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Abstract: We consider magnetic Schrόdinger operators

H(λa) = (-/V - λa(x)f

in L2(Rn), where a G Cι(Rn; Rn) and λeR. Letting M = {x;B(x) = 0}, where B is
the magnetic field associated with α, and M$ — {x;a(x) = 0}, we prove that H{λa)
converges to the (Dirichlet) Laplacian on the closed set M in the strong resolvent
sense, as λ —>• oo, provided the set M\M$ has measure zero.

In various situations, which include the case of periodic fields, we even obtain
norm resolvent convergence (again under the condition that M\M$ has measure
zero). As a consequence, if we are given a periodic field B where the regions with
B — 0 have non-empty interior and are enclosed by the region with B Φ 0, magnetic
wells will be created when λ is large, opening up gaps in the spectrum of H(λa).

We finally address the question of absolute continuity of H(a) for periodic a.

0. Introduction

While the resolvent-limit of the Schrodinger operators —Δ-\- λχa, as λ —» oo, has
been thoroughly studied (cf., e. g., Herbst and Zhao [HZh], Arendt and Batty [AB]),
it seems that little - if anything at all - is known about the corresponding situation
of magnetic perturbations of the Laplacian,

H(λa) = (-/V - λaf ,

as λ —> oo, where a is a vector potential on Rn of class C1 or C2. Recalling that, for
Ω an open subset of R", the strong resolvent limit of —A + λχa is given by —AM,
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the Dirichlet Laplacian on the closed set M = Ωc (cf. Sect. 1 for details), one may
wonder whether H(λa) will also converge in strong (or even norm) resolvent sense
to a Laplacian on a suitable domain. In the case of magnetic perturbations, however,
there are two natural domains, one connected with the vector potential a and the
other related to the magnetic field, namely the set

Ms={xeΈLn;a(x) = 0] ,

where the vector potential a vanishes, and the set

M = {xeRn;da = 0} ,

where the magnetic field B = da = Y^Bιj(x)dxi Λdxj is zero (here we think of
da as the exterior derivative of the 1-form associated with a). In general, the
sets M and Ms will be different, but we always have meas(M^\M) = 0 (see [GT;
Lemma 7.7]). Strangely enough, there are (quite different) intuitive reasons why
the resolvent (H(λa) + I ) " 1 should tend to zero on the subspace L2(Ω) as well as
on the subspace L2(Ω^)9 where Ω = Mc and Ω$ — MS: the fact that we have a
non-zero magnetic field on Ω easily translates into a lower bound for the quadratic
form on C£°(Ω), which diverges as λ —> oo, while, on the other hand, the vector
potential a doesn't vanish on Ω$ so that the (classical) symbol ((ξ — λa(x))2 + I ) " 1

will tend to 0 on Ω^, uniformly for \ξ\ ^ R. Of course, the classical symbol does
not tell the full truth, and quantum mechanics introduces some non-locality. As it
turns out, (H(λa) -f I ) " 1 can not be expected to converge to (—AM -f I ) " 1 if the
sets M and M^ differ too much (cf. Theorem 4.1 and the discussion in Sect. 2).

Our results can be summarized as follows:

(1) We find that (H(λa) + I ) " 1 converges strongly to the 0-oρerator in L2(Rn)
if the vector potential a G C2(Rn;Rn) is non-zero almost everywhere (cf. Theorem
2.1).

(2) On the other hand, if M\M^ has measure 0 (so that the sets where a and
B vanish are the same, up to a set of measure 0), then the resolvent of H(λa) will
converge strongly to the resolvent of —ΔM, the Dirichlet Laplacian on the set M
(cf. Theorem 2.3). We say that a vector potential satisfies Condition Sg if M\Mj
has measure 0. Under this condition, we obtain a type of convergence which is
intermediate between strong and norm resolvent convergence in the sense that con-
vergence is uniform in the gauge, in particular uniform with respect to translations
in momentum space. It is shown in Theorem 4.1 that this type of convergence can
only occur if M\M$ has empty interior, .and we thus see that Condition S# is (al-
most) necessary and sufficient for having strong resolvent convergence, uniform in
the gauge.

It is an interesting topological and analytical problem to determine general con-
ditions under which - given a smooth B with dB — 0 defined on R" - we can
find a smooth a such that B — da and M\M$ has measure zero. Roughly speaking,
given an a1 with da1 — B, we can define a function / in the region where B = 0
by a line integral of a' if this region is simply connected, or if, more generally,
a zero-flux condition holds (see Sect. 4). We may then extend / smoothly to Rn

([GT], [St]) and define a = a' - V/. Then (roughly speaking) a = 0 on M.
(3) Under suitable stronger assumptions we may even obtain norm resolvent

convergence to the Dirichlet Laplacian on M. Our main results in this direction,
given in the Corollaries 3.3, 3.4 and Theorem 3.9, cover the cases where Ω^ has
compact closure, or where we have some type of spatial uniformity of the data.
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Our results apply in particular to all periodic fields B ~ da with the property that
meas(M\M<f) = 0, where we find that H(λa) converges in norm resolvent sense to
the Dirichlet Laplacian on M. Therefore, we are able to construct situations where
gaps in the spectrum of H(λa) open up as λ —» oo (cf. Corollary 3.10 and Example
3.11). This result lies somewhat in between the classical results concerning the ex-
istence of spectral gaps for periodic Schrόdinger operators (cf., e. g., [RSIV]), and
the more recent results of Davies and Harrell [DH] and Hempel [He] on the exis-
tence of gaps for periodic Laplace-Beltrami operators and for periodic divergence
type operators, respectively. Finding examples of periodic magnetic Laplacians with
spectral gaps was the starting point and the basic motivation of the present work. In
a more general context which includes the case of periodic magnetic fields, Briining
and Sunada [BrSl, BrS2] have recently obtained some basic results on the structure
of the spectrum; cf. the remarks following Corollary 3.10.

It is well-known that a non-zero constant field in 2-dimensions leads to spectral
gaps. One should note that what we consider here is genuinely different in the
sense that in our examples the gaps are produced by a periodic array of magnetic
"wells" (where the field is zero) which are separated from one another by magnetic
"barriers" which make tunnelling from one well into any other well more and more
difficult, as the coupling λ increases.

(4) Finally, in the case of a periodic vector potential α, it is natural to ask
whether the spectrum will be purely absolutely continuous. Following the proof of
Thomas [Th] we are able to prove this for small coupling (Theorem 3.12), but must
leave the question open in general.

To conclude the introduction, let us briefly indicate some of the main steps
leading to the above results. Apart from the somewhat special argument used in
obtaining Theorem 2.1, all our results on resolvent convergence assume condition
Srf and use the following ideas:

Let Ω — Mc and exhaust Ω by a sequence of open sets Ωn f Ω in such a way
that Theorem 2.9 of Avron, Herbst and Simon [AHS] gives a uniform lower bound
for the quadratic form on Ωn,

(H(λa)φ,φ) ^ cnλ\\φ\\2 , φ e C™(Ωn) ,

with a positive constant cn. From this we infer the resolvent estimate of Lemma
2.3,

\\(H(λά)+lΓιχΩn\\ ύcr

nλ-ι'\

which is then used to "enhance" the convergence of resolvents by adding in mul-
tiples of χon. In fact, we show in Lemma 2.4 that we can find n(λ) tending to oo
(as λ —> oo) such that

\\(H(λa) + 1ΓT - (H(λa) + n(λ)χΩn{}) + 1Γ11| - 0, λ - oo .

