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Abstract: We study a family of transforms, depending on a parameter g € [0, 1],
which interpolate (in an algebraic framework) between a relative (namely:
—iz(log Z( - ))'(—iz)) of the logarithm of the Fourier transform for probability
distributions, and its free analogue constructed by D. Voiculescu ([16, 17]). The
classical case corresponds to ¢ = 1, and the free one to ¢ = 0.

We describe these interpolated transforms: (a) in terms of partitions of finite sets,
and their crossings; (b) in terms of weighted shifts; (¢) by a matrix equation related
to the method of Stieltjes for expanding continued J-fractions as power series. The
main result of the paper is that all these descriptions, which extend basic approaches
used for g = 0 and/or g = 1, remain equivalent for arbitrary g € [0, 1].

We discuss a couple of basic properties of the convolution laws (for probability
distributions) which are linearized by the considered family of transforms (these
convolution laws interpolate between the usual convolution — at ¢ = 1, and the
free convolution introduced by Voiculescu — at ¢ = 0). In particular, we note that
description (c) mentioned in the preceding paragraph gives an insight of why the
central limit law for the interpolated convolution has to do with the g-continuous
Hermite orthogonal polynomials.

1. Introduction and Statement of Results

We will work with probability distributions having finite moments of all orders, and
we will consider a simplified algebraic approach, where the sequence of moments
([ rt"dp(t))32, is addressed, rather than the distribution y itself. Thus we will think
(in this simplified approach) of distributions as of linear functionals on the algebra
C(X) of polynomials in an indeterminate, and write “u(f)” instead of “[ fdu”,
for f a polynomial. We denote the space of such objects by X; i.e.,

> ={u:CX) — C|p linear ,u(1)=1}. (1.1)

For uy, 4y € 2, their convolution product (which is denoted in this paper by y; - -
because the symbol “*” is used for free products) gets the expression:

(= )(f) = (m @ )f(X +X2)), [ € CX); (1.2)
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the tensor product p; ® u, in (1.2) is viewed as the linear functional on the algebra
of polynomials in X; and X>, which has (1 ® w )(X{"X3') = i (X")pa(X7 ), m,n = 0.

In the work of D. Voiculescu ([16, 17]), a theory of free convolution of distri-
butions was developed, which parallels the usual convolution theory, in a context
where tensor products are replaced by free products. More precisely, the free con-
volution of u;, yy € 2, denoted by p[Hus, is described in the same way as in (1.2),
but where the tensor product of y; and u, is replaced by their free product u; % pu:

(L)) = (u * )(f (XN + X)), [ € CX). (1.3)

For the definition of p; % u,, which is a linear functional on the algebra of non-
commutative polynomials in X; and X5, see for instance Sect. 1.5 of [18].

Our emphasis will be on transforms which linearize convolution. The existence
of such transforms is an important point in the theory of both usual and free convo-
lution. On one hand, as it is well-known, usual convolution is linearized by the log-
arithm of the Fourier transform: log % (u; + w2) = log # (1) + log & (12), 11, 2 €
2. In the present context, the Fourier transform of a distribution p is viewed as

a formal power series, ((Z(1))(z) = Y neo ’"%)fn)z", and the logarithm of a for-

mal power series @ with ¢(0) =1 is taken as logp =Y .2, J(—1)"!(¢p — 1)";
hence for u € X,log #(u) is viewed here as a formal power series vanishing at
zero. On the other hand, free convolution is linearized by a certain R-transform,
defined in [16, 17] via a construction involving “formal” Toeplitz operators. For
u € Z,R(p) is also a formal power series vanishing at zero, and we have the for-
mula R(ufHu) = R(p1) + R(p2), pa, pi2 € 2.

It is easily seen that both the logarithm of the Fourier transform and the R-
transform are bijections between the space of distributions 2 of (1.1), and the
space

o0

0= {Zanz”lal,ocz,og,...EC} (14)
n=1

of formal power series vanishing at zero. Therefore one can in fact define both the

usual and free convolution as the operations on X obtained by transporting from @

the pointwise addition, via the appropriate transforms.

In this paper we point out a remarkable family of bijective transforms R, :
2 — 0O, depending on a parameter g € [0,1], which interpolate between the R-
transform (at ¢ = 0), and a relative — namely “—iz(log #( - ))(—iz)”- of the loga-
rithm of the Fourier transform (at g = 1). The R,’s bring along a family of convo-
lution laws ,q € [0,1], on the space 2 of distributions, which interpolate between
free convolution (at ¢ = 0) and usual convolution (at ¢ = 1); more precisely,
is the operation on 2 obtained by transporting from @ the pointwise addition, via
the R,-transform.

The main goal of the paper is to show that the R,-transforms (0 < g < 1)
can be described in several ways, corresponding to some basic approaches used for
q = 0, 1. The point consists, of course, in proving the non-trivial fact that all these
descriptions remain equivalent for arbitrary ¢ € [0, 1].

We have started our work from the approach of Voiculescu, in the case ¢ = 0,
where the R-transform is defined in terms of formal Toeplitz operators, i.e. in terms
of certain generating functions having as variable the unilateral shift on a separable
Hilbert space. The R,-transform is obtained from this by putting on the shift the
weight (depending on the parameter ¢) which was considered in connection to the
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“g-commutation relations,” a remarkable interpolation between the canonical com-
mutation and the canonical anti-commutation relations — see [3]. (The same weighted
shift also appears in the context of the quantum SU(2) group — see for instance
[20]). The g-commutation relations seem to be well-suited to “quantum probabilis-
tic” considerations (see e.g. [12]), and the idea of defining the R,-transform in this
way comes naturally on this line of thought.

On the other hand, it turns out that the »™ moment of a distribution u is
expressed in terms of the coefficients of its R,-transform via a summation formula
over the set of partitions of {1,...,n}; in the case ¢ = 1, this is equivalent to the
well-known formula relating the moments of u and its so-called “cumulants” (see
for instance [11], Sect. I1.12.8). We mention that the existence of such a formula
had also been noticed in the case ¢ = 0; more precisely, it had been shown by
R. Speicher [13] that in this case one has to consider in the summation formula
only those partitions of {1,...,n} which are non-crossing (in the sense of [8]).
The interpolation (in the summation formula for the moments) between the set of
non-crossing partitions and the set of all partitions turns out to be due to a factor
“q®™” in the general term of the sum, where c,(n) is a number accounting in
some sense for “how many crossing has the partition n” (see Notation 1.1.A below
for the exact definition).

