Commun. Math. Phys. 170, 117-150 (1995) Communications in

m
Physics

© Springer-Verlag 1995

Non-Local Matrix Generalizations of W -Algebras

Adel Bilal*
Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544, USA

Received: 6 April 1994

Abstract: There is a standard way to define two symplectic (hamiltonian) structures,
the first and second Gelfand-Dikii brackets, on the space of ordinary m™-order lin-
ear differential operators L = —d” + Uyjd"~' 4+ Usd™ ™% + - - - + U,,. In this paper, 1
consider in detail the case where the U, are n X n-matrix-valued functions, with par-
ticular emphasis on the (more interesting) second Gelfand-Dikii bracket. Of parti-
cular interest is the reduction to the symplectic submanifold U; = 0. This reduc-
tion gives rise to matrix generalizations of (the classical version of) the non-linear
W-algebras, called V), ,-algebras. The non-commutativity of the matrices leads to
non-local terms in these V, ,-algebras. I show that these algebras contain a confor-
mal Virasoro subalgebra and that combinations W of the Uy can be formed that are
n x n-matrices of conformally primary fields of spin %, in analogy with the scalar
case n= 1. In general however, the V, ,-algebras have a much richer struc-
ture than the W,-algebras as can be seen on the examples of the non-linear
and non-local Poisson brackets {(U2)u(0), (U2)ca(0")}, {(U2)ap(0), (W3)ea(0’)} and
{(W3)ap(0), (W3)eq(6’)} which T work out explicitly for all m and n. A matrix Miura
transformation is derived, mapping these complicated (second Gelfand-Dikii) brack-
ets of the Uy to a set of much simpler Poisson brackets, providing the analogue of
the free-field representation of the 1,,-algebras.

1. Introduction

Since their discovery by Zamolodchikov [1], /¥ -algebras have been an active field of
investigation in theoretical and mathematical physics (see refs. [2, 3] for reviews).
They are extensions of the conformal Virasoro algebra by higher spin fields W;. The
commutator of two such higher spin fields is a Jocal expression involving non-linear
differential polynomials of the W;. W -algebras were found to arise naturally in the
context of the 1 + 1-dimensional Toda field theories [4] where the higher spin fields
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appeared as coefficients of a linear differential operator L = —0" + >, uo™~*
that annihilates the first Toda field e~ 1. At a more formal level, the classical (i.e.
Poisson bracket) version of W -algebras were shown [5, 6, 7] to be given by the
second Gelfand-Dikii bracket associated with the linear differential operator L. This
also implied close connections with the generalized KdV hierarchies [8].

Recently, in the study of the simplest 1 + 1-dimensional non-abelian Toda field
theory [9], a related but more general structure was discovered. This non-abelian
Toda theory has 3 conserved left-moving currents 7, V+,V~ and 3 conserved right-
moving ones 7, 7", V™. The study of ref. 9 was purely at the classical level (Pois-
son brackets), and it was found that 7,V and V'~ form a non-linear and non-local
Poisson bracket algebra':

1
Y 2{T(0),T(0")} = (35 — 3,)[T (" )(0 — 0’)] — 55’”(0 —d'),
Y H{T(0),VE(0")} = (0, — 0,)[VE(6")d(a — 0")] ,
Y H{VE(0), VH(0)} = &0 — o')W F (o) ('),
yHVF(0), V(o)) = —e(o — )W E(a)V T (")

+ (05 — 0,,)[T(a")3(0 — 0")] — %5’"(0 —d'). (1.1)

One sees that T generates the conformal algebra. More precisely, if ¢ takes val-
ues on the unit circle S', then L, =772 [T do[T(c)+ ;]e" generates a Pois-
son bracket Virasoro algebra i{L,,L;} = (r — s)L,4s + TCE(V3 — 1)0r4s,0 With central
charge ¢ = 127772, where }? is a (classically arbitrary) scale factor. The bracket
(1.1) also shows that ¥ and V'~ are spin-2 conformal primary fields. The Poisson
brackets of ¥+ and ¥~ with themselves contain the new non-local terms involving?
&(o — 0') ~ 207 '8(c — ¢’). The complete mode expansion of the algebra (1.1) was
written in ref. 9 (Eq. (3.24)). To emphasize the similarities (non-linearity) and dif-
ferences (non-locality) with the W -algebras, this algebra was called V-algebra [9].

It was conjectured in ref. 9 and confirmed in ref 10 that the V-algebra
(1.1) is again associated with a linear differential operator L = —0? + U (where
0 = 0, = 0/0c), but this time U being a matrix, namely the 2 x 2 matrix U =

+
(_ \/gV_ —\/EV ) The non-locality of the algebra turned out to be related to
the non-commutativity of matrices. More precisely, there is a standard way [11—
17] to associate two symplectic structures (Poisson brackets), the first and second
Gelfand-Dikii bracket, to any linear differential operator with scalar coefficients uy.
It was shown in ref. 9 that the analogous construction of the second Gelfand-Dikii
bracket for L = —0* + U, with U the above 2 x 2-matrix, precisely is the ¥-algebra
(1.1). Using the 2 x 2-matrix U written above, the algebra (1.1) can be written

" The T,7*,7~ form an isomorphic algebra, while the Poisson bracket of a left-moving with
a right-moving current vanishes.
2 The precise definition of &(¢ — ¢’) depends on the boundary conditions. For example, on the

space of functions on S' without constant Fourier mode, 0! is well-defined and &(c — ¢') =
1 1 ein(a«a’)
in nx0n N
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more compactly. Since U is constrained by tr o;U = 0, it is convenient to intro-
duce 2 x 2-matrix-valued (test-) functions F and G subject to the same constraint:
tr o3F = tr 3G = 0. Then

o FU, [tr GU} = [tr (GF" + [F,U]0™'[G, U]
—(F'G-FG' + GF' = G'F)U), (1.2)

where the commutators [F, U] and [G, U] on the r.h.s. are simply the commutators
of the 2 x 2-matrices.

It is the purpose of this paper to generalize these developments to a linear differ-
ential operator L = —¢" + Y7)" | Up¢"~F of arbitrary order m = | with coefficients
Uy that are n x n-matrices. The corresponding algebras will be called V), ,-algebras?.
Symplectic structures (Poisson brackets) associated with n x n-matrix m"-order dif-
ferential operators have been studied in the mathematical literature by Gelfand and
Dikii [12]. The Poisson bracket they define is now called the first Gelfand-Dikii
bracket, and leads to a /inear algebra. In their paper [12] they also give the asymp-
totic expansion of the resolvent of L and a recursion relation for an infinite sequence
of hamiltonians in involution with respect to this first Gelfand-Dikii bracket. Here,
I am mainly interested in the second Gelfand-Dikii bracket [15], and to the best of
my knowledge this bracket has never been worked out so far for the matrix case.
For m =2 and L = —@* + U, it was shown in ref. 10 that the models are bihamilto-
nian, and that the second Gelfand—Dikii bracket actually follows from the recursion
relations for the resolvent, or those for the hamiltonians®. For m = 3, these recur-
sion relations are much more complex [12], and it is not clear whether the second
Gelfand-Dikii bracket given in the present paper could also be extracted from the
formulas of ref. 12. In any case, the construction given here is a straightforward
generalization of the scalar case. Let me remark that all the developments of the
present paper can be generalized by replacing the n x n-matrices U by operators
Uy acting in some Hilbert space, provided the products of these operators and their
traces, as well as the functional derivatives 0/0U} are well-defined.

Let me note that for m = 2, it was shown in refs 10, 18, 20 how to construct an
infinite sequence of hamiltonians with respect to both Gelfand-Dikii brackets. This
led to matrix KdV hierarchies. The present developments are connected with matrix
versions of the generalized KdV hierarchies (i.e. matrix Gelfand-Dikii hierarchies)
or matrix KP hierarchies. The latter were recently studied from a somewhat dif-
ferent point of view by Kac and van de Leur [21], and the present paper is quite
complementary to theirs.

In Sect. 2, 1 will work out the second Gelfand-Dikii bracket’, first for generic
Uy,... U, and then for differential operators L with U; = 0. The reduction from the
general case to the case U; = 0 is non-trivial, as usual. In particular, it introduces
the integral (¢') of a commutator of two matrices. It is thus the reduction to the
symplectic submanifold U, = 0 together with the non-commutativity of matrices
that leads to the non-localities in the second Gelfand-Dikii bracket. I note that for
m =1 (and U;#0) one simply recovers a g/(n) Kac—-Moody algebra (cf. ref. 22).

* More precisely, | reserve the name V,_ ,-algebra for the reduction to the submanifold where
U, = 0, see below.

4 Earlier related studies for m = 2 can be found in refs. 18, 19 and 20.

5 The first Gelfand-Dikii bracket will also be given but it seems to be less interesting.
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In Sect. 3, I prove that a Miura-type transformation L = —(0 — P;)(0 — P3)...
(0 — P,,) maps the (relatively) complicated symplectic structure given by the Pois-
son brackets of the Uy to a much simpler symplectic structure given by the Poisson
brackets of a set of m decoupled fields P;, each P; being a n x n-matrix. This pro-
vides the analogue of the usual free field realization: whereas in the scalar case
(n=1) the P; are just m free fields, i.e. m collections of harmonic oscillators, or
in other words they form m copies of a (Poisson bracket) U(1) current algebra,
here, due to the matrix character, the P; form m copies of a (Poisson bracket) g/(n)
current algebra. I also discuss the reduction to ), P; = 0 corresponding to U; = 0.
Since the Jacobi identity is obviously satisfied by the Poisson bracket of the P;,
as an important corollary, the Miura transformation immediately implies the Jacobi
identity for the second Gelfand-Dikii bracket of the Uy, which was not obvious a
priori.

In Sect. 4, I will discuss the conformal properties. It turns out that 7 ~ tr U,
generates the conformal (Virasoro) algebra, and the Poisson brackets of tr U, with
any matrix element of any Uy is relatively easy to spell out. They turn out to be
exactly the same as in the scalar case, and I conclude that appropriately symmetrized
combinations W, can be formed so that all of their matrix elements are conformal
primary fields of weight (spin) k. This analogy with the scalar case is due to the
fact that the conformal properties are determined by 7 ~ tr U, = tr 1U, and the
unit matrix 1 always commutes.