In order to estimate the difference (H(λa) -f I ) " 1 / — (—AM -f I ) " 1 / ? f° r a given
/ e L2, we then only need to control (H(λa) + n{λ)χQn{}) + I ) " 1 / — (—AM +
I ) " 1 / . Using the Feynman-Kac-Itό formula, it is easily seen that this term is dom-
inated by an analogous expression without the Λα-term. Thus we have effectively
reduced the convergence problem for the magnetic case to the more standard con-
vergence problem for —A -f nχan,n —>• oo. While strong resolvent convergence of
—Δ-\- nχQn to — AM is always true, we need additional assumptions to obtain norm
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resolvent convergence (keeping in mind that the choice of the sets Ωn depends on
properties of the coefficients Btj). Typical situations are discussed in Corollaries 3.3,
3.4 and Theorem 3.9, which deal with the cases Ω compact, Ω a half-space, and Ω
periodic, respectively.

1. Preliminaries and Notation

Suppose we are given a vector potential a G C^R^ R") and a bounded, measurable
potential V : Rn —» R. In the Hubert space L2(R"), we then define the Schrόdinger
operator H(a) + V as the unique self-adjoint and non-negative operator associated
with the (closed) quadratic form

defined on the space of functions u G L2(Rn) for which —idjU — aju G L2(RW), for
j — 1,. . .,«. Here djU denotes the distributional derivative; for u in the form do-
main, it is clear that these distributional derivatives are locally square integrable.
Under the strong assumptions on a and V made here, it is easy to see that C^°(R")
is a form core. (This is actually true in much greater generality; also, it is known
that Cc°°(Rn) is an operator core, but we will not need this fact; cf. [CFrKS, S3]
etc.) Formally, the operator H(a) -f V may be written as (—z'V — a)1 + V; occa-
sionally, we will also use the notation p instead of — z'V.

We next wish to discuss a special case of the results given in Herbst and Zhao
[HZh] (cf. also Hedberg [H]) on the strong resolvent limit of — A + nχo, for n —» oo,
where Ω is an open set. Letting M = Ωc, we introduce the Sobolev space

J?\M) = {φβ W2

ι(Rn); φ{x) = 0 a. e. in Ω},

consisting of all (equivalence classes of) functions φ G ̂ ( R " ) which satisfy
φ(x) = 0 for a. e. x G Ω\ here ^ ( R " ) is the usual Sobolev space consisting of
all Z2-functions u such that δjU G L2j' = 1,...,«. (We warn the reader that the

space J4?ι(M) is denoted by H0(M) in [HZh].) Then — AM is defined as the unique
non-negative self-adjoint operator associated with the quadratic form / \Wφ\2dx de-
fined on Jfι(M). It is immediate from our definition that the operators — AM and
—AMι are the same if M, M' are closed sets with meas(MΔM/) = 0. We call
—AM the Dirichlet Laplacian on the set M. Under mild regularity conditions on the
boundary of M (which are even weaker than the segment condition) it also follows
that — AM coincides with the usual Dirichlet Laplacian on the interior of M; see
[HZh].

We write —A to denote the unique self-adjoint extension of — A\C^°(Rn). Using
the notation Ωn ] Ω to indicate that Ωn C Ωn+\ and UΩn = Ω, we have the following
result on strong resolvent convergence for the sequence of operators — A + nχQn.

1.1. Lemma. Suppose Ωn | Ω, where Ω, Ωn are open subsets ofRn. Let M = Ωc

and let —AM denote the Dirichlet Laplacian on M, as defined above. Then, as
n —• ex),

—A -h nχQn —> — AM in strong resolvent sense .
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Remark. The operator — AM acts in the Hubert space J f *(M), where the bar denotes
the closure in L2(Rn). In general, this space will be smaller than L2(M), but it is
shown in [HZh] that there always exists a subset M* C M such that Jfι(M) =
L2(M*). Hence the statement of Lemma 1.1 has to be interpreted in the sense
that (—A + nχQn -f I ) " 1 converges to the direct sum of the operator (—AM + I ) " 1 ,
acting in L2(M*), and the zero-operator on L^M*)1- (cf. Weidmann [W] or Simon
[S2] for a discussion of strong resolvent convergence in such cases). E. g., in the
extreme case where M (or M*) is a set of measure zero, the statement of Lemma
1.1 means that the resolvent of — A + nχan converges strongly to zero.

Similarly, the operators etΔM may have to be complemented by the zero-operator
on the subspace L2(M*)±, for t > 0. Note that, in general, (etAu\t ^ 0) will not
form a C0-semigroup in the Hubert space L2(Rn).

Proof of Lemma 1.1. The quadratic forms associated with the operators —A + nχan

have constant domain ^ ( R " ) and are monotonically increasing. Defining T to be
the self-adjoint and non-negative operator associated with the quadratic form ||VM||
with domain given by the space of all functions u G W^^SC1) for which sup π||χβπM||
is finite, it follows (see [S2, HZh or W]) that — A + nχan converges to T in strong
resolvent sense. It is easily seen that T = —AM, and the result follows. •

We now use the above lemma to derive a Feynman-Kac representation for the
operators e ί j M , for t > 0, associated with — AM- Here and in the sequel we will write
Έx to denote expectation with respect to Wiener measure on the set of continuous
Brownian paths ω starting at the point x at time t — 0.

1.2. Lemma. ([HZh]) Let M be a closed subset of Rn and let —AM as above.
For f e CC°°(RW) and t > 0 we have

(etAMf) (x) = Ex (χ{ωMs)eM9 o ^ * } / ( ω ( 0 ) ) , for a. e. x e R*. (1.1)

Proof Let Ω — Mc. By the usual Feynman-Kac formula we know that for any

(1.2)

Here the function Gn, defined on the space of continuous functions ω : R —• R" by

Gn(ω) : = e " n / ό χ Ω ( ω ( 5 ) ) Λ

is monotonically decreasing in n and converges to the characteristic function of
the set {ω;ω(s) e M,s € [0,t]}. In order to prove this, suppose that ω(s0) G Ω,
for some s0 G [09t]. Since ω is continuous, it follows that ω(s) G Ω for s in some
neighborhood of SQ. Thus JQ χa(ω(s)) ds > 0, so that Gn(ω) —> 0 for all paths ω
meeting Ω. Conversely, if ω(s) G Ωc, for all s G [0,ί], then Gn(ω) = 1 for all n.

Now it follows by dominated convergence that the RHS of (1.2) tends to the
expression on the RHS of (1.1), while, on the LHS, Lemma 1.1 implies that there
exists a subsequence of n's such that Q~^~Δ+n^Q) f _>. QtAMy? for a e x ? a n ( j w e

are done. •

We finally employ the Feynman-Kac-Itό formula ([S3]) to eliminate the vector
potential a from our further estimates.
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1.3. Lemma. Let ae C^R^R"), Md = {x\a{x) = 0}, M = {x;B(x) = da(x) =
0}, and suppose M\M^ has measure zero. Suppose Ω c Ω is given, and let χ = χ^.
We then have for t > 0,n ^ 0, and f e L2(Rn),

Proof. By the Feynman-Kac-Itό formula and Lemma 1.2, we find for / e C£°(RΛ)
that for a. e. x,

. _ , . _ . -nfχ(ω(s))ds
'• Ex

where Φ(ω,t) is a real-valued phase factor satisfying Φ(ω,t) — 0 for any ω that
does not leave the set Ms for 0 ^ ^ ^ ί (note that we have used the fact that since

ι = 2^\MS) we have ΔM = J M . ) . It follows that for a. e. x

and we are done. •

The quadratic form lower bound of [AHS; Theorem 2.9] is fundamental for most
of our results. Since its proof is so simple, we reproduce it here for the reader's
convenience.

