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Abstract. We formulate general conjectures about the relationship between the
A-model connection on the cohomology of a d-dimensional Calabi-Yau complete
intersection ¥ of » hypersurfaces Vi,...,V, in a toric variety Ps and the system
of differential operators annihilating the special generalized hypergeometric series
@, constructed from the fan 2. Using this generalized hypergeometric series, we
propose conjectural mirrors ¥’ of ¥ and the canonical g-coordinates on the moduli
spaces of Calabi-Yau manifolds.

In the second part of the paper we consider some examples of Calabi—Yau
3-folds having Picard number > 1 in products of projective spaces. For conjec-
tural mirrors, using the recurrent relation among coefficients of the restriction of the
hypergeometric function @y on a special line in the moduli space, we determine the
Picard-Fuchs equation satisfied by periods of this special one-parameter subfam-
ily. This allows to obtain some sequences of integers which can be conjecturally
interpreted in terms of Gromov—Witten invariants. Using standard techniques from
enumerative geometry, first terms of these sequence of integers are checked to
coincide with numbers of rational curves on Calabi-Yau 3-folds.

1. Introduction

In this paper we consider complex projective smooth algebraic varieties V' of
dimension d whose canonical bundles ¢} are trivial, i.e. Ay = Oy, and the Hodge
numbers 4P O(V) are zero unless p =0, or p = d. These varieties are called d-
dimensional Calabi-Yau varieties, or Calabi-Yau d-folds. For each dimension
d = 3, there are many examples of topologically different Calabi-Yau d-folds which
can be constructed from hypersurfaces and complete intersections in weighted pro-
jective spaces [5, 6,7, 24,23, 26].

Physicists have discovered a fascinating phenomen for Calabi—Yau manifolds,
so-called mirror symmetry [12,17,27,29]. Using mirror symmetry, Candelas et al.
in [9] have computed the coefficients of the g-expansion of the Yukawa coupling
for Calabi-Yau hypersurfaces of degree 5 in P*. The method of Candelas et al. was
applied to Calabi—Yau 3-folds in weighted projective spaces [14,33,21] and
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complete intersections in weighted and ordinary projective spaces [22,28]. The
g-expansions for Yukawa couplings have been calculated also for Calabi—Yau hy-
persurfaces of dimension d > 3 in projective spaces [18].

The interest of algebraic geometers in Yukawa couplings is explained by the
conjectural relationship between the coefficients of the g-expansion of the Yukawa
couplings and the intersection theory on the moduli spaces of rational curves on
Calabi—Yau d-folds [18, 19]. For small values of the degree of rational curves, this
relationship was verified in some cases by S. Katz [20]. However, the main problem
which remains unsolved is to find a general rigorous mathematical explanation of
the relation between the coefficient of g-expansions and counting of rational curves
(instantons) on Calabi—Yau manifolds.

The purpose of this paper is to show that the calculation of the Yukawa
couplings for d-dimensional Calabi—Yau complete intersections in toric varieties
bases essentially on the theory of special generalized hypergeometric functions. We
remark that these hypergeometric functions satisfy the hypergeometric differential
system considered by Gelfand, Kapranov and Zelevinsky in [15]. We propose also
a general method for computing the normalized canonical g-coordinates.

The paper is organized as follows:

In Sect. 2, we give a review of the calculation of Candelas et al. in [9] of the
coefficients I'y of the g-expansion of the normalized Yukawa 3-point function

3) qd
K =5+ I .
1 d; Mg

The coefficients I'y = nyd® conjecturaly coincide with the Gromov—Witten invariants
(introduced by D. Morrison in [35]) for rational curves on quintic hypersurfaces in
P*. Our review is greatly influenced by the work of D. Morrison [32,33], but we
want to emphasize the fact that the computation of the prediction for the number of
rational curves on quintic 3-folds bases essentially on the properties of the special
generalized hypergeometric series

5n)!
ZOES Ei’l’!l))S -

which admits a combinatorial definition in terms of curves on P*.

In Sect. 3, we explain a Hodge-theoretic framework for mirror symmetry and
the ideas due to P. Deligne [11] and D. Morrison [34, 35]. The key-point here is the
existence of a new type of connection on cohomology of Calabi—Yau manifolds.
Following a suggestion of D. Morrison, we call it 4-model connection (see also
[43]). The mirror symmetry identifies the 4-model connection on the cohomology of
a Calabi—Yau d-fold V' with the classical GauB—Manin connection on cohomology
of its mirror manifold V.

Section 4 contains a review of the standard computational technique based on
the recurrent relations satisfied by coefficients of formal solutions of Picard—Fuchs
equations. We use this technique later in explicit calculations of g-expansions for
Yukawa couplings for some examples of Calabi—Yau complete intersections in toric
varieties.

Section 5 is devoted to complete intersections in ordinary projective spaces.
Using explicit description of the series @y(z) for Calabi-Yau complete intersections
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in projective spaces, we calculate the d-point Yukawa coupling and propose the
explicit construction for mirrors of such Calabi-Yau d-folds’.

In Sect. 6, we give a general definition of special generalized hypergeometric
functions and establish the relationships between these functions and combinato-
rial properties of rational curves on toric varieties containing Calabi—Yau complete
intersections. It is easy to see that these generalized hypergeometric functions
form a special subclass of the generalized hypergeometric functions with resonance
parameters considered by Gelfand. et al. in [15]. We formulate general conjectures
about the differential systems and canonical g-coordinates defined by the generalized
hypergeometric series corresponding to Calabi—Yau complete intersections in toric
varieties. Using a combinatorial interpretation of Calabi—Yau complete intersections
in toric varieties due to Yu. I. Manin [30], we propose an explicit construction of
Mirrors.

In Sect. 7, we consider in more detail the example of Calabi—Yau hypersur-
faces V of degree (3,3) in P2xP?. We use this example to illustrate the general
computational method we used in Sect. 8, where we calculate the g-expansions of
Yukawa couplings for some Calabi-Yau complete intersections in products of pro-
jective spaces. For this, we restrict the hypergeometric function @y(z) to a very
special line, such that the resulting function of one parameter satisfies a fourth-
order differential equation to which we apply the methods described in Sect. 4. The
actual calculations were done on the computer, using a general program written
inside MAPLE. Applying methods of enumerative geometry, we check that first
numbers in the resulting sequences of integers (conjectural Gromov—Witten invari-
ants) coincide with numbers of rational curves of small degree on the corresponding
Calabi—Yau 3-folds. So our results can be seen as a confirmation of the conjectures
related to mirror symmetry.

2. Quintics in P*

In this section we give a review of the (conjectural) computation of the Gromov—
Witten invariants I'y and predictions n; for numbers of rational curves of
degree d on quintics ¥ in P° due to P. Candelas, X. de la Ossa, P.S. Green, and
L. Parkes [9]. The main ingredients of these computations were considered in papers
of D. Morrison [32, 33]. The purpose of this review is to stress that this computation
depends only on properties of the special generalized hypergeometric function @¢(z).
We begin with the algorithm for computing the coefficients in the g-expansion of
the Yukawa coupling and the predictions for number of rational curves.

2.1. The Coefficients in the g-Expansion of the Yukawa Coupling. Consider the

series
5n)!
( ) Zn .

Do(z) = )

nzo (n!)’

Step 1. If we put a, = %Z—?))g!', then the numbers a, satisfy the recurrent relation

(n+ Dapi1 = 5(5n+ 1)(5n +2)(5n + 3)(5n + 4)ay .

3 Recently L. Borisov proposed a general combinatorial duality which includes as a particular
case this our construction [4].



496 V.V. Batyrev, D. van Straten

This immediately implies that the series @o(z) is the solution to the differential
equation
9P(z) =0,

where

D = 0* —52(50 +1)(50 +2)(50 +3)(50 + 4), O = z;% )

One can rewrite the differential operator & in powers of @ as follows:
D = A4(2)0* + 43(2)O° + - - + 4o(2) .

We denote by C;(z) the rational function A4;(z)/44(z) (i =0,...,3).
Step 2. Following [32], define the normalized Yukawa 3-differential as

Z >
where K W3(z)/¢ (z) is the 3-point coupling function. The function W3(z)
satisfies the differential equation

OWs(2) = ~5 Cx(IW3(2)(10)

and the normalizing condition #3(0) = 5.

One easily obtains
®3
W= ——5—2 &
(1 -52)P5(2) \ z

Step 3. The equation 2@ = 0 is a Picard—Fuchs differential equation with maximal
unipotent monodromy (in the sense of Morrison [32]) at z = 0. Therefore, there
exists a unique solution @(z) to 29 = 0 such that @,(z) = (logz)Py(z) + P(z),
where P(z) is regular at z = 0 and ¥(0) = 0. We define the new local coordinate
q = q(z) near the point z = 0 as

. Di1(z)\ _ ¥(z)
q(z) = exp (450(2)) = zexp (q%(z)) .

Then, we rewrite the normalized Yukawa 3-differential #; in the coordinate g as

d ®3
e

The function K,§3) is called the Yukawa 3-point coupling. This function has the
power expansion

) ndd3 d
K =5+ Z ,
q > 1 — qd
where I'y = ngd® are conjectured to be the Gromov—Witten invariants of rational
curves of degree d on a quintic 3-fold in P* [20, 35]. The numbers n, are predictions
for numbers of rational curves of degree d on quintic 3-folds.
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It is important to remark that in the above algorithm for calculation of the num-
bers n; one needs to know only properties of the series @¢(z) and the normalization
condition W3(0) = degV =5 for Wj(z), i.e., one does not need to know anything
about mirrors of quintics.

2.2. Philosophy of Mirrors and the Series ®o(z). The central role in the compu-
tation of Candelas et al. in [9] is played by the orbifold construction of mirrors
for quintics in P* [17]. In [1], this construction of mirrors was generalized for
hypersurfaces in toric Fano varieties with Gorenstein singularities.

In the above algorithm, we have shown that one can forget about mirrors.
However, the philosophy of mirrors proves to be very helpful. For quintic 3-
folds this philosophy appears as the following twofold interpretation of the series
(p()(Z )

The first interpretation. We compute the coefficients a, of the power series Py(z)
using combinatorial properties of curves C C P* of degree n.

Notice that any such curve C meets a generic quintic V' at 5n distinct points
DPi,-.., Ppsn. There exists a degeneration of V' into a union of 5 hyperplanes
HyU...UHs. Every such hyperplane H, intersects C at n points p;,..., p;,
which can be considered as deformations of a subset of n points from the set
{P15.--, Psa}. It Temains to remark that there exists exactly (5n)!/(n!)® ways to
divide { p1,..., ps,} into 5 copies of n-element disjoint subsets.

The second interpretation. We find the coefficients a, from an integral representa-
tion of Py(z).

Let T = (C*)* be the 4-dimensional algebraic torus with coordinate functions
X1, X3, X3, Xy. Take the Laurent polynomial

fl, X) =1 — (i Xy + uaXo + usXz + ugXy + us(X1.0X:3X)™ 1)

in variables X, X5, X3, X4, where the coefficients uy,...,us are considered as inde-
pendent parameters. Let z = ujupusugus.