In Sect. 5, 1 spell out the Poisson bracket algebra of the matrix elements of U,
and U; for any m = 2 (with the restriction U; = 0 which is the more interesting
case). Again, this is done more compactly by considering [ tr FU, and [ tr FUs;.
For m =3, and in the primary basis U,, W3, the result reads (a is related to the
scale factor y> by a = —2?):

{ftl‘ FUz,ftI' GUz} :aftr (-—%[F, Uz]a_l[G, U] — [F,G1W;

1
+5(F'G + GF' ~ FG' ~ G'F)U, - 2GF’“) , (1.3)

1
{[tr FUy, [tr GW3)} =atr <— %[F, 02107'[G, W3] = <[F.G1U3
1 / ! 1 1/ _l_ 1

1 1
+ (F’G + GF' — 5FG' 5G’F> W3> , (14)

1
{Jtr FWs, [tr GW3)} = aftr (-g[F, W3107'[G, W5]
1
6

5 1 1
+ S(FUGU; = G'UsFU) + 5(FG' — GF)UZ + —[F, GlUUs

1 1
_'_ 1_72[F/,G1]W3 . E[F,G]NW3 + E(FG,” + G//IF __F///G _ GFI//)U2

2
[F, GI(W3Us + UaW3) + 5 (FULGWs — GU>FW)

1 1
+ (F'G + G F —F'G" = G'F)Us + EGF(5)> . (1.5)
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One remarks that in the scalar case (n = 1) this reduces to the Poisson bracket
version of Zamolodchikov’s Wj-algebra, as it should. In the matrix case how-
ever, even if F = f1,G =gl (with scalar f,g) this is a different algebra, i.e.
{[tr Ws(o), [ tr W3(a")} does not reduce to the W3-algebra, since the r.h.s. contains
non-linear terms and tr U22 +(tr U,)?. In other words, the scalar (n = 1) W,,-algebras
are not subalgebras of the matrix V, ,-algebras. The only exception is m = 2, since
one always has a Virasoro subalgebra.

In the final Sect. 6, I first discuss various restrictions, like imposing hermitic-
ity conditions on the Wy, or for n = 2,m = 2 how the restriction tr 30, =0 is
imposed. I also mention restrictions like setting all U; with odd k& to zero, etc.
Some other problems like free field representations and quantization are briefly
addressed, before 1 conclude.

Appendix A gives some results on pseudo-differential operators, while in
Appendix B, I evaluate certain sums of products of binomial coefficients needed
in Sect. 2.

2. The Gelfand-Dikii Brackets and the V,, ,,-Algebras

2.1. Preliminaries. In this section, I will compute the (first and) second Gelfand—
Dikii bracket of two functionals f and g of the n x n matrix coefficients Uy(o) of
the linear m"-order differential operator

m m
L=-0"+ kzlvkam*k = kZOUkam-k , (2.1)

where 0 = %, To make the subsequent formula more compact, I formally introduced
Up = —1. The functionals f and g one considers are of the form f = [tr P(Uy),
where P is some polynomial in the U,k = 1,...m, and their derivatives (i.e. a
differential polynomial in the Uy). P may also contain other constant or non-
constant numerical matrices so that these functionals are fairly general. (Under
suitable boundary conditions, any functional of the Uy and their derivatives can be
approximated to arbitrary “accuracy” by an f of the type considered.) The integral
can either be defined in a formal sense as assigning to any function an equivalence
class by considering functions only up to total derivatives (see e.g. Sect. 1 of ref.
12), or in the standard way if one restricts the integrand, i.e. the Uy, to the class of
e.g. periodic functions or sufficiently fast decreasing functions on R, etc. All that
matters is that the integral of a total derivative vanishes and that one can freely
integrate by parts.

To define the Gelfand-Dikii brackets, it is standard to use pseudo-differential
operators [13, 14] involving integer powers of d~!. Again, d~' can be defined in a
formal sense by 00! = 070 = 1, but one can also give a concrete definition on
appropriate classes of functions. For example for C*-functions %2 on R decreasing
exponentially fast as ¢ — 400, one can simply define (6~'h)(a) = [, dd’h(d’) =
2. do’0(c — o' )h(c’). Alternatively any of the choices (07 'h)(o)=
2% do’(A0(6 — ') — (1 = 2)B(c’ — 0))h(c") is equally valid, the most symmetric
choice being 4 = 1: (07'h)(o) = [, da’%s(o — ¢’ )h(a’). For periodic functions

6 Throughout this paper, m will denote the order of L which is a positive integer.
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on the circle, 9~! is well defined on functions with no constant Fourier mode. Then
(07 'h)(0) = [T, do'3e(0 — o' h(a") with (o — 0') = = 3, +€*°7). From the
definition of 0~! as inverse of & one deduces the basic formula

oo —
h = Z(—)S<r ts 1>h<5>a—*—s . (2.2)
s=0 s
For a pseudo-differential operator 4 = Zf:aoo a;0' one denotes
/ . —1 )
Ay =Yad , A= > ad , resd=a_,, 2.3)
i=0 I=—00

so that A = A, +A_. A well-known important property [13] is that for any two
pseudo-differential operators A4 and B the residue of the commutator is a total deriva-
tive and hence [res [4,B] = 0. This is true if the a;,b; commute with each other.
In the case of present interest the a;,b; are matrix-valued functions and one has
instead

[trres [4,B] =0. 24)

For completeness, this and other properties of pseudo-differential operators are
proven in Appendix A.

2.2. The Gelfand-Dikii Brackets for General Uy,...U,. In analogy with the scalar
case (i.e. n = 1) [13, 14, 15, 17], I define the first and second Gelfand-Dikii brackets
associated with the n x n-matrix m™-order differential operator L as’

{f.9}ay =aftr res ([L,X/]+X,) ,
{f.g9}a)=aftr res (L(X;L); X, — (LX7);LX,) , (2.5)

where a is an arbitrary scale factor and X, X, are the pseudo-differential operators
S -
Xp=20"X, X,=30"Y,
I=1 I=1

of og

Xj=—F—) Y= —o
: 5Um+l—/ ! 5Um+l—l

(2.6)

The functional derivative of f = [do tr P(U) is defined as usual by

of & 4 " otr P(u)(o)
(m(t)’))ij—l;)( dU) ( 6(U1§'ﬂ))ﬁ )9 27

where (U,Er))ji denotes the (j,7) matrix element of »* derivative of Uj. It is
easily seen, that for n = 1, Egs. (2.5)—(2.7) reduce to the standard definitions of
the Gelfand-Dikii brackets [13, 14, 15, 17]. For m = 2, n = 2 and with the extra
restrictions U; = 0, tr 03U, = 0, the second equation (2.5) was shown in ref. 10
to reproduce the original V-algebra (1.1) (with a = —2y?).

7 To avoid confusion, let me insist that [L, X 7]+ means the differential operator part of the
commutator, and has nothing to do with an anticommutator.
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To start with, I compute the first Gelfand-Dikii bracket. Inserting the definitions
of L,Xy and X, into the first equation (2.5), and using formula (2.2) and the cyclic
commutativity (2.4) under [tr res, it is rather straightforward to obtain

m

XrL), =3 i_: i =) <I+S ) X Up—p)D0* 175,

=1k

(LX), =3

nMs

Z_: ( > Up_i X k=175, 2.8)

and after changing the summation indices and integrating by parts

m—1m—l—p m—1—p—
G =afu T2 "(P“)
p=0 g=

s=0 $
(Yqi)lX Xq-HY )Um~1—p~q~s ’ (2.9)

where X; and Y, are given by (2.6). After renaming X4, — *F,, Y,y — G,
Up—i — (=)fUs, Eq. (2.9) coincides, up to an irrelevant overall factor, with the
Poisson bracket defined by Eq. 8 of ref. 12. It is obvious from the r.h.s. of (2.9)
that it is antisymmetric under f « g. It is however non-trivial to prove the Jacobi
identity. This was done in ref. 12,

Next, I will consider the second Gelfand-Dikii bracket as defined by the second
equation (2.5). Contrary to the first bracket (2.9) which is linear in the Uy, the
second bracket, in general, will turn out to be non-linear in the U, and will show
a richer structure. First, one has the following

Lemma 2.1. Let
Vi (L) = LKLY = (LX) )4 L (2.10)
which is a differential operator of order 2m — 1 at most. Define its coefficients
V() by
2m—1 X
Vi, (L) = ;)V(f)jaf . (2.11)
j=
Then 1
{f:gday=alu 2V (f WYt (2.12)
k=0

Proof. The lemma follows obviously from the definitions (2.5) of the second
Gelfand-Dikii bracket and (2.6) of X; together with Lemma A.2 of the appendix.

Note that only the ¥"(f ) with £k =0,...m —1 appear. I will show below
(Lemma 2.5) that all #7(f); with & = m actually vanish, so that Vx, is a mapping

from the space of m™-order differential operators onto itself. Next one has the
Lemma 2.2.
L(X/L),
2m—1 W—j—1  min(m,p+j+1)

m 2m—j . .
= X:O ]E] Z Z Sg’_{p,[Um—q(XIUmap—j—H—q)(p)a} > (2.13)
j=0 I=1 p=

g=max(0,p+j+I/—m)
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: min(gq./)
s—rfs—r+1-—1
St= Y (=) (S 1 )(ﬁ) (2.14)

s=max(0,r)

where for | = 1

with S = 0 if max(0,r) > min(g, ).

Proof. Starting with (2.8) for (X,;L); and the (second) definition (2.1) of L one
has

m m m k—I s ] q
LX)y =Y 3 Y Y (- )( e )Z(‘j)

q=0 I=1 k=1 s=0 r=0

X Upg(X Uy )T Q=587 (2.15)

Reshuffling the summation indices (§ =k — / — s and then j = r + §) gives for the
r.hs of (2.15),

m m k kt+g—
ZOkZOIZ Z 4 ety Un—g(Xi Uy )40 (2.16)
q: = : :

Since S7/ k41, =0 for k <[ one can extend the sum over / from 1 to & while

k = 0 does not contribute. Also, the sum over j can be rewritten as 22'" ' at the

expense of restricting the sum over gq. Introducing p =k + ¢ —j — [ one finally
arrives at (2.13).

Lemma 2.3.