1.4. Proposition. {[AHS]) Let Π = - iV - a, with ae Cι{Rn;Rn). Then for any

<p e C™(Rn\

\{φ9{diaj - djai)φ)\ g \\Πiφ\\2 + | | i l ,φ | | 2 .

Proof. Applying the Schwarz inequality to the LHS of the commutation relation

[Πi,Πj]φ = i(diaj - djafiφ ,

we find that

2. Strong Resolvent Convergence

In this section, we study situations where a strong resolvent limit exists.
We first present a simple result on strong resolvent convergence for α's which

are non-zero a. e.; here we find that the resolvent of H(λa) converges strongly to
the zero operator, as λ —» oo. Note that the subsequent results in Sects. 2 and 3 are
independent of Theorem 2.1.
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2.1. Theorem. Suppose that ae C2(Rn;Rn) and that the set Mj= {x eRn;
a{x) = 0} has measure zero. Then

(H(λa) + I ) " 1 —> 0 strongly, as λ —>• oo.

Proof. By our assumptions, C£°(Ωz) is dense in L2(Rn), where Ω^ = M?. Given
ψ G C^°(Ω^), there is a (5 > 0 so that \a(x)\ > δ on the support of î . We then
have (treating p = —/V as a perturbation of λa in the second resolvent equation)

\p-λaf + \) l

(f-λp a-λa p) ((λa)2 + l)~' ψ

Δ {(λa)1 + I ) " ' ] + 2 ((λa)2 +

k - l
μ[V α]((Aα)α) 2

+2 ((λa)a)2

i - l

here [.] denotes multiplication by the function inside the square brackets. •

The above result may seem somewhat disturbing because it shows that the resol-
vent of H(λa) will in some cases strongly converge to zero even in regions where
the field is zero. A typical example for this phenomenon is given by the case where
the vector potential is constant, but non-zero. Here, of course, one might object that
we have chosen the "wrong" gauge. A less trivial example is provided by a mag-
netic field that is constant in a cylinder in R3. To avoid smoothness problems, we
actually assume that the field is given by a smooth non-negative function φ(r) of
r = y/x2 + y2, with 0 g φ G C£°(R),φ(0 = 1, for 0 ^ t ^ 1. In a radial gauge,
the associated vector potential is then of the form (—ya(r),xa(r), 0), where a solves
the o. d. e. ra'{r) + 2a(r) = φ(r), and satisfies a(r) = \, for 0 ^ r ^ 1. It is easily
seen that a is non-zero a. e., and hence the strong resolvent limit of H(λa) will be
zero. Note that in this example there is no hope to find a gauge with the property
that the vector field is zero outside the cylinder because integrating the vector field
along a closed loop around the cylinder must give the total magnetic flux, which,
however, is non-zero. (That this has physical consequences in quantum mechanics
is just the Bohm-Aharonov effect.) Hence there is no chance of finding a limiting
operator with Dirichlet boundary conditions on the cylinder.

To get a better understanding of what is going on here, we think classically:
as a first approximation an operator (an observable) is a function on phase space.
The correspondence is roughly that given by a pseudodifferential operator and its
symbol. Intuitively, a sequence of operators An(x,D) should converge strongly to
zero as n —> oo if the symbols An(x,ξ) are uniformly bounded and converge to
zero uniformly for (x,ξ) in any compact subset of phase space. Again, intuitively,
An(x,D) should converge to zero in norm if An(x, ξ) —> 0 uniformly on all of phase
space. This kind of intuition makes Theorem 2.1 sound very reasonable.



244 R. Hempel, I. Herbst

An even rougher intuition might suggest the following. Defining Ω^ — {x :
we have

lTJ(ξ - λa(X)f + 1] i

It should therefore be true that

((p - λaf + I ) " 1 - > ( - Λ β C + I ) " 1 , strongly .
a

But this intuition is incorrect because of non-local effects: if a e C2(RW;RΛ) the
proof of Theorem 2.1 shows that

({p- λaf + 1Γ'χβff -+ 0, strongly ,

but it does not follow that

XΩaX(p ~ λaf + 1 yιχΩc -> 0 strongly.

(This quantity would be identically zero classically, where all operators commute.)
For an example, take n — 1 and a e C£°((0,1)) with a{x) not identically zero in
(0,1). Then, if f(x) = a(x) and /(%) = 0, for x ^ 1,

= - Q

a

so if ^ G C0°°((l,oc)) and x < 1,

-iλfa(t)dt

which shows that XQ(T((P — λa)2 + l)~ !χβc does not converge strongly. Here of
course we have a pure gauge transformation, and if the example is any guide it
points to the necessity of having B = da non-zero in Ω^ if λ —> oo is to result
in Dirichlet boundary conditions. (Note that the resolvent does not even converge
weakly in this example.)

In contrast, we will now obtain strong resolvent convergence to the Dirichlet
Laplacian on M — {x; da(x) = 0} if the measure of the set M\M$ is zero.

2.2. Theorem. Let a e Cι(Rn; Rn) and suppose that meas(M\M^) = 0, where M =
{x;da(x) — 0} and M$ = \x\a{x) — 0}. Let —ΔM denote the Dirichlet Laplacian
on M, as defined above. Then

H(λa) —> — AM An strong resolvent sense, λ —> oo .

In fact, the resolvents converge uniformly in the gauge in the sense that for any
φeL2(Rn),

lim sup \\U[(H(λd) + I ) ' 1 - (-AM + \yι]U-χψ\\ = 0 , (2.1)

where $ is the subgroup of unitary operators consisting of gauge transformations,
Uφ(x) = eιf^φ(x), with f real-valued.
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The underlying mechanism which produces Dirichlet boundary conditions is non-
classical in the sense that it stems from the non-commutativity of x and p (cf.
Proposition 1.4). This mechanism results in the type of convergence given by Eq.
(2.1), which is midway between strong and uniform: it is uniform in the momentum,
though perhaps not in position. In particular, one can take f(x) = c x so that
UpU~ι = p — c in (2.1). We point out for comparison's sake that \\An\\ —» 0 is
equivalent to

lim sup \\UAnU"ιφ\\ =0
n+oo

for some non-zero φ G L2, where °U is the group of all unitaries.
In Sect. 4, we will discuss a kind of converse result; in fact, Theorem 4.1 states

that strong resolvent convergence, uniform in the gauge, can only hold if M\M$
has empty interior.

In addition to Lemmas 1.1-1.3, the proof of Theorem 2.2 requires two more
preparatory lemmas, which will also be of use in Sect. 3. We begin with a basic
lemma which transforms a (local) lower bound on the magnetic field into a resolvent
estimate.