Proposition 2.2.1.
1 1 dXxy dX, dX3/\dX4

ottt ) =) = o A L Tw % % N

Proof. One has

1 —1\n
T X) = S (uXi + wXo + usXs + usXs + us(X1 X0 X6Xa) 1)
B n=0

= > ()X .

mez4

It is straightforward to see that co(u) = Po(u ...us). Now the statement follows
from the Cauchy residue formula. O

The second interpretation of @y(z) implicitly uses mirrors of quintics, since
zero-locus of f(u, X') defines the affine Calabi-Yau 3-fold Z; in T whose smooth
Calabi—Yau compactification is mirror symmetric with respect to quintic 3-folds (see
[1]). Moreover, the holomorphic 3-form w(z) on Z, that extends to a regular form
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on a smooth compactification of Z, depends only on z, i.., only on the product
uy ...us. This 3-form can be written as

L dx d d dX

1
Rty S TO% O (A A A A

This shows that ®y(z) is exactly the monodromy invariant period of the 3-form
(z) near z = 0.

Proposition 2.2.2. The differential 3-form w(z) satisfies the same Picard—Fuchs
differential equation 2P = 0 as the series ®y(z). In particular, all periods of w(z)
satisfy the Picard-Fuch differential equation with the operator

O — 52(50 + 1)(50 +2)(50 +3)(50 + 4) .

Proof. In order to prove the statement, it is sufficient to check that

( 1)%_&W%W%
fw,X)) X, X X5 X

is a differential of a rational 3-form on T\Z;. The latter follows from a standard
arguments using reduction by the Jacobian ideal J; (see [2]). O

2.3. A-model Connection. The Yukawa coupling can be described in terms of a
nilpotent connection V4 on the cohomology of quintic 3-fold V,

d
YV, H*V,C) = H*(V,C)® c<—zf> .
This connection is homogeneous of degree 2, i.e.,

Vi H'(V,C) = H(V, C)® C<dz> ;

z

and hence V, vanishes on H3(V, C). For this reason, we consider only the
cohomology subring

3 .
H*(V, 1) = @H*(V, L) CH*(V, Z)
1=0

of even-dimensional classes on a quintic 3-fold V' (tk H%*(V, Z) = 1). Let 7, be the
positive generator of H%(¥, Z). Then, in the basis %o, 71, 72, 113, the multiplication
by #; is the endomorphism of H**(¥, Z) having as matrix

S O OO
SO O -
S O wn O
S = O O
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Following [10] and [35], we define the 1-parameter connection on H**(¥, C) ®
C[[¢]] considered as a trivial bundle over Spec C[[g]] as follows:

0 %4 o 0

Vo q No
Vam | _ [0 0 KM% o | [n
Van2 0 0 0 dq M2
q
VA’73 0 0 0 0 13
The matrix
0 “g 0 0
0 0 kKP4 o
K(g) = e (1
0 0 0 7‘1
0 0 0 0
can be considered as the deformation of the matrix A such that
= Res|—0K(q) .

The mirror philosophy shows that the matrix (1) can be identified with the
matrix of the classical Gauf—Manin connection on the 4-dimensional cohomology
space H3(Z r, C) in a special symplectic basis. We notice that the quotients F*'/F i+l
of the Hodge filtration

H¥Z;, C)=F'>F' DF*>F>F'=0
are l-dimensional. There is also the monodromy filtration on the homology
Hy(Zs, 7), )
O=W_CWoCW,CW,C W3=H3(Zf,Z)
such that W;/W;_; are also 1-dimensional. We choose the symplectic basis y¢, 71,
v2,73 in H3(Z;, Z) in such a way that {yo,...,7;} form a Z-basis of W;. We
choose also the basis wg, w1, w,, @3 of H3(Zf, C) such that {wy,...,w;} form a
C-basis of F>~' and
pij:fa),=5ij forigj.
7y

So the period matrix IT = (p,,) has the form [18,35]

1 pn p pu

_ {0 1 ps pu

T=10 o 1 pu
0 O 0 1

Notice that all coefficients p; (i < j) are multivalued functions of z near z = 0.
Applying the Griffiths transversality property, we obtain that the Gau—Manin
connection in the z-coordinate has the form

Vg 0 (Opn)% 0 0 o
Vo, | |0 0 (Opn)& 0 w,
Vo, | {0 0 0 (O psa)E w |’
Vs 0 0 0 0 w3

where © are single valued functions.

Pri+1
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Then the Yukawa 3-differential is simply the tensor product

dz\*®’ dz dz dz
Wi =K (;) =(Opn)—_- ©(Opn)_ ©(Ops)—- -

By Griffiths transversality, one has wo A w; =0, i.e. we can assume that
P12 = p3s. The differential form wg can be defined as w/®Py(z). Moreover, pi; =
D(z)/ Po(z). In the new coordinate g, we have p;; = logg. Then the Gaufl-Manin
connection can be rewritten as

dg
Vwo 0 q 0 0 o
Vo | _ [0 0 k7% o || o
Va, 00 o Y|\
q
Ve o0 o 0/ \®

2.4. The g-Coordinate and the Yukawa Coupling. Since the coordinate g was
defined intrinsically as the ratio @;(z)/®o(z) of two solutions of the differential
equation 2@ = 0, it is natural to ask about the form of the differential operator &
in the new coordinate ¢g. Denote by Z the differential operator ‘Ia%-

Proposition 2.4.1. The differential 3-form wq satisfies the Picard—Fuchs differential
equation with the differential operator

E' 4 e3(@)F® + ea(g)E?

where
@=L = K EKD
KO &y kD
Proof. By properties of the nilpotent connection, one has
Bwy = wy, Ew; = Kf)a)z, Zw, = w3, Zwy;=0.

So
oy = B2KPwy = E(EKP)w, + KPP ws)

= (B°K)w, + 2(BKP w3 .
On the other hand,

1
Wy = —77= W0,
K
i)
w3::-( =2 0)_ Kl] =2 3(00
= 3 3 3=
i (K5 i

Remark. 2.4.2. The differential equation for wy can be written also as
EK) & wy =0.

In this form this equation first arose in [13].
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The differential operator & which annihilates the function ®o(z) defines the
connection in the basis w, Ow, O*w, @ w of H*(Z;, C):

Vo 0 %5 0 0 w
VOw | _ 0 0 & 0 Ow
VOin | — 0 0 0 422 0w
V@i —C@E —C)E —C@)E —C)L) \Oo

The basis o, Ow ®’w, @ w is also compatible with the Hodge filtration in
H3(Z, C). Thus there exists a matrix

rin riz rs o ri4
Y22 13 P34

0
B=10 o 133 P34
0 0 O V44
such that
w (0N
Ow _ Wi
@ | =R wy
Q3w w3

It is easy to see that

rir = @o(z),72 = Po(z)(O p12),733 = Po(z)(O p12 (O p23),
¥44 = Po(z)(O p12)(O p23 )(O p3a) .

3. Quantum Variations of Hodge Structure on Calabi-Yau Manifolds

3.1. A-Model Connection and Rational Curves. A general approach to the definition
of a new connection on cohomology of algebraic and symplectic manifolds V' was
proposed by Witten [42]. The construction of Witten bases on the interpretation of
third partial derivatives

63

Gty )

of a function P(z) on the cohomology space H*(V, C) as structure constants of
a commutative associative algebra. The function P(z) is defined via the inter-
section theory on the moduli spaces of mappings of Riemann surfaces S to V.
Using Poincare duality, one obtains the structure coefficients of the connection on
H*(V, C).

We consider a specialization of the general construction to the case when V
is a Calabi-Yau 3-fold. We put n = dim H*(V, C) = dim H*(V, C). Let 5, be a
generator of H(V, Z),{n1,..., 1.} a Z-basis of H*(V, Z), {{1,...,{,} the dual Z-
basis of H*(V, Z)({n,,{;) = 0;;), and {o the dual to 5o generator of HS(V,Z). We
can always assume that the cohomology classes #;,...,#, are contained in the closed
Kahler cone of V.
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Definition 3.1.1. Let R = C[[qy,...,q.]] be the ring of formal power series in n
independent variables. We denote by H(V) the scalar extension

(@H”(V C>) ®R.

=0

We consider a flat nilpotent holomorphic connection
Va:HV)— H(V)® Q(logq)

defined by the following formulas{10, 35]

d
VA’/IO an®7ql‘ ;

1

dq,

Vany = ZZKljkgj k=1,...,n;

i=1j=

d
Vil ={o q,, j=1,...,n

Valo=0.

The coefficients K are power series in ¢i,...,q, defined by rational curves C on
V, i.e., morphisms f : P! — V as follows:

[C]
q
Kije = (nistjsti) + 52 mep(Comi(Conp)(Come) T »
ccr q

(CT+0
where ¢l = g{'--- g% (¢; = (C,n,)). The integer

Tiey(mismj, i) = ner(Coni) (Comi)(Co i)

is called the Gromov-Witten invariant [20,35] of the class [C]. If the classes
i, 1, and u; are represented by effective divisors D;, D; and D, on V, then
I'tci(mi>nj, i) is the number of pseudo-holomorphic immersions ¢ : P! — ¥ such
that [«(P))] =[C] and «(0) € D,, (1) € D,, 1(o0) € Dy for sufficiently general
almost complex structure on V. One could hope that under favorable circumstance
the number njc; would be equal to the number of rational curves C C V' in the
class [C] is always non-negative.

The connection V4 will be called the A-model connection. The connection V4
defines on H(V') a variation of Hodge structure of type (1,n,n,1). We call this
variation the quantum variation of Hodge structure on V.

Remark. 3.1.2. The Picard—Fuchs differential system satisfied by #, was considered
in detail in [10].
One immediately obtains:

Proposition 3.1.3. Let n=1ILim+---+ 1Ly, € H*(V,Z) be a class of an
ample divisor on V. Define the 1-parameter connection with the new coordinate
q by putting q1 = ¢",...,qn = q'". Then the connection V4 on H(V) induces the
connection
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3 3
V,: (@)HZI(V, C[[‘]]])) - <@H2'(V, C[[Q]])) ®QIC[[q]](10g q) -
= 1=0 C

In particular, the residue of the connection operator Vy at q = 0 is the Lefschetz
operator L, : H*(V,C) — H***(V,C), and

d3 d d ®3
((Vg)’n0.m0) = ((n,n,m + 3 ng qqd> (ﬁ) ’

diso 1 q

where

ny = Z niey -
(C,ny=d

Corollary 3.1.4. The connection NV, defines a differential operator of order 4
annihilating no.

3.2. The Gaufp—Manin Connection for Mirrors. Let W be a Calabi-Yau 3-fold such
that dim H3(W, C) = 2n + 2. Assume that we are given a variation W, of complex
structure on W near a boundary point p of the n-dimensional moduli space .#y
of complex structures on W in holomorphic coordinates zy,...,z, near p such that

p=1(0,...,0).