2m—1 m 2m—j—I min(m, p+j+1) q—l
w=5 £8T T (900

j=0 I=1 p=0 g=max(0,p+j+/—m)
X Um—q(XIUm—p—j—/—i—q)(p)a/ . (2.17)

Proof. Once again one starts with Eq. (2.8), this time for (LX;),. However, it is
more convenient to rewrite it as

m m

(LX) =3 S Un k0 "X, (2.18)
I1=1 k=I

so that

m. o m k=1 k—1 et
R IPIPD ZO< o Unk XU )" 17000 (2.19)
=1 k= =

Throughout this paper, I define a binomial coefficient (2) to vanish unless a =

b = 0. Hence, the sum over k can be written > _,"_, and one then interchanges the
roles of k and ¢. Introducing then j =k +» and p = g — [ — r one finally obtains
(2.17).

‘Whereas (2.17) just contains a simple binomial coeflicient, (2.13) contains the
S¥/ which are sums over products of two binomial coefficients. Unfortunately, for
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general 7,/,q,j, 1 was not able to derive a simpler expression for S]"/ . However,
one has the following lemma, proven in Appendix B.

Lemma 2.4. For g < jand r 2 1 = 1 one has

aj _ (91
S;1 = <q _,.> : (2.20)

and for g < j and | > r = 0 one has

S’r{.]j:(_ﬁ)q—r<Z;1jr> ) (2.21)

— 7

Lemma 2.5. The coefficients of ¢/ in (LX;)+L and L(X/L), are equal for j = m.
In other words,
V(f); =0 forj=zm. (2.22)

Proof. Since for any pseudo-differential operator 4 one has 4, = A4 — A_, one can
rewrite (2.10) as Vx (L) = —L(XyL)- + (LXy)_L from which it is obvious that
V(L) is at most of degree m — 1 and (2.22) follows. Alternatively, as a consistency
check, it can also be easily proven directly by considering the terms with j = m
in Eq. (2.13) for L(X,;L);. Then ¢ =2 max(0,p+,j+!—-m)=p+j+l—-—m=
p+1/, and g < min(m,p+j+/)=m < j. Hence ¢ < j and ¢ — p = [, so that
by the previous lemma S/ | = (q_‘{;_’p)) = (”;/)‘ Comparing with Eq. (2.17) for
(LXy )L proves (2.22) again.

Collecting the results of Lemmas 2.1, 2.2 and 2.3 one has the

Proposition 2.6. The second Gelfand-Dikii bracket associated with the n x n-
matrix m"™-order differential operator L as defined by Eqs. (2.5) and (2.6) equals

m—1

{f.9}o)=afu Zo“f’”(f)jym )
=

. m 2m—j—1 min(m, p+j+1) 0 g )
7 (f)/ = Z }: Z <Sq’—p.l - ( > )

=1  p=0 g=max(0,p+ +/—m) P
X Um—q(X/Um~p—j—1+(/)(p)- (223)

Remark. 2.7. 1t will follow from the results of the next section on the Miura trans-
formation that the previous proposition gives a well-defined symplectic structure,
i.e. that (2.23) is a well-defined Poisson bracket obeying antisymmetry and the
Jacobi identity. More precisely, I will show that the Uj; and thus also the func-
tionals f and g are expressible in terms of certain n X n-matrices P;,i = 1,...m,
and that the bracket (2.23) equals the Poisson bracket of f* with ¢ when computed
using the much simpler P;-Poisson bracket which is manifestly antisymmetric and
obeys the Jacobi identity.

Remark. 2.8. For m =1, the first Gelfand-Dikii bracket vanishes, while the
second Gelfand-Dikii bracket is very simple. From (2.23) one has {f,g}o) =
aftr 4V (f WY, where Y =Y, = og/oU,, and also X = X; = dg/oU,. Now, for
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m=1,7(f)o only contains 3 terms, involving Sg:? =1, S,l:? =0 and S&’? =1,
so that () = —U X + XU, + X’ and

{f.9}e=altu (-[X.Y]U +X'Y). (2.24)

This is a Poisson bracket version of the g/(n) Kac-Moody algebra as considered by
Drinfeld and Sokolov [22]. To make this even clearer, introduce a basis {T?},b =
1,...n? of the Lie algebra gl(n) of n x n-matrices with [7%, T?] = f*°T¢ and define
for ¢ on the unit circle J? = (_'a) /7. doe” tr T"U\(c). Then Eq. (2.24) becomes

2
l{‘]r 7-] }(2) fabc )+s (?7:1->F57+s,0 tr TaTb . (225)

2.3. The Gelfand-Dikii Brackets Reduced to U; = 0. The problem of consistently
restricting a given symplectic manifold (phase space) to a symplectic submanifold
by imposing certain constraints ¢; = 0 has been much studied in the literature. The
basic point is that for a given phase space one cannot set a coordinate to a given
value (or function) without also eliminating the corresponding momentum. More
generally, to impose a constraint ¢ = 0 consistently, one has to make sure that for
any functional f the bracket {¢, f'} vanishes if the constraint ¢ =0 is imposed
after computing the bracket. In general this results in a modification of the original
Poisson bracket.

For the first Gelfand-Dikii bracket it is easy to see that (2.9) does not contain
any terms containing X, L or ¥, = (’" . Hence the first Gelfand-Dikii bracket
of U, with any functional automatlcally Vamshes As a consequence, one may con-
sistently restrict it to the submanifold of vanishing U, simply by taking (2.9) and
setting U; = 0 on the r.hs.

For the second Gelfand-Dikii bracket the situation is slightly less trivial. One
has to impose {f, U1}|U _o =0 for all f. Since Y, = %, one sees from (2.23)
that this requires ¥ (f )m— 1!U1= = 0. In practice this determines X, which otherwise
would be undefined if one starts with U; = 0. In the scalar case it is known [15]
that X, should be determined by res [L,X/] = 0. The following two lemmas show
that this is still true in the matrix case.

Lemma 2.9. One has
V' (fIm—1 = —res [L,X/]. (2.26)

Proof. On the one hand, from the definitions of L and X, one easily obtains

r%MXd—ZwmuJﬂ+ZXXV’(klyMW%W””.(Mﬂ

I=1 k=

Note the commutator term which is a new feature of the present matrix case as
opposed to the scalar case. On the other hand, from Eq. (2.23) one has

m m—I+1 m am—1 q— )i
VP =555 3 (%p,-< ))
=1 p=0 g=pti—1 p

X Um-—q(Xqu—p+l—l)(p) . (228)
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From Lemma 2.4 one knows that all terms with p+/ < g < m — 1 vanish. The
remaining terms have either g = p+/—1 or g =m. Unless p=m —1+1, one
has p+/—1 =< m — 1, so that using Eq. (2.21) and Eq. (B.7) one has

m m m—I ] —
ﬁ(f)m l*ZUnH—l IXIUO_ Z E( )p ([7"‘ ] )

=1 p=0
X Up(XiUp— p—141)'"
m
+ (__)m—[ m UO(X[UO)(m—H-l) ) (2.29)
[—1
=

The last two terms combine into Z’" l+1( .). Upon relabelling k = p+/ — 1, and

recalling Uy = —1, the r.hs. of thls equation is seen to coincide, up to a minus
sign, with the r.h.s. of Eq. (2.27). This proves (2.26).

Lemma 2.10. For U; =0, res [L,X,] = 0 is equivalent to

[ m=1

%sz(GHMHmm+Z(Y1( lymm4wﬂ>.<mm

I=t

Proof. In Eq. (2.27), separate the terms with / = m from those with /<m. For
U, =0, the terms with / = m are simply —mJX,, while those with /=&m coincide
with m times the derivative of the r.h.s. of (2.30).

One sees that the non-local term 0 '[U,.1-;,X;] originates from the non-
commutativity of matrices and the necessity of solving for X,, when reducing to the
symplectic submanifold with U; = 0.

The main result of this section is the following

Theorem 2.11. The second Gelfand-Dikii bracket for n x n-matrix m™-order dif-
ferential operators L with vanishing U, is given by

m —

{f.9}y =afr 3 ; V(f); 1

- 1 m=1
nl/(f)j = Z [Um-—jy [X, Um—H-]]]
1m=1 m=I
- Z{z(>(h”>mnmz>mm

I k4l ’
_ 2( / >Um—k—j‘l(Um*’“X’)(A)}

J
m—1 2m—j— min(m, p+;+1) . .
q.J
+ Z Z Z Cq_p'[[]rn‘q(X/(]n1—p~j——[+q) s 5
I=1 p=0  g=max(0,p+)+/—m)

q/ 0. —p+ji [ 4 p—q+j+!
s () r () ().

(2.31)
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where the Sgi .1 are defined by Eq. (2.14), and it is understood that Uy =
—1 and U, = 0.

Proof. As discussed above, the bracket for U; =0 is obtained from the unre-
stricted one, Eq. (2.23), by determining (the otherwise undetermined) X, from
‘//(f)m_1|ul:0 = 0. This ensures that all brackets {f,U;} vanish when U, is set
to zero after computing the bracket. By Lemma 2.9, 7 °(f)n—1] V=0 = 0 implies
res [L,X]] U0 =0 which by Lemma 2.10 determines X,, as given by (2.30). All
one has to do is to insert (2.30) into (2.23). The terms ~ X; with / < m are not

affected and give those terms in (2.31) that do not have a factor % in front. On the
other hand, the terms ~ X, in ¥7(f); are (j < m)

(SR Y qg—m ()
Z Z Sq——p,m - Um—q(Xqu—p—j) : (2.32)

p=0 g=p+Jj p

Now, Sg;jp’m is non-zero only if ¢ — p < min(q, ;). Since ¢ = p + j this is only

possible if ¢ = p 4+ j in which case Sf;” = (p;’j). Hence (2.32) equals

m—j +
Ko U] — 3= (pj /) Up— p i X9 . (2.33)
p=1

Inserting Eq. (2.30) for X,, it is straightforward to see that, upon rearranging the
summation indices, one obtains exactly all the terms in Eq. (2.31) for ¥7(f); that
contain a factor % One can check again that ( f)m—1 vanishes.