2.3. Lemma. Let a e Cι(ΈLn,Rn). Let Θ cW be open sets in Rn with dist (Θ,d<%)
> 0, and suppose that there exists a constant b > 0 such that

(ψ,H(λa)ψ) ^ λb\\ψf9 λ > 0 ,

for all φ G C^°(%). Then there exists a constant c, depending on G,°U and b, such
that

\\H(λa)+l)-ιχΘ\\ S cλ-ι/2, λ > 0 . (2.2)

Proof. We can find (non-negative) functions η\,ηι G C°°(RW) such that η\-\-η\ =
1, with ΐ]\{x) — 1 for x G Θ and supp η\ C°U. In addition, we may assume that

| are bounded functions. Then

H(λa) = nχH{λa)ηx + η2H(λa)η2 -

By assumption, we have

ηιH(λa)ηι ^ λbrfi ^ λbχΘ ,

and we can find a constant Co such that H(λa) ^ λbχ® — c$\ without loss, we may
assume Co ^ 1. It follows that

so that

Finally, by the resolvent equation,

\\(H(λa)+l)-lxe\\ S

and the desired estimate follows. •

In the following lemma we show that we may "enhance" the convergence prop-
erties of H(λa) by adding in a term n(λ)χQ .
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2.4. Lemma. Let a e Cι(Rn;Rn). Suppose {Ωn} is an increasing sequence of open
subsets of R" with the property that for each n we have an estimate

for some constant cn.
Then there exists a function n : [0, oo) —• N with n(λ) —> oo, as λ —> oo, such

that
\\(H(λa) + n(λ)χΩφ) + I ) " 1 - (H(λd) + I ) " 1 1 | ^ 0, λ - oo ,

and, for any t ^ 0,

Proof We first note that we may assume cn+\ ^ cn so that n2cn is increasing.
Defining n(λ) to be the largest integer n such that

we see that «(Λ) —>• oo, as λ —> oo, and

(; ) + I)"1 -(//(M)+ I)"11|

^ \\<λ)χΩn0)(H(λa)+ I ) " 1 1 | ^ «(^)C Λ (Λ)^- 1 / 2 ^ l/n(λ) ,

proving the first statement.
It follows that for any continuous function / : [0, oo) —> C with f(η) —» 0, as

^ —> oo, we have

Aα) + «(A)χΩκ(i) + 1) - /(/f(Aβ) + 1 )|| - 0, 1 - oo,

and the second statement follows. •

We are now ready for the proof of Theorem 2.2.

Proof of Theorem 2.2. (1) We first choose a sequence of open sets Ωn ] Ω = Mc

with Ωn compact and Ωn c Ω.
Let xo e Ωn. Then there exist indices ίj such that BlJ(x0)^0. Without restric-

tion, we may assume that there exists an open set Hi C Ω such that XQ E if* and
Bij(x) ^ * > 0, for x e iV. Then, if O CC ΊV and x0 G Θ, the estimate of [AHS;
Thm. 2.9], reproduced in Proposition 2.4 above, implies that

(ψ ,H(λa)φ) £ ^||ιA||2, ψ e C

and Lemma 2.3 yields

+ \rλχΘ\\ScΘλ-χl\ λ > 0 .

By a simple compactness argument, we find that there exist constants cn > 0 such
that

\\(H(λa)+iyιχΩn\\ ^cnλ-ι'\ λ>0 ,

and we may apply Lemma 2.4 to obtain a function «(/l) f oo such that, for any
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(2) We will now show that, for any / G CC°°(RW) and t > 0,

U-tH{λS) _ QtΔM\ f _ ^ 0 A-^oO.

247

(2.4)

From (2.4) the claimed strong resolvent convergence then follows via the Laplace
transform. Now we have (writing χn^ = XΩn{)))

Q-t(H(λa) _ Q-t{H{λa)+n(λ)χn{))

Q-t(H(λa)+n(λ)χn{λ) _

Q-tH(λa) _

For fixed t > 0, the first term on the RHS tends to 0, as λ —> oo, by Eq. (2.3),
while the second term on the RHS goes to 0 by Lemmas 1.1 and 1.3, and (2.4)
follows.

(3) The proof of Eq. (2.1) is rather simple. We just note that the only place
where strong convergence rather than uniform convergence is used in the above
arguments is when Lemma 1.1 and Lemma 1.3 come into play. Here it is crucial
that we have the absolute value of / in the RHS of the inequality in Lemma 1.3.B

3. Norm Resolvent Convergence

In this section we first derive a fundamental criterion which reduces the convergence
problem for H(λa), as λ —» oo, to the more standard convergence problem for
—A + nχn, as n —> oo, where the χn are certain characteristic functions. We then
discuss various applications of our criterion.

3.1. Main Lemma. Let ae C\Rn;Rn), M = {x;da(x) = 0}, Ms= {x;a(x) = 0}
and suppose that meas (M\M^) = 0. Let —AM denote the Dirichlet Laplacίan on
M, as defined above. Suppose there exists a sequence of open sets Ωn c Ω — Mc

such that Ωn | Ω, satisfying the following two conditions:

(i) There exist constants cn > 0 such that

\\(H(λa)+\)-ιχΩn\\ ^ cnλ-ι'\ λ > 0 . (3.1)

(ii) As n —* oo, —A-\- nχan converges to —AM in norm resolvent sense.

Then
H(λa) —> — AM in norm resolvent sense, λ —» oo .

Remarks (a) In our applications, we will use Lemma 2.3 to verify condition (i).
(b) Conditions (i) and (ii) are in competition for the size of the sets Ωn: while

condition (i) is easier to satisfy for smaller Ωn, we cannot hope for norm conver-
gence in (ii) if the sets Ωn are too small.

Proof of Lemma 3.1. The proof is very similar to the second part of the proof of
Theorem 2.2. Again, from the estimate (3.1) and Lemma 2.4 it follows that there
exists a function n(λ) : [0, oo) —> N with n(λ) —» oo as λ —*• oo such that (again,

Xn(λ) — %&„(;.))

^-t(H(λa)+n(λ)χn{})) _ -tH(λa)\ 0, λ • o o (3.2)
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and we may estimate, for any t > 0,

\\Q-tH(λa) _ QtAM II < | | e-tf/α«) _ e-t(H(λa)+n(λ)χn(λ))^

_|_ \\Q-t(H(λa)+n(λ)χn{/)) _ QtΔM II

Here the first term on the RHS goes to 0 as λ —> oo, by Eq. (3.2), while the second
term on the RHS tends to 0 by assumption (ii), Lemma 1.3, and [RSI; Theorem
VIII.20]. Thus we have shown that, for any t > 0,

Hence, by the Laplace transform and dominated convergence,

oo

\\(H(λa)+lΓι-(-AM + \yl\\ S JHe-^^-e'^He-'Λ
o

tends to zero, as λ —> oo. •

The following proposition will be one of our main tools in checking condition
(ii) of Lemma 3.1.

3.2. Proposition. Suppose Ωn j Ω, where Ωn,Ω are open sets in R", and suppose
that Ω\Ω\ is compact. Let M — Ωc. Then

—Δ+ nχQn -^ —AM in norm resolvent sense, n —• oo .

Proof. Choose an open set U D Ω \ Ω\ D dΩ with U compact, and a non-negative
φ e Cc°°(Rn) with φ = 1 on U. Then with

and φ denoting multiplication by the function φ, we have

0 S φ(Rn-R)φ S φ(Ro~R)φ ,

with the last operator compact. Since φ{Rn — R)φ [ 0 it follows that ([K; Thm.
VIΠ-3.5])

and thus
||(ΛB - R)φ\\ = ||(ΛB - R)ι/2(Rn - R)^2φ\\ - 0 .

As in the proof of Lemma 2.3, we have

WRnXaΛ ^ n-1'2 ,

so

Let ψ = (l- φ)χΩc and note that φ € C°°. We calculate

(-A + 1 )[^(Λ0 - R)] = (-Aφ)(R0 -R)- 2(Vφ) • V(R0 - R)

~R) + 2(Vφ)χΩc V(Λ0 - R)
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so that

ψ(R0 -R) = RoχΩc(Aφ)(Ro - R) + 2R0χΩc(Vφ) V(Λ0 - R)

is a compact operator. Thus φ(Rn — R)φ ύ Φ(Ro — R)Φ implies

But
Rn~R= lQx(Rn ~ R)

+ χ f l c ( l - < ? ) ( * „ - Λ ) ,

and it follows that \\Rn - R\\ -> 0. •

Our first corollory deals with the case of compact Ω.