Definition 3.2.1. The family W, is said to have the maximal unipotent monodromy
at z =0 if the weight filtration

O0=W_,C Wy C W, CW,CWy=HW.,C)
defined by N is orthogonal to the Hodge filtration {F'}, ie.,
HW.,C)=Wre&F™, i=0,..3.

(This is essentially the same definition given in [34,35].)
Choose a symplectic basis

{90 V1o e o5 Vs 01, . 0ns 00 }
of H3(W,, Z) in such a way that 7y generates Wo, {70, 71,...,y.} 18 @ Z-basis of Wy,
{90510+ Vs 015+ On }
is a Z-basis of W,. Then we choose a symplectic basis in H>*(W,,C):
{we, 01, O, 1y Uiy U0} s

such that wq generates F3, {wo,w1,...,w,} is the basis of F? {wy.o,...,0,,
U1,...,U,} is the basis of F! such that

<(U,,'}7,> = <U,,(S,> =1,i=0,...,n,
<(UI>7’O> = <U/»VO> = <U[v“//-> = <Uo,7/> = <L70,(5/> = 0’ ] = 1,“"", ] — O’“.,n .
The choice of the basis of H3(W., C) defines the splitting into the direct sum

H3(VVZ,C) :H3.O@H2.l @HI‘Z@HO'S ,
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such that all direct summands acquire canonical integral structures. By Griffiths
transversality property, the GauB—Manin connection V sends H>~5/ to H*~ =L+l g
Q' (logz).

Two Calabi-Yau 3-folds V' and W are called mirror symmetric if the quantum
variation of Hodge structure for V is isomorphic to the classical VMHS for W. In
this case the g-co-ordinates near p up to constants are defined by the formula [34]

gi =exp(2nv—1) [y .

4. Picard-Fuchs Equations

In this section we recall standard facts about Picard—Fuchs differential equations
which we use in computations of Yukawa d-point functions and predictions for
numbers of rational curves on Calabi—Yau manifolds.

4.1. Recurrent Relations and Differential Equations. Let a,(n =0,1,2,...) be an
infinite sequence of complex numbers. For our purposes, it will be more convenient
to define a, for all integers n € Z by putting a, =0 for n < 0. We define the
generating function for the sequence {a,} as the formal power series

D(z) = iaiz" e C[[z]] .
i=0

Consider the following two differential operators acting on C[[z]]:

O:fzlf,
0z
z:froz f.
They satisfy the relation
[0,z =O0z—z00 ==z. 2)

These operators generate the algebra D = C[z, @] of “logarithmic” differential
operators which are polynomials in non-commuting operators @ and z.
Fix a positive integer d. Assume that there exist m + 1(m = 1) polynomials,

Po(y),...,Pn(y) € Cly]

of degree d + 1 such that for every n € Z the numbers {a;} satisfy the recurrent
relation:

PO(n)an+Pl(n+1)an+l+"‘+Pm(n+m)an+mzo' (3)

(Here we consider y as a new complex variable having no connection to our pre-
vious variable z.) Then @(z) is a formal solution of the linear differential equation

29(z)=0
with the differential operator

9D =7"Py (@) + 2" 'P(O)+ -+ P,(O). 4)
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This differential equation of order d + 1 can be rewritten in powers of @ as
D = A1 (2) O + -+ 41(2) O + Ao(2) , (5)
where A; are some polynomials in z. It is easy to check the following:

Proposition 4.1.1. A power series ®(z) is a formal solution to a differential
equation D P(z) =0 of order d+1 for some element 9 € D if and only if
the coefficients {a;} satisfy a recurrent relation as in (3) for some polynomials
Po(y),...,Pu(p) of degree d + 1.

4.2. Picard—Fuchs Operators. Recall that a differential operator 2 as in (5) is
called a Picard-Fuchs operator at point z =0 if A;,1(0)=%0. Solutions of the
Picard-Fuchs equations 2 @ are said to have maximal unipotent monodromy at
z =0 [33] if 4;(0) =0 for i =0,...,d. The above conditions on the operator &
can be reformulated in terms of properties of the polynomial P,(y) in (3) as
follows:

A differential operator 9 is a Picard—Fuchs operator if and only if the poly-
nomial P,(y) has degree d + 1, i.e., its leading coefficient is nonzero. Moreover,
solutions of the equations 9 have maximal unipotent monodromy at z = 0 if and
only if the polynomial P,(y) equals cy* for some nonzero constant c.

Picard—Fuchs operators having the maximal unipotent monodromy at z = 0 will
be objects of our main interest. Therefore, we introduce the following definition:

Definition 4.2.1. 4 Picard-Fuchs operator & with the maximal unipotent mon-
odromy will be called a MU-operator. We will always assume that the corre-
sponding polynomial P, (y) in (3) for any MU-operator 9 is y*, ie., c = 1.

The fundamental property of M U-operators is the following one:

Theorem 4.2.2. If 9 is MU-operator, then the subspace in C[[z]] of solutions of
the linear differential equation

2P(z)=0
has dimension 1. Moreover, every solution is defined uniquely by the value
®(0) = ay.

Proof. If we have chosen a value of ag, all coefficients a; for i = 0 are
uniquely defined from the recurrent relation (3). (We recall that we put a; =0
for i < 0.) ]

Definition 4.2.3. Let 9 be a MU-operator. Then the power series solution ®y(z)
of the equation 9 ®(z) = 0 normalized by the condition ®y(0) = 1 will be called
the socle-solution.

4.3. Logarithmic Solutions and the q-Coordinate. Let & be a M U-operator of order
d + 1. Putting Ci(z) = Ai(z)/Aa+1(z) we can define another differential operator

d+1
P=P(0O)=> C(2)0",
i=0
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which is also a MU-operator of order d + 1, where C,(z) are rational functions in
z, and Cyy1(z) = 1. Assume that we have a formal regular solution

D(z) = > a,z".
=0

Consider a formal polynomial extension
M; = C[[z]][logz] ,

where log z is considered as a new transcendent variable. We can define the structure
of a left D-module on M, putting by definition @logz = 1. In fact, M, will be a
module over the larger algebra D, containing the new operator Log z such that

zo(@ologz)=(O@ologz)oz=1,
Oologz—Logzo® =1,
and Log z acts on M, by multiplication on log z.

Proposition 4.3.1. Let # = fool Ci(z) ®' be any operator in D. Then

d+1
[Z,Logz] = YiCi(2)0' ' =2,

i=1
where Py, is a formal derivative of 2 with respect to ©.
Proof. The statement follows from relation
@ oLogz—Logzo @ =i@!,
which can be proved by induction.
O

Assume that we want to find a element @(z) in M, such that Z®(z) =0 and
®,(z) has form

Di(z) =logz - Py(z)+ ¥ (2),
where ¥(z) is an element of C[[z]], and ¥ (0) = 0.

Proposition 4.3.2. The element ¥ (z) satisfies the linear non-homogeneous differ-
ential equation
Po®i(z) +P¥(2)=0, (6)

or, formally,
Y(z)= —P ' Py®(z) = dglog 2 - Bo(z) .
Proof. Since @y and @, are solutions, we obtain
0=2b =Plogz®y+ 2V
=(Logzo P 4+ [P,Logz))Py+ PVY = [P,Logz]o Py(z)+ PV
=P+ PV =0. O

Proposition 4.3.3. If ®y(z) is the socle solution, then the function W (z) is uniquely
defined by Eq. (6) and the condition ¥ (0) =0 as an element of C[[z]].
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Proof. Let ¥(z) = 3.-°__biz' be an element of zC[[z]), i.e., b, =0 for i < 0.
By 4.3.2, for any n € Z, the coefficient by z”" in 2 ¥ (z) is

Pm(n)bn +Pm—l(n - l)bn—l + e -l—Po(}’l - m)bn——m .
On the other hand, the coefficient by z” in 2, ®y(z) is
P:n(n)an +P:n—l(n - 1)an—l + e +P(/](n - m)an—m .

Thus, we obtain the recurrent linear non-homogeneous relation
m
Pm(n)bn + ZPm-—[(n l)bn i+ Z z(n - l)an 1= =0. (7)
1=1

Since P, (n) = n?t1 £0 for n = 1, one can find all coefficients b, (i = 1) using
(7). For instance, we obtain

b1 = —(d + 1)(11 —P,'n_l(O)ao 5
2 by = —(d + 1)2%;y — Pp_1(1)by — P),_,(1)a; — P),_»(0)ay; ... etc.

Corollary 4.3.4. Let P be a MU-operator, then the quotient ¥ /® of the solutions
of the linear system

PP=0, Pyd+2¥, ¥Y(0)=0
is a function depending only on 2.

We come now to the most important definition:
Definition 4.3.5. The element

(9@ v (2)
4= (%(z)) TEeP (%(z))

is called the g-parameter for the M U-operator 2.

4.4. Generalized Hypergeometric Functions and 2-Term Recurrent Relations. Since
the number m + 1 of terms in a recurrent relation (3) is at least 2, 2-term recurrences
are the simplest ones. Any such relation is defined by two polynomials Py(y) and
Pi(y) of degree d + 1:

Po(n)a, = Pi(n+ 1)ayy . (8)

Without loss of generality we again assume that the leading coefficient of
Pi(y) is 1.

Definition 4.4.1. Denote by

Oy K41
Gay1(o, B; w) = Gayy ;W
'7ﬂd+l

the series

Hdﬂf(oc, Hd+1 r(ﬁ[ +I’l) .
,.z;o 14 ) x 14 T (o + n) v
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which is the generalized hypergeometric function with parameters «y,...,04.11,
Bis...sBar1. (This is a slight modification of the well-known generalized hyper-
geometric function 4.1F; (see [31,39]).)

Proposition 4.4.2. Assume that
Pl(y): l:-[l(y—!—ai)’
Po(y) = /l[ll(y + B,

then the function Gyii(o, B; Az) is a formal solution of the differential equation

PP = (P(O)—2zPy(O)P=0.

Consider now the case when & is a M U-operator, i.e., P;(y) = y“*!, and the
recurrent relation has the form

(n+ 1)d+l any1 = PO(n)an .
Then for the power series ¥ (z) =}, b;z' which is the solution to
Dy Po(z)+ PV (z)=0,

where

x .

¢0(Z) = Zaizl 5

i=0

is a regular solution to ¥ = 0, the coefficients {b;} satisfy the recurrent relation

n? b, = Pi(n — 1)b,_ + P(n — )a,_1 — (d + )n‘a, .

4.5. d-Point Yukawa Functions. Let w: V, — S be a l-parameter family of Calabi—
Yau d-folds, where S = Spec C[[z]]. Let T be the corresponding monodromy trans-
formation acting on H;(W,,C), T, the unipotent part of T,N = Log T,,.

Definition 4.5.1. The family V, is said to have the maximal unipotent monodromy
at z =0 if the weight filtration

0=W_CWyCW,C---CWy_ CWy=HV,C)
defined by N is orthogonal to the Hodge filtration {F'}, i.e.,
H WV, C)=WrtaeF'~i=0,..,d.