Remark. 2.12. If one takes m =2, L = —2+U, so that U, =U and X; =X,
only ¥°(f) is non-vanishing:

~ 1 1 1 1
V()= —E[U,a_l[U,X]] + E(XU + UX) + E(XIU + UX'") — EXW , (2.34)

and with X = 2% and ¥ = 2 one obtains (using [x0~'y = — [(07'x)y)
1 _
{f.9}@) =aftr <—§[U,X]5 ', Y]
1
Y Y X =X Y - VXU — %YX”’) . (239)

which obviously is a generalization of the original V-algebra (1.2) to arbitrary
n x n-matrices U = U,. To appreciate the structure of the non-local terms, 1
explicitly write this algebra in the simplest case for n =2 (but without the re-
striction ® tr 3U = 0 which is present for (1.1)).

Let
T+ Vy V2T
U= (-ﬁV— ey ) (2.36)

8 See Sect. 6.2 for a discussion of the reduction to tr 63U = 0
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Then one obtains from (2.35) (with a = —2y?) the algebra

1
7 H{T(0), T(6")} = (8, = 0)[T(c)3(c = 0")] = 56"(0 = 0"),
y 2T (o), VE(a")} = (0, — 05/) [VE(a)o(0 — a")],
v {T(0), V3(a")} =(05 — 0,1) [V3(a")3(a — a")],
7 H{VE(0), VE(e)} =e(0 — o'W E (o)W E(a"),
Y HVE (o), VF(e)} = —e(o — o' YVE(a)WWF(a') + Va(o)V3(c"))

(00 = 20 T(0(0 = 0] = 30" (0~ o),

y V(o). VE(e')} =20 — o'W E(0)V3(a),
v HV3(0), Va(6")} =e(o — oYV (o)W (a')+ V (0)V(a"))

(0 — 0,)[T(0")0(0 — 6")] - %5"’(0 B
(2.37)

Once again, one sees that 7' generates the conformal algebra with a central charge,
while ¥, 7~ and V3 are conformally primary fields of weight (spin) two. It is
easy to check on the example (2.35), that antisymmetry and the Jacobi identity are
satisfied. For general m this follows from the Miura transformation to which I now
turn.

3. The Miura Transformation

In this section, I will give the matrix Miura transformation. By this transformation,
all Ug(o) can be expressed as differential polynomials in certain »n x n-matrices
Pi(c),j =1,...m, and hence every functional /" of the U; will also be a functional
7 of the P;. 1 will define a very simple Poisson bracket for functionals of the P;.
Using this Poisson bracket one can compute { /(P),d(P)} = {f(U(P)),g(U(P))}.
I will show that this Poisson bracket coincides with the second Gelfand-Dikii
bracket {f(U),g(U)}(2) defined by Eq. (2.23) in the previous section. As a corol-
lary, this proves the antisymmetry and Jacobi identity for the latter. The Poisson
bracket of the P; can be reduced to the submanifold where 377", P; = 0. This im-
plies Uy = 0. Then I will show that this reduced Poisson bracket for the P; gives
the second Gelfand-Dikii bracket for the Uy reduced to U; = 0, i.e. Eq. (2.31).

3.1. The Case of General U\,...U,,.

Definition and Lemma 3.1. Introduce the n x n-matrix-valued functions P;(c),j =
1,...m. Then for functionals f,g (integrals of traces of differential polynomials)
of the P; the following Poisson bracket is well-defined

N - 3f\ 89 _[of dg] ,
ogh =ay  Jur ((6&) oP, [5P,-’6P,} P’) G
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or equivalently for n x n-matrix-valued (numerical) functions F and G
{[tt FP,[tr GP;} =ad; [tr (F'G—[F,G]P;). (3.2)

Proof. Definition (3.1) is obviously bilinear in f and g and reduces to (3.2) for the
special functionals chosen. When (3.2) is chosen as a starting point, bilinearity is
implicitly understood, so that (3.1) follows. Antisymmetry is obvious for both (3.1)
and (3.2). It is easy to see that the Jacobi identity for the bracket (3.2) amounts to
the Jacobi identity for the matrix commutator [F, G] which, of course, is satisfied.

Note that due to the J;; in (3.2) one has m decoupled Poisson brackets. In the
scalar case (n = 1), (3.2) simply gives {P;(¢),Pj(¢")} = (—a)d;jo'(c — ¢’). These
are m free fields or m U(1) current algebras. In the matrix case, comparing (3.1)
or (3.2) with (2.24) one sees that each P; actually gives a g/(n) current algebra.
So one has no longer free fields but m completely decoupled current algebras. This
is still much simpler than the bracket (2.23). To connect both brackets one starts
with the following obvious

Lemma 3.2. Let P;,j = 1,...m be as in Lemma 3.1. Then
L:—(a—Pl)(a’—PZ)'“(a_Pm) (33)

is a mM-order n x n-matrix linear differential operator and can be written L =
Z’:O U0 with Uy = —1 as before. This identification gives all U,k = 1,...m
as k™-order differential polynomials in the P;, i.e. it provides an embedding of
the algebra of differential polynomials in the Uy into the algebra of differential

polynomials in the P;. One has in particular

a m m
Uy=3P , Uy=-3PPi+3(G—1P]. (34)
j=1 i<j j=2

I will call the embedding given by (3.3) a (matrix) Miura transformation. The most
important property of this Miura transformation is given by the following matix-
generalization of a well-known theorem [16, 17].

Theorem 3.3. Let f(U) and g(U) be functional of the U, k = l,...m. By
Lemma 3.2 they are also functionals of the P;, j=1,..m: f(U)= f(P), g(U)
= §(P), where f(P)= f(U(P)) etc. One then has

{f(P),g(P)} = {f(U)g(U)}a., (3.5)

where the bracket on the Lh.s is the Poisson bracket (3.1) and the bracket on the
r.h.s. is the second Gelfand-Dikii bracket (2.23).

Proof. In the scalar case, the simplest proof is probably the one given by
Dikki [17]. Here, I repeat this proof, adapting it to the matrix case where nec-
essary. The Lh.s. of (3.5) is given by the r.h.s. of (3.1) which can be rewritten
as

~ b Sf
{/(P),g(P)} =a)_ [t 5—,2 [G—P,-, %J . (3.6)

whereas the rh.s of (3.5) is given by (2.23) which I recall is the explicit form
of a [ tr res (L(X;L)+X, — (LX;)+LX,). Since X; and X, contain . and ,’—Jk one

Uy
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needs to obtain "/ in terms of - ‘V , and s1m11arly for g. This is done as follows. One
has, using 0L = E | OU 0" ‘ and Xr=>1, 6"——L~ as well as Lemma A.1,

U1~

m

Jirres X0L = i 322 su, = 57Uy (3.7)
10U

On the other hand, denoting 0 = 0 — P;, so that L = ~9,...0,, one has 0L =
Y i1 01...0i—16P;0;y1 ... 0y so that using Lemmas A.1 and A. 3

[trres Xp0L = [tr > 0P;ires (Oit1...0mXs01...0i—1) . (3.8)
=1

Writing 8 f(U) = 8f(P)= [tr S.7 6P;% one obtains from (3.7) and (3.8) the

i5p;

desired expression of "’ in terms of S

1)
TP,‘ =T1es (6,-+] ...ame'al ...6,-4) . (39)

Then Eq. (3.6) becomes

{7(P).g(P)}
= aZf tr res (6,‘.;_1 .. .(’}m)(g(}] .. .8,'._])[(3,', res (8i+l . ‘6,")(/'51 Cee 8,«_1)] . (310)

At this point one has an important difference with the scalar case. In the scalar
case, Eq. (3.6) reads a ), [ 5% ‘)" ’_)’ so that only 0 not J; = 0 — P; appears in
the commutator with res (...) in (3.10). But in the scalar case, P; commutes with
res (...), so that one could replace ¢ by ¢; and also obtain (3.10). In the present
matrix case, however, one cannot simply replace 0 by J;, and one needs J; from
the beginning in (3.6). The rest of the proof goes as in the scalar case [17] and
I only give it here for completeness. Using first Lemmas A.3 and A.l, and then
Lemma A4, the r.h.s. of (3.10) becomes

aEf tr res (6,—+1 ...lame(’)] ...0; res (6,-+1 ...6me8| . 0i—1)
— 8,- .,.anga] ...6,-_1 res (8,-+1 ...(?n,X/@] ...01_1))
= aZf tr res (0j.; ...8,,1Xg61 ...Gi((6i+1 ...6,,1)(/-61 e 0im1) — 3,’)+

— 0 O X0y 01 (0(Big1 - OO .. Bii1)_)s) . (3.11)

If one would replace the — subscripts by + subscripts, this expression would vanish
(since then the external + subscripts could be dropped and both terms cancel). Since
(...)==(.)—=(.)4, one can thus simply drop the — subscripts to obtain

{F(P),g(P)} = a3 (Sis1 — S
i=1
S[ = f tr res 6,- e (3,an61 . 6,‘..1((3,‘ . 6,,,)(_,-61 e 6,-_] )+ . (312)
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Performing the sum, all S;, cancel except for

Syl = f tr res Xga1 ...6,,,()(,61 Oy = f tr res X.(,L(X/'L)+ N
Sy = [ trres 01...0nXy(01...0nX )y = f tr res LX (LX;)y, (3.13)

so that
{/(P),§(P)} = a(Spy1 — S1) = a ] trres (L(X L)Xy — (LXp) LX), (3.14)
which completes the proof.

The previous proposition states that one can either compute {U,U,} using the
complicated formula (2.23) or using the simple Poisson bracket (3.1) for more or
less complicated functionals Uy(P) and Ui(P). In particular Lemma 3.1 implies the

Corollary 3.4. The second Gelfand-Dikii bracket (2.23) obeys antisymmetry and
the Jacobi identity. Bilinearity in [ and g being evident, it is well defined Poisson
bracket.

