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Abstract: For the solutions of an initial-boundary value problem for the equations
of viscoelasticity with isotropic hardening we derive a uniform bound under a growth
condition for the nonlinearities in the case of one-space dimension. Global-in-time
existence of solutions to large initial data is a consequence of the existence of this
bound. In the most simple form, the equations we consider are

O, +0)a=3g(8-a—slz)B-a-s),
@, —0)8=—39,(18—a—sl,2)(B~a—s),

8t5 = gl(w - — 5\a21)(ﬁ —a—8)— 92(|8')22)5>
Oiz = 0y(2),2,) = Mz, |8 — a = sl,|s]),

with suitable functions g, g,, h satisfying g, > 0 and

0<g QO <Mn°+M,, o0<2.

1. Introduction

To study the viscoelastic behavior of metals frequently constitutive models are used
whose derivation is based on the hypothesis that a set of internal variables exist
which together with the stress- and strain tensors completely characterize the state
of the material. In this paper we investigate an initial-boundary value problem for
a system of partial and ordinary differential equations resulting from this hypothesis
and from the hypothesis of small deformations. The constitutive model leading to
these differential equations is shortly presented in the appendix of this paper.

It is known that when the right-hand side of the system of ordinary differential
equations (A3)—(AS) stated in the appendix is the gradient of a convex functional,
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then the theory of monotone operators can be used to prove existence of solutions for
the initial-boundary value problem. This gradient condition is automatically satisfied
in the case when isotropic hardening is not taken into account in the constitutive
model. Accordingly, the monotone operator approach is used in [2, 3, 4, 6, 8, 12, 13]
to prove existence for models without parameters of isotropic hardening, and in [7]
for models with isotropic hardening satisfying the gradient condition. More precisely,
in [7] the elastic-perfectly plastic case is treated, but since this is a limit case of
viscoelasticity, the proof generalizes immediately to viscoelastic models.

However, this gradient condition is not a consequence of the thermodynamic laws.
In thermodynamics it is often assumed that a convex dissipation potential exists
associated with the constitutive model, cf. [9, 11, 13], and under some additional
assumptions the gradient condition follows from the existence of such a dissipation
potential, for instance if the model contains only one parameter of isotropic hardening
and satisfies some other conditions. In general however, neither does the gradient
condition follow from the existence of a convex dissipation potential, nor is the
existence of a dissipation potential itself a consequence of the thermodynamic laws,
and actually, for most constitutive models from engineering the gradient condition is
not satisfied, cf. for example [5, 10].

But since all models are dissipative, it seems probable that a global solution exists
for the initial-boundary value problem also when the gradient condition is not satisfied
and the monotone operator approach cannot be used. New arguments must be used in
the proof of global existence, and in this paper we study this problem and consider the
case when the deformations only depend on one space variable. Under some growth
conditions for functions appearing in the set of constitutive equations L°°-bounds for
the solutions of the resulting initial-boundary value problem to large initial data are
derived. These bounds imply that the solutions exist globally in time.

Our investigations are motivated by viscoelasticity, but we believe that these L°°-
bounds are of independent mathematical interest.

We now state the partial differential equations treated in this paper. To make
these equations better understandable, we start with the equations in the full three-
dimensional form and subsequently reduce them to the one-dimensional form consid-
ered in this paper.

Let .¥? be the space of symmetric 3 x 3 matrices, and let v(z,t) € R’ be
the velocity, o(z,t) € ¥ the Cauchy stress tensor and e(z,t) = %[Vv(z,t) +

(Vo(z, 1))T] € 3 the time derivative of the strain tensor at the point € R at time

t. For tensors e = (€;;); ;=1 3> € = (€;)), ,1,... 3 We write

3
N R 1/2
(e,€) = E €,j€.5 le] = (e, e) =S

i,j=1

Then in three dimensions the partial differential equations are

00,v =divo, (1.1
0,0 = De — ¢,(|Po — s|,2,)D(Po — s), (