Moreover, it turns out to be possible to give a third characterization of the R,-
transforms, in terms of a matrix equation related to the one involved in the method
of Stieltjes for expanding continued J-fractions as power series. This characterization
gives an insight of why in a certain (important) particular case, taking the R,-
transform has to do with the g-continuous Hermite orthogonal polynomials (see
1.6, 4.2 below).

In all the approaches we consider, the inverse of the R,-transform, R, RN D)
is actually defined first, and then R, is defined as (R;')~'. We mention that all the
considerations of the paper are actually valid for ¢ € (—1,00); and moreover, what
happens at ¢ = —1 is that Rq“, which can still be defined, is no longer bijective.

In order to state explicitly the main result of the paper (Theorem 1.2 below),
we need to set a few notations.

1.1. Notations

A. Partitions. For n 2 1, we denote by Z({l,...,n}) the set of partitions of
{1,...,n}. For m € 2({1,...,n}) and 1 < my,m; < n, we will write “myromy” for
the fact that m; and m; are in the same class (block) of 7.

Recall that a partition 7 of {1,...,n} is said to be non-crossing (notion in-
troduced in [8]) if there is no 4-tuple (m;,my,m3,my) such that 1 < m; < m, <
m3 < myg < n,m1£m3 lm2£m4.

We will call left-reduced number of crossings of = € 2({1,...,n}) the number:

1
1 Sm <m <my <my < n,m~my,
J— 4 . ..
co(m) = card § (my,my,m3,my) |my~ms, each of m;,m, is minimal
| in the class of n containing it

(1.5)

The words “left-reduced” in the name of ¢,(n) refer to the fact that rather than
counting all the 4-tuples mentioned in the preceding paragraph, we impose a more
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restrictive condition “on the left” (the minimality requirement on m; and m, implies

of course m, lmz). It is easy to check, however, that a partition = € 2({1,...,n})
is non-crossing if and only if it has ¢,(w) = 0.

B. Matrices. We will consider infinite complex matrices of the form M = (x,;);;>o0.
The (i,j)-entry of a matrix M will be denoted by (M),;. We will call diagonal
height of M the number

dh(M) = sup{j —ili,j € N,(M);; %0} C Z U {—00,00} , (1.6)

where “dh(M) = —o0” is, by convention, equivalent to “M = 0”.

We denote by .# the set of infinite matrices M having dh(M) < oco. Then 4
is a unital algebra, with the usual operations with matrices. Note that dh(M + N) =
max(dh(M),dh(N)), and that dh(MN) < dh(M) + dh(N) for M,N € M.

We denote by w the linear functional .# — C defined by

o(M)=M)g, MEe M. (1.7)

For M € ./ we denote by 1 & M the matrix with entries

M)i—1j-1, ifij21
(IEBM)iJz{ 1, ifi=j=0 (1.8)
0, otherwise

(this is of course in .#, with dh(1 & M) = max(dh(M),0)).

C. Weighted shifts. We will consider the following remarkable family of weighted
shifts on /?(N) (first studied by S.L. Woronowicz [20]): for 0 < g < 1, de-
note by S; the operator on I>(N) determined by S,0, = \/[n + 11;0nt1,7 = 0,
where (8,)%, is the canonical basis of /*(N), and where we use the custo-
mary notation [m], =1+¢q+ - +¢™ !, m = 1. The adjoint S, of S, is determined
by S;éo = O,S,;é,, = /[n]g6p—1,n 2 1. §; and Sy satisfy the important relation
878y = qS,S; +1 (see [20], also [3]).

We will actually work most of the time with the matrices of the above operators,
with respect to the canonical basis. The reason for this is two-fold: on one hand, we
will deal with infinite sums of monomials in S, and S; which don’t make sense (are
divergent) as operators, but still have meaning as matrices; on the other hand, when
formulated in terms of matrices, all the considerations are also valid for g = 1.

Hence, for every g € [0,1], we (also) denote by S, A the matrices:

(Sq),-,j:{v["]’ fi-s=1, (S;)f,jz{v[”q’ M7= (L)

0, otherwise 0, otherwise

These matrices belong to the algebra .# of 1.1.B. For g1, they are exactly the
ones of the weighted shift S, and its adjoint, with respect to the canonical basis (it
will always be clear from the context whether we are referring to the operator or
to its matrix).

The main result of the paper can then be stated as follows.

1.2. Theorem. If 6(z) = Y_,° anz" is a formal power series vanishing at zero,
and q € [0,1] is a parameter, then all the following constructions lead to the
same distribution p : C(X) — C.
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(a) The moments of u are given by the formula

k
,Ll(Xn) — Z qu(Ti)H[IBjI _ l]q!alB/I’ n g 1. (1.10)
nefl(?{l,;"}}) j=1
n={B,..B},

(co(m) is as defined in (1.5), and the o’s are the coefficients of 0. |B;| stands, of
course, for the number of elements of B;, and we use the customary notation for
g-factorials:[0],! = 1,[1],! = [11,[2], - - [{], for [ = 1.)

(b) Consider the matrix

Tog = S; + z_%a,,ﬂsg e M (1.11)

(this makes sense, because any two of the matrices S*,I,Sq,Sj,... involved in the
sum are supported on different diagonals); define y by

) =olfTag)) [ €CA), (1.12)

with  the linear functional of (1.7).!
(¢) Consider the lower triangular matrix M(= M(0,q)), with entries:

o[ — l]q!/[j]q!a ifi>j
M),;=4q L fi=j (1.13)
0, ifi<j
(in particular M belongs to the algebra M of 1.1.B). There exists a unique matrix
I € M which is lower triangular with 1’s on the diagonal, and which satisfies:

r=(1eIM. (1.14)
I can be in fact written explicitly as a limit,
'=lim(e---¢oleM)(1®---®1leM)---(1&MM, (1.15)
N 00 e’ N e’
n n—1

with the direct sums taken as in (1.8). Define u to be the distribution with moments
given by the entries of the first column of T :

WX = (o, 720, (1.16)

1.3. Definition. Let q € [0, 1] be a parameter. For every formal power series van-
ishing at zero, 0(z) = Y2 a,2", denote by R, Y(0) the distribution p constructed
in Theorem 1.2. Consider the map Rq‘1 10 — X (with ©,%Z as in the formulae
(1.4), (1.1), respectively) which is obtained in this way. Then R U is a bijection
~ as it is immediate from characterization (a) of 1.2, for instance; its inverse,
(R;')™": X — O, will be denoted by R,, and called R,-transform.