3.3. Corollary. Let a G Cι(Rn;Rn) and Ω3 = {i;α(i)Φ0},Ω = {x;da(x)Φ0},
M = Ωc . Suppose Ω3\Ω has measure zero and Ω is compact. Then

H(λa) —> —AM in norm resolvent sense , λ —> oo .

Proof. Let ΩM | Ω with Ωn C Ω. We need only check that condition (/) of Lemma
3.1 is satisfied. But this follows from a simple compactness argument as in the
proof of Theorem 2.2. •

We next consider the half-space problem in situations where in any left half-
space of the form {x;x\ < —δ} there is a uniform (positive) lower bound for the
strength of the magnetic field (or rather a positive lower bound for the quadratic
form (φ,H(λa)φ)), while the vector potential is identically zero on the half-space
x\ ^ 0. Again, we wish to obtain norm resolvent convergence to the Dirichlet
Laplacian living on the set x\ > 0.

3.4. Corollary. Suppose a€Cι(Rn,Rn) vanishes on the half-space {x e Rn;
x\ > 0}. Assume that for any δ > 0 there is a positive constant c$ such that

(ψ9H(λa)ψ) £ cδλ ||<AH2 , Φ e Cc°°({*;*i < -δ}), λ > 0. (3.3)

Then H{λa) —> — A+ in norm resolvent sense, where —Δ+ denotes the Dirichlet
Laplacian on the half-space {x;x\ > 0}.

Remark. It seems to be rather difficult to find a most general condition in terms
of the coefficients Btj(x) of the magnetic field da which would guarantee condition
(3.3) to hold. Going back to Lemma 2.3 and its proof, one can see that it is
not enough to simply require a lower bound Σ \^ιj(x)\ = δn > 0, for x E Ωn =
{x;x\ < —l/n}. In addition, one needs some uniformity concerning the balls where
a lower bound holds for some specific |#(/(x)|.

To be more precise, it would be sufficient to require that for any n G N, there
exist some δn > 0,ρπ > 0, and a covering of Ωn+\ with a sequence of balls, Bk,
of radius ρn which enjoys the following two properties:

(i) there exists a K such that at most K members of the family {Bk} intersect
any given ball of radius 1.

(ii) for each of the balls Bk, we can find a pair of indices i,j such that |2?Z; (JC)| ^
δn, for x G Bk.
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Then, using an IMS-partition of unity ([CFrKS]) consisting of functions φk E
C^°(Bk) with ΣΨΪM = 1> f° r x ^ «̂> an<^ sup>t||Vι/̂ Ar||oo < c», we can follow the
line of proof used in proving Lemma 2.3 to derive the desired lower bound.

Proof of Corollary 3.4. Let Ωn = {x e Rn;x\ < —l/n}. Then we clearly need only
show that the operators —A + nχQn converge to —A+ in norm resolvent sense as
n —» oo. By a partial Fourier transform in the n — 1 variables orthogonal to the
x\-direction we need only show that with

h+(k) = -d2/dx2 + \k\2 on (0,oo) ,

with a Dirichlet boundary condition at the point 0, for k £ R""1, and

*„(*) = -d^dx2 + nχ^co,-1 A ί )(x) + \k\2

on the real line, we have

uniformly in k. But for large \k\ the difference is small uniformly in n so that we
need only prove (3.4) for k = 0 (note that this automatically gives uniformity of the
convergence for k in compacts). It follows from Proposition 3.2 (in one dimension)
that

where R is the resolvent of (—d2/dx2)o, the 1-dimensional Laplace operator on the
closed set [0, oo), defined as in Sect. 2. But it is very easy to see that this is just
the usual Dirichlet Laplacian on (0, oo). •

Remark. One might conjecture - based on Corollary 3.4 and Proposition 3.2 - that
more generally there is norm resolvent convergence as long as there is no problem
getting a lower bound near the boundary of Ω. This is incorrect as the next example
shows.

3.5. Example. Let Ω c R2 be defined as Ω = {x e R2;*2 < 1-XiΓ1}. Letting M =
Ωc, we have —A + λχa —> —AM, λ —> oo, in strong resolvent sense, but not in
norm resolvent sense.

Proof. The claimed strong resolvent convergence is immediate from Lemma 1.1.
Assume now for a contradiction that

( - z l + λχo + i y ι - (-AM + l)~l\\ - 0, λ oo .

We consider a sequence of functions fn,n = 0,1,2,..., with fn given as the char-
acteristic function of the ball of radius 1 centered at the point (0, n) in the plane,
and we let

un = (-A + I)" 1 /,, vn = (-AM + iyιfn, *V = (-A + λχΩ + 1)"7«

We will first show that the assumed norm resolvent convergence implies that

| | i > » - K π | | - > 0 , Λ - O O . (3.5)
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In fact, if the convergence of the resolvents would be uniform on the unit ball of
L2(Rn), then, given ε > 0, we could find λε ^ 0 such that

Ik - vivll < ε; λ Z λε n e N. (3.6)

Furthermore, for any fixed λ ^ 0, we have

\\un - wnΛ\\-^ 0, n - > o o . (3.7)

In order to prove (3.7), we translate by — n along the x2-axis, i.e., we compare

uo = (-A + l)-ιfo with

with Ωn = {(xux2) eR2;(xux2+n) e Ω}, so that, in particular, \\un - wn>λ\\ =
||MO — Wn,λ\\- By monotone convergence of quadratic forms, the resolvent of —A +
λχQn converges strongly to the resolvent of —A, as n —» oo, and we see that
wo ~ wn,λ -^ 0, proving (3.7).

Now (3.5) is immediate from Eqs. (3.6) and (3.7).
On the other hand, it can be shown that

liminf Ik-Knl l > 0, (3.8)
->oo

in contradiction with (3.5).
It remains to prove (3.8). Here we introduce, finally, zn — (—(zl_ Θ Δ+)

+ Ό~lfn, where —A± is the Dirichlet Laplacian on the left- and on the right
half plane, respectively. By translation invariance with respect to the x2-coordinate,
we clearly have \\un — zn\\ = c > 0, for a suitable constant c. On the other hand,
I k ~ ZΛ ~* 0> « —>• oo, which may be seen as follows:

Again, we translate by —n the x2-direction and prove that \\vn — zo | | —> 0, n —>
oo, where ϋn = (-AMn -h l)~ι/o, and Mn = Ω%. The quadratic forms tn, associated
with -AMn, have form domain £(tn) = J4?ι(Mn), with Mn c Mn+U for all n. Hence
the sequence (tw) is monotonically decreasing and the standard convergence theorem
tells us that the strong resolvent limit of the operators — AMn is given as the self-
adjoint and non-negative operator representing the closed quadratic form / \Vφ\2dx
with domain given as the closure of UJ(tΛ) in the || ||1>2-norm which is easily
seen to coincide with the form domain of— (A- (B A+). •

3.6. Remark. While our standard assumption is to have α of class C1, in many
cases our approach would also work under weaker regularity assumptions. For ex-
ample, let us consider the case where we have a constant, non-zero magnetic field
on the left half-plane and zero field on the right half-plane in R2, with coordinates
x and y, and a vector potential α given as

where B is a positive constant and x = JC, if x ^ 0, and x = 0, if x > 0. Here one
can directly prove that

(φM(λα)φ) ^λB f \φ\2dxdy, φ (Ξ CC°°(R2) . (3.9)
{(x,y);x<0}
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The proof of Eq. (3.9) is analogous to the proof of Proposition 2.4 ([AHS; Thm.
2.9]), but some more care is needed in proving the commutation relation: As α =
(a\(x,y),a2(x9y)) with a\ — 0 and «2 = Bx, we have