3.2. The Case Uy =0. As seen from (3.4), U =0 corresponds to Z;":lPi =0.
In order to describe the reduction to ). P; =0 it is convenient to go from the
Pii=1,...m to a new “basis”: Q=3 " P and Z,a=1,...m— 1, where all
2, lie in the hyperplane O = 0. Of course, O and each Z, are still n X n-matrices.
More precisely:

Definition and Lemma 3.5. Consider a (m — 1)-dimensional vector space, and
choose an overcomplete basis of m vectors h;, j = 1,...m. Denote the components
of each h; by hi, a=1,...m — 1. Choose the h; be such that

2 hi=0,
j=1
1
hi+hy=3;—— .
SRR = dap (3.15)

and define the completely symmetric rank-3 tensor Dy, by

m

Dape = YRS . (3.16)

i=1

Define Q and Py,a=1,...m—1 to be the following linear combinations of the
Pji
m n
Po= 3P, Q=3P (3.17)
j=1 j=1

If one considers the P; as an orthogonal basis in a m-dimensional vector-
space, then the #, are an orthogonal basis in a (m — 1)-dimensional hyperplane
orthogonal to the line spanned by Q. Equation (3.17) is inverted by

m—1

1
Pi=—0+ S HK2,. (3.18)
m a=1
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Proof. First, note that the vectors /#; with the desired properties (3.15) exist, since
one can choose them to be the weight vectors of the vector representation of
SU(m) ~ A,—1. Next, considering the P; as orthogonal means that one formally
introduces some inner product (P;, P;) = ;. Then obviously from the definitions
(3.17) and the properties (3.15) of the h; one has (#,,%) = 0w, as well as
(Q,2,) = 0. Finally, Eq. (3.18) also is an immediate consequence of (3.17) and
(3.15).

Thus it is convenient to use Q and the #, to discuss the reduction to Q = 0.
Note that the occurence of the weights of the vector representation of 4,,_; is not
surprising since in the scalar case, n = 1, the reduction to Q = 0 is well-known to
be related to A4,,—; via the Drinfeld-Sokolov reduction [22].

By Lemma 3.5 any functional of the P; can be written as a functional of the
#, and Q. One has

Lemma 3.6. If for functionals f(2,Q),9(?,Q) one denotes

of Sf og og
Va = ) = <~ s a = 5 = TS .
o2, 7o 50 Wa =52, Wo 50 (3.19)
then the Poisson bracket (3.1) of f with g is°
, 1
{fs9} =aftr<mW0V6 + WV, — [Vo, Wol0O — E[Vb, W10
= Vo, WplPp — [V, WolPy — Dpeal Vi, Wc]Wd) , (3.20)

where here and in the following repeated vector indices (b,c,d) are to be summed
over.

Proof. From (3.17) one has 2L = 9L + h? 2L =V, + h?V, and similarly 7% =Wy +

5P; 30 i 574
h®W,. Inserting these relations into (3.1) and using relations (3.15), (3.16) and
(3.18) yields (3.20).

Proposition 3.7. The Poisson bracket (3.1) can be reduced to the symplectic sub-
manifold with Q = Z;"zl P; = 0. The reduced Poisson bracket is

! 1 -
{figt=alu (Wbe = Vo, WelDpcaPa — ;[Vb,@b]a 1[Wc,5"c]> , (321)
where Vi, Wy are defined in Eq. (3.19), or equivalently

{(Jr FPp[tr GP} =aftr (GF’abc~[F,G]Dbcm— %[F,%]@_‘[G,%]) .
(3.22)

Proof. The reduced bracket is obtained from the unreduced one, Eq. (3.20), by
determining Vy and W, such that the Poisson bracket of Q with any functional g

° One should not confuse the scale factor @ in front of the integral sign with the vector indices
b,c,d.
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vanishes on the submanifold Q = 0. From (3.20) one has
{[ V00, 9} = a [t Vo(=mWg + [0, Wol + [P, Ws]) . (3.23)
The vanishing of the r.h.s. for Q = 0 gives

1 ]
Wo = Ea_l[e"?b, Wyl (3.24)

and similarly Vy = %5"[9”1,, Wy]. Inserting these relations into (3.20) and setting
Q = 0 yields (3.21). Equation (3.22) follows obviously from (3.21).

Of course, the result (3.22) can also be expressed in terms of the P; directly.
Using (3.18) for O =0, i.e. P; = h{#,, one immediately obtains from (3.22), using
the relations (3.15) and (3.16), the

Corollary 3.8. The Poisson bracket (3.2) when reduced to O = Z;"zl P; =0 can
be equivalently written as

23\ 1
2V (P + P
2)sr

{f9} =af & (GF'(&,:,- - i—) - [F,G](él-j -
——I—[F,P,]a"[G,P,]) . (3.25)
" :

To prove the main result of this section one needs the following

Lemma 3.9. Let as before X; =Y )", 071X, 0; = 0 — P;, so that L = —0;...0p,
and let
T = 6,-+1 ...6,,,Xf61 ...6,;1 N (326)

then

M=

[0, res m;] = res|[Xy,L] . (3.27)
i=1

i

Proof. By Lemma A.S, one has [0;, res n;] = res [0;,7;] so that the Lh.s. of (3.27) is

res Y (O — m0;) =rtes Y (0. 0nXy01 ... 01 = Oppr ... OnXp ... 0))
i=1 i=1

=res (01...0mXy — X701...0p) =re8 [Xf,L] . (3.28)

Now one has the

Theorem 3.10. Let U; = 0 and hence Q = Z}":l P; = 0. By the Miura transforma-
tion of Lemma 3.2 any functionals f(U),g(U) of the Uy, k = 2,...m only are also
functionals f(P) = f(U(P)), g(P) = g(U(P)) of the P,a=1,...m only. The
reduced second Gelfand-Dikii bracket (2.31) of f and g equals the reduced
Poisson bracket (321) of [ and §.

Proof. Recall that for U; = 0 the reduced bracket (2.31) equals the unreduced one
{/,9}o =a [ tr res (L(X;L)+X, — (LX;)4+LX,) supplemented by the constraint
res [Xr,L] = 0 which determines X,,. Recall also that for Z;":l P; = 0 the reduced
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bracket (3.21) equals the unreduced one, Eq. (3.1), which can be written in the form
(3.6), supplemented by the constraint that the functional derivative % does not ap-
pear, or in other words, as seen from (3.6), that Zl'."zl[ﬁi, % = (. By Theorem 3.3,
the unreduced brackets are equal. Hence the reduced ones will be equal if the re-
ducing constraints are equivalent. But since from (3.9) one has (% =res 71;, the
previous lemma shows that res [X/,L] = 0 is equivalent to > ,[J;, g’]»,i] =0, and
the theorem follows. I

Corollary 3.11. The second Gelfand-Dikii bracket (2.31) obeys antisymmetry and
the Jacobi identity. Bilinearity in f and g being evident, it is a well-defined Poisson
bracket.

Example 3.12. Consider the example m = 2. The 4; can be taken to be the negative

of the weight vectors of SU(2) which are one-dimensional: &, = _V%’hz = %

Then there is only one 2 which by (3.18) equals 2 = /2P, = —/2P;, and
U=U, = %9’2 + %@’. Since Dpoq = 0 for m = 2, the Poisson bracket (3.22)
becomes

{Jt F? [tt GP} =atr (GF’ - %[F,@]&"[G,?]) . (3.29)

It can be easily checked directly that this implies the second Gelfand-Dikii bracket
(2.35).

4. The Conformal Properties

In the scalar case, i.e. for n = 1, the second Gelfand-Dikii bracket (with U; = 0)
gives the W,-algebras [5,6,7]. The interest in the W -algebras stems from the fact
that they are extensions of the conformal Virasoro algebra, i.e. they contain the
Virasoro algebra as a subalgebra. Furthermore, in the scalar case, it is known that
certain combinations of the Uy and their derivatives yield primary fields of integer
spins 3,4...m. It is the purpose of this section to establish the same results for the
matrix case, n > 1. Throughout this section, I only consider the second Gelfand—
Dikii bracket (2.31) for the case U; =0. I will simply write {f,g} instead of
{f,g}@). Also, it is often convenient to replace the scale factor a by y? related
to a by

a=-2y*. (4.1)
(Note that y* need not be positive.)

4.1. The Virasoro Subalgebra. For the V-algebra (1.1) given in the introduction
(corresponding to m = 2,n = 2 and an additional constraint tr o,U, = 0) one sees
that 7 = %tr U, generates the conformal algebra. I will now show that for general
m,n the generator of the conformal algebra is still given by this formula.
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Lemma 4.1 For arbitrary m = 2 one has

{[wFUs, [0 GU} =aftr (—’—L—[F, U,107'[G, Us] — [F, G](U3 - mT_2U2’>

1 I
+5(F'G — G'F + GF' ~ FG)Us - 3 (’”;“ ! ) GF’”) .

(42)

Note that for m = 2 one has to set U; = 0.

Proof. From Eq. (2.31) one knows that the Lh.s. of (4.2) equals a [ tr V(-G
with [ = ftr FU,, ie. X; = Fo; y—,. Still from (2.31) one has (recalling U; =0,
Up=—1)

. 1 1 / /
%(f)”'“2|X/:F51,,,,-1 = ;[Uz,a_l[F, Ua]1+ o (?) (F Uy + (U2F)")

3 min(m,p+2m—3) )
L m—
+ ZO (()Z 3)Cg_p’ ,,,QlUm——q(FUq~p+3~m)(p) (43)
p=0g=max(0,p+m—

At this point one needs explicit expressions for the coefficients Cgi’;_i-,, ie. of

the ng':;ﬂl. Note that the latter are non-vanishing only if ¢ — p < min(q,m — 2),
ie. ¢ < p+m—2. Some of them follow from Lemma 2.4. The others have to
be obtained directly from the definition (2.14) which is not difficult since the sum
involves at most (m —2) —(¢q— p)+1 = (m—2)—(m—3)+ 1 =2 terms. Since

U =0 only five C-coefficients are needed. They are C’ 372 =1,

m—3,m—1

Gt = —1,Cpn=d = 2| = md, g2 | = D pgering
this into (4.3) and performing some simple algebra gives (4.2).
Proposition 4.2 Let T(o) = %tr Uy(0). Then
— A n 1
7 HT(01),T(02)} = (85, — 06,) (T(02)d(01 — 72)) — 1 (m;— ) 8" (o1 — 02) .
(44)
Equivalently, if, for ¢ € S', one defines for integer r,
s . C
L =972 [ doT(s)e" + ﬁa,.,o , (4.5)
—T
where 6 .
b fm+1) lm m+1
= (M) - () “o

then the L, form a Poisson bracket version of the Virasoro algebra with (classical)
central charge c :

c
i{LraLs} = (" - S)LH—S + -1—2-(7‘3 - r)5r+s,0 . (47)

Also if {4y} 12— is a basis for the traceless n x n-matrices, then each S,{c} =
tr A, Us(o),u = 1,...n° — 1 is a conformally primary field of conformal dimension
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(spin) 2 :
72T (01),54(62)} = (85, = 00, )(Su(02)3(0) — 62)) (4.8)

or for the modes (S,), = y~2 " do Su(c)e™ one has equivalently i{L,,(S,);} =
(r — 5)(Sy)r+s. Equations (4.4) and (4.8) can be written in matrix notation as
(1 denotes the n x n unit matrix)

v 2H{T(01), Us(02)} = (85, — 05, ) (Ua(02)3(0) — 02))
1
'—E (m:—;l) 15/”(0'1 —0'2). (49)

Proof. Consider first (4.2) with F(o) = %5(0 —ap)l and G(o) = %5(0’ — o)l
Then the Lh.s. of (4.2) is {T(01),T(02)} while on the r.h.s. all commutator terms
vanish. Recall @ = —27% and tr 1 =n and Eq. (4.4) follows. It is then standard
(and straightforward) to show that (4.5), (4.6) imply (4.7). Finally let F(o) =
%6(0 —o01)1 and G(o) = d(o — 62)A4,.. Again, all commutator terms vanish in (4.2)
and (4.8) follows. Equation (4.9) then is obvious.