1.4. Remark. (the case g = 0). The description of Rq‘l provided by (b) of Theorem
1.2 is a straightforward extension of the one used by Voiculescu in [17], for g = 0;

' The terminology used in such situations is that “u is the distribution of Ty, in the non-
commutative probability space (.#,w®)” — see [16], or the monograph [18].
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the only modification for arbitrary ¢ € [0, 1] is that there exists a weight on the shift.
In particular, the Ro-transform of Definition 1.3 coincides with the R-transform of
[16,17].

Note also that, for ¢ = 0, Eq. (1.10) in (a) of Theorem 1.2 becomes:

wX") = Yo .-, 1,
7€ NG({1,.n})
n={By,-Br}

where A"€({1,...,n}) denotes the set of non-crossing partitions of {1,...,n}. This
relation between the moments of a distribution y and the coefficients (a,)52, of
R(u) was first remarked by R. Speicher [13].

1.5. Remark. (the case ¢ = 1). By putting ¢ = 1 in Eq. (1.10), and using the fact
that for a partition n = k; + 2k, + - - - + nky(ky,...,kn = 0) of the number » there
are n!/[(11)%1 - (n!)ok;! - - - k,!] partitions of {1,...,n} which have k; classes of 1
element, ..., k, classes of n elements, we get:

(%L)h...(%n)kn
klky

wx") S
n! N k.o k
1-kn20
Ky +2ky -y =n

nx>1; (1.17)

in (1.17), u is a distribution, and (a,)32, are the coefficients of R;(u). But, as it

is easily checked, (1.17) means that the series Z:_O:O ”(f!n)z" is the exponential of

> ome) %227; this entails the formula

Ri()(z) = —iz(log F (1)) (—iz)
= —iz(F (W) (—iz) (F (m)(—iz) . (1.18)

In particular, the R;-transform of Definition 1.3 differs from the logarithm of the
Fourier transform only by a linear bijective map from the space © of (1.4) onto
itself, and, as a consequence, R; shares the property of log % of linearizing the
usual convolution of distributions.

1.6. Remark. (relation with continued fractions). We now look at the character-
ization (c) in Theorem 1.2. Let g € [0,1] be a parameter, let 6(z) = Z22,0,2" be
a formal power series vanishing at zero, and define the lower triangular matrices
M, T as in (1.13), (1.14) of 1.2 (c). Equation (1.14) defining I" remains valid if
we delete the first line of I', and also of 1 @® I'. Moreover, what is obtained from
1® I' (by deleting the first line) has only zeros on the first column; hence we can
delete that column too, if we also erase the first line of M. Making for i > j the
notation (I");; = v;; (the (i, j)-entry of I'), we thus arrive to:

0 1 1
Y20 V21 1 0 1
y30 V31 Y32 1 =170 21 1 . (1.19)

V40 Va1 Va2 Va3 1 30 31 V32 1
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o1 [0],!/[0],! 1
a[1]g!/[0]!  ar[1]g!/[1]! 1
o3[2]g!/[0],!  2[2]g!/[1]!  en[2]4!/12]4! 1

wa[31g1/101! as3lg!/1g! wf31g!/12]! ouf3],1/13)! 1

The latter equation is very similar (especially if we also take into account the
significance of the first column of I') to what one has when converting a continued
J-fraction into a power series, after the method of Stieltjes (see [19], Sect. 53). The
difference between (1.19) and the matrix equation of Stieltjes is that the third matrix
in (1.19) may have non-zero (i, j)-entries for all pairs (i, /) such that j < i+ 1 (and
not only for those (i,j) with |i — j| < 1).

Note that if the considered power series § happens to be a quadratic polynomial

vanishing at zero, 0(z) = a1z + wz? (i.e. a3 = 0y = --- = 0), then the theorem of
Stieltjes can indeed be applied, and gives
* 1
2o HX")" = ; , (1.20)
n=0 1 —o [1],00z
1= 2] 002
1 - oA1z— [ 972 >
1 —o1Zz— ———[3](’0‘22
I—oyz—---

with u = Rq_1(0). In particular, by putting «; =0 and o =1 in (1.20), we have
that the generating function for the moments of R, '(z?) is the expansion of
1
1_ [l]qzz

o 1202

(121)

N

This continued fraction is known to be associated to the g-continuous Hermite
polynomials (see for instance [7], Eq. (4.4), or Sect. 2 and 3.5 of [1]); therefore,
Rq"l(zz) is the measure associated with this set of orthogonal polynomials.

We mention that various facts concerning the particular case discussed in the
preceding paragraph were known. On one hand, the formula for the moment of
order 2n of R;!(z?) provided by characterization (a) in 1.2 is X,¢%™), with sum-
mation after aﬁ the matchings (i.e. partitions into classes with exactly two elements)
of {1,...,2n}. The relation between this sum and the continued fraction (1.21) was
pointed out by Touchard [15] (see also Flajolet [5]). On the other hand, the dis-
tribution of the operator S, +S; with respect to the functional w (with S;, @ as
in Notations 1.1 above) was studied by Bozejko and Speicher [3] Part II, and its
connection with the g-continuous Hermite polynomials was found. (In view of 1.2
(b) above, an alternative definition of R '(z?) is as the distribution of S, + S with
respect to w.)

1.7. Remark. (equations in generating functions related to the R,-transforms). We
consider again Eq. (1.14) of Theorem 1.2(c), and we use the same notations
(¢,0,M,I') as in the preceding remark. In addition, for every j = 0 we denote

0i(z) = S22 (D) s (122)
=J
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since I' is lower triangular, ¢, could be called “the generating function for the j®
column of I'.”

Equation (1.14) is equivalent to the fact that (for every j = 0) the j® column
of I' is the linear combination of the columns of 1 @ I', with coefficients taken from
the /" column of M. Hence (1.14) comes to the system:

@0 =1+ 012[0]4!p0 + 0a2’[1]g!p1 + 032°[2]g 2 + - -
ZJ(P/ = qu’j—! + “IZ]+1(U]q!/U]q!)(P/ + O‘ZZH_Z(U + 1]q!/[i]q!)¢j+l
+ o3[ + 211 D@j2 + -+, J 2 1.

Renormalizing: ¥ = [jl,!¢@,,j 2 0, we obtain:

{l//o =1+ oz + wz?Yy + a3z + - - - (123)
Y = Ulg—1 + ouzh + ozt + 32y + -, j 2 1.

Now, the first column of I' contains the moments of u =Rq_1(0) (by (c) of
Theorem 1.2); hence Yy = ¢ is the generating function for the moments of p, Yy =
22, u(X™")z". If it were not for the other generating functions VY, ys, ¥s,... which
appear in (1.23), this system would thus express the relation between u and 6 (i.e.
the R, -transform) in terms of generating functions.