(KP\-a\)ΛP2-a2)]φ,φ) = (l-idX9x]φ9φ) = -iB f \φ\2dxdy ,
{x<0}

by a partial integration in the x-variable (in fact, in 1 dimension,

0 0 0

(-φ',xφ) + (xφ, -V) = - / φ'xφ - / φxφ = J \φ\2.)
— co —oo —oo

From Lemma 2.3 and the lower bound given in Eq. (3.9) we may now infer that

\\(H(λS)+l)-ιχ{χ<o}\\ ύλ-{l\

Therefore, using either Lemma 3.1 directly or the ideas used in its proof, we finally
see that we only have to make sure that

\\(-d2/dx2 + Λχ_(jc) + k2 + I ) " 1 - (A+(Jfc) + I ) " 1 1 | -* 0, i -* oo ,

uniformly in £. This, however, is essentially the same expression we have dealt
with in the proof of Corollary 3.4, and we may conclude that H(λa) converges to
—Δ+ in norm resolvent sense, as λ —» oo.

Our next aim is to show that we have norm resolvent convergence if the mag-
netic field B = da is periodic with respect to some discrete lattice and satisfies the
condition that meas(M\M«) = 0. Here we first prove an auxiliary result which may
also be of use in situations where one does not have periodicity; e. g., one could
base an alternative proof of Corollary 3.4 on Proposition 3.7.

3.7. Proposition. Let Ψm denote the characteristic function of the standard unit
cube centered at m e Zn. Suppose {An} is a sequence of bounded self-adjoint
operators satisfying the following two conditions:

(a) for any r > 0, we have

sup {\\ΨmAnΨm>\\;m,m' G Zn,\m-rn;\ < r] -* 0, n -> oo ,

and

(b) sup sup Σ \\ΨmAnΨm,\\-+0, r->oo.
n meZn {m';\m-m'\~^r}

Then \\An\\ —• 0, as n —> oo.

Proof Given ε > 0, we will show that, for n large enough, the norm of

An — 2^ imAnim

f

is smaller than ε, uniformly in L. Now choose r large enough to ensure that the
expression in (b) is smaller than ε/2. Then, by Schur's inequality, the norm of

AL) — v

\m—m'\ ^.r
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is less than ε/2, for all n,L. Let cr — %{m'\ \m'\ ^ r}. Then the number of terms

appearing in the expansion of ί^n\) — [An - ^ 2 Ί as a sum of terms of the

form
Ψ AΨ Λ

#*1 « m2 n

is bounded by CL./. Thus if we choose N such that H ^ ^ ^ V H < ε/2cr, for
\m — m'\ < r and n ^ N, we then have

This gives, forn^N and for all / G N,

which implies \\A(

n

LJ\\ S ε/2, for all n ^ TV and all L. Thus p i L ) | | < ε, and the
proof is complete. •

The following simple lemma assures that condition (b) of Proposition 3.7 is
satisfied under very general assumptions.

3.8. Lemma. Let V ^ 0 be locally integrable, and let —Δ + V be defined via
quadratic forms. Then

sup Σ H ^ - J + F + I Γ ^ I I ^ O , r->oo,
meZn {m' lm-m'l^r}

uniformly for all V satisfying the above conditions.

Proof As V ^ 0, we have the fundamental estimate (cf., e. g., Simon [S3])

K-Λ + F + l Γ V l SC-Zl + lΓ1!/!, a. e,
for / G Jtf. Furthermore, it is well-known that there exist constants C and α > 0
such that

\\ψk(-Δ + l)- 1 ^./! ! ^ Ce-αl*"Λ *,7 e Zw

this can be shown, e. g., by direct calculation starting from the heat kernel and
using the Laplace transform. It follows that

- α m—m

Now the proof is easily completed by an elementary estimate. •

It is now easy to obtain the following result on norm resolvent convergence for
periodic magnetic fields:

3.9. Theorem. Let a G Cι(Rn,ΈLn), and suppose that the associated field B — da is
periodic with respect to the lattice Z". Assume, furthermore, that meas (M\Mj) =
0, where M = {x;da(x) = 0} and Md = {x;a(x) = 0}. Then

H(λa) —• — AM in norm resolvent sense, λ —* oo ,

where —AM denotes the Dirichlet Laplacian of the set M.
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Proof. We begin the proof by choosing an increasing sequence of open sets Ωn C
Ω = M c , where we assume that each Ωn is periodic (i. e., invariant under lattice
translations), Ωn c Ω and L)Ωn = Ω. Then condition (/) in the Main Lemma 3.1 is
satisfied as may be seen again from the estimate given in Proposition 1.4, Lemma
2.3 and a simple compactness argument (using also the periodicity of the sets Ωn).

For condition (//) in the Main Lemma, we apply Proposition 3.7 with

An = (-Λ + nχΩn + I ) " 1 - (-ΔM + I ) " 1 .

Note first that condition (b) of Proposition 3.7 is satisfied by Lemma 3.8, and it
only remains to check condition (a), where, by periodicity, it is enough to consider

m = 0 e ΊΓ. Now, for r e N fixed, and Ξr = Σ\m'\<r^m'> w e h a v e

<

Here the difference of resolvents on the RHS converges strongly to zero by Lemma
1.1. Since the operator Ξr{—Δ -h \)~~xΞr is compact and the operators on the RHS
form a monotonic sequence, it follows that the RHS tends to zero, as n —> oo, and
we are done. •

Since norm resolvent convergence implies convergence of spectra in the sense
of [RSIV; Sect. VIII], we immediately obtain the following corollary:

3.10. Corollary. Suppose that with B = da periodic as in Theorem 3.9, we have
M = \JjeχnMj {up to a set of measure zero) where the Mj are paίrwise disjoint
compact sets with Mj = Mo +y. Assume that the interior of M is non-empty and
let {μk\k = 1,2,...} be the eigenvalues of —ΛM0- Finally, fix k,a,b,c satisfying
μk < a < b < μk+{ < c.

Then for large enough λ,

9b] = Φ, (3-10)

σ(H(λa))n[b,c]φV). (3.11)

Proof It is easy to see that ΔM — ΘjeznΔMj with form-domain φ j f ι(Mj). Thus
the spectrum of — AM is the same as that of — ΔM0, but with infinite multiplic-
ity. The statements (3.10) and (3.11) are standard consequences of norm resolvent
convergence. •

Remark, (a) Colloquially speaking one might say that, as λ —> oo, gaps will open
up in the spectrum of H(λa)9 while the spectrum of H(λa) concentrates around the
eigenvalues of —ΔM- As we will explain below, we can not prove, however, that
the spectrum of H(λa) will always consist of non-trivial intervals.

(b) As was noted in the introduction, it is a classical result that periodic
Schrόdinger operators —Δ + V may have spectral gaps, in any dimension. While,
in 1-dimension, there will generically be an infinite number of gaps (Simon [SI]),
one expects at most a finite number of gaps in dimension ^ 2; see, e. g., Skriganov
[Skr] or Karpeshina [Kar]. Similarly, one-dimensional Dirac operators with periodic
potentials generically have an infinite number of gaps; see Schmidt [Schm]. For
Laplace-Beltrami operators defined by a periodic metric tensor over Rn, Davies and
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Harrell [DH] have constructed examples in dimensions 2 and higher with spectral
gaps (in 1-dim., any Laplace-Beltrami operator of this type is equivalent to —d2/dx2

on the real line, and there are no gaps). Finally, in connection with a problem in
control theory (cf. Avellaneda et al. [AADH]), Hempel [He] has produced examples
of periodic elliptic divergence type operators —^ijdjaij{x)du acting in L2(Rn), with
spectral gaps; this again works for all dimensions.

