (3.18) also is an immediate consequence of (3.17) and
(3.15).

Thus it is convenient to use Q and the &a to discuss the reduction to Q = 0.
Note that the occurence of the weights of the vector representation of Am-\ is not
surprising since in the scalar case, n = 1, the reduction to Q — 0 is well-known to
be related to Am-\ via the Drinfeld-Sokolov reduction [22].

By Lemma 3.5 any functional of the Pj can be written as a functional of the
&a and ρ. One has

Lemma 3.6. If for functionals f(&,Q\g(£P>Q) one denotes

"- "- *- *-• <3 19>
then the Poisson bracket (3.1) of f with g is 9

{f,g} =α/tr( mW^ + WbV'b - [F0, WQ]Q - [Vb, Wb]Q

- [Vθ9 Wbψb - [Vb9 W0]Pb - Dbcd[Vb, Wc]&d\ , (3.20)

where here and in the following repeated vector indices (b,c,d) are to be summed
over.

Proof. From (3.17) one has |£ = g + Af ̂  - F0 + Af Va and similarly ̂  = W0 +

Af^. Inserting these relations into (3.1) and using relations (3.15), (3.16) and
(3.18) yields (3.20).

Proposition 3.7. The Poisson bracket (3.1) can be reduced to the symplectic sub-
manifold with Q = Σ,m

=l Pj = 0. The reduced Poisson bracket is

, (3.21)

where Vb,Wb are defined in Eq. (3.19), or equivalently

f δbc -[

(3.22)

Proof. The reduced bracket is obtained from the unreduced one, Eq. (3.20), by
determining VQ and W$ such that the Poisson bracket of Q with any functional g

9 One should not confuse the scale factor a in front of the integral sign with the vector indices
b,c,d.
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vanishes on the submanifold Q — 0. From (3.20) one has

{/tr VQQ,g} = a f tr V0(-mW{> + [Q, W0] + [̂ , Wb]) . (3.23)

The vanishing of the r.h.s. for Q — 0 gives

WQ = -d-l[&b,Wb] (3.24)
m

and similarly VQ = -^~λ\^b^b\- Inserting these relations into (3.20) and setting
β = 0 yields (3.2\\ Equation (3.22) follows obviously from (3.21).

Of course, the result (3.22) can also be expressed in terms of the P\ directly.
Using (3.18) for Q — 0, i.e. P/ = λ?^α, one immediately obtains from (3.22), using
the relations (3.15) and (3.16), the

Corollary 3.8. The Poisson bracket (3.2) when reduced to Q = Σm

=l Pj = 0 can

be equίvalently written as

1

>v-τ:}-W(δu--}τ(p'+ίV

(3.25)
m

To prove the main result of this section one needs the following

Lemma 3.9. Let as before Xf = ]Γ^=1 d~lXh dt f = d - Pi} so that L = -d\... dm,
and let

π/ = δ/+ι . . . dmXfd\ . . . δ/_ι , (3.26)

es π/] - ra [X/,L] . (3.27)
ι=l

Proof. By Lemma A.5, one has [3/, resπ/] = res [θz, π/] so that the l.h.s. of (3.27) is

r e s 2 / π / - π / z = r e s
ι=l /=!

= res (5, ...δ^/ - X f h ...dm) = res [A>,L] . (3.28)

Now one has the

Theorem 3.10. Let U\ = 0 and hence Q — X)J=1 ^/ — 0. By the Miura transforma-

tion of Lemma 3.2 any functionals f(U\g(U) of the U^k = 2,...m only are also
functίonals f(0>) = f(U(0>)\ g(0>) = g(U(0>)) of the 0>a,a = l,...m only. The
reduced second Gelfand-Dίkii bracket (2.31) of f and g equals the reduced
Poisson bracket (3.21) of f and g.

Proof. Recall that for U\ = 0 the reduced bracket (2.31) equals the unreduced one
{/, g}(2) = a f tr res (L(XfL)+Xg — (LXf)+LXg) supplemented by the constraint
res [Xf,L] = 0 which determines Xm. Recall also that for Σm=\ Pj — ® me reduced
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bracket (3.21) equals the unreduced one, Eq. (3.1), which can be written in the form
(3.6), supplemented by the constraint that the functional derivative J| does not ap-

pear, or in other words, as seen from (3.6), that X^tδ,-, |£] = 0. By Theorem 3.3,

the unreduced brackets are equal. Hence the reduced ones will be equal if the re-
ducing constraints are equivalent. But since from (3.9) one has |̂  = res π/, the

previous lemma shows that res [Xf,L] — 0 is equivalent to Y™=i[di, |£] = 0, and

the theorem follows.