(This is similar to definitions given in [18,35].)

Assume that the family V, has the maximal unipotent monodromy at
z=0 and dim F*/F*! =1 for i =0,...,d. Then the Jordan normal form of N
has exactly one cell of size (d + 1) x (d + 1). This means that there exists a
d-cycle y € Hy(V,,Z) such that y,Ny,...,N%y are linearly independent in Hy(V,,Z),
and N%y =y, is a monodromy invariant d-cycle. Take a 1-parameter family w(z)
of holomorphic d-forms on W,. It is well-known that the periods of w(z) over the
d-cycles in Hy(V,,C) satisfy a Picard—Fuchs differential equation of order d + 1
defined by some differential M U-operator

P =0 4 Ci2)0% + - + Cyl2) . 9)
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Definition 4.5.2. Define the coupling functions Wy (z) (k,1 =2 0, k,1 € Z) as
follows:
Wi = [0Fw@)AOw(z).
Vz

(By definition, we put ©@° =1 to be the identity differential operator.)

Definition 4.5.3 [32]. The coupling function Wy is called unnormalized d-point
Yukawa function.

Proposition 4.5.4. The coupling functions Wy (z) satisfy the properties

(i) Wea(z) = (=)W ;

(i) Weiz)=0 for k+1<d;

(iii) OWy(z) = Wi1,1(2) + Wi 111(2) ;

(V) Wasks1,02) + Ca(2)Warro(z) + - - - + Co(2)Wyo(z) = 0.

Proof. The statements follow immediately from the properties of the cup-product
and from the Griffiths transversality property.

Theorem 4.5.5. The d-point Yukawa function Wy o(z) satisfies the linear differen-
tial equation of order one,

2
@Wd,()(z)-i' d—-{-lCd(Z)Wd’O_O' (10)

Proof. By 4.5.4(ii), we have
Waii(z) + Wy—i—1,it1(z) =0 for i =0,1,...,d . (11)
Therefore, Wy o(z) = (—1)'W,_;;. On the other hand, by 4.5.4(iii), we have
OWa_ii=Wi_it1,i(z) + Wa_r11(z) for i=0,1,...,d. (12)
It follows from (11) and (12) that
k=1

k©@Wgo(z) = §(~1)i Wa-i,i(2) = War10G) + (=1 " Waprip(z) . (13)

Case I d is odd. Since

Wi ari(z) =0 (4.5.4(1)),

75
we obtain
OWasr a-1(2) = Wass a=1(2) .
20 2 2 2
Using (11) and (13) for k = (d + 1)/2, we obtain

d+1)
2

By 4.5.4(ii) and (iv), this implies Eq. (10) for W, o(z).

Case II. d is even. One has

OW40(z) = War1,0(2) .

@W%’%(Z) = Wd+2,(2_f(z) + W%,dzﬁ(Z) = ZW% ().

2

Nl
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Using (11) and (13) for k£ = d/2, we obtain
(d+1)OW4,0(z) =2Wyi1,0(2) -

The latter again implies the same linear differential equation for W, o(z).

Corollary 4.5.6.
2z dv
Wa0(z) = coexp <_d—+10fcd(v)—u_)

Jfor some nonzero constant co = Wy 0(0).

Example 4.5.7. Assume that 2 = @t —zPy(0@) be the MU-operator corre-
sponding to a 2-term recurrent relation (n + 1)¥*la,, = Py(n)a,, where Po(y) =
Ay%*1 4 ... Then the Yukawa d-point function W, (z) equals

Co
1-2z°

Wao(z) =
i.e.,, Wy 0(z) is a rational function in z.

4.6. Multidimensional Picard—Fuchs Differential Systems with a Symmetry Group.
So far we considered only the case of the I-parameter family of Calabi—Yau d-folds
V, such that dim F//F"*! = 1 for i = 0,...,d. It is easy to see that the same methods
can be applied to the case dim F*/F'**! > 1, provided ¥, has a large automorphisms
group.

Proposition 4.6.1. Let V, be a 1-parameter family of Calabi—Yau d-folds with
dim F//F*! > 1. Assume that there exists an action of a finite group G on V,
such that the G-invariant part (F'/F*)C is 1-dimensional for all i =0,...,d.
Then the holomorphic differential d-form w(z) again satisfies the Picard—Fuchs
differential equation of order d + 1.

Proof. The statement immediately follows from the fact that the cohomology
classes of w(z), Ow(z),...,0%w(z) form the basis of the G-invariant subspace
HY(V,,C)¢ c HY(V,, C). a

5. Calabi-Yau Complete Intersections in P

5.1. Rational Curves and Generalized Hypergeometric Series. Let V be a complete
intersection of r-hypersurfaces Vi,...,V, of degrees dy,...,d, in P¥*". Then V is
a Calabi—Yau d-fold if and only if d ++r+1=d;+---+d,. A rational curve
C of degree n in P“*" has nd, intersection points with a generic hypersurface
V,. On the other hand, there exists a degeneration of every divisor V; into the
union of d, hyperplanes. Each of these hyperplanes has » intersection points with
C. This motivates the definition of the corresponding generalized hypergeometric
series @y(z) as

x(ndy!)  (nd,!) ,

S and

(14)

The coefficients
_(di) - (nd,)

n (n!)d+r+1
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satisfy the recurrent relation

(n+ 1) g, =Pn)a,,
where P(y) is the polynomial of degree d + I:

(nd| +dy)! (nd, +d)!

Pl == (nd,)!

(n+ )" =n" g

In particular, the leading coefficient of P(y) is 4= []_ (d,)".

Example 5.1.1. Let V be a complete intersection of two cubics in P3. The corre-
sponding generalized hypergeometric series is

ooy — 5 O

z
n=0 (n!)é

This series was found in [28] using the explicit construction of mirrors for V' by
orbifolding the 1-parameter family of special complete intersections of two cubics
in P*:

YP4+V + Y =3y YaYsYs

i+ Y+ Y =3y,
by an abelian group G of order 81, where z = (3y)~°.

We will give another interpretation of the construction of mirrors V'’ for V
which immediately implies that @y(z) is the monodromy invariant period for the
regular differential 3-form on V',

Let Z;, s, be the complete intersection of two hypersurfaces in a 5-dimensional

algebraic torus T = Spec [Xlil,...,XSil] defined by the Laurent polynomials
S X)) =1 = (i Xy + wXs +u3X3),
F2,X) =1 = (ua Xy + usXs + ug(Xy - X5)7").
We define the differential 3-form w on Z;, ;, as the residue of the rational differential
S5-form on T:
= : Res ! ax Ao A dXs ]
Qnv=1)  [iwX) /2w X) X Xs

Let z = u; -+ - ug. By the residue theorem, we obtain

e,
Qav=1) - S, X) fo(u, X) X, Xs

(6]

Po(z) =

In this interpretation, the mirrors for V' are smooth Calabi-Yau compactifications
of affine 3-folds Z;, /,.

The equivalence between the above two constructions of mirrors for V' follows
by the substitution

Xi =V /(YYs), Xy =Y /(3Ya)s), Xy =Y /(Y34Ys),
Xy =Y /(N NaYy), Xs=Y/(V1Y2Y3),
== g = (3y) 7"
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Proposition 5.1.2. The normalized Yukawa d-differential for Calabi—Yau complete
intersections has the form

®d
yyo ()
(1= 2Az2)®3(z) z

where di,...,d; are degrees of hypersurfaces.

Proof. The statement follows from 4.5.7 and the normalizing condition d;...d, =
Wa(0). O

5.2. The Construction of Mirrors. Let V be a d-dimensional Calabi—Yau complete
intersection of r hypersurfaces of degrees d1,...,d, in P*+". We propose the explicit
construction of candidates for mirrors with respect to ¥ as follows:

Let E = {v1,...,044,+1} be a generating set in the (d + r)-dimensional lattice
N = Z%* such that there exists the relation

vt + Va1 =0

We divide E into a disjoint union of » subsets E; C E such that Card E, = d;. For
i=1,...,r, we define the Laurent polynomial P;(ux,X) in variables Xi,..., Xy, as

PX)=1- ( S qu”f) :

v, EE,

where uy,...,u44,4; are independent parameters. We denote by V' a Calabi—
Yau compactification of d-dimensional affine complete intersections Z in
T = Spec [Xlil, o X dﬁlr] defined by the polynomials P;(u,X),...,P,(u,X ) with suf-
ficiently general coefficients u;. It is easy to see that up to an isomorphism the
affine varieties Z C T depend only on z = u; - - - uy4,+1. Thus, we have obtained a

1-parameter family of d-dimensional varieties V.

Conjecture 5.2.1. The 1-parameter family of d-dimensional varieties V' yields the
mirror family for V.

This conjecture is motivated by the combinatorial interpretation proposed in [1]
of the well-known construction of mirrors for hypersurfaces of degree d +2 in
P! (see [17]). On the other hand, the conjecture is supported by the following

property:
Proposition 5.2.2. The hypergeometric series Py(z) in (14) is the monodromy
invariant period function of the holomorphic d-form w on V'

Proof. The statement follows from the equality

x(nd!) (nd,!) , 1 1 dx, s

?;%(n!)d, . (n!)d,.Z = (271\/—_1)‘”",\3{:11)1()()‘"Pr(X)YI‘/\”‘ X
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6. Complete Intersections in Toric Varieties

6.1. The generalized Hypergeometric Series @y. Let N be a free abelian group of
rank (d + ). Consider r finite sets

E ={vi1,...,0}, i=1,...,r

consisting of elements v;; € N. Let E be the union £y U - - UE,.

We put k =CardE = k; + ...+ k. and assume that E generates the group N.
Let R(E) be the subgroup in Z" consisting of all integral vectors 4 = {1, ;} such
that

k,
Z ijvi; =0.

nM\

We denote by RT(E) a submonoid in R(E) consisting of all 1 = {4, ;} € R(E) such
that }'i,j g 0.

Definition 6.1.1. Let u,; be k independent complex variables parametrized by k
integral vectors v; ;. Define the power series ®o(u) as

/C, ufl’j
nw= ¥ 1] zzz, jpas
JERY(E) i= j:l( l,j)'
Let AV,... .1 be a Z-basis of the lattice R(E) such that every element
A € R*(E) is a non-negative integral linear combination of A). We define new
r complex variables zj,...,z; as follows:

Thus, the series @y(u) can be rewritten as the power series ®y(z) in ¢ variables
VA PR AN

Example 6.1.2. Let E = {vy,...,v441} be vectors generating d-dimensional lattice
N and satisfying the integral relation v; +--- 4+ v44; =0, ie., the group R(E)
is generated by the vector (1,...,1) € Z'. Then the corresponding generalized
hypergeometric series is

(nd + n)!

d
Do(u) = ; _(T)d‘ﬁ‘(ul Ugp)' = ; (nd £ 1)L

(n !)d+l = Po(z) ,
where z =u;---uy4;. The integral representation of this series is the mono-
dromy invariant period function for mirrors of hypersurfaces of degree (d + 1)
in P4

Definition 6.1.3. Let T be a (d + r)-dimensional algebraic torus with the
Laurent coordinates X = (Xi,...,Xy4,). We define r Laurent polynomials Pg (X),

. Pg,(X) as follows:
Pe(X)=1— > u,; X" .
v, €E,
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Proposition 6.1.4. The series ®o(u) admits the following integral representation

1 1 dX AdXgsr
Do(u) = — A A —m— .
o) (2n\/—1)d+r|x,|f:1 Pg,(X) - P, (X) X, Xorr
Proof. The statement follows immediately from the residue formula. O

6.2. Calabi—Yau Complete Intersections. Let Ps be a quasi-smooth (d + r)-dimen-
sional projective toric variety defined by a (d + r)-dimensional simplicial fan 2.