In situations which are much more general than what we consider here and which
include the case of periodic magnetic fields, Briining and Sunada ([BrSl, BrS2])
show that the spectrum of the associated operator can be written as the union of
mutually disjoint closed intervals such that any compact subset of R meets only
finitely many. (This does not imply the existence of spectral gaps, however.)

We now illustrate Corollary 3.10 by a simple example of a periodic magnetic
Schrόdinger operator with spectral gaps, in any dimension ^ 2. Here both a and B
will be periodic.

3.11. Example. Let φ e C°°(R) be periodic with period 1, and assume that φ(t) =
0, for —1/4 ^ t ^ 1/4. Furthermore, let us suppose that φf(t) + 0, for almost every
t e (1/4, 3/4). We then define a vector potential ae C°°(R";RΠ), by setting

a(x\9...,*„) = (φ(xn),φ(x\),...,φ(xn-i)) \

it is clear that a is periodic with respect to the lattice 7Γ. Up to a set of measure
zero, the region M$ is then given by the union of Qo + j , j £ Zw, where Qo is the
standard cube of sidelength 1/2 centered at the origin. In order to be able to apply
Corollary 3.10, we only have to make sure that M\M$ has measure zero. Letting
ω(x) = φ(xn)dx\ -f φ(x\)dx2 -f ... + φ(xn-\)dxn denote the 1-form associated with
α, the magnetic field B — dω is easily computed to be

B(x) = φ\xn)dxn l\dx\ + φ\x\)dx\ A dx2 + φl{x2)dx2 Λ dx?>

+ ... + φ'{xn-\ )dxn-\ Λ dxn.

For n ^ 3, it is evident that dω(x)φθ, for almost every x e M$.
For n — 2, however, the magnetic field is given by the function B{x\,x2) =

φ'(xi) — ψ'(χ\) and we make the additional assumption that φ" is non-zero almost
everywhere in (1/4, 3/4). Then VB(x\,x2) = (-φf/(x\),φ"(x2)) is non-zero almost
everywhere in Ω$ so the same holds for B.

Therefore our example satisfies all the assumptions of Corollary 3.10, and it
follows that, as λ increases, the spectrum of H(λa) will converge to the spectrum
of-AQo.

Note that in the 2-dimensional case the total magnetic flux through a period cell
Q is zero, if a is periodic. This follows from Stokes' Theorem and the observation
that the line integral a dl over δQ vanishes because of the periodicity of a. This
underlines again that our result is very much different from the well-known fact
that a non-zero constant magnetic field in 2 dimensions leads to spectral gaps.

It has been one of our main goals to produce spectral gaps of H(λa) (with
periodic vector potential a or periodic field B), and we have achieved this goal
by now, but one may still wonder whether the spectrum separating the gaps will
consist of closed intervals of positive length, or whether it may collapse into isolated
points. This is a rather delicate question in the case of periodic fields since a
non-zero constant field in two dimensions leads to spectrum consisting of isolated
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eigenvalues. Of course, this does not imply anything about the spectrum for non-
constant periodic fields.

We now consider the case of periodic vector potentials <?, where Floquet theory
yields a direct fiber decomposition of the operator. In particular, the spectrum has
band structure since it can be written as the union of the ranges of the "band-
functions" a countable family of continuous functions defined on a fundamental
cell of the dual lattice. Clearly, if we could show that the spectrum of H(λa) is
purely absolutely continuous, then the non-collapse of the bands would immediately
follow (although results weaker than absolute continuity may also be sufficient; cf.
e. g., the result on line broadening announced in Iwatsuka [Iw; Theorem 4.6]).
In view of the work of Gerard [G] on the band functions of periodic Hamilto-
nians — A + V, we expect that H(a) has absolutely continuous spectrum except
for a possible discrete set of eigenvalues. We exclude this possibility at least for
small a.

3.12. Theorem. Suppose {ηj}j=ι is a basis for ΈLn. Then there is an α > 0 so that

for any a G C^R^ R") which is periodic in the sense that a(x + ηj) = a(x),j —
1,...,«, the self-adjoint operator

H(a) = {p- α) 2

has purely absolutely continuous spectrum if

sup \3(x)\ < a .
X

Proof We adapt Thomas' proof [Th] of the absolute continuity for periodic
Schrodinger operators, —A + F, as reproduced in [RSIV, p. 309]: There is a unitary
operator U : L2(Rn) -+ jf,

θ

jj? = fS2(Zn)dnk ,

Q

where Q = {ΣtjKji 0 <£ t} < \J= 1,...,«}, and {A)}"=1 is the basis dual to

ηj Kt = 2πδJtf .

Under this transformation we have

(U{-iV)U-χg){k)m = (P(k)g(k))m ,

where
(P(k)g(k))m = (* + ΣmjKj)g(k)m .

In addition,
ι

where
(ag(k))m = Σ άβ

βezn

and

3m = (\o\Qyιje(-iΣ!J^mJκJ ' x)a(x)dnx
Q

with
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It suffices to show (see [RSIV, p. 309]) that for each d G Rn, the operator

H(z) = (P(k) - Sf; k = d+zb, b = ηx

cannot have the same real eigenvalue C for all z e C.
As in [RSIV] we see that with H0(z) = P(k)2, z = λ + iy with λ chosen so that

b (d + λb) = π, we have

lim \\(H0(z)+l)-ι\\=0.
y—>oo

It follows by the resolvent equation that if

lim inf | | (//(Z)-// o(z))(//o(z)+ l Γ ' H < 1 ,
y—>oo

then for a sequence of y's —•» oo we have

which contradicts the existence of a fixed eigenvalue (C + I ) " 1 of (//(z) + I ) " 1 .
We see that

lim | | ( ( ί ) 2 + /(V α 1

where (V <?)~is defined analogously to a. It remains to estimate

lim inf \\23 - P(k)(P(k)2 + \yι\\ ,
y-^-oo

where k = d -\- zb. This is easily done. We find that

ξ(d) = \immΐ\\\P(k)\(P(k)2 + \Γι\\
y—>oo

= ξ(0) < oo,

so that if 2 supJC|«(x)|^(0) < 1, there is no constant eigenvalue. Thus we can take
1

4. Gauge Invariance and the Condition S^.

We have isolated a condition on the supports of a(x) and B(x) — da(x), namely that
the set M\M$ have measure zero, which we have called Condition S3. (Here, again,
M = {x;B(x) = 0},Ω = Mc, and Ms = {x; a(x) = 0}, Ωs = MS). Under condition
S3 we have shown in Theorem 2.2 that H(λa) converges in the strong resolvent
sense, uniformly in the gauge, to —ΛM That something like condition S3 is natural
is shown in the following theorem.

4.1. Theorem. Let ae C2(Rn,R"), and suppose that M\MS=Ω3\Ω has non-
empty interior. Then there is no bounded operator L so that (H(λa) + I ) " 1 con-
verges to L strongly, uniformly in the gauge.

Proof. Suppose the contrary. As in the proof of Theorem 2.1 we show that, as
λ —» 00,

(H(λa) + lΓιχΩff -> 0 , strongly.