Note that (4.6) is a classical central charge. If one can implement a free-field
quantization, the central charge receives additional normal-ordering contributions ex-

pected to be (m — 1)n? so the ciop = n(m — 1) (n + Zm(m+1)}. One could spec-
ulate about series of unitary representation, etc., but I will not do so here.

4.2. The Conformal Properties of the Uy for k = 3. In the previous subsection,
I have computed the conformal properties of the matrix elements of U,. The aim
of this subsection is to give those for all other U; i.e. compute {T (o), Ur(a2)}
or equivalently, for any (test-) function &(o), { f eT, Ur(g,)} for all k£ = 3. T will
find that this Poisson bracket is linear in the U; and their derivatives and is for-
mally identical to the result of the scalar case. It then follows that appropriately
symmetrized combinations Wy can be formed that are n x n-matrices, each matrix
element of W, being a conformal primary field of dimension (spin) k.

Lemma 4.3. For a scalar function ¢ and a n x n-matrix-valued function F, one

has
-2 by
Y [T, [tr FU,} = [etr V(f)”'—zleF«s,,mH_k (4.10)
with
> 1] m—k+q+1
—— )4 (q)
Dol =y ) ( EHg ) g ru o,
m—1 , k+1 min(m, k+1—p) —g, m—2 N
+ 5w (UF) + X > o it k0 Ug(FUr 11— )P

p=0 g=max(0, k+1—p—m)

(4.11)
Proof. The Lh.s. of (4.10) equals —ﬁ{ftrFUk,falT} which by (2.31) and (4.1)
equals [tr Z'Zf P (f); Y41 with Y41 =¢13; 2 and X; = Fd,,4 ;4 which proves

J
(4.10). Equation (4.11) then follows upon inserting j =m —2 and X; into Eq. (2.31)

for V' (f ); and changing the summation index in the last sum from ¢ to m—gq.
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Lemma 4.4. When evaluating the sums in the third term on the r.h.s of (4.11)
one has to distinguish three cases: The coefficients C,'::Z’_mp;i w1 defined in
Eq. (2.31), are given by (2 < k < m)'°

ay)qz2andg<k—-1-p

g m— 1 —k+p+1
c,’:,_g_’"p,j,ﬂ_k:Z(a)pﬂaq,z(’” oo ) : (4.12)

b)g=2andqg=k+1-p

m—gq, m—2 1 1 k m
o A (p) + (=) 3pht <k> , (4.13)
¢)g=0
m—q, m—2 _ m+ 1 m—k+p—1 m—k+p
Cm—qﬁp,m—H—k - (__)p T ( m—k - (_)p m—k . (414)

Proof. First note that since U, = 0 no terms with ¢ = 1 or ¢ = k — p are present
in the sum considered in (4.11). Thus one only has to distinguish ¢ =0 or g = 2
on the one hand, and ¢ S k—1— p or g =k — p+ 1 on the other hand. Hence
one has the cases a) and b), while in case c) one should distinguish p < k — 1
and p=4k+ 1. For cases a) and b), ¢ = 2 and m — ¢ < m — 2, so that one can
use Lemma 2.4 to evaluate S,','I':g’_":; +1-x- In case a) Eq. (2.20) applies and one
gets Eq. (4.12). In case b), Eq. (2.21) applies if also ¢ < m — p, i.e. k < m, so

that S:::g’_mpjﬂ_k = (—)1’(‘”2_") = (~)p(;]). If however k = m, so that ¢ = m —

p+ 1 (which is only possible for p = 1), then S;~=" " | = §" "2 which is

easily evaluated directly from the definition (2.14) to be =0, = =0, = (—)” ( ; )
since p = 1. Hence (4.13) follows. In case c¢), one has ¢ = 0, hence m —q > m — 2
and Lemma 2.4 does not apply directly. However, using Eq. (B.8) first, one can still
use Lemma 2.4, ie. Eq.(2.20) if p<k—1 and Eq. 221) if p=k+1 (p=k
g =0 gives a U; and does not contribute). For p < k£ — 1 it is straightforward to
obtain (4.14). For p = k 4 1 one has still to distinguish £ = m and & < m, but the
result is the same in both situations, and it differs from (4.14) only by a term (*~')

P
which vanishes since p = k + 1. Hence one obtains (4.14) again.

Proposition 4.5. The conformal properties of all matrix elements of all Uy,
k=2,...m are given by

_ k—1/m+1 )
7T U} = = eUf — ke U + == <k+1>8("+”

= m— 1 m—1 Cm—1\| -z
+,§[<k+l~l - (R )], @as)

which is formally the same equation as in the scalar case n = 1.

10 The equations are actually also valid for k = 1.
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Proof. That (4.15) is the same equation as in the scalar case is readily seen by
comparing with Eq. (2.10) of ref. 7, setting > = 1 and observing that the a; of
ref. 7 correspond to the present —U; (for n = 1), and thus also a, corresponds to
—T. Let me now prove (4.15) in the matrix case. Note that for k =2, Eq. (4.15)
is equivalent to (4.9). Hence one only needs to consider £ = 3. One starts with
Eq. (4.10) and inserts the results of Lemma 4.4 into Eq. (4.11). Case a) can be
realized if 2 < g S k—1— p,ie for p £ k — 3. Case b) can be realized if p <
k — 1, while case c) can be realized if kK +1 —m < p. After some simple algebra
one gets

tr 4V(.](‘)W’_ZIX]:F(SI,nH—l"k

R S N

p=max(0, k+1—m) 2 m—k

—1
—tr <TE—(UkF)’ — Ui F + UkF’>

(4.16)

(where for k=m one sets Uy = Uy,41 = 0). Note that terms like tr (FUy—1— )" Us
cancelled against terms tr Up(FU—— p)(") which would not have been the case
without taking the trace. Let first £ < m so that the sum over p is from 0 to
k4 1. Separate the p=k+1,p=0 and p =1 terms from the sum (the p =k
term vanishes since U; = 0). Using the identity

m+1l(m—k+p-1\ (m—k+p\_m—-1( m—k+p—1
2 m—k m—k ) p—1

_(m—k+p—1
( ; > (4.17)

one obtains

tr mf)"’-2|xz=m,m+l_k :tr(UkF’ + (k = I(UF)'

k—1(/m+1
+(_)k+1_2_ <k+1)F(k+l)>
+k§(—)f’{ (’”"‘“"1>
p=2 p

m—1(m—k+p—1
2 p—1

) ]tr(FUk+|_p)(p). (4.18)

It is easily seen that for £ = m one also obtains the same equation (4.18). Now
multiply by ¢ and integrate to obtain y~2{[eT, [tr FU;} (cf. Eq. (4.10)). Upon
taking the functional derivative with respect to F and relabelling the summation
index p =k + 1 — [ one obtains (4.15).

Since the conformal properties (4.15) are formally the same as in the scalar
case, and in the latter case it was possible to form combinations W that are spin-k
conformally primary fields, one expects a similar result to hold in the matrix case.
Indeed, one has the
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Theorem 4.6. For matrices Ay, A»,...A, denote by S[Ay, A,,...,A,] the completely
symmetrized product normalized to equal A" if A, =A for all s=1,...,r. Let

k (k=1) o (P1) (pr)
Wy = ZBkIU[ + Z (=) Cplu.pr S[U2 7‘--7U2 ]
=2

0sp)=..Spr

Zpi+2r:k
: . Ly g k=l=Y pi=2r)
+ 3 (=Y Dpyp, SISV, UPD, U, 2o 1, (4.19)

0Sp| SmSpr

x§l§k-z pp—2r

where the coefficients By, Cp, . p, and Dy, ..p,, are the same as those given in
ref. 1 for the scalar case, in particular

(DGl
(%)

Then the Wy are spin-k conformally primary n x n-matrix-valued fields, i.e.

By = (=)' (420)

Y[ eT, Wy} = —eW| — ke Wy . (4.21)

For o €S' one can define the modes (W) =7y"%[" do Wi(0)e"® and the
Virasoro generators L, as in (4.5). Then one has equivalently

H{Ly,(Wi)s} = ((k = Dyr =)W )rss (4.22)

where each (W} ) is a n X n-matrix.

Proof. Note that in the scalar case Eq. (4.19) is identical to the formula (2.11a)
of ref. 7 if one identifies U, = —a;, Wy = —wy. The crucial property to prove the
theorem is that (4.15) is at most linear in the U;. It follows that

y [T (U, U, Ui

,
_ (p1) (Pi—1) _ —2 (pi) r7(Pi+1) (pr)
=3s (U, U 2 e U U U | (423)
i=
and since matrices commute under the symmetrization S[...] one may manipulate

them just as in the scalar case. Hence Eq. (4.19) can be proven exactly as in the
scalar case and thus follows from Eq. (4.15) and the results of ref. 7.