Assume that there exist  line bundles #4,...,.%, such that each ¥, is generated
by global sections and the tensor product
&z 1Q--® Z r

is isomorphic to the anticanonical bundle on #"~! on Py. If V; is the set of zeros
of a generic global section of .#,, then the complete intersection V' =V, N---NV,
is a d-dimensional Calabi—Yau variety having only Gorenstein toroidal singularities
which are analytically isomorphic to toric singularities of Py.

Now let £ = {v),..., v} be the set of all generators of 1-dimensional cones in
2. Denote by D; the toric divisor on Px corresponding to v,. Notice that

k
A= Qg)l@pz(Dj) .
]:

Following a suggestion of Yu. I. Manin [30], we assume that one can represent E
as a disjoint union
E=EU---UE,

such that the line bundle ¥, is isomorphic to the tensor product

Q@ Up,(D)).

v, €E,

The elements of the group R(E) can be identified with the homology classes of
1-dimensional algebraic cycles on Py. Moreover, one has the following property

Proposition 6.2.1. Let A = (Ay,..., Ax) be an arbitrary element of R(E) representing
the class of an algebraic 1-cycle C. Then

A=(D,C), i=1,.. k.

We can always choose a Z-basis A(U,...,A") of R(E) such that every effec-
tive algebraic 1-cycle on Py is a non-negative linear combination of the elements
A . Since the submonoid R*(E) consists of classes of nef-curves, this
implies that every element of RT(E) is also a non-negative linear combination of
A, A, This allows us to rewrite the series ®o(x) in ¢ algebraically independent
variables zj,...,z; (¢t =tk R(E)).

Corollary 6.2.2. The series ®y(z) can be interpreted via the intersection numbers
of classes [C] of curves C on Py as follows:

(VLN - (Ve O 1
@ - >
o) [C]e%;r(E) (D1, C)! -+ - (D, C)! :

where zI1 = 2" ...z, [C]= 1AV + -+ 4 ¢, 20
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6.3. General Conjectures. Let V be a d-dimensional Calabi—Yau complete intersec-
tion of hypersurfaces Vy,...,V, in a (d + r)-dimensional quasi-smooth toric variety
defined by a simplicial fan X. Choose a Z-basis A1),..., A in R(E) such that the
classes of all effective algebraic 1-cycles have non-negative integral coordinates. We
assume that the divisors V7,..., ¥, are numerically effective (in particular, they are
not assumed to be necessary ample divisors). We assume also that the following
conditions are satisfied:

(1) V is smooth;
(i1) the restriction mapping Pic Py — Pic V' is injective.

In this situation, there exist two flat A-model connections: the connection V4p
on H*(Pz) and the connection V4 on H*(V,C). Let H' be the image of H'(Py,C)
in H'(V,C). The connection V 4p defines the quantum variation on cohomology of
toric variety Py. It follows from the result in [3] the following.

Proposition 6.3.1. The complex coordinates z,,...,z, on H* can be identified with
flat coordinates with respect to V 4p.

Conjecture 6.3.2. The generalized hypergeometric series ®y(z) as a function of
Vp-flat z-coordinates on H?* is a solution of the differential system 9 defined
by the A-model connection V4, on H? which defines the quantum variation of
Hodge structures on the subring in @Zj:o H*(V,C) generated by restrictions of
the classes in PicPy to V.

Remark. 6.3.3. One can check in many examples that the differential system &
is already defined by the generalized hypergeometric series ®y(z). Probably there
exists a general explanation of this fact.

Conjecture 6.3.4. The V 4y-flat coordinates q,,...,q: on H? are defined as
qi = exp(Pi(z)/ Po(z)), i=1,....,¢t,
where ®;(z) is a logarithmic solution to the differential system 2 having the form
Pi(z) = (logz,)Po(z) + Pi(z), ¥i(0)=0

for some regular at z = 0 power series ¥, (z).
Moreover, all coefficients of the expansion of V 4y-flat coordinates q; as power
series of V  p-flat z-coordinates are integers.

Remark. 6.3.5. This conjecture establishes a general method for normalizing the
logarithmic solutions defining the canonical g-coordinates for the differential system
9. There are two motivations for this conjecture. First, the conjecture is true for all
already known examples of g-coordinates for Picard—Fuchs equations corresponding
to Calabi—Yau complete intersections in products of weighted projective spaces (see
examples in the remaining part of the paper). Second, the Lefschetz theorem and
the calculation of the quantum cohomology ring of toric varieties [3] imply the
relation

q, :Z,+0(|z]2), (i=1,...,1).
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Conjecture 6.3.6. Assume that V has dimension 3. Let K, ; 1(z) be structure con-
stants defining the A-model V 4y connection in the z-coordinates. Then

Dy(2)K,, ,k(2)

is a rational function in z-coordinates.

Conjecture 6.3.7. The mirror Calabi—Yau varieties with respect to V are Calabi—
Yau compactifications of the complete intersection of the affine hypersurfaces in
the (d + r)-dimensional algebraic torus T defined by the equations

Pg,(X)=---=Pg(X)=0.
Remark. 6.3.8. Recall that two Calabi-Yau d-folds ¥ and V' are called mir-
ror symmetric if AP¢~P(V) = h?=P4=P(V') and the superconformal field theories
corresponding to ¥ and ¥’ are isomorphic. In [1] a general method for con-
structing pairs of mirror symmetric Calabi—Yau hypersurfaces in toric varieties was
proposed, based on the duality among so-called reflexive polyhedra A and A* (see
also [36,37]). However, the equality #"'(Z ) = h¥="Y(Z,) for the pair of Calabi—
Yau d-folds Z 7 29 corresponding to the polyhedra A4 and A* are not sufficient
to prove the mirror duality between Z r and Zg in full strength. One needs to
prove more: the isomorphism between the quantum cohomology of Z s and Zg.
Since the quantum cohomology is defined by the canonical form of the A-model
connection V4 in g-coordinates, Conjecture 6.3.2 and Proposition 6.1.4 yield more
evidence for validity of Conjecture 6.3.7. We give below one example showing
that Conjecture 6.3.7 agrees with an orbifold construction of mirrors for complete

intersections in the product of projective spaces inspired by superconformal field
theories.

Example 6.3.9. Let V' be a Calabi—Yau complete intersection of two hypersurfaces
of degrees (3,0) and (1,3) in the product P’ x P2.

It is known that the mirrors for V' can be obtained by orbifolding the complete
intersection of two special hypersurfaces

1T} + T + 8375 = ¢SaTh T2 Ts
S3 483 +83 483 = 818,83

by the group G of order 27, where (S;:S5;:S5;5:84) and (7, : 7> : T3) are the
homogeneous coordinates on P* and P? respectively.

On the other hand, the 5-dimensional fan ¥ defining P* x P? has 7 generators
{v1,...,v7} = E satisfying the relations

Nttt ve=v4+vs+0v7=0.

We choose vectors vy,...,0s as the basis of the 5-dimensional lattice N. The com-
plete intersection V is defined by dividing E into two subsets E; = {v;,v2,v3} and
E; = {v4,0s,06,v7}. The corresponding polynomials Pg,(X) and Pg,(X) are

PE, =1 — (i Xy + w2 Xz + u3sXz),
Pp, =1 — (s X + usXs + us(X1X0X5) ™" + us(Xa X5)™') .
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We obtain the equivalence between two constructions of mirrors by putting
uy=uy =us = ¢~ uy = us = ug = u; = Yy~', and

S\ T? S, T2 SsT?
| = , Xp = , X3= ,
SaTTs SaT\Ts ST\ T
52 52
X :—1 N :————2 .
1TSS, ST5S,

6.4. Calabi-Yau 3-Folds with h'"' = 1. We consider below examples of general-
ized hypergeometric series corresponding to smooth Calabi-Yau complete intersec-
tions ¥ of r hypersurfaces in a toric variety Py such that Ab(V) = 1. By the
Lefschetz theorem, hb!'(Py) must be also 1. So X is a (r 4+ 3)-dimensional fan
with (r +4) generators. There exists the unique primitive integral linear relation
>~ A4v; =0 among the generators {v;} of X, i.e., tk R(E) = 1, where E = {v;} is
the whole set of generators of X (Card £ = r + 4).
In all these examples the MU -operator £ has the form

P =0%—1z(0 +01)(O + 0)(O +a3)(O + 04) ,
where the numbers «;,...,04 are positive rationals satisfying the relations
o +oag=o0p+oz=1.

The Yukawa 3-differential in the z-coordinate has the form
w(0) dz\®
W3 =T\ .
(1 - m2)®3) \ 2

Example 6.4.1. Hypersurfaces in weighted projective spaces: In this case we obtain
Calabi—Yau hypersurfaces in the following weighted projective spaces P(44,...,4s)

G ds) Bo(2) ZONT (o102, 05, 0)

(,1,1,1,1) ) Ei?;; " 5 55 (1/5,2/5,3/5,4/5)

@ 1,1,1,1) ;é;)zzgg;%%%isz" 3 253 (1/6,2/6,4/6,5/6)

41,1,1,1) ;é;,(zf§§%%%752" 22 (1/8,3/8,5/8,7/8)
(10m)!

5,2,1,1,1) >

[ S A 9g6
= TG 1 2956 (1/10,3/10,7/10,9/10)

The g-expansion of the Yukawa 3-point function and predictions n, for the
number of rational curves on these hypersurfaces were obtained in [33,21, 14].
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Example 6.4.2. Complete intersections in ordinary projective spaces: Let Vg, a4,

denote the complete intersection of hypersurfaces of degrees di,...,d,.
Dy(z2) w(0) L (01,02, 03, 014 )
3n)!)?
V33 C P 5 ")6) 2" 9 36 (1/3,1/3,2/3,2/3)
nzo (n!)
2n)!(4n)!
Vya C P 5 @nin)t, 8 20 (1/4,2/4,2/4,3/4)

nz0 (n!)s

2
Vass P65 @”—()%g—?’”—)'z 12 243 (1/3,1/2,1/2,2/3)
n=0 :
4
Vagos C P ) (((2:,))!8) 2 16 2% (1/4,1/4,1/4,1/4)
nz0 .

These Calabi—Yau complete intersections in ordinary projective spaces were con-
sidered by Libgober and Teitelbaum [28].