Thus LχQff = 0. Choose an open ball Bo such that Bo c Ω3\Ω and a g e C3(Rn) so

that a = a + dg = 0 in Bo. The function g can be obtained in the following way:
Letting B\ denote an open ball satisfying Bo C B\ and B\ C Ωs\Ω, we first con-
struct a function g\ in B\ by writing g\(x) as a line integral of a along a smooth
path Γx from the center of B\ to the point x E B\\ we may then take g — ηg\,
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where η G Cc°°(#i) satisfies η(x) = 1, for x G Bo. Choose O φ / G C™(B0) and let
. Then

(H(λ3) + 1 Γ 1 - e ~ ^ L β % ) *A -+ 0 , A -> oc ,

since we have assumed that (H(λa) + I ) " 1 converges to L strongly, uniformly in
the gauge, and thus

But φ = (-A + 1)/ = (//(/U?) + 1)/, so (H(λS) + 1 ) " V = / is constant. •

We should not expect Condition S# to be gauge invariant. We have chosen a
gauge in writing — AM and thus we should expect that we need to choose a gauge
for the operators which tend to —AM. However, the following (gauge invariant)
condition on the field B is an interesting one to consider.

We say that a 2-form B satisfies Condition Sβ, if there exists a vector potential,
a, such that B = da and M\M$ has measure zero.

(In this context, we always assume that B = da for some a or, equivalently, that
dB — 0.) Of course, if Condition Sg is true then we can find a gauge so that S$ is
true, and then the main theorems of this paper apply. We will now try to establish
that Condition SB is (roughly) equivalent to a zero-flux condition:

Let M° denote the interior of M. It is clear from Stokes' Theorem that if B
satisfies Condition SB, then the flux of B through any (smooth and oriented) 2-
surface D, with (smooth and oriented) boundary dD contained in M°, is zero,

Flux of B through D = fda = fa = 0 ,
D 3D

where a is as in Condition SB\ again, we think of a as a 1-form. It is an interesting
topological and analytical question whether a zero-flux condition of this type on the
field B is in some sense sufficient for the validity of Condition S#. The following
argument is not a proof but indicates how a proof may be constructed in certain
situations: assuming the zero-flux condition and B — da, we try to find an / such
that a — a — df satisfies S^. Proceeding as in the proof of Theorem 4.1, we first
define / in each component of M° by a line integral of a along a path in this
component starting from some reference point and going to the point x. Under
the zero-flux condition, f(x) is well-defined in M°. Then we extend / to all of
Rw. Unfortunately, this extension process may be difficult or impossible in certain
situations. It would be interesting to understand the phenomena which can occur in
this context.

Acknowledgements. The authors are most grateful to T. Hoffmann-Ostenhof for his kind invitation
to the Erwin Schrodinger Institute, where most of this work was done, stimulated by the strong
coffee brewed at the ESI. They also thank B. Simon for helpful suggestions. Furthermore, Rainer
Hempel would like to thank Evans Harrell (Georgia Tech) for several discussions on periodic
operators.

References

[AB] Arendt, W., Batty, C.J.K.: Absorption semi-groups and Dirichlet boundary conditions.
Math. Ann. 295, 427^48 (1993)

[AADH] Avellaneda, M., Alama, S., Deift, P.A., Hempel, R.: On the existence of eigenvalues of
a divergence form operator A + λB in a gap of σ(A). Asymptotic Analysis, to appear



Strong Magnetic Fields, Dirichlet Boundaries, and Spectral Gaps 259

[AHS] Avron, J., Herbst, I., Simon, B.: Schrόdinger operators with singular magnetic fields, I.
General Interactions. Duke Math. J. 45, 847-883 (1978)

[BrSl] Bruning, J., Sunada, T.: On the spectrum of gauge-periodic elliptic operators. Soc. Math.
France Asterisque 210, 65-74 (1992)

[BrS2] Bruning, J., Sunada, T.: In preparation
[CFrKS] Cycon, H.L., Froese, R., Kirsch, W., Simon, B.: Schrόdinger operators. Berlin, Heidel-

berg, New York: Springer, 1987
[DH] Davies, E.B., Harrell, E.: Conformally flat Riemannian metrics, Schrόdinger operators,

and semiclassical approximation. J. Differential Equations 66, 165—188 (1987)
[GTr] Gilbarg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order.

Berlin, Heidelberg, New York: Springer, 1977
[Gl] Gerard, Chr.: Resonance theory for periodic Schrόdinger operators. Bull. Soc. Math.

France 118, 27-54 (1990)
[H] Hedberg, L.: Spectral synthesis and stability in Sobolev spaces. In: Euclidean Harmonic

Analysis, Proceedings Maryland. Lecture Notes in Mathematics 779, 73-103 (1980)
[He] Hempel, R.: Second order perturbations of divergence type operators with a spectral

gap. In: Operator Theory: Advances and Applications, Vol. 47, Basel, Birkhauser, 1992
[HZh] Herbst, I., Zhao, Zh.: Sobolev spaces, Kac-regularity, and the Feynman-Kac formula.

In: Seminar on Stochastic Processes, Boston, Birkhauser: 1987
[Iw] Iwatsuka, A.: On Schrόdinger operators with magnetic fields. In: Lecture Notes in Math-

ematics, vol. 1450 Conf. Proc. Fujita, H., Ikebe, T., Kuroda, S.T. (eds.), Berlin, Hei-
delberg, New York: Springer 1990, pp. 157-172

[Kar] Karpeshina, Yu.E.: Perturbation theory for the Schrόdinger operator with a periodic
potential. Proc. of the Steklov Inst. of Math. 1991, Issue 3, pp. 109-145

[K] Kato, T.: Perturbation theory for linear operators. Berlin, Heidelberg, New York:
Springer 1966

[RSI] Reed, M., Simon, B.: Methods of Modern Mathematical Physics, Vol. I. Functional
Analysis. Revised and enlarged edition. New York: Academic Press, 1979

[RSIV] Reed, M., Simon, B.: Methods of Modern Mathematical Physics, Vol. IV. Analysis of
Operators. New York: Academic Press, 1978

[SI] Simon, B.: On the genericity of nonvanishing instability intervals in Hill's equation.
Ann. Inst. H. Poincare Sect. A (N. S.) 24, 91-93 (1976)

[S2] Simon, B.: A canonical decomposition for quadratic forms with applications to mono-
tone convergence theorems. J. Funct. Anal. 28, 377-385 (1978)

[S3] Simon, B.: Functional Integration and Quantum Physics. New York: Academic
Press, 1979

[Schm] Schmidt, K.M.: On the genericity of nonvanishing instability intervals in periodic Dirac
systems. Ann. Inst. Henri Poincare 59, 315-326 (1993)

[Skr] Skriganov, M.M.: The spectrum band structure of the three-dimensional Schrόdinger
operator with periodic potential. Inventiones Math. 80, 107-121 (1985)

[St] Stein, E.M.: Singular integrals and differentiability properties of functions. Princeton,
NJ: Princeton, Univ. Press 1986

[Th] Thomas, L.E.: Time dependent approach to scattering from impurities in a crystal.
Commun. Math. Phys. 33, 335-343 (1973)

[W] Weidmann, J.: Stetige Abhangigkeit der Eigenwerte und Eigenfunktionen elliptischer
Differentialoperatoren vom Gebiet. Math. Scand. 54, 51-69 (1984)

Note added in proof. In the case of a Dirac operator with periodic electric potentials, L.I. Danilov
has found results that are related to what we have stated in Theorem 3.12 (cf. L.I. Danilov, On
the spectrum of the Dirac operator in R" with periodic potential, Teoret. Mat. Fiz. 85 (1990),
41-53 (russian); translation in: Theoret. and Math. Phys. 85 (1991), 1039-1048). The authors
thank Prof. M. Birman (St. Petersburg) for drawing their attention to this paper.

Communicated by B. Simon