Examples. From the previous theorem and the results of ref. 7 (Table I) one has
explicitly:

m—2
Wy =Us = =50,

~3 ., (m—2)(m~-3) (5m+7)(m — 2)(m — 3)

m
Wy =U; — U vy U?
1=t St 10 2+ 10m(m? — 1) 2
m—4 3(m—3)m—4) (m—2)m—3)m—4)
_ _ U’ "o "
Ws =Us 7 et 28 Us 84 U
Tm +13)(m — 3)(m — 4
Tm+ 13)m =3)m =) 1wy + wvs) (4.24)

14dm(m? — 1)
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Note that all coefficients are such that W, =0 for k > m if one sets U; = 0 for
[ > m. These relations can be inverted to give

-2
U3=W3+m—2——Uzl>

-3 3(m—2)(m—3),  (5m+T)(m—2)(m—3)

Uy =1y + 5 Wi+ 20 0 10m(m? — 1) Ui
Us = Ws + mZ_4W4’+ (m—3)7(m-4)W3~+ (m_Z)(m3:)3)(m—4)U2m
_ (m +1lj:1((r;2_f)l(;1 — 4)(U2W3 + W3Uz)

5. The Poisson Bracket Algebra of the U, and W3 for Arbitrary m

From the previous subsection one might have gotten the impression that the matrix
case is not very different from the scalar case. This is however not true. In the
previous subsection only the conformal properties, i.e. the Poisson brackets with
T = %tr 1U, were studied, and since the unit-matrix 1 always commutes, most of the
new features due to the non-commutativity of matrices were not seen. Technically
speaking, only tr 7°(f) was needed, not ¥°(f) itself. In this section, I will give the
Poisson brackets, for the (more interesting) reduction to U; = 0, of any two matrix
elements of U, or Us, or equivalently of U, or W3, for arbitrary m. In the case m =3
this is the complete algebra, giving a matrix generalization of Zamolodchikov’s
Ws-algebra.

The Poisson bracket algebra will again be obtained from (2.31). Since
{[tr FU,, [ tr GU,} was already computed in the previous section, Eq. (4.2), here
I will need to compute { [ tr FUs, [tr GU,} and {[ tr FUs, [ tr GUs} only. Thus
all one needs is “i’(f)j for j=m~2,m—3 and with X; = Fo; ;y—5. For j=m — 2

all relevant coefficients C,'n":g;’"; 51—2 are given in Lemma 4.4 (with £ = 3), and the
computation of A (Im=2lx,=Fs o proceeds as in the proof of Proposition 4.5 (but
without discarding terms that vanish upon taking the trace. It is then straightfor-
ward to obtain {[tr FUs, [tr GU,} =a [tr "ﬁz'(f)m_zl,\/,:n;,’m_zG, and using the

antisymmetry of the bracket also

{ftl" FUz,ftI’ GU3} = aftr (—%[F, UQ]G—I[G, Us] — zlm;z—F[G, U, 10U,

CDm -2 _
- 561+ P2 g, e G,
£ Q2F'G — G'FYUs + (m — 2)F"GU, — (’”I ! ) GF<4>) .

(5.1
Of course, if F = l¢1 all commutator terms vanish and upon taking the functional
derivative with respect to G one recovers Eq. (4.15) for k =3 (recall a = —2y%).
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Consider now 7°(f ); for j =m —3 and with X; = F§;,,—,. The relevant sum
in (2.31) containing the C-coefficients is

5 min(m,p+2m—5) m3
Cg;p’m_zUm—q(FUq—(p+m—5))(p) . (5-2)
p=0 g=max(0,p+m—5)

For m = 5 the sum over g is simply Z'q": pim—s- FOr m <5, one can still formally
write ZZ; pim—s if one defines Uy =0 for k < 0 or k > m. In any case one has
g — p = m — 5. From the definition (2.14) of ng:,:z~2 one sees that it vanishes for
g — p > m— 3, and that it is a sum of at most three terms for m -3 2 qg—p =
m — 5. Thus all relevant S;’f';i_z can be easily computed directly to obtain the

Cgfnpj’_z appearing in (5.2). I will not give all the details here. The result is

2
WﬂHﬁWGUﬂ+;W%G%—F%G%)

{(Jtr FUi s GO} =afte (—1

—2 2m —2
221k 6o + 22 vy 6uy
—[F,GUs + 2(F'G — G'F)Us + (G"F — F"G)Us

CYm =2
4 m=Dm = 2) )6('" )((F". G + [F.G"])Us

) m—2
_ (m é(m )(F///G _ G/”F)Uz
+——30—————<3)GF ) (5.3)

where Us =0 for m =4 and Us = Uy = 0 for m = 3. Note the obvious antisym-
metry under exchange of F' and G.

One may also reexpress the Poisson brackets (4.2), (5.1) and (5.3) using the
primary fields W;. Substituting Eqs. (4.25) it is straightforward algebra to obtain

LF, 116716, Uy] - [F. Gy

m

{[tr FU,, [tr GUs} =aftr (

1
+5(F'G ~ G'F + GF' ~ FG')Uj

1
-5 (’" N 1) GF”’) , (5.4)
1 _ 4m* — 4
{[tr FU,, [tr GW3} =aftr (——n;[F, U107 '[G, W3] — 5ng;"m—z_1))[1~",G]U22

1
— [F,GW4+ (F'G + GF' — EFGI - %G’F)W;
m? — 4

5

1 / , 1 " 1 "
(5.5)

1 One uses the obvious relations {f,ftr GU,} = —{f,ftr G'U,} and also the fact that
[407'B =~ [(07'4)B.
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{ftr FW3,ftI‘ GW3} = aftr (—%[F, W3]a—1[G, Wi

11m? — 71

2
+ ;(FUzGW3 - GUzFW3) - m

[F,GI(W3U; + U, W3)

2 _ 4 -2 2
+mm-wﬂﬁ%—Gﬂﬁwﬂi?mlﬂﬂﬂ%%+UGHGWﬂ@
(Sm+T)(m—-2)(m—-3) __, ' / 2
_ F—F
Tom 19— (FG' = GF' +.G G)U?
— [F,GIWs — (FG' = GF' + G'F — F'G)W,
2
—1
+ IR G -, G
m2 —4 " 1" " "
+ - ((FG” + G"F — F"G = GF")
+3(F//G/ + G/F// _FIG/I _ G”F’))Uz
1l (m+2 (5)
+6( 5)GF). (5.6)

Note again, as a consistency check, that (5.4) and (5.6) are obviously antisymmetric
under F < G. Of course, one has to set W5 =0 for m =4, and W5 = W, = 0 for
m = 3. For m = 3, Equations (5.4)—(5.6) are the complete algebra and reproduce
Egs. (1.3)—(1.5) written in the introduction. Remark that for F = %81, the r.h.s. of
Eq. (5.5) reduces to —? [tr (2¢'G — eG")W; (recall a = —2y?), confirming once
again that every matrix element of W; is a conformal primary field of dimension 3.
If both F and G are proportional to the unit matrix F = f1,G = g1, with scalar
f,g, most of the terms in (5.6) disappear and one has

{fftr Ws, [gtr W3} =aftr ((m2 —-4)f'g-4d'f)

8 2 1 "
-t R
X@mﬁ-nr% wT)

+2(f'g— g ftr Wy

m?

—4
6 (f//g/ _ g/lf/)T

(7)),

where 1 used tr 1 =#n and tr U, = 27T. This looks similar to the corresponding
bracket in the scalar case (n = 1). It is different, however, since tr U} #(tr U,)?
in the matrix case. Thus the standard (scalar) W -algebra is not a subalgebra of the
n = 1-algebras.

+

12 There is one trivial exception: for m = 2 one only has {tr FU,, f tr GU,} which is linear,
and hence T = %tr U, forms a closed subalgebra, the Virasoro algebra discussed in section 4.
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6. Other Algebras, Restrictions and Concluding Remarks

6.1. Hermiticity of the Wy. The (quantum) Virasoro algebra [L,, L;] = (r — 5)L,4s +
%(r3 — r)dr150 is compatible with the hermiticity condition L = L_, (where the
hermitian conjugation refers to the inner product on the Hilbert space on which the
Virasoro generators act). Similarly, the Poisson bracket version (4.7) is compati-
ble with the reality condition L* = L_,. For real y?, i.e. real scale factor a this is
equivalent to 7* = T. The natural extension of this condition to the matrix case is
the hermiticity condition U;” = U, (where now hermitian conjugation is simply the
hermitian conjugation of the n X n-matrix). Assuming the matrix U, to be hermi-
tian is also natural when studying (for m = 2) the resolvent of L = —d*> + U, [10].
More generally one has the

Conjecture 6.1. For real scale factor a, the second Gelfand-Dikii bracket, Eq. (2.31),
is compatible with the hermiticity conditions

Uy =Us, W= W, kz3. (6.1)
Lemma 6.2. 4 sufficient condition for the bracket
{[tr FWy, [t GW;} = [t Pu(F, G, W,) (6.2)

to be compatible with the conditions (6.1) is

S Pu(F,G W) = (=) [t Py(F*,GH (=)W, (63)

Proof. Compatibility means that if one takes the hermitian conjugate of (6.2) and
uses (6.1) one gets back the same bracket (6.2) with the same functional Pj; and
F and G replaced by F* and G*. Taking the hermitian conjugate of (6.2) yields,
using (6.1) and (6.3),

(=Y [tr F*Wy, [t GTW} = [tr Pu(F,G,W,)"
= (=) [tr Py(FT, G (=Y W) = (=Y [t Pu(FT,G*,W,), (64)

which is again Eq. (6.2) with F and G replaced by F* and G*. Thus (6.3) is a
sufficient condition.

Lemma 6.3. All the second Gelfand-Dikii brackets of the U, or the W given
explicitly in this paper, namely (4.21) and Egs. (5.4) to (5.6), are compatible
with the hermiticity conditions (6.1).

Proof. By the previous lemma one has to check whether (6.3) is satisfied. For
Eq. (4.21) this is trivial. In general however, the condition (6.3) is non-trivial. Con-
sider e.g. Eq. (5.6). Since (6.3) is a linear condition it can be checked on groups
of terms separately. For [F, G]Ws one has e.g. tr ([F,GIWs)* =tr ([F,G]"W,") =
—tr ([FY, G =t ([FY, G =Y W) = (=) ([FT,GY)(—)’W"), while
for (F'G + GF' )Wy one has tr (F'G + GF)Wy)*t = (=) (FY' G* + GtFY)
(=)*w;") and the condition (6.3) is satisfied. On the other hand, a term like

13 Recall the example of the Virasoro algebra where complex conjugation using L* = L_, gives
the same algebra upon relabelling » — —r, s — —s which corresponds to replacing f = e"” —
f* — e—!I'G and g = eISG — g* —_ e——ISG.
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tr [F,G]W, would lead to the wrong sign, and indeed it does not appear
(although it has the correct antisymmetry properties under F < G and the cor-
rect “naive” dimension). One can easily check that all terms on the rh.s. of
(5.4)—(5.6) have the required properties. The only slightly non-trivial terms in (5.6)
are [tr ([F,GJUsU, + (FG' — GF')U?). Here one needs to integrate by parts to
show that (6.3) is satisfied.