Corollary 3.11. The second Gelfand-Dikίi bracket (2.31) obeys antisymmetry and
the Jacobi identity. Bilinearity in f and g being evident, it is a well-defined Poisson
bracket.

Example 3.12. Consider the example m = 2. The hj can be taken to be the negative

of the weight vectors of 577(2) which are one-dimensional: h\ = —τ=,/*2 — ~/=

Then there is only one & which by (3.18) equals 9 = V2P2 = -\/2P\, and
U = U2 = -^^2 + -^'. Since Dbcd = 0 for m = 2, the Poisson bracket (3.22)

becomes

{/tr F^Jtr G0>} = β/tr ( GF' - -[F90>]d~}[G,0>] } . (3.29)

It can be easily checked directly that this implies the second Gelfand-Dikii bracket
(2.35).

4. The Conformal Properties

In the scalar case, i.e. for n = 1, the second Gelfand-Dikii bracket (with U\ = 0)
gives the fΓw -algebras [5,6,7]. The interest in the W -algebras stems from the fact
that they are extensions of the conformal Virasoro algebra, i.e. they contain the
Virasoro algebra as a subalgebra. Furthermore, in the scalar case, it is known that
certain combinations of the U^ and their derivatives yield primary fields of integer
spins 3,4. . .m. It is the purpose of this section to establish the same results for the
matrix case, n > 1. Throughout this section, I only consider the second Gelfand-
Dikii bracket (2.31) for the case U\ = 0. I will simply write {/,#} instead of
{/,g}(2). Also, it is often convenient to replace the scale factor a by y2 related
to a by

(4.1)

(Note that y2 need not be positive.)

4.1. The Virasoro Subalgebra. For the F-algebra (1.1) given in the introduction
(corresponding to m = 2,n = 2 and an additional constraint tr σ^U^ = 0) one sees
that T = ^tr C/2 generates the conformal algebra. I will now show that for general
m, n the generator of the conformal algebra is still given by this formula.
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Lemma 4.1 For arbitrary m ^ 2 one has

ί \ ( m — 2 N

{/tr Ft/2,/trGt/2} =α/tr [F,U2]d~l[G,U2] - [F,G]( t/3 —1/2'
\ W \ 2 y

+ -(F'G - G'F -f GF7 - FG')t/2 - - ( m ̂  1 j GF/y

(4.2)

Note that for m = 2 one has to set t/3 = 0.

Proof. From Eq. (2.31) one knows that the l.h.s. of (4.2) equals a /tr i^(f)m-2G
with / = /tr Ft/2, i.e. Λf/ = Fδ/,w_ι. Still from (2.31) one has (recalling t/i = 0,

=-[t/2,3-1[F,ί/2]]+ -
m m

3 min(/n,/7+2w — 3)

+ Σ Σ C£_7* _ , U^FU,,-^-,,, )(p) (4.3 )
— 3 )

At this point one needs explicit expressions for the coefficients C^~m_l9 i.e. of

the S^~_l. Note that the latter are non- vanishing only if q — p 5Ξ min(^, m — 2),

i.e. q ^ p -}- m — 2. Some of them follow from Lemma 2.4. The others have to
be obtained directly from the definition (2.14) which is not difficult since the sum
involves at most (m — 2) — (q — p) -f 1 ^ (m — 2) — (m — 3) + 1 = 2 terms. Since

t/i = 0 only five C-coefficients are needed. They are C^I l̂f = 1,
Γm,m-2 _ Λ ^m-2,m-2 _ f-,m,m—2 _ m-3 ^m,m-2 _ (m+\)m(m—\)
Um,w-l ~ ~1 'Uw-3,m-l — ̂ m-l.m-1 7 ~2~' Um-3,/w-l ~ 12 '
this into (4.3) and performing some simple algebra gives (4.2).

Proposition 4.2 Let T(σ) = \tr U2(σ). Then

- (3ffl - dσ2)(T(σ2)δ(σλ - σ2)) - - ί m ̂  M ^(σ, - σ2) .

(4.4)
Equivalently, if, for σ G 51, owe defines for integer r,

L,. - y~2 / dσΓ(σ)β/ r σ + ̂ ,0 , (4.5)
— π -̂ ^

6π / m + l λ 12π - ,. ,,(4 6)

then the Lr form a Poisson bracket version of the Virasoro algebra with (classical)
central charge c :

i{Lr,Ls} = (r- s)Lr+s + ̂ (r3 - r}δr+s# . (4.7)

Also if{Aμ}μ=l^n2_ι is a basis for the traceless n x n-matrίces, then each Sμ{σ} =

tr AμU2(σ\ μ = 1, . . . n2 - 1 is a conformally primary field of conformal dimension
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(spin) 2 :

y-2{Γ(*ι)Λ(*2)} = (dσι - dσ2)(Sμ(σ2)δ(σl - σ2)) , (4.8)

or for the modes (Sμ\ = y~2 f^πάσSμ(σ)eιrσ one has equίυalently i{Lr,(Sμ)s} =

(r — s)(Sμ), +s Equations (4.4) and (4.8) can be written in matrix notation as
(I denotes the n x n unit matrix)