The method of handling ¥, s,Ys,... seems to consist in expressing them in
terms of Y. Their form can be guessed (and then proved) both for ¢ =0 and
q =1 (but we couldn’t find it explicitly for arbitrary ¢g). To be precise, we have:

[/jj:lp({-‘—l,jgl, forq=0 1.24
{wj=<szo)<f),j >1, forg=1 (129

(where (z/yp)Y) stands for the ;™ derivative of z/y)y). Proving (1.24) is very easy
— let us show it for instance for ¢ = 0. From the fact that the R,-transform is well-
defined it follows that the system (1.23) has a unique solution, where Yy is given
as data, and («;)72; and (y4)72, are viewed as unknowns. So, if we can construct

(for g = 0) a solution of (1.23) which has y = &//({H, j = 1, then the first relation
(1.24) will be proved. But we can proceed as follows: since the constant term of
W is 1, it is clear that there are unique oy, 0p,03,... € C such that

Yo = 1+ oz + oz Y@ + o2’y + -+ . (1.25)

These («;)72,, together with () = l//é“ 20 satisfy hence the first equation in (1.23);
but multiplying (1.25) with Yo, Y, ¥, ... it is actually clear that not only the first,
but all the equations of (1.23) (for ¢ = 0) are satisfied, and we are done.

We note that (1.25) is equivalent to Theorem 2.9 of [17]. The analogue of all

this for ¢ = 1 leads to nothing else but the second form of the equation (1.18).

The paper is divided into sections as follows: after a few combinatorial prelim-
inaries described in Sect. 2, the proof of the main result of the paper, Theorem 1.2,
is presented in Sect. 3. In the fourth (and last) section we consider the convolution
laws ,0 =< g £ 1, which are linearized by the R,-transforms, and (without going
too deep in their study) we point out some basic properties which are built in their
definition.



One-Parameter Family of Transforms 195

2. Combinatorial Preliminaries

2.1 Notations Let n be a positive integer. We denote by %, the set of n-tuples?

m n
{e=C(er,....en)le1,...,6a e NU{=1},>"g; = 0 forevery 1 = m < n,) ¢ =0}.
=1 j=1

.1)
We denote by p, : 2({1,...,n}) — %, the map which associates to the partition
n ={Bi,...,Br} € 2({1,...,n}) the n-tuple & = (¢1,...,&,) € €, given by:

_ J |Bj| =1, if m = min B; for some (uniquely determined) 1 < j < k,
bm = -1, otherwise .

(2.2)
An important ingredient in the proof of (a) < (b) in Theorem 1.2 is the com-
binatorial identity stated as follows:

2.2 Theorem. Let n be a positive integer, and let g € [0,1] be a parameter. Then
for every ¢ = (g1,...,&,) € €, we have:

—1

Z qco(ﬂ) — H le1+ - +emily | - 11 [em]y! (2.3)
— Smsn =ms
epy \(e) Jzmen i
em=—1 em20

(pn: P{1,...,n}) > G, as in 2.1, c,( - ) as in 1.1.A).

n,q, and ¢ = (¢y,...,&,) € €, about which we are proving (2.3) are fixed for
the rest of the section. Let the set of positions {m|l < m < n,e, = 0} be written
explicitly as { p1,..., px}, with 1 = p; < --- < p; £ n. We also use the shorthand
notation ¢, = l;,1 £ j £ k; note that

Lt ly=n—k (2.4)

(indeed, we have 0 =¢; + - +e, =¢p + - p + (=) +---(=1)=L+---+
——— ——

n—k
Iy — (n —k)).
For every 1 < j < k we denote by s; the sum:

by J k
szzem:[Z(li‘l'l)}—]?j:(n—lﬂj)—[Z(lz‘l'l)} ; (2.5)
m=1 1=1 i=j+1
s; is a non-negative integer, and in fact s; = [;,1 < j < k(s, = (Z,Z’:ll &m) +
ep, 2 0+¢p =1).

2.3 Lemma. There exists a bijection between the index set p;'(¢) of the sum
(2.3), and the set

{Ar,.... 4|4, €{1,....s;},14;| = 1; for every 1 < j < k}, (2.6)

2 One thinks of the elements of %, as of paths in the square lattice, by identifying (¢1,...,&,)
with the sequence of points (0,0),(1,¢1),(2,¢1 + €2),...,(n,e1 + -+ &) = (n,0).
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such that the following holds: if = € p;'(¢) corresponds to (A1,...,Ay) in the set
(2.6), then
o) = co(Ar) + - - - co(Ak) (2.7)

where for any finite set of positive integers A = {ay,...,ay} we put
co(d)=(a1 — 1)+ (a2 =2)+---+(an—h)
= card {(b,a)|a,b positive integers, b < a,a € A,bg A}. (2.8)

Proof. Given a k-tuple of sets (A4;,...,A;) as in (2.6), we construct a partition
n={Bi,...,B;} € p; (&) as follows.

We begin by taking p; € By,..., px € By; p, must come out to be in fact the
minimal element of B;,1 < j < k, and we also know that B;\{p;} must contain
exactly /; elements.

The next step in constructing 7 is to choose the /; elements which form
B\{pr}. All these I; elements must lie to the right of p;. There are exactly
n — pp = s, numbers to the right of p; in {1,...,n}, and our way of choosing /;
of them (to form B;\{ pi}) is the one dictated by 4. (Recall that 4y, the last set in
the k-tuple (41,...,4;) we started with, is a subset with /; elements of {I,...,s:};
therefore, whenever we have a totally ordered set of s; elements, 4; indicates a
choice of /; of them, in the obvious way.)

We now go to the choice of the /;,_; elements which form B;_\{pi—1}. All
these /;_; elements must lie to the right of p;_;, and we must take care that none
of them falls in the (already chosen) block By. There are n — p;_; numbers to the
right of py_; in {1,...,n}, and /; + 1 of them are already picked in By, therefore we
have to choose our /;_; numbers out of (n — py—_) — (Ix + 1) = s, possibilities.
We make the choice as dictated by the set 4;_; in the k-tuple (A4i,...,4r) we
started with.

We continue by repeating the algorithm described in the preceding paragraph, in
order to choose, recursively, the /;_, elements of By_,\{pi—2},..., the I; elements
of B{\{pi1}. This leads us to the partition = = {By,..., By} € p, '(¢) we needed to
construct.