6.2. Restrictions and Other Algebras. In Sect. 2, I already discussed the restric-
tion (reduction) to U; = 0, and in Sect. 3 the corresponding reduction Zf”:l P, =0.
The original V-algebra (1.1) corresponds to m = 2,n =2, U; = 0 and furthermore
tr a3U, = 0. Recall that the reduction to U; = 0 was implemented by determining
X (which formerly was ()U L) such that {Uy, f Hu,=o vanishes. Similarly if one
decomposes the 2 x 2—matr1ces

UzU:(T+V3 —\/§V+> 5_f:((Fo+F3)/2 —-F‘/\/§> 65)
o —V2rT T-v3 ) SU ~FYN2  (Fo—-F3)2)

the reduction to V3 = 0 is achieved by determining F3 (which formerly was ~ 57"3)

such that {V3, f}|y,—0 = 0. It can be seen from (2.35) with n =2 or from (2.37)
that this implies F3 = 0. (This contrasts with the reduction to U; = 0, where X,
was a non-trivial function of the Xj,...,X,,—.) Thus to obtain the reduction to
tr o3U = 2V3 = 0 it is enough to simply set V3 = F3 = 0 in Eq. (2.35) or (2.37).
The result is equivalent to the original V-algebra (1.1).

Other reductions can be achieved by not only taking U, = 0, but by reducing
to the symplectic submanifold where several Uy vanish, e.g. U; = 0 for all odd k.
Another, and probably more fruitful approach is to take advantage of the Miura
transformation and impose conditions on the P;. Here, 1 studied the 4,_;-type
reduction Z:" , Pi = 0. But one can study other reductions, like P,1—; = —P; that
correspond to the Lie algebras B,,, i if m is odd, and to Cn 2 if m is even. They

should lead to matrix generahzatlons of the W Bﬂ,_rl and WCm -algebras.

6.3. Concluding Remarks. In this paper, I have given matrix generalizations of the
well-known W,-algebras by constructing the second Gelfand~Dikii bracket associ-
ated with a matrix linear differential operator of order m. Upon reducing to U; = 0,
the non-commutativity of matrices implies the presence of non-local terms in the
algebra.

One always has a Virasoro subalgebra generated by T = %tr U,, and all other
(“orthogonal”) combinations of matrix elements of U, (i.e. tr 4,U, with tr 4, = 0)
are spin-two conformally primary fields, while the Ui,k = 3 can be combined into
matrices Wi,k = 3 which are (matrices of) spin-k conformal primary fields. I have
given the complete Poisson bracket algebra for m = 3, and, for all m, the Poisson
brackets involving U,, W;3.

A Miura transformation relates these Poisson brackets of the Uy to much simpler
ones of a set of n x n-matrices P;. Contrary to the case n = 1, the P; are not
free fields. However, for m =n =2, U; =0 and tr 03U, =0 a simple free-field
realization for P} = —P, was given in refs. 9 and 10 in terms of vertex operator-
like fields. In the general case, it is not clear how to give such a free-field realization.
The main difficulty is to realize the non-local terms. Comparing the more general
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case (2.37) with (1.1) one sees the origin of the difficulty: {V*(0),V " (¢')} ~
(6 — ¢ YW*+(a)V~(¢') +... can be realized by VE(a) ~ eFV20? R(5¢), where
R(0¢) is some differential polynomial in d¢ and ¢ is a free field. On the other hand,
{V3(0), VE(a")} ~ &(a — ')V (a)V3(c’) + ... cannot be realized by this type of
vertex operator construction, since the arguments ¢ and ¢’ of ¥+ and V; have
been exchanged. This kind of relation is however very reminiscent of the braiding
relations of chiral screened vertex operators in conformal quantum field theories
[23, 24] and it might well be that a free field realization, involving screening type
integrals, can be given. Once a free field realization is found, one can try to quantize
the structures described in this paper. This will certainly lead to most interesting
developments.

Appendix A
In this appendix, I recall some well-known properties of pseudo-differential operators
and adapt them to the matrix case.

Lemma A.1. Let A, B be some matrix-valued pseudo-differential operators, i.e. let
A= Z£=~oo a;0',B = Zf:_oo b;& with a;,b; some matrix-valued functions. Then
there exists a matrix-valued function h such that

trres [4,B] = (oh) =1 . (A1)

In particular, if the integral of a total derivative vanishes one has | tr res AB =
J tr res BA.

Proof. The proof is a straightforward generalization of the scalar case (see e.g. p.9 of
ref. 25). By linearity, it is sufficient to prove this for monomials 4 = g;0',B = b;¢’.
Ifi,j =2 0 ori+j < 1 the residue obviously vanishes and # = 0. Hence let i = 0
and j < 0 with i +j = 1. Then using Eq. (2.2):

res [4,B] = res (a;0'b;0/ — b;0/a;0")

i : . _ oo » 3 o
=res (E (;) a,-b;’_p)@”p — (=) ( J +Ss 1) bjafs)ﬁf_”’)
5s=0

p=0
i
- <i+j+1 ) (aib;HjH)+(~)i+jbja§i+j+”) . (A2)
Let
h= < i ) %(_)pa‘(p)b,(iﬂ—p) (A3)
i+j+1) .5 b ) '

Upon taking /' one sees that there are cancellations between two successive p
terms, and only part of the terms with p =0 and p =i+ j survive. The result
equals the r.h.s. of (A.2), except for the order of the matrices. Upon taking the
trace, Eq. (A.1) follows.

I

I=—o00

1

i=—o00

Lemma A2. Let A =5
has d_1 = a_;.

a;0'. One can always rewrite A =Y, d'a;. One



Non-Local Matrix Generalizations of W¥-Algebras 147

Proof. Decompose 4 = Zf:o 3 +07'a + - 0d; and use (2.2) to see that
G_,0~" is the only term containing 0~'.

Lemma A.3. If h is a matrix-valued function and A a matrix-valued pseudo-
differential operator then

res (Ah) = (res A)h,
res (hd) =hres 4. (A4)

Proof. The first identity is shown as for Lemma A.2 and the second is obvious.
Lemma A.4. Let h and A be as before. Then

ros A = (04_)y = (4-0)1 = (0 = WA )y = (A_(0— h)); . (A5)

Proof. Writing A- =a_107'+4__, where 4__ = Z;Z_OO a;0, the proof is
obvious.

Lemma A.5. Let ) and 4 be as before. Then
[0 — h,res A] =r1es [0 — h, A]. (A.6)

Proof. Let 0 =0 —h. Then from the previous lemma, and since 4_ =4 — 4,

[0 — h,res A] = [0,res A] = O(A_0)y — (0A_), 0
= (A0)4 — O(A40)4 — (0A)4+0 + (044)40
= 8(40); — 0410 — (0A)+0 + 04,0
= 0(A0)4 — (04)40 , (A7)

while

res [0 — h,A] = res 64 — res A0 = ((éA)_é) — (848)_

+ +
- (3A3)+ - ((éA)+é)+ - (3A3)+ n (('§(Aé)+)+
= —(0A)40 + 0(A0)s . (A8)

Comparing (A.7) with (A.8) completes the proof.

Appendix B

In this appendix, I prove Lemma 2.4 and some other useful formulas for the SZ’/ .
In both cases considered in Lemma 2.4 one has » = 0 and ¢ < j so that

. q o — ] -1 q-r B —
=0 () () =5 () ().

(B.1)
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Note that for ¢ < r, Sf{’/ was defined to vanish, as do the r.h.s. of (2.20) and (2.21).
So let’s suppose ¢ — = 0. Then the r.h.s. of (B.1) is

= (s+I1-=1) q!
Q(‘) (I=D)ls! s+r)(g—r—s)!
_ q! Qs+ =D g —r
RN IEG T ( s ) (B2)
Let first / > 7, so that (S(J_;i:)l!)! =(G6+1-1)s+1—-2)...(s+r+1)and
=D g\ (d S Y
sgfl( ) (s+7r)! ( s )_(dx> SZ:%)X (_)< s )X:,

I=1—r
_ <%) X1 —x)ff*"\x:’ . (B.3)

This vanishes if /—1 < ¢ while for / —1 = g it equals (—-)"_"“—;!l&—!ﬁ%:_lq—:)—,"'—)l

Inserting this result into (B.2) one has

sy = (110 B4)

—F

which proves (2.21)

(s+l=1)t _ 1
Let now 1 <1 < r, so that o1 =GP0 and
q=r (S+l— ! q—r EETRTRE _ —r
s — 0.1 r—1+1 _Nsys+H=1 (G
S (157) merge ()]
— (6)(—1)1'—/+1 X[_l(l _x)q—rl , (BS)
i

xX=

where here (0717 h(x) = [ dx; [ dxy ... [~ dx,h(x,). For non-negative inte-
gers a,b one has

Iy Tp—1 agr o alb+p-1)!
{)dx,{dxz... { dr, x5(1 —x,) = @b E =D (B.6)

so that expression (B.5) equals % Inserting this into the r.h.s. of (B.2)

yields (97}) which proves (2.20).

Another immediate consequence of the definition (2.14) of S%/ is, for p > 0
and [ = 1 ’

m—1 m

Seti= 2 =2 )=l

s=max(0,m— p) s=max(0,m—p)

n,m +1-1
= S/11;p,l - (__)p (p I—1 > . (B.7)
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Furthermore, for p = 1,/ = 1 one has

m—2 m
2
S;”r: mp, - Z (): Z (-H)_("')ls:m _'(-'~)|s=m—1
s=max(0,m— p) s=max(0,m—p)

=8, = ()”(‘DH1 )+(—)”m<pf_ll“2). (B.8)

If now p =0, one has S,"" = 1,8,""" >=0and (;-?) =0, so that Eq. (B.8) re-
mains true also for p = 0.
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