- 8σ2)(U2(σ2)δ(σι - σ2))

5 / / / (σ 1 -σ 2 ) . (4.9)

Proof. Consider first (4.2) with F(σ) = ±δ(σ - σ\)\ and G(σ) = \δ(σ - σ2)\.
Then the l.h.s. of (4.2) is (Γ(σι), T(σ2)} while on the r.h.s. all commutator terms
vanish. Recall a = — 2y2 and tr 1 = n and Eq. (4.4) follows. It is then standard
(and straightforward) to show that (4.5), (4.6) imply (4.7). Finally let F(σ) =
\δ(σ - σ\ )1 and G(σ) = δ(σ — σ2)Aμ. Again, all commutator terms vanish in (4.2)
and (4.8) follows. Equation (4.9) then is obvious.

Note that (4.6) is a classical central charge. If one can implement a free-field
quantization, the central charge receives additional normal-ordering contributions ex-

pected to be (m — l)n2 so the ctot = n(m — !)(« + ^ m(m +1)). One could spec-

ulate about series of unitary representation, etc., but I will not do so here.

4.2. The Conformal Properties of the Uk for k Ξg 3. In the previous subsection,
I have computed the conformal properties of the matrix elements of U2. The aim
of this subsection is to give those for all other Uk i.e. compute {T(σ\\Uk{o2)}
or equivalently, for any (test-) function ε(σ), {/βΓ, Uk(σ2)} for all k ^ 3. I will
find that this Poisson bracket is linear in the £// and their derivatives and is for-
mally identical to the result of the scalar case. It then follows that appropriately
symmetrized combinations Wk can be formed that are n x ^-matrices, each matrix
element of Wk being a conformal primary field of dimension (spin) k.

Lemma 4.3. For a scalar function ε and a n x n-matrίx-υalued function F, one
has

.~=Fδ _ (4 10)

with

m _ 1 k+\ min(m,k+\ — p)

+ -y-tr (t/tF)' + Σ Σ CΓΓ^+i-^
Δ p=Q ^r=max(0, k+\ — p— m}

(4.11)

Proof The l.h.s. of (4.10) equals -^{/trFt/^/εlΓ} which by (2.31) and (4.1)

equals Jtr Σ™=Q ^(/)y^/+ι with Yj+\ =εlδj^m-2 anάXi ~Fδm+\-ι^ which proves
(4. 10). Equation (4.1 1 ) then follows upon inserting j = m — 2 and Xι into Eq. (2.3 1 )
for i^(f)j and changing the summation index in the last sum from q to m — q.
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Lemma 4.4. When evaluating the sums in the third term on the r.h.s 0/(4.11)

one has to distinguish three cases: The coefficients C™~^_m~^n+l_k defined in

Eq. (2.31), are given by (2 <. k ^ m)w

a) q ^ 2 and q ^ k — 1 — p

m-k+p+l

b) q §: 2

c ) ? = 0

= & + 1 — p

π ι—q,m—2
m—q—p, m+l—k

m+ m — k
-k

( — \P m — k +
m — k

(4-14)

Proof First note that since C/i — 0 no terms with g = 1 or q = k — p are present
in the sum considered in (4.11). Thus one only has to distinguish q — 0 or q ^ 2
on the one hand, and q^k-\-porq = k — p+l on the other hand. Hence
one has the cases a) and b), while in case c) one should distinguish p ^ k — 1
and p — k + 1. For cases a) and b), q ^ 2 and w - q g m - 2, so that one can

use Lemma 2.4 to evaluate S^~^~+l__k. In case a) Eq. (2.20) applies and one

gets Eq. (4.12). In case b), Eq. (2.21) applies if also q rg m - p, i.e. k < m, so

that C:™+ι-* = (-)'('T*) = (~)/?C) If h°Wever * = m> S° that * = m ~
/? + 1 (which is only possible for p ^ 1), then S™Iq

q™~2

m+l_k = S™~fm~2 which is

easily evaluated directly from the definition (2.14) to be —δq^m = —δflίι = (~)p( 1 )

since p ^ 1. Hence (4.13) follows. In case c), one has q — 0, hence m - q > m - 2
and Lemma 2.4 does not apply directly. However, using Eq. (B.8) first, one can still
use Lemma 2.4, i.e. Eq. (2.20) if p <Ξ k- 1 and Eq. (2.21) if p = k + 1 (p = k,
q = 0 gives a C/i and does not contribute). For p ^ k - I it is straightforward to
obtain (4.14). For p = k 4- 1 one has still to distinguish k — m and k < m, but the

result is the same in both situations, and it differs from (4.14) only by a term

which vanishes since p ~ k -f 1. Hence one obtains (4.14) again.

k~l

Proposition 4.5. The conformal properties of all matrix elements of all
k = 2, . . . m are given by

wλz'c/z is formally the same equation as in the scalar case n = 1.