Example 6.4.3. Complete intersections in weighted projective spaces:

Po(z) wO) u (og, 00, 03, 04)

o (4n!)?
Viasa € P(1,1,1,1,2,2 _—
1 € P ) X iy’

n 4 212 (1/4,1/4,3/4,3/4)

- (6n!)? n 826
Ves € P(1,1,2,2,3,3) > 1 2°3% (1/6,1/6,5/6,5/6)

2 () )22n 2 (3n )2

* (4n!)(3n!)zn

Vis € P(1,1,1,1,1,2 6 2033 (1/4,1/3,2/3,3/4

34 € P( ) ,,Z;;(n!)5(2n!) (1/4,1/3,2/3,3/4)
o) | |

e e P(L1,1,1,1,3) 5o onend) , 4 2833 (1/6,1/2,1/2,5/6)

2 (ny3nl)”

% (6n!)(4n!
Vas € P(1,1,1,2,2,3) 3 (6n!)(4n!)

I A S A 013
- G 2 21033 (1/6,1/4,3/4,5/6)

The coefficients of the Yukawa 3-point function K for these five examples
of Calabi-Yau 3-folds ¥ having the Hodge number A%!(V) = 1 were obtained by
A. Klemm and S. Theisen [22].

7. Calabi-Yau 3-folds on P? x P?

7.1. The Generalized Hypergeometric Series ®,. Calabi—Yau 3-folds ¥ in P? x P
are hypersurfaces of degree (3,3). The homology classes of rational curves on

P? x P? are parametrized by pairs of integers (/1, /). Let 1,7, be the homology
classes of (1,0)-curves and (0, 1)-curves respectively. Then for any Kéhler class #



Generalized Hypergeometric Functions and Rational Curves 519

we put
z,=exp<—f11>, (i=12).
b

The generalized hypergeometric series corresponding to the fan X defining
P’ x P? is

GL+30L) 4
DPo(z1,27) = AU vy FLF- 2l
0(1 2) ]l’gé() (ll‘)3(12')3 1“2

There are obvious two recurrent relations for the coefficients a;,;, of the series

o

Do(z1,22) = Z aIIJZZiIZéZ :
11,120
(4 1ay 1, = Gl + 3L+ D)L + 3L+ 2)3L + 3L+ 3)ar, s, ;
(L + 1y, 141 = Bl + 3L+ )31 + 31 + 2)31 + 31+ 3)ay,, -

Let

0
@12216—21, @22226—22.

Then the function @y(z;,z;) satisfies the Picard—Fuchs differential system &:

(03 — 2130, + 30, + 1)(30; + 30, +2)(30; +360, +3))® =0,
(03 — 230, +30, + )30, +360, +2)(30, +30, +3))P =0.
The differential system 2 has the maximal unipotent monodromy at (z;,z;) =

(0,0). There are two uniquely determined regular at (0,0) functions ¥;(z1,2) and
¥,,(z1,22) such that

(logz1)®o(z1,22) + Pi(z1,22) ,
(log z2)Po(z1,22) + Pa(21,22)

are solutions to 2, and ¥(0,0) = ¥,(0,0) = 0. If we put

_ ()Y
¥i(zi,z2)= > bj,7'z,
120
(41,12)*(0,0)

then one finds the coefficients bg?lz from the simple recurrent relations based on
43.2.
The g-coordinates q,,q, defined by the formulas

q1 = z1exp(¥1/Po, ) ,q2 = z2exp (¥2/Po)

are the power series with integral coefficients in z;,z, of the form

Nl .
gi(zi,z) =z [ 1+ > cg’)lzzl‘zz2 , j=12.
120
(11,12)#(0,0)

By symmetry, one has C§|1,)lz = cgi),l.
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7.2. Mirrors and the Discriminant. Let f be the Laurent polynomial
FXu)=1—wX) — Xy — us(X1X2) ™" — uaXs — usXs — us(X3Xa)™!

Let 7 be a generator of Hy((C*)*,Z), i.e., the cycle defined by the condition

Xl =1fori=1,...,4.
By the residue theorem, the integral

1 [ 1 dxi  dXx; dX3/\_d£

1 = L e it
W=l o "% " M x

is the power series

. Gk+3m)
lw= 3 Grymy

Thus, putting z; = ujupus; z; = ugusug, we obtain exactly the generalized hyper-
geometric function @y(zy,z;).

It was proved in [1] and [2] that the function /(u) can be considered as the
monodromy invariant period of the holomorphic differential 3-form

(uraus Y (uausug )™

e LodXy dX, dX dX
@Qrny-D*  fX) X X X X

for the family of Calabi-Yau 3-folds Z, which are smooth compactifications of
the affine hypersurfaces Z; in (C”* )* defined by Laurent polynomial f. One has
hYN(Zy) = 83, h¥*!(Z;) = 2. The coordinates z;,z; are natural coordinates on the
moduli space of Calabi-Yau 3-folds Z .

The mirror construction helps to understand the discriminant of the differential
system & as a polynomial function in zj,z,.

By definition [16], the zeros of the discriminant are exactly those values of the
coefficients {u;} of f(X) such that the system

%000 = x af(X)-X4 I =0

0
S = X5 f(X) = Yo

has a solution in the toric variety P4, where 4 is the Newton polyhedron of f.
Since Py is isomorphic to the subvariety of P defined as

Ps={(Yo:...: Y) € PO|Y3 = "\ 1L V3, Y3 = Ya¥sYe},
or equivalently, the system of the homogeneous equations
w Yo+ - +ugYe =m ¥ —usYs

= quz - u3Y3 = u4Y4 - U6Y6 = u5Y5 — u6Y6 =0 5
Yo = N YoY; = YaYs¥s
has a non-zero solution.

If we put
A=u3Y3, B=usYs, C =uply,
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then the last system can be rewritten as
3443B+C =4 +2CP =B +2C=0.

So the discriminant of the two-parameter family is the resultant of two binary
homogeneous cubic equations in 4 and B:

272i(A+ By — A4 =0, 2720(A+B) —B* =0.

Put 27zy =x, 27z, = y.
Proposition 7.2.1. The discriminant of the 2-parameter family of Calabi-Yau 3-
Jfolds Zy is

Disc f =1 — (x4 y) +3(x* = Txy + y?) — (& + 3x*y + 3x3% + %)

7.3. The Diagonal One-Parameter Subfamily. We consider the diagonal one-
parameter subfamily of Kahler structures # on ¥ which are invariant under the
natural involution of H(V'), i.e., we assume that

[=1In.
72

N

This is equivalent to the substitution z = z; = z;.

Remark. 7.3.1. In this case we obtain the one-parameter family of mirrors
FoX) =X +X% + XX + X5+ X+ (6X) ™ =3¢ =0,y° =(272)7",

which is an analog to mirrors of quintic 3-folds [9].

It is easy to check that the discriminant of f(X) vanishes exactly when y =
«+ B, where o® = B*> =1, ie.,, Y* € {8,—1}, or z € {—(3)7%,(2 - 3) 3}

The monodromy invariant period function is

Fo(z) = Bo(z.z) = Y ( > —%>z

nz0 \k+m=n (k')3(m')3
It satisfies an ordinary Picard—Fuchs differential equation

0

P - (@“ + i c,(z)@") F(z)=0, 0 =z—.
1=0 0z

We compute the Picard—Fuchs differential equation & for Fy(z) from the recur-
rent formula for the coefficients

B Gt Ga) (& (0
W 2, G () (k;()(k) )

in the power expansion

F()(Z) = Z a,,z” .

n=0
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Then the numbers b, satisfy the recurrent relation
(n 4 1Pbyy = (Tn* +Tn 4 2)b, + 8n*b,_; .
Corollary 7.3.3. The numbers a, satisfy the recurrent relation
(n+ Dtayey =370 +Tn+2)(3n +2)(3n + 1)a,
+72(3n+2)(Bn+ 1)3n — 1)(3n —2)a,—; .

Corollary 7.3.4. The monodromy invariant period function Fy(y) is annihilated by
the differential operator 2:

Proposition 7.3.2 ([40]). Let

0% —32(70* + 70 +2)(30 + 1)(30 +2)
—7224(30 4 5)(30 + 4)(30 +2)(36 +1).

The last operator can be rewritten also as

(1 = 2162)(1 + 272)O* — 54z(7 + 4322)@> — 32(10584z + 95)6?
—482(351z +2)O — 12z — 2880z .

In particular, one has the coefficient

—54z(7 + 4322)

GE= a2+ 272) -

The z-normalized Yukawa coupling K& is the solution to the differential equa-
tion

Ak (1 +4322)
dz (1 -216z)(1+27z) *

Let H be the cohomology class in H*(V,Z) such that (H,y\) = (H,y) = 1.
Since H? = 18, we obtain the normalization condition

K®(0)=18.

Applying the general algorithm in 4.3.3, we find the g-expansion of the z-
coordinate

2(q) = q — 48¢* — 18¢° + 79764* — 1697115¢° + 0(q°),
and the g-expansion of the g-normalized Yukawa coupling is
K =18 + 378g + 694984” + 77248624 + 10300438984"
+ 1320820901284° + 0(¢°) .
We expect that

o0 d3d
KO =184y M
; T
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where n; are predictions for numbers rational curves of degree d relative to the
ample divisor of type (1,1) on V. In particular, one has n; = 378.

7.4. Lines on a Generic Calabi-Yau 3-Fold in P* x P2. We show how to check
the prediction for the number of lines on a generic Calabi-Yau 3-fold in P? x P2,
First we formulate one lemma which will be useful in the sequel.

Lemma 7.4.1. Let M be a complete algebraic variety, ¥ and ¥, two invertible
sheaves on M such that the projectivizations P(%,) = P(H(M, £:)) (i = 1,2) are
nonempty. Define the morphism

pi i P(£1) X P(£2) = (&1 © £2) = P(H'(M, &1 © £2))
by the natural mapping
LiH'M, %) ® H(M, %5) — H'(X, %, ® £3).

Then the pullback p:O(1) of the ample generator O(1) of the Picard group of
P(%1 ® ¥>) is isomorphic to O(1,1) on P(Z,) x P(%>).

Proof. The statement follows immediately from the fact that 1 is bilinear. (]

Proposition 7.4.2. A generic Calabi-Yau hypersurface in P? x P* contains 378
lines relative to the O(1,1)-polarization.

Proof. There are two possibilities for the type of lines: (1,0) and (0,1). By sym-

metry, it is sufficient to consider only (1,0)-lines whose projections on the second
factor in P? x P? are points. Let

oV —P?

be the projection of V' on the second factor. Then for every point p € P? the fiber
Ty Y(p) is a cubic in P? x p. We want to calculate the number of those fibers
Ty !(p) which are unions of a line L and a conic Q in P* x p. The space of

the reducible cubics L U Q is isomorphic to the image 4 C P° = P(0p2(3)) of the
morphism

P(OUp2(1)) x P(0p2(2))) = P* x P° — P = P(0}2(3)) .