Let us remark that the partition 7 € p, (&) we arrived to satisfies (2.7). Indeed,
the formula (1.5) defining ¢,(7) can also be written:

i [1<m <m <m3 <my <n,
co(m) = anrd (my,my,m3,mg)  |mioms, my~my (2.9)
J=l |my = pj,m; = p; for some i < j

(this is because, obviously, for every 4-tuple (mi,m;, m3,my) appearing in (1.5),
my and my must lie in {py,..., pr}). Now, a 4-tuple appearing in (2.9) is clearly
determined by its third and fourth components, which shows that for a given 1 <
J = k, the set appearing on the right-hand side of (2.9) is naturally in bijection
with

j—1
{(b,a)|pj <b<aa€B;be UB,} ; (2.10)
i=1
but by comparing (2.10) with (2.8), one sees without difficulty that the cardinality
of the set (2.10) equals c,(4;). Hence the j™ term of the sum (2.9) is ¢,(4 ), which
establishes (2.7)
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Finally, it is an easy exercise, left to the reader, to check that the construction
described in the first five paragraphs of the proof does indeed establish a bijection
between the set of k-tuples (2.6) and p,'(¢). QED

We also record the following known fact (see for instance [6], Lemma 5.1).

2.4. Lemma. For [ < s non-negative integers we have

o) — || (e sl ) 2.11
Ag!.zmx}q Hq< - 1) @10
stlAj=t

2.5. Proof of Theorem 2.2. We have:
Z qco(n) = 3 qco(A1)+"'+Ca(Ak) (by Lemma 2.3)

T )
k kT
= > =11 { 1{ J (by Lemma 2.4)
J=1 | 4,C{l,..5} j=1 Jlq
stl4,|=l,

_ [Sl]q!"'[sk]q! . 1
[s1 = Ddg! o Isk — Ledg! [hdg! - [hdg!
[, was a shorthand notation for ¢, ,1 < j < k, hence the second fraction appearing
in (2.12) is exactly (J]ismzn [sm]q!)“l. In order to establish (2.3) it remains to
stem20

(2.12)

verify that

[Sl]q! "'[Sk]q!
= e R 2.13
B Dyl s Telgl Ak, BT s (213)
s:xcl;t_h?t
But it is easily seen that
P11 _ [s,]q! .
Hm=p1+][81+~..+€m—l]q—m’ lé.]ék_l (214)
. .
Hm:pk+1[81 + -+ 5m—l]q = [Sk]q!

Multiplying the equalities (2.14) together, and taking into account that s; = /; yields
(2.13) and concludes the proof. QED

2.6. Corollary. For n,q and ¢ = (¢1,...,8,) € €, as in Theorem 2.2 we have:

k
Z qco(ﬂ)H[‘le— l]q' = H [81 +”'+8m—l]qc (215)
nEpn_l(s) Jj=1 1Sm<n
n={B|,...B } S;l;fxl;t—h?t

Proof. From the definition of the map p, : Z({l,...,n}) — €, it is immediate that,

for every m = {Bi,...,By} € p;'(¢), we have Hle[Ile — 1! = ngmgg[gm]q!;
stem =

hence (2.15) reduces to (2.3). QED
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2.7. Remark. The relatively short derivation of (2.3) presented above was suggested
to us by an anonymous referee for a talk related to this paper (at a conference
on algebraic combinatorics, Rutgers, May 1994). We mention that an alternative
proof of the identity (2.15) (hence, equivalently, of (2.3)) can be made by using
an argument which enumerates a certain class of inversions of permutations of
{1,...,n},n = 1. This alternative proof is presented in [10], Sect. 4; it is sensibly
longer, but offers on the other hand a more complete picture of the situation. The ¢-
factorials in (2.15) come out, during the derivation via permutations, as sums of the
form X ¢, g™, where ¥, denotes the group of all permutations of {1,...,m},
and inv(t) is the number of inversions of © € ¥,,. (As it is well-known, the latter
sum equals [m],!-see for instance [14], Corollary 1.3.10.)

3. The Proof of the Theorem 1.2

In this section we prove the equivalence of (a), (b) and (c) in the main result of
the paper (Theorem 1.2). We will fix throughout the whole section a formal power
series vanishing at zero, 0(z) = > >, o,z", and a value of the parameter g € [0, 1].
We start with the construction made in (b) of Theorem 1.2; that is, we consider
the matrix Ty, defined by the formula (1.11), Ty = Sy + > 20 0ns1 Sy, and the
distribution y : C(X) — C defined by the formula (1.12), u(f) = w(f(Tyy)) for
f € C{X). We will have to show that the result of the constructions made in (a)
and (c) of Theorem 1.2 is also u.
Let us make first a preliminary remark about the weighted shift S,.

3.1. Remark. The calculations related to S, are usually simplified when we con-
jugate with certain diagonal matrices. More precisely, for ¢ € [0,1], let us denote
by 4, the diagonal matrix having /[i],! on its (i,i)-entry, for every i = 0. Then,
with S, and S as in the formulae (1.9) of 1.1.C, it is easily checked that:

—1 o I, ifi=j+1
(Aq Sqdediy = { 0, otherwise CRY)

(ie. 4;'S,4, is So, the usual unilateral shift); and

gy ) Ulg ifj=i+1
(4g°Sg 49D = { 0, otherwise . (32)
Another fact which should be kept in mind is that conjugating with 4, preserves

the linear functional w : .# — C of (1.7) — i.e. w(Aq‘lNAq) = w(N) for every N €
A (immediate verification).

We start towards the proof of (a) < (b) with the following

3.2. Lemma. Let Sq,S; be the matrices discussed in Remark 3.1, let n be a positive

integer, and let ¢, ...,¢&, be in NU{—1}. Consider the monomial Ss"S;"‘1 S

where we make the convention that S;m means S; whenever ¢, = —1. (In the case

when ¢, = 0,5 is of course the corresponding power of S, in the algebra .M
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of 1.1.B; the monomial under consideration will hence also be an element of the
same algebra.) We have:

m<n &1 + -+ em_i1ls, if (&1,...,8,) €F
SIS 50y = { Hx],f,,,;_q[l m—1lg (&1 . n) € Cn (33)
0 otherwise ,

)

where @ : M — C is the linear functional in (1.7) of 1.1.B, and €, is the set
defined in 2.1.