The equations are actually also valid for k = 1.
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Proof. That (4.15) is the same equation as in the scalar case is readily seen by
comparing with Eq. (2.10) of ref. 7, setting y2 = 1 and observing that the a\ of
ref. 7 correspond to the present —U\ (for n = 1), and thus also a2 corresponds to
— Γ. Let me now prove (4.15) in the matrix case. Note that for k — 2, Eq. (4.15)
is equivalent to (4.9). Hence one only needs to consider k ^ 3. One starts with
Eq. (4.10) and inserts the results of Lemma 4.4 into Eq. (4.11). Case a) can be
realized \f 2 ^ q ^ k — \ — p, i.e. for p ^ k — 3. Case b) can be realized if p ^
k — 1, while case c) can be realized if k + 1 — m ^ p. After some simple algebra
one gets

tr nf)m-2= = tr ~(W - UMF

m _ k I" ^ ^k+\-p)
p—max(C '- ' Ί ~ λ ' ^ x ' v ' '

(4.16)

(where for k = m one sets £4+1 = C/m+ι = 0). Note that terms like

cancelled against terms tr U2(FUk-\-p)^ which would not have been the case
without taking the trace. Let first k < m so that the sum over p is from 0 to
k -f 1. Separate the p = k+l,p = Q and p = 1 terms from the sum (the p — k
term vanishes since U\ =0). Using the identity

P-I
m — k

one obtains

tr Ϋ(f)m-.2\X=Fδ = tr(ukF' + (k- l)(UkF)'

ffl + 1

+ 1

i Ίf I γ-j 1 \

^f \tr(FUk+ι-p)(p) . (4.18)
p-l ) \ p )

It is easily seen that for k — m one also obtains the same equation (4.18). Now
multiply by ε and integrate to obtain y~2{/εΓ,/trF£4} (cf. Eq. (4.10)). Upon
taking the functional derivative with respect to F and relabelling the summation
index p = k+\ — I one obtains (4.15).

Since the conformal properties (4.15) are formally the same as in the scalar
case, and in the latter case it was possible to form combinations Wk that are spin-&
conformally primary fields, one expects a similar result to hold in the matrix case.
Indeed, one has the
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Theorem 4.6. For matrices A\, A^ . . Ar denote by S[A\, A2,... ,Ar] the completely
symmetrized product normalized to equal Ar if As = A for all s = 1, . . . ,r. Let

1=2

Σ (-)r/W/*[tf2*^ >

where the coefficients Bkι,CPί_pl. and Dp}_prl are the same as those given in
ref. 1 for the scalar case, in particular

(k-l\(m-l\
Ώ ( \k-l V f c - / / \k-l ) ( Λ ~ ) f \ \Bki = (-) (2k_2. - (4.20)

V k-l )

Then the W^ are spin-h conformally primary n x n-matrix-valued fields, i. e.

k} = -εW!c-kε/Wk . (4.21)

For σ e Sl one can define the modes (Wk)s = y~2 J ΐ π dσ Wk(σ)eίsσ and the
Vίrasoro generators Lr as in (4.5). Then one has equivalently

i{Lr,(Wk),} = ((* - l)r - s)(Wk)r+s , (4.22)

where each (Wk)s is a n x n-matrix.

Proof. Note that in the scalar case Eq. (4.19) is identical to the formula (2.1 la)
of ref. 7 if one identifies C// = — α/, Wk = — w^. The crucial property to prove the
theorem is that (4.15) is at most linear in the U7/. It follows that

, Uk, }
(?>\ C / l 1 ,..., t/;r , (4.23 )

and since matrices commute under the symmetrization S[. . .] one may manipulate
them just as in the scalar case. Hence Eq. (4.19) can be proven exactly as in the
scalar case and thus follows from Eq. (4.15) and the results of ref. 7.