By 7.4.1, A has codimension 2 and degree 21.
On the other hand, a generic Calabi—Yau hypersurface V' defines a generic
Veronese embedding

¢: PP P =P(0p(3), ¢p)=r"(p).

The degree of the image </5(P2) is 9. The number of (1,0)-lines is the intersection

number of two subvarieties ¢p(P?) and A in P°, i.e., 9 x 21 = 189. Thus, the total
amount of lines is 2 x 189 = 378 0l

8. Further Examples

In this section we consider more examples of Calabi-Yau 3-folds V' obtained as
complete intersections in the product of projective spaces. In all these examples
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for simplicity we restrict ourselves to one-parameter subfamilies invariant under
permutations of factors. The latter allows to apply the Picard—Fuchs operators of
order 4 to the calculation of predictions for numbers of rational curves on Calabi—
Yau 3-folds with Al > 1.

8.1. Calabi-Yau 3-folds in P' x P! x P! x P'. We consider the diagonal subfamily
of Kihler classes on Calabi-Yau hypersurfaces of degree (1,1,1,1) in (P')*. Re-

peating the same procedure as for hypersurfaces of degree (3,3) in P? x P?, we
obtain:

o0

(2ky + 2ky + 2k3 + 2k4)! "
Fo(z
() nz%) <k|+k2+k3+k4=n (ki (ka1 (ks 1) (ka! Y

P 0% — 4z(50% + 50 4 2)(20 + 1)? + 64z°(20 + 3)(20 + 1)(20 +2)?

48

K®
: (1 — 64z)(1 — 162)

K& 48 +192g + 78724 + 2784004° + 94450564" + 315072192¢° + 0(¢®)

n; ny =192, n, =960, n3 = 10304, ny = 147456, ns = 2520576

Proposition 8.1.1. The number of lines on a generic Calabi—Yau hypersurface in
P! x P! x P! x P! relative to the (1,1,1,1)-polarization is equal to 192.

Proof. Let f be the polynomial of degree (2,2,2,2) defining a Calabi—Yau hyper-
surface ¥ in (P')*. If ¥ contains a (0,0, 0, 1 )-curve whose projection on the product
of the first three P' is a point (py, pa, p3), then all three coefficients of the binary
quadric obtained from f by substitution of (p, p2, p3) must vanish. Hence, the
number of (0,0,0,1) curves on ¥ equals the intersection number of 3 hypersurfaces
of degree (2,2,2) in P! x P! x P'. This number is 48. By symmetry, the total
amount of lines on V is 4 x 48 = 192. 0.

Proposition 8.1.2. The number of conics on a generic Calabi—Yau hypersurface in
P' x P! x P! x P! with respect to the (1,1,1,1)-polarization is equal to 960.

Proof. By symmetry, it is sufficient to compute the number of rational curves of

type (0,0,1,1). Let M be the product of first two P! in (Pl)"'. Then we obtain the
natural embedding

¢ M— PP =P(Up1,pi(2,2)).

On the other hand, the points on M corresponding to projections of (0,0, 1, 1)-curves
on V are intersections of ¢(M) with the 6-dimensional subvariety A C P? which
is the image of the morphism

¢ P(Opipi1(1,1)) = PP x PP — P® = P(Op1,p1(2,2)) .

The image ¢(M ) has degree 8. On the other hand, ¢ has degree two onto its image.
Hence, the subvariety A has degree 10. Hence, we obtain 8 x 20 = 160 points on
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M. There are 6 possibilities for the choice of the type of conics. Thus, the total
amount of conics is 6 x 160 = 960.

8.2. Complete Intersections of Three Hypersurfaces in P* x P* x P*. We consider
two examples of 3-dimensional complete intersections with trivial canonical class
. 2 3
in (P°)°.

Calabi-Yau complete intersections of 3 hypersurfaces of degree (1,1,1):

oo 3
Fo(2) Z( 5 ((k+m+l)!)>zn

7m0 \kamit=n (K1’ (m*(11)?

P 250 — 152(5 + 300 + 726* + 846° + 516%)
+622(15 + 1550 + 54107 + 8280° + 5310%)
—5423(1170 4 37950 + 439902 + 21606° + 4236%)
+24324(402 + 15860 + 227007 + 13686°
+2790*) — 59049z°(@ + 1)*

90 + 162z

K
27z - 1)(2722 + 1)

K 90 + 108g + 29164 + 574564° + 8340844" + 137431084° + ((¢°)

n; n = 108, ny = 351, n3 = 2124, ny = 12987, ns = 109944

Proposition 8.2.1. A generic complete intersection of 3 hypersurfaces of degree
(1,1,1) in P? x P? x P? contains 108 lines relative to the 0O(1,1, 1)-polarization.

Proof. Let V be the complete intersection of three generic hypersurfaces Vi, V3, Vs
in M, x M, x Ms, where M; = P2,

By symmetry, it is sufficient to consider lines having the class (0,0,1) whose
projections on M; X M, are points. There is the morphism

¢ M x My — P> =P(E),

where E is the space of all 3 x 3-matrices. By definition, ¢ maps a point (py, p2) €
M, x M, to the matrix of coefficients of three linear forms obtained from the
substitution of p; and p, in the equations of Vi, V;, and V3. The morphism ¢
is the Segre embedding and its image has degree 6. On the other hand, if a
point (py, p2) € My X M, is a projection of a (0,0,1)-curve on V, then the im-
age ¢(pi1, p2) must correspond to a matrix of rank 1 in E. Thus, the number of
(0,0, 1)-curves equals 6 x 6 = 36, the intersection number of two Segre subvarieties
in P®. So the number of lines on ¥ is 3 x 36 = 108. O

Abelian 3-folds: The complete intersection of three hypersurfaces of degrees (3,0,0),
(0,3,0), (0,0,3) are abelian 3-folds constructed by taking products of 3 elliptic cu-
bic curves in P?. Although abelian varieties are not Calabi—Yau manifolds from
the view-point of algebraic geometers, these manifolds also present interest for
physicists.
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Fo(z)

((3p)!>3(<3q)!)3(<3r)!)3) \
Z( (PP (@) ‘

ptq+r=n

P 0% —32(6 + 290 + 5607 + 540° +2760%)
+8122(2760% + 540 + 40)(O + 1)?
—21872°(30 4+ 5)(30 + 4)(O© +2)(O + 1)

K 162

Thus, we obtain that all Gromov—Witten invariants for the abelian 3-folds are zero
which agrees with the fact that there are no rational curves on abelian varieties.

8.3. Calabi-Yau 3-Folds in P* x P°.
Complete intersections of a hypersurface of degree (2,2) and 2 copies of
hypersurfaces of degree (1,1):

o 2k +2m)!((k +m)! )\ ,

F,

o) :é)(k;%:n G )°

P 0* —4z(30* + O + 1)(20 + 1)? — 42%(40 +5)

(40 + 6)(40 +2)(40 +3)

KO 40

z (1 + 162)(1 — 642)
KP 40 + 160g + 12640¢* + 3932804°

+174206404" + 662416160¢° + O(¢°)

n ny =160, my = 1560, ny = 14560, ny = 272000, ns = 5299328

Proposition 8.3.1. The number of lines on a generic complete intersection of a
hypersurface of degree (2,2) and 2 copies of hypersurfaces of degree (1,1) is
equal to 160.

Proof. Let W = Gr(2,4) x P* be the 7-dimensional variety parametrizing all
(1,0)-lines on P*> x P?. Let & be the tautological rank-2 locally free sheaf on
Gr(2,4). We put ¢i(&) =c1, c2(6) = ¢y, and h be the first Chern class of the
ample generator H of Pic(P*). Let S2(&) be the 2"d symmetric power of &. By
standard arguments, we obtain:

Lemma 8.3.2. The Chern classes c,, ¢, generate the cohomology ring of Gr(2,4).
The elements 1, ¢, ca, 3, cicy, c3ey form a Z-basis of H*(Gr(2,4),Z), and one
has the following:

4 2 2 3
¢l =c;=c, ¢ =20,

c1(S2(&)) = 3c1, c2(SA(E)) = 2¢} + ey, c3(S*(8)) = 4cier -
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Moreover, for any invertible sheaf ¥ on P, one has
a(S(6) ® £) =3¢ +3ci(2),
a(SHE)® L) =2ct + 4¢3 +2¢1(L)(3er) +3¢i(Z)
a3(SHE)® L) = Acicr + 1(L)(2¢ + 4e2) + ¢}(L)Ber) + (L) -

Then the number of (1,0)-lines equals the following product in the cohomology
ring of W:

(6 ® O(H)) - c2(6 @ O(H)) - e3(S*(6) ® O(2H))
= (K 4 cih +c2)* (8K 4 3¢y - 4l +2(¢? + 2¢3) - 2h + 4cicr)
= (82 cal® +4(E + 2, K + 24ci ok’ + 8C3R?)
= (8 4+4 x 10 424 4 8)Zcyh* = 80c2 ey’ .

Thus, the number of (1,0)-lines is 80. By symmetry, the total amount of lines
is 160. =

Complete intersections of hypersurfaces of degrees (1,1), (1,2) and (2,1):

oo 2k + m)!(k 4 2m)!((k +m)!)\
Foe) ,§<k§=n KGml ) :
P 5290% — 232(92 + 6210 + 164407 +20460° + 9216%)

—2z%(221168 + 10335286 + 177267302 + 13285846° + 38085160%)
—223(—27232 + 2089326 + 102879107 + 13101720 + 4758616*)
—682%(—976 — 16640 + 513907 + 140200° + 887360%)
+69362°(30 4+ 4)(30 +2)(O 4 1)

46 4 68z
B4z —1)(z2 - 11z - 1)

K

K$ 46 4 160g + 94164° 4 251530¢° + 91209684" + 289172660° + O(¢°)

n; ny = 160, ny = 1157, n3 = 9310, ny = 142368, ns = 2313380

Proposition 8.3.3. The number of lines on a generic complete intersection of
hypersurfaces of degrees (2,1), (1,2), and (1,1) is equal to 160.

Proof. We use the same notations as in 8.3.1. The number of (1,0)-lines equals the
following product in the cohomology ring of W:

(6@ O(H)) - ex(6 ® OQ2H)) - c3(5*(6) ® O(H))
= (B +cith+cy) - (BR* 4 2c1h+c3) - (B + 3cih? 4 2(¢? + 2¢)h + deicr)
= (24ckcy +2(5¢; 4 2¢3)(2¢; + ¢3) + 9cke, + AR
=(24+2(5+10+4+4)+9 + Dcicrh® = 80ciey k.
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Thus, the number of (1,0)-lines is 80. By symmetry, the total amount of lines
is 160. =

Hypersurfaces in product of two Del Pezzo surfaces of degree 3:
A Calabi-Yau hypersurface in product of two Del Pezzo surfaces of degree 3

is a complete intersections of (1,1), (3,0) and (0,3)-hypersurfaces in P’ x P2,

Fo(z) §< > (3k)!(3m)!(k+m)!>zn

=0 \kimen  (RDH(m!)?