Proof. The left-hand side of (3.3) equals, by Remark 3.1: w((4, ‘S;" 44)
(47184 4g) - (4;'S4' 44)). This is (if we take into account that o simply “takes
the (0,0)-entry”):

S (4788 Ag)0s, (A7 Sq T Ag)yny (A7 S AG) (47155 Ag)s 0 -

11 ,,,,, in_]:
3.4)
Now from Remark 3.1 it is immediate that the entry-wise description of A;'S;Aq, e €
NuU{-1}, is
1, ifi—j=¢€eN
(Sghj = { Ul ifi—j=6=-1 (3.5)
0, otherwise .
In order that an (n — 1)-tuple (i,...,i,—1) gives a non-zero contribution in the
sum (3.4), we need therefore to have 0 — i,_| = &,,ip_1 — Ip—2 = €4—1,...,00 — [} =
&,i1 — 0 = ¢;; these relations come to i, = EZ':I &, 1 < m =< n— 1, together with
Z:zl & = 0. Since i},...,i,—1 must be positive, it follows that we need in particular

to have (ep,...,&,) € €,. Conversely, if (¢,...,&,) € €,, then the sum (3.4) will
reduce to its term:

—1 ¢g —1gén—1
(Aq Sq"Aq)Ovﬁl'*'"'Cn—](Aq Sy Aq)£1+"'6n—1,81+'“6n—2 T

(A7 Ag ey 0 (477 Ag )0
which (by (3.5)) is exactly the product in the right-hand side of (3.3). QED

3.3. The proof of (a)<(b) in Theorem 1.2. Let us also fix a positive integer n;
we have to show that an explicit formula for the n™ moment of the distribution u
(considered in the first paragraph of this section) is provided by the right-hand side
of Eq. (1.10). Recall that the definition we are currently having for the n™ moment
of u reads: “u(X") = o(Tg,)"

We make the notation Ty, = S + Som_g %m+1S;". This is a truncation of T,
in the sense that

_ (TO,q)z,j, ifi—jén—l
(Toan); = { 0, otherwise (3:6)

(immediate verification). We claim that o (T, 0, q) = o(Ty, on ). Indeed, we have:

o0
w(Tél,q) = (Tél,q)o,o = E (T(?,q)O,i,,_[ (Tf),q)l,,__],in_z e (TH,q)l'z,ll (Tﬁ,q)ll,o . (37)

i yeensiy— 1=
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The diagonal height (defined as in 1.1.B) of T, is, obviously, equal to 1; hence
every (n — 1)-tuple (i,...,i,—1) which gives a non-zero term of the sum in (3.7)
must satisfy: i, < 0+ 1,i,—2 < iy—1 + 1,...,i1 < iy + 1. By taking (3.6) into ac-
count, it is then immediate that the entries of Ty, appearing in (3.7) can be replaced
by the corresponding entries of T, ,; in this way, the right-hand side of (3.7) is
transformed into (73, )oo = (T3, ,)-

So we also have u(X") = o(Ty o ), and this gives, by expanding T g @S @ sum

cu(S;"S;"" T D I | (AU,

el ,mtn€{—1,0,1,..,n—1} SliM§g
-Lem =

By also making use of Lemma 3.2, we thus arrive to

WX") = > [T lei+emaly s TI Giten | - (3-8)
=G0 EnE G \ 12msn

But now, from Corollary 2.6 we know that the first product appearing on the
right-hand side of (3.8) can be replaced with

k
S OB - 1,
repy () J=1

n={Bl,..A,Bk}

By reviewing the definition of the map p, : Z({1,...,n}) — €, (Eq. (2.2) in 2.1),
one sees immediately that the second product on the right-hand side of (3.8) can
be replaced with Hle g,|> for an arbitrary n € p, !(¢). When these replacements
are performed, (3.8) becomes:

k k
px" =2 > g PTIUB = 115! TTos,) |
EG%" TIEP”_’(_S_) Jj=1 Jj=1

n={B,..B;}

which is exactly (1.10). QED

Before going to the proof of (b) < (c¢) in Theorem 1.2, let us clarify the relation
between Eqgs. (1.14) and (1.15) appearing in 1.2 (c).

3.4. Lemma. Let N be a lower triangular infinite matrix, with 1°s on the principal
diagonal. There exists a unique invertible matrix X in the algebra 4 of 1.1.B,
which satisfies
X=(1&X)N 3.9)
(with 1 ® X defined as in (1.8) above). X is also lower triangular with 1’s on the
diagonal, and can in fact be written “explicitly” in the form:
X=1lm(1® - ®LeN)1®--@1ON)--- (1 ®N)N . (3.10)

n—0o0

n n—1

Another explicit description of X is the following: let N € J be the matrix obtained
from N by deleting the first line ((NV); ; = (N);41,j,4,j = 0). Then the entries of X
are:

Xy = () o,j>ij 2 0. (3.11)
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Proof. The limit in (3.10) exists, because multiplying an arbitrary matrix P € .4
with 1 @ --- @ 1 ®N on the left leaves unchanged the first n + 1 lines of P (hence,

n
for given i,j = 0, all the matrix-products appearing in (3.10) are having from a
certain moment the same (i, j)-entry).
If X is the limit in (3.10), it is clear that X is lower triangular with 1’s on the
diagonal; in particular, X is invertible. By adding 1 in direct sum, on the left of
(3.10), we obtain:

e X=1lm(1®---@LlBN)Y(1 P ---BLBN)---(1dN),
N 00 e’ A —
n n—1
which immediately implies that X satisfies (3.9).

Conversely, let Y € ./ be an invertible matrix such that ¥ = (1@ Y)N. By
adding 1’s in direct sum, on the left of this equality, we get:

Y=(1®Y)N
leY=>1a@laY)laN)

16 @leY=>01a alaY)(1- - &laN)
————

n n+1 n

that is

(1eY) 'Y =N
(IoleY)yl(1eY)=(a&N)

(3.12)

n+1 n n

Multiplying together the first n + 1 equalities (3.12), in reversed order, we obtain:
Y=(10---0leY)(1®---®1ON)---(1®ON)N . (3.13)

~
n+1 n

Then letting n — oo in (3.13) (and taking into account that (1 & --- @ 1 HY) tends
——— ———

n+1
for n — oo to the identity matrix), it becomes clear that ¥ coincides with X of
(3.10).

It remains to prove (3.11). While this can be done without difficulty from (3.10),
let us remark that another simple way of doing the verification of (3.11) is by
showing that: the matrix Z defined by (Z);; = ((N)')o,j,i,j Z 0, is lower triangular
with 1’s on the diagonal, and satisfies Eq. (3.9). (Then Z = X, by the uniqueness
assertion proved above.)