Examples. From the previous theorem and the results of ref. 7 (Table I) one has
explicitly:

-3rπ , 0"-2)0»-3), f / / , (5m + 7)(ιn - 2)(m - 3) 2_ - - u2+ - -

, 3( iM-3)Q«-4) 7 , , , (m-2)(m-
+ 28 3 84

3X.-4)
2 -
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Note that all coefficients are such that Wk = 0 for k > m if one sets t// = 0 for
/ > m. These relations can be inverted to give

2I4m(m2 -

5. The Poisson Bracket Algebra of the t/2 and K^j for Arbitrary m

From the previous subsection one might have gotten the impression that the matrix
case is not very different from the scalar case. This is however not true. In the
previous subsection only the conformal properties, i.e. the Poisson brackets with
T — ^tr lt/2 were studied, and since the unit-matrix 1 always commutes, most of the
new features due to the non-commutativity of matrices were not seen. Technically

speaking, only tr i^(f) was needed, not i^(f) itself. In this section, I will give the
Poisson brackets, for the (more interesting) reduction to U\ — 0, of any two matrix
elements of U2 or t/3, °

r equivalently of t/2 or W$9 for arbitrary m. In the case m = 3
this is the complete algebra, giving a matrix generalization of Zamolodchikov's
Wτ> -algebra.

The Poisson bracket algebra will again be obtained from (2.31). Since
{/tr Ft/2, /tr GU2} was already computed in the previous section, Eq. (4.2), here
I will need to compute {/tr Ft/3,/tr GU2} and {/tr Ft/3,/tr Gt/3} only. Thus

all one needs is i^(f)j for j = m - 2, m - 3 and with X\ — Fδ^m-2. For j = m - 2

all relevant coefficients Cr^l~Zq'™~_2 are given in Lemma 4.4 (with k = 3), and the

computation of /^(/)m-2|Λr

/=Fδ/ΛZ_2 proceeds as in the proof of Proposition 4.5 (but
without discarding terms that vanish upon taking the trace. It is then straightfor-

ward to obtain {/tr Ft/3,/tr GU2} = α / t r ^(f)m-2\Xι=Fδι m_2G9 and using the
antisymmetry of the bracket also

{/tr Ft/2, /tr Gt/3} = a/tr (-^[F, t/2]^1^, t/3] - -̂̂ F[G, t/2]t/2

,
6 2

;G - G'F)U3 + (m- 2)F"GU2 - ( m +

(5.1)

Of course, if F = i ε 1 all commutator terms vanish and upon taking the functional
derivative with respect to G one recovers Eq. (4.15) for k = 3 (recall a = -2y2).
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Consider now i^(f)j f o τ j — m — 3 and with X\ — Fδ^m-2. The relevant sum
in (2.31) containing the C-coefficients is

5 min(m,/7+2w— 5)

Σ Σ C^-l_2Um-q(FUq-{p+m-^ . (5.2)
p=0 <7=max(0,;?+w— 5)

For m ^ 5 the sum over q is simply Σ™=p+m_5 For m < 5, one can still formally

write Σ™p+m_5 if one defines t4 = 0 for k < 0 or k > m. In any case one has

q - p ^ m - 5. From the definition (2.14) of S^l~^_2 one sees that it vanishes for
q - p > m - 3, and that it is a sum of at most three terms f o r m - 3 ^ ^ - / ? ^
m - 5. Thus all relevant Sq

q™~ll_2 can be easily computed directly to obtain the

Cq'™~_2 appearing in (5.2). I will not give all the details here. The result is

{/tr Ft/3, /tr Gt/3} =α/tr (--[F, t/3]<9~][G, t/3] + -(Ft/2Gl/3 - FU3GU2)

m m
- [F, G]ί/5 + 2(F7G - G'F)t/4 + (G"F - F77G)t/3

( m - l ) ( m - 2 )
(r Cj — Cr r ) U2

4m2 -3m-7

so (53)

where t/s = 0 for m = 4 and t/s = t/4 = 0 for m = 3. Note the obvious antisym-
metry under exchange of F and G.

One may also reexpress the Poisson brackets (4.2), (5.1) and (5.3) using the
primary fields W^. Substituting Eqs. (4.25) it is straightforward algebra to obtain

{/tr Ft/2, Jtr Gί/2} =α/tr (--[F, t^δ^tG, t/2] - [

+ -(F;G - G7F + GF7 - FG7)t/2

{/tr Ft/2,/tr G^} = */tr (~[F9U2]d'l[G9W3] - ̂  ^[F.GJt/l
\ AΛί

Γ Z7 /°Ί ΓJ7 i /Z7^/^ r I f~*T?t U'f1? Γ~^— [r, CjJ Jr4 + (r Cr + Crr — —r(j — — O

^2 - 4 / 1 1 1

4 12 2
(5.5)

One uses the obvious relations {/, Jtr GU^} = -{/,/tr G'U2} and also the fact that
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{/tr FWiJtτ GW3} = aftr (--[F9W3]d'l[G9W3]

-(FU2GW, ~ GU2FW3) - JF,G](W3U2 + U2W3)m Ίm(mλ - 1)