P 0% —3z(4 + 230 + 530% + 600° + 486*)
+92%(304 + 13440 + 2319607 + 19806° + 8736%)
—16223(800 + 33480 + 5259607 + 388860° + 12690%)
+29162*(688 + 29520 + 46530% + 32400° + 89160%)
—14171762°(30 +4)(30 +2)(O + 1)?

54 — 972z

K®
: (1 - 54z)(1 — 27z)?

(3 2 3 4 5 6
K™ 544 162g + 7290 + 1192324 + 30451144 + 79845912¢° + O(¢%)

n; ny = 162, np = 891, n3 = 4410, ny = 47466, ns = 638766

Proposition 8.3.4. Let S1, S, be two Del Pezzo surfaces of degree 3. Then the
number of lines on a generic Calabi—Yau hypersurface V in Sy x S, is 162.

Proof. If C is a line of type (1,0) on S x S,, then 7;(C) is one of 27 lines on S,
and 7(C) is a point on S,. Let @5 (—K) denotes the anticanonical bundle over S,.
Then the zero set of a generic global section s of 7} Us, (—K) ® n; Us,(—K) defines
a morphism

¢:S — P =P(0s,(—K)).

On the other hand, for any line L € S, one has the linear embedding
¢’ P(Us,(—K — L)) = P' — P’ = P(0s5,(—K)) .

The intersection number of Im ¢ and Im ¢’ in P* equals 3, i.e., one has exactly
3 lines C on a generic ¥ such that m,{C) = L and n,(C) is a point on S,. Thus,
there are 3 x 27 = 81 lines of type (1,0) on V. By symmetry, the total amount of
lines is 162. |

Proposition 8.3.5. Let S\, S, be two Del Pezzo surfaces of degree 3. Then the
number of conics on a generic Calabi—Yau hypersurface V in S; X S, is 891.

Proof. 1If C is a conic of type (1,1) on S; X S,, then L; = 7;(C) is one of 27 lines
on S, and L, = mp(C) is one of 27 lines on S;. On the other hand, for any pair of
lines L, € 81,L; € 8, the intersection of the product L; x L, C 81 x S; with V' is a
conic of type (1,1). So we obtain 27 x 27 = 729 conics of type (1,1) on V. On the
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other hand, the number of (2,0) and (0,2) conics obviously equals the number of
(1,0) and (0,1) lines. Thus, the total number of conics is equal to 729 + 162
= 891. O

8.4. Calabi-Yau 3-Folds in P* x P*.
Complete intersection of hypersurfaces of degrees (2,0), (0,2) , and 3 copies of
hypersurfaces of degree (1,1):

Fo(z) §( > ((k+m)!)3(2k)!(2m)!>zn

n=0 \k+m=n (k' )5(m' )5

P 250% —20z(5 + 300 + 72607 + 8460° + 366%)
—162%(=35 — 700 + 710? + 2686° + 1816%)
+25623(0 + 1)(165 + 3750 + 24867 + 370%)

+1024z%(59 + 2320 + 3310% + 1980 + 390*) + 327682°(O + 1)*

80 + 128z

3)
K: (1 +42)(1 — 42)(1 — 322)

@3 2 3 4 S 6
K& 80+ 128g + 377647 + 65792¢° + 12991364* + 23104128¢° + O(¢°)

n; ny = 128, ny =456, ny = 2432, ny = 20240, ns = 184832

Proposition 8.4.1. The number of lines on a generic complete intersection of
hypersurfaces of degrees (2,0), (0,2), and 3 copies of hypersurfaces of degree
(1,1) is equal to 128.

Proof. Let W =Gr(2,5) x P* be the 10-dimensional variety parametrizing all
(1,0)-lines on P* x P*. Let & be the tautological rank-2 locally free sheaf on
Gr(2,5). We put ¢i(&) =cy, c2(6) =, and h be the first Chern class of the
ample generator H of Pic(P*). Let S2(&) be the 2" symmetric power of &. Again,
by standard arguments, we obtain:

Lemma 8.4.2. The Chern classes c;, ¢, generate the cohomology ring of Gr(2,5).
The elements 1, ci, c3, 3, cica, €3, c3ea, cf, cic3 +¢3 form a Z-basis of H*
(Gr(2, 5), Z), and satisfy the following relations:

ciey = 2c3c3 =263, ¢ = 5cic3, & =5cck =563, cicy = 2e163 .

Then the number of (1,0)-lines equals the following product in the cohomology
ring of W

ci(O(H) « (ca(S(£)) - e3(5%(&))
=(2h) - (B +crh+ ) - (4cicr) = 64cian* .

Thus, the number of (1,0)-lines is 64. By symmetry, the total amount of lines
is 128. a
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Complete intersection of 5 hypersurfaces of degree (1,1):

= ((k+m))°\
Fo®) ZO(HZ *Ds DS )
P 490* — 7z(14 + 910 + 23407 + 2860° + 15560%)

—2z2(15736 + 660940 + 10226160?* + 6800446° + 1610560%)
+823(476 + 37590 + 907102 + 85890° + 26250*)
—162*(184 + 8060 + 143960% + 12660° + 4650*) + 5122°(O@ + 1)*

K(3) 70 d 4OZ
z 32z —1)(z2 —11z—1)
K K,(q) = 70 + 100g + 5300g* + 797504° + 19669004"
+371438504° + O(¢°)
n, ny =100, ny = 650, n3 = 2950, n4 = 30650, ns = 297150

Proposition 8.4.3. A generic complete intersection of generic 5 hypersurfaces of
degree (1, 1) in P* x P* contains 100 lines.

Proof. We give below two different proofs of the statement.

I: We keep the notation from the proof of 8.4.1. Then the number of (1,0)-lines
equals the following product in the cohomology ring of W:

(c(S* (&)Y = (W +c1h+2)’
= (c1h + ¢2)65 + 5(cih + ¢2)64h* + 10(cih + ¢ )*h*

— Sctesht + 5 (4

2) cicih'r + 10c3h*

=(5x2+5x6+10)cich* = 50cicih* .

Thus, the number of (1,0)-lines is 50. By symmetry, the total amount of lines
is 100.

IL: Let M = M; x M,, where M; = P*(i = 1,2). By symmetry, we consider only
lines of type (0,1) whose projections on M, are points. The substitution of a point
p € M, in the equations of the hypersurfaces Hj,...,Hs C M gives 5 linear forms
f1,-.., f5 in homogeneous coordinates on M,. A point p € M, is a projection
of a (0,1)-line on HyN...NHs if the system of linear forms has rank 3. The
space of 5 copies of linear forms can be identified with the space L of matrices
5x 5. We are interested in the determinantal subvariety D in P** consisting of
matrices of rank < 3. The subvariety D has the codimension 4, the ideal of D is
generated by all 4 x 4 minors. Using the free graded resolution of the homogeneous
coordinate ring of D as a module over the homogeneous coordinate ring of P,
we can compute the degree of D which is equal to 50 (The Hilbert-Poincaré series
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equals (1 4+ 4¢ + 10£2 4 20£* 4+ 10¢* + 48> +1%)/(1 — t)*!). On the other hand, the
equations of generic hypersurfaces Hj,...,Hs define a generic embedding

P* — P*
of P* as a linear subspace. So the number of lines of type (0,1) on a generic
complete intersection is 50. Thus, the total number of lines is 100. ]

Hypersurfaces in product of two Del Pezzo surfaces of degree 4:

A Calabi—Yau hypersurface in the product of two Del Pezzo surfaces of degree 4
is a complete intersection of 5 hypersurfaces in P* x P*: two copies of type
(2,0), two copies of type (0,2), and one copy of type (1,1).

& ()M (k+m)t
Foe) ,?;o(k%:n KDty )
P 90* — 122(6 + 330 + 7360° + 800° + 646*)

+1282%(75 + 3150 + 5270% + 4400° + 1940%)
—40962°(66 + 2610 + 397607 + 2886° + 940%)
+13107224(19 + 776 + 1170% + 800° 4 226*) — 83886082°(O + 1)*

z (1 —32z)(1 — 162)?

3) 2 3 4 5 6
Kq 96 + 128q + 345649 + 38144q° + 572800q" + 9344128q° + O(q")

n; ny = 128, ny = 416, n3 = 1408, n4y = 8896, ns = 74752

Proposition 8.4.4. Let Sy, S; be two Del Pezzo surfaces of degree 4. Then the
number of lines on a generic Calabi-Yau hypersurface V in Sy x S, is 128.

Proof. 1f C is a line of type (1,0) on S; X S,, then 7;(C) is one of 16 lines on S,
and 7>(C) is a point on S,. Let U5, (—K') denotes the anticanonical bundle over S;.
Then the zero set of a generic global section s of 7} Us, (—K) ® 75 Us,(—K) defines
a morphism

¢ : 8 — P! =P(0s5,(-K)).

On the other hand, for any line L € S}, one has the linear embedding
¢ P(Us,(—K — L)) = P* — P* = P(U5,(—K)) .

The intersection number of Im ¢ and Im ¢’ in P* equals 4, i.e., one has exactly
4 lines C on a generic ¥ such that n;(C) =L and ny(C) is a point on S,. Thus,
there are 4 x 16 = 64 lines of type (1,0) on V. By symmetry, the total amount of
lines is 128. O

Proposition 8.4.5. Let S;, S, be two Del Pezzo surfaces of degree 3. Then the
number of conics on a generic Calabi-Yau hypersurface V in S; x S, is 416.

Proof. If C is a conic of type (1,1) on S} x S, then Ly = 7 (C) is one of 16 lines
on Sy, and L, = mp(C) is one of 16 lines on S,. On the other hand, for any pair of
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lines Ly € Sy,, Ly € S,, the intersection of the product Ly x L, C §; X S, with V is
a conic of type (1,1). So we obtain 16 x 16 = 256 conics of type (1,1) on V.

In order to compute the number of (2,0)-conics, we notice that S; has exactly
10 conic bundle structures. Moreover, these conic bundle structures can be divided
into 5 pairs such that the union of degenerate fibers of each pair is the set of all
16 lines on S;. A generic global section s of 7705, (—K) ® n5Us,(—K) defines the
anticanonical embedding

¢ : S, — P* = P(Us,(—K)) .

On the other hand, the points p € S, such that ¢(p) splits into the union of
two conics C; U C, are exactly intersection points of ¢(S,) and the image of the
embedding

¢" i P(05,(C1) x Ug,(C2) = P! x P! — P* = P(U5,(—K)) .

Since the image of ¢’ has degree 2, we obtain 8 points p € S,. Each such a point
yields 2 conics on 7, !(p). Therefore, for each of 5 pairs of conic bundle structures
we have 16 (2,0)-conics.

Thus, the total number of conics is equal to 256 + 2 x 80 = 416. O
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