The fact that Z is lower triangular is immediate: the diagonal height (defined
as in 1.1.B) of N is obviously dh(N) = 1, which implies dh(N)) < i for i = 0,
and has as consequence that (N ) )o,j = 0 for j > i. Moreover, the same kind of
argument shows that for every i = 2, the sum:

v . oo ~ 2 v
((N) )i = 1 IZ O(N)o,l, Mgy (N
Loenlio1=
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reduces in fact to the single term (N)o (V)12 (N )ic1i = (N)1i(N )2z -+ (N)iy =
1. Since it is also clear that (N)°)oo = (N)')os = 1, it follows that Z has indeed
I’s on the diagonal.

Finally, we verify (3.9). Since both Z and (1 © Z)N have the first line equal to
(1,0,0,...), it suffices to check ((1® Z)N);; = (Z);; for i = 1. We have:

((I@Z)N)lj Z(1®Z)lk(N)k,J
(the sum is from k£ =1 because (1 ® Z);p = 0)

=Z(Z),~_1,k_1(]\7)k_1‘,~ = (by putting / = k — 1 and replacing (Z),_;)
k=1

=l§((1\7 Y Nos(N )y = (V)™ - N)oj = (Z);; . QED

3.5. The proof of (b) < (c) in Theorem 1.2. We remark that the matrices: Tjy,-
defined by (1.11), and M-with M defined _by (1.13), are conjugated by a diagonal
matrix. (To put things in the right order: M is the unique matrix obtained from Ty,
by conjugating with a diagonal matrix, such that we get 1’s on the first diagonal
above the principal one.) Indeed, if 4, is the diagonal matrix considered in 3.1,
(49)ii = +/lilg!,i = 0, then the definition of T, combined with the formulae (3.1),
(3.2) of 3.1 give us:

. . Oli—jt1, lf] é 1
(47 Togd9)iy = Ulg ifj=i+1 (3.14)
0, ifj>i+1.

By writing 4,Tp ;" as A3(A4;'Toy4,)4;% and using (3.14) it is then immediate
that
A,Togd7" =M . (3.15)
Now, if I' is the unique solution of Eq. (1.14), then by the previous lemma we
have, for every n = 0:

(Dno = (1) Yoo “F (44T, 47 Yoo = (T, oo »

and the latter quantity was the definition taken for u(X") at the beginning of this
section. QED

4. Remarks on the Interpolated Convolution Laws H,

4.1. Definition. Let g € [0,1] be a parameter. We denote by B, the operation
on the space of distributions X of (1.1), which is linearized by the R,-transform
R;:2— 0 ie.,

¥ p2 = R (Rg(u1) + Ry(12)) s 2 €3 4.1)

It is clear from the definition that (2,H],) is an Abelian group, for every 0 <
g < 1. From the considerations in Remarks 1.4, 1.5, it follows that [H, =, the
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free convolution of Voiculescu ([16, 17]), while [, is the usual convolution of
distributions.

This way of introducing the interpolated convolution (via the linearizing trans-
form) has at least one immediate advantage; namely, that we get from the very
beginning an algebraic version of what is usually called “the method of charac-
teristic functions” (see, e.g. [4], Sect. XV.5). Thus, for instance, it is very easy
to prove an interpolated version of the central limit theorem. Since our approach
consisted in working with distributions (rather than with random variables), we
consider the formulation of the central limit theorem in this language; that is, we
use the g-convolution [, of distributions as a counterpart for a notion of “addition
of g-independent random variables.” Also, the operation of multiplying a random
variable by a constant » > 0 finds its analogue in the one of composing a distri-
bution with the dilation D, : C{X) — C(X)(D, = the unique homomorphism such
that D,(X) = rX). Thus:

4.2. Central Limit Theorem. Let q € [0,1] be a parameter, and let ()2, be a
sequence of distributions such that:

(1) w(X) =0 for every k = 1,
(i) im0 325, 1(X?) = 1
(iii) supy |m(X™)| < oo for every n = 2.

Then the sequence ((w, - -MHyun) o Dy )2y converges weakly to the dis-
tribution R} '(z*).

The sense of the words “converges weakly” in Theorem 4.2 is the one of con-
vergence of moments of all orders. The “g-Gaussian” distribution Rq_l(z2 ), playing
the role of central limit, is the same which appeared in the considerations in 1.6
above. We mention that interpolations of the central limit theorem, with the same
central limit laws, have been previously considered in [2], Sect. 4 (version equi-
valent to 4.2 above, but in language of random variables) and also in [12], in a
different context.

The proof of Theorem 4.2 comes to repeating word by word the argument
proving Theorem 3.5.1 of [18] (with “H” replaced by “[H,”), and is therefore left
to the reader.

Now, of course, both usual and free convolution were originally defined in terms
of a “product” which takes values outside X (the tensor and the free product, re-
spectively — see Egs. (1.2), (1.3) above). It appears hence as a natural question
whether one can define an operation with distributions, %,,0 < g < 1, which in-
terpolates between the free and the tensor product, and such that a formula of the
type (1.2), (1.3) holds for every g € [0, 1].

It is reasonable to ask that, for ¢ € [0,1] and p,u € 2, the “g-free product”
My kg jip is a linear functional on an algebra of polynomials in two indetermi-
nates. Actually, we can always consider u; %, y; on the algebra C(X;,X>) of non-
commutative polynomials in X; and X;, by reasons of universality (any algebra of
polynomials in two indeterminates is a quotient of C(X;,X;), hence linear func-
tionals on it can be pulled back to C(X;,X3)). In particular, for g = 1,y %y :

C(X1,X;) — C will be the composition C{X,X;) — C(X;) ®C<X2)L>®”2C, or in

other words will be described by

( Fy )X,y - X,) = (XX ),n = L. € (1,2} (4.2)
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where in (4.2) % is the number of 1’s and £ = n — h is the number of 2’s appearing
among iy,...,I,. (In this context, the fact that the tensor product is really a functional
on C(X;) ® C(X,) is stated as “u; % yip can be factored through C(X;) ® C(X3),”
and reflects the presence of some “additional symmetry,” particular to the case
g=1)

Hence, in short, the problem is that we have the formula

()XY = (K 2 )(X0 +X2)"),n Z 0,2 €3, ¢ =0,1,  (43)

and we would like to extend it to the case of arbitrary g € [0,1]. The key idea
in order to do this appears to be (once again) to apply an adequate “transform,”
which makes the formuale defining py % 1, and p; % pp look very similar. More
precisely, we will define a two-dimensional analogue R;;, of the R,-transform,
0 < g =1, and it will turn out that for both ¢ =0 and g = 1 we have the very
simple formula:

(Ry14( 1 g p2)X)z1,22) = (R ))(z1) + (Ry(u2))(22) - (44)

Then (4.4) will be used to define p; %, p, for arbitrary g € [0, 1]. The details of
this are presented in the following

4.3. Definition. 1° We denote by X;; the space of linear functionals p :
C(X1,X;) — C such that u(1) = 1; and by Oy, the space of formal power se-
ries in two non-commuting variables, and with vanishing constant coefficient. An
element 0 € Oy is thus of the form:

.....