- G'U2FU2) + ("*Γ2) ([F,G]U2U24m 4m

(5OT + 7)(m- 2)(^-3) _ GF, G/F _ 2

I0m(m2 - 1)

' - GF' + G'F - F'G)W4

"' + G'"F - F'"G - GF'")

3(F"G' + G'F" - F'G" - G"F'))U2

Note again, as a consistency check, that (5.4) and (5.6) are obviously antisymmetric
under F *-* G. Of course, one has to set Ws = 0 for m = 4, and W$ = W$ — 0 for
m = 3. For m = 3, Equations (5.4)-(5.6) are the complete algebra and reproduce
Eqs. (1.3)-(1.5) written in the introduction. Remark that for F = ^εl, the r.h.s. of

Eq. (5.5) reduces to -y2 Jtr (2εxG - εG')Wι (recall a = -2y2), confirming once
again that every matrix element of W3 is a conformal primary field of dimension 3.
If both F and G are proportional to the unit matrix F = /1,G = #1, with scalar
f,g, most of the terms in (5.6) disappear and one has

{//tr W3Jg* W,} =α/tr ((m2 - 4)(f g - g ' f )

) t Γ^-Ϊ5 :

(5.7)

where I used tr 1 = n and tr U2 = 2T. This looks similar to the corresponding
bracket in the scalar case (n = 1). It is different, however, since tr £/2

2φ(tr t/2)
2

in the matrix case. Thus the standard (scalar) JF-algebra is not a subalgebra of the
rcφl-algebras.

12 There is one trivial exception: for m = 2 one only has {tr FC/2, Jtr Gί/2} which is linear,

and hence T = |tr t/2 forms a closed subalgebra, the Virasoro algebra discussed in section 4.
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6. Other Algebras, Restrictions and Concluding Remarks

6.1. Hermiticity of the W^. The (quantum) Virasoro algebra \Lr, Ls] = (r — s)L, +s -f
^(r3 — r)δr+s$ is compatible with the hermiticity condition L+ —L-r (where the
hermitian conjugation refers to the inner product on the Hubert space on which the
Virasoro generators act). Similarly, the Poisson bracket version (4.7) is compati-
ble with the reality condition L* — L_Γ. For real y2, i.e. real scale factor a this is
equivalent to Γ* = T. The natural extension of this condition to the matrix case is
the hermiticity condition U^ — t/2 (where now hermitian conjugation is simply the
hermitian conjugation of the n x ^-matrix). Assuming the matrix ί/2 to be hermi-
tian is also natural when studying (for m = 2) the resolvent of L = —82 + ί/2 [10].
More generally one has the

Conjecture 6.1. For real scale factor α, the second Gelfand-Dikii bracket, Eq. (2.31),
is compatible with the hermiticity conditions

U? = U2, W+=(-)kWk9 k ^ l . (6.1)

Lemma 6.2. A sufficient condition for the bracket

{/ tr FWk, / tr GW,} = / tr Pkl(F, G, Wr) (6.2)

to be compatible with the conditions (6.1) is

/tr Pa(F,G, W,.)+ = (-)*+' /tr Pkl(F+,G+,(-γWr

+) . (6.3)

Proof Compatibility means that if one takes the hermitian conjugate of (6.2) and
uses (6.1) one gets back the same bracket (6.2) with the same functional PM and
F and G replaced by F+ and G+. Taking the hermitian conjugate of (6.2) yields,
using (6.1) and (6.3),

= /tr Pkl(F,G, Wr)
+

= (-/+//tr Pkl(F+,G+,(-YWr

+) = (-)*+//tr Pk,(F+

9G
+, Wr) , (6.4)

which is again Eq. (6.2) with F and G replaced by F+ and G+. Thus (6.3) is a
sufficient condition.

Lemma 6.3. All the second Gelfand-Dikii brackets of the UΊ or the W^ given
explicitly in this paper, namely (4.21) and Eqs. (5.4) to (5.6), are compatible
with the hermiticity conditions (6.1).

Proof. By the previous lemma one has to check whether (6.3) is satisfied. For
Eq. (4.21) this is trivial. In general however, the condition (6.3) is non-trivial. Con-
sider e.g. Eq. (5,6). Since (6.3) is a linear condition it can be checked on groups
of terms separately. For [F9G]W5 one has e.g. tr ([F,G]W5)

+ = tr ([F,G]+W+) =
-tr ([F+,G+]J^5

+) - tr ([F+,G+](-)5)^5

+) - (-)3+3tr ([F+,G+](-)5^5

+), while

for (F'G + GF'W* °ne has tr ((F'G + GF')W^+ = (~)3+3tr ((F+/G+ + G+F+/)
(— )4^4

f) and the condition (6.3) is satisfied. On the other hand, a term like

13 Recall the example of the Virasoro algebra where complex conjugation using L* — L-r gives
the same algebra upon relabelling r —» — r, s —* — s which corresponds to replacing / = eιrσ —>
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tr [F,G]W4 would lead to the wrong sign, and indeed it does not appear
(although it has the correct antisymmetry properties under F <-» G and the cor-
rect "naive" dimension). One can easily check that all terms on the r.h.s. of
(5.4)-(5.6) have the required properties. The only slightly non-trivial terms in (5.6)
are Jtr ([F,G]U2U2+ (FG' - GF7)^2). Here one needs to integrate by parts to
show that (6.3) is satisfied.

6.2. Restrictions and Other Algebras. In Sect. 2, I already discussed the restric-
tion (reduction) to U\ = 0, and in Sect. 3 the corresponding reduction Σ™=ι Pi — 0.
The original V-algebra (1.1) corresponds to m = 2, n = 2, U\ = 0 and furthermore
tr στ,U2 = 0. Recall that the reduction to U\ — 0 was implemented by determining

Xm (which formerly was -j^-) such that {t/ι,/}|(/1=o vanishes. Similarly if one

decomposes the 2 x 2-matrices,

-V2K+\ δf /(F0+F3)/2 -F-Λ/2
T-V, ) ' Sϋ=( -F+/V2 (Fo-F3)/2

the reduction to V$ — 0 is achieved by determining F^ (which formerly was ~ -^)

such that {F3,/} I j/3=o = 0. It can be seen from (2.35) with n = 2 or from (2.37)
that this implies F $ = 0. (This contrasts with the reduction to U\ = 0, where Xm

was a non-trivial function of the X\,...,Xm-\.) Thus to obtain the reduction to
tr σ^U = 2V3 = 0 it is enough to simply set F3 = F3 = 0 in Eq. (2.35) or (2.37).
The result is equivalent to the original K-algebra (1.1).

Other reductions can be achieved by not only taking U\ = 0, but by reducing
to the symplectic submanifold where several Uk vanish, e.g. Uk — 0 for all odd k.
Another, and probably more fruitful approach is to take advantage of the Miura
transformation and impose conditions on the P/. Here, I studied the ^w_ι-type
reduction Σ™=1 PI = 0. But one can study other reductions, like Pm+\-i = -Pi that
correspond to the Lie algebras Bm-\ if m is odd, and to Cm if m is even. They

should lead to matrix generalizations of the WBtn-± and W Cm -algebras.

6.3. Concluding Remarks. In this paper, I have given matrix generalizations of the
well-known £Fm-algebras by constructing the second Gelfand-Dikii bracket associ-
ated with a matrix linear differential operator of order m. Upon reducing to U\ = 0,
the non-commutativity of matrices implies the presence of non-local terms in the
algebra.

One always has a Virasoro subalgebra generated by Γ = ^tr U2, and all other
("orthogonal") combinations of matrix elements of U2 (i e tr AμU2 with tr Aμ = 0)
are spin-two conformally primary fields, while the U^k ^ 3 can be combined into
matrices W^k g; 3 which are (matrices of) spin-£ conformal primary fields. I have
given the complete Poisson bracket algebra for m — 3, and, for all m, the Poisson
brackets involving ί/2, W-$.

A Miura transformation relates these Poisson brackets of the Uk to much simpler
ones of a set of n x ^-matrices P/. Contrary to the case n — 1, the P/ are not
free fields. However, for m — n — 2, U\ — 0 and tr σ^ U2 — 0 a simple free-field
realization for PI = — P2 was given in refs. 9 and 10 in terms of vertex operator-
like fields. In the general case, it is not clear how to give such a free-field realization.
The main difficulty is to realize the non-local terms. Comparing the more general
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case (2.37) with (1.1) one sees the origin of the difficulty: (F+(σ), V~(σ')} ~

ε(σ-σ')F+(σ)F~(σ') + ... can be realized by F±(σ) - e^^φ(σ)R(dφ)9 where
R(dφ) is some differential polynomial in dφ and φ is a free field. On the other hand,
{K3(σ), V±(σ')} ~ ε(<7 - σ/)K±(σ)F3(σ/) + ... cannot be realized by this type of
vertex operator construction, since the arguments σ and σf of F^ and V $ have
been exchanged. This kind of relation is however very reminiscent of the braiding
relations of chiral screened vertex operators in conformal quantum field theories
[23, 24] and it might well be that a free field realization, involving screening type
integrals, can be given. Once a free field realization is found, one can try to quantize
the structures described in this paper. This will certainly lead to most interesting
developments.

Appendix A

In this appendix, I recall some well-known properties of pseudo-differential operators
and adapt them to the matrix case.