For 0 € ©;;,n = 1 and iy,...,i, € {1,2}, we will denote by (0);, ., the coeffi-
cient of z;, - - - z,, in 0. Also, the following notation concerning multi-indices will be
useful: If iy,...,i, € {1,2} and 0B C {1,...,n} is a subset with, say, m elements,
then (ii,...,i,)|B will denote the m-tuple obtained by deleting from iy,...,i, the
ir’s with k & B. (For example, (1,2,2,1,2,1)|{2,4,5,6} = (2,1,2,1).)

2° Let q € [0,1] be a parameter. We define Rj;. : ©1; — Zy; by associating

to 0 € Oy the functional u € Xy, determined by:

with (... Inz=1,,.ine {12} CcOmplex coefficients.

wX, X)) = X ¢ OTIIB — 11,40y, imi, - (4.5)
n€2({1,..n}) k=1
n={By,.Bm}

Then R,‘Ilq is easily seen to be a bijection from Op; onto X;;, and we define

Risg: Zi1 — Oy to be (R;;,)™"

3° Let q € [0, 1] be a parameter. For every i, i in the space of distributions %
of (1.1), we define their g-free product p, %4 11y to be the unique linear functional
in X1 which satisfies Eq. (4.4).

For the fact that % defined by 4.3.3° coincides with the free product of dis-
tributions, see Theorem 3.3 of [9] (in a slightly different context, this phenomenon
was first put into evidence in Sect. 4. of [13]). The fact that %, defined by 4.3.3°
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is the same as the one appearing in Eq. (4.2), comes to an easy calculation made
in the following

4.4. Lemma. Let uy, yy be in X, and let 0 € Oy be the formal power series defined
by 0(z1,22) = (Ri(u))z1) + (Ri(12))(z2). Then for every n 2 1 and i,...,i, €
{1,2}, we have that (RI‘LII(H))(X,l -+ X,,) coincides with the right-hand side of
(4.2).

Proof. Let us fix n = 1 and iy,...,i, € {1,2}, and make the notation C; = {l <
m < nli, =1},C ={1 £ m < nli, =2}. We have, by the definition of R1_1,]15

RO, X)) = 3 TTUB = DUO) ity
re?({Ton}) k=1
n={By,...Bm}

in view of the particular form of 6, this can be continued with:

> T - 1>'a“2,)l)H((|B‘”| “ D). (46)

) €X(C1 )y €2(Cy) k=1

m=(s{).. Bm}

It
where (oc(ll))?il and (a§2’)fgl are the coefficients of the formal power series
Ri(uy) and R (up), respectively. But clearly, the sum (4.6) decomposes as a
product of two factors, which equals (by characterization (a) of Theorem 1.2)
Ry Ry ()X« RTM R (i DX 191 = iy (X1 pup (X121, QED

Hence the operations %,,0 < g < 1, defined by 4.3.3°, really interpolate be-
tween the free product and (the pull-back of) the tensor product, and it only remains
to verify that

4.5. Theorem. Relation (4.3) holds for every parameter q € [0,1] and every
st € 2.

Proof. Let us fix ¢ €[0,1] and py,pup € 2, and let us denote the R,-transforms
of uy and p by 0,(z) = > .2, iz and 0,(z) = > laf,z) , respectively. Then
the R;4-transform of py %, pp is (by Definition 4.3.3%) the formal power series
0 € ©;; defined by 9(21,22) = 01(21) + 92(22).

Let us also fix n = 2. We have

(i *g ) (K + X)) = 5 (kg )X, - X,,)
(iysmnin)E{1,2}"
m
= 3 S ¢ P TIUBe — 1110y, miBe 47
(1 etn)E{1,2}7 ne?};{l:"'};’l}}z P}
T=181558m

(where we used that u; %, u, = R,‘,}q((?), and formula (4.5)).

Now, given an n-tuple (ij,...,i,) € {1,2}" and a partition = € Z({1,...,n}),
let us write “(iy,...,i,) < n” if i, =i; whenever 1 < A < [ < n are in the same
class of m. Remark that in the double sum (4.7), the term corresponding to
(i1y..-in) € {1,2}" and 7 = {By,...,Bn} € Z({1,...,n}) can be non-zero only if
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(i1,...,in) < m. Indeed, in the opposite case we can find a class By of 7,1 < k < m,
such that (iy,...,i,)|By contains both 1’s and 2’s; then (0);,...i,)5, = 0, forcing the
corresponding term of the sum (4.7) to vanish.

Taking into account the remark of the preceding paragraph, and changing the
order of summation in (4.7), we obtain:

m m
(g )X+ X)) = Y D TIB =10t X T1Oa,,imis, -
1€ P({1,..n}) k=1 (i rdn )< k=1
n={B},..Bm}
(4.8)
Let us next take a partition © = {By,...,Bn} € #({1,...,n}), and concentrate
for this 7 on the second sum on the right-hand side of (4.8). The index set of this
sum consists of those 2™ sequences (ii,...,i,) € {1,2}" which, viewed as functions
from {1,...,n} to {1,2}, are constant on each class of mn. Moreover, it is clear
(from 6(z1,2;) = 0,(z1) + 02(z2)) that for every such sequence (iy,...,i,) and every
1 <k £ m, we have

O‘?}?z)cl’ if (i1,...,i,) is constantly 1 on By
Otz =4 2)

1B’ if (i1,...,i,) is constantly 2 on By

(where recall that (ocgl))‘,’gl and (ocf))fil are the coefficients of 6; and 6,, respec-
tively). In this way we see that:

m . .
1O iz, = X ) -afp
(ifoin)<Tk=1 Urram)E{1,2}"

m
_ e
=1 (s +01) -

Hence, returning to (4.8), we conclude that it can be continued with:

m
1 2
y{Z } ‘Ic"(”)kl—ll[“-r’k| — 111 + )
2€P({1,.n}) =
n={B{,-.Bm}

=[R; (61 + 62)1(X™) ( by (a) of Theorem 1.2)
= (1 )(X") ( by the definition of HH,). QED
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