Lemma A.I. Let A,B be some matrix-valued pseudo-differential operators, i.e. let

A = Σi=-ooaidl>B — Σ/=_oo fy& with aj,bj some matrix-valued functions. Then
there exists a matrix-valued function h such that

tr res [A,B] = (dh) = h' . (A.I)

In particular, if the integral of a total derivative vanishes one has / tr res AB =
/tr res BA.

Proof. The proof is a straightforward generalization of the scalar case (see e.g. p. 9 of
ref. 25). By linearity, it is sufficient to prove this for monomials A = a^d1 \B = bjd*.
If ij ^ 0 or / +7 < 1 the residue obviously vanishes and h — 0. Hence let / ^ 0
and j < 0 with i + j ^ 1. Then using Eq. (2.2):

res [A,B] = res (aid
ίbjd

j - bj^a

Let

* = , , , ι E(-)p«i(P+J'-p - (A.3)
* -r J -1-

Upon taking h1 one sees that there are cancellations between two successive p
terms, and only part of the terms with p = 0 and p — i' + j survive. The result
equals the r.h.s. of (A.2), except for the order of the matrices. Upon taking the
trace, Eq. (A.I) follows.

Lemma A.2. Let A — ̂ /

/

==_00 α/d*. One can always rewrite A — Σ/

/^_00 d'α/ . One
has ά-ι = a-\.
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Proof. Decompose A = J^/=o ̂  + ̂  "-1 + Σ/=-oo ̂ " anc* use (2-2) to see that
ά-\d~l is the only term containing d~l.

Lemma A.3. If h is a matrix-valued function and A a matrix-valued pseudo-
differential operator then

res (Ah) = (res A)h ,

res (hA) = /zres A . (A.4)

Proof. The first identity is shown as for Lemma A.2 and the second is obvious.

Lemma A.4. Let h and A be as before. Then

res A = (&*_)+ = (A_d)+ = ((d - h)A_)+ = (A^(8 - h))+ . (A.5)

Proof. Writing A-=a_\d~l+A , where A = ^jl2,^ a^d1, the proof is
obvious.

Lemma A.5. Let h and A be as before. Then

[d - /z,res A] = res [d - h, A] . (A.6)

Proof Let d — d - h. Then from the previous lemma, and since A- — A - A+,

[d - /z,res A] = [<5,res A] = d(A-d)+ - (dA^)+d

= d(Ad)+ - d(A+d)+ - (8A)+d + (dA+)+d

= d(Ad)+ — dA+d — (dA)+d -f dA+d

= d(A8)+ - (dA)+d , (A.I)

while

res [d -h,A\- res dA - res Ad = ((dA)-d\ - (d(Ad)\
V / + V / +

- (dAd)+ - ((dA)+d)+ - (dAd)^ + (d(Ad)+) +

= — (dA)+d + 3(v43)+ . (A.8)

Comparing (A.7) with (A. 8) completes the proof.

Appendix B

In this appendix, I prove Lemma 2.4 and some other useful formulas for the Sf/.
In both cases considered in Lemma 2.4 one has r ^ 0 and q rg j so that

(B.I)
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Note that for q < r,S?/ was defined to vanish, as do the r.h.s. of (2.20) and (2.21).
So let's suppose q — r ^ 0. Then the r.h.s. of (B.I) is

,(* + /-!)!

r)\(q-r-s)\

(B.2)

Let first / > r, so that (5

(^r)V
! = (s + I - 1 )(s -f / - 2). . . (s + r -f 1) and

.ι-ι-rg-r

(B.3)

This vanishes if / - 1 < q while for l - l ^ q it equals (-)q-r(l~$-\-qγ)l

Inserting this result into (B.2) one has

q - r ( l - \ - r
q-r

which proves (2.21)

Let now 1 ̂  / ̂  r, so that ̂ ^ = (j+rχ5+Γ

1_1)...(j+/) and

(B.4)

s I x=\

where here (3^ l )p h(x) = fx

Q dx\ fx

Q

]

gers a,b one has

(B.5)

dxph(xp). For non-negative inte-

(B.6)

l Inserting this into the r.h.s. of (B.2)so that expression (B.5) equals (/

 q

yields (£"') which proves (2.20).

Another immediate consequence of the definition (2.14) of £,?'/ is, for p ^ 0
and / > 1

m-\

Σ = s maΣn

p + l- 1 (B.7)



Non-Local Matrix Generalizations of ί^-Algebras 149

Furthermore, for p ^ 1, / ^ 1 one has

w—2 m

s"n-pj= Σ (.-)= Σ (...)-(• •)!,=«-(...)!,=,»-1
ί=max(0,m— /?) s=max(0,m —p)

(B 8)

If now p = 0, one has 5̂  - l,^f~2 - 0 and (|lf) = 0, so that Eq. (B.8) re-
mains true also for p = 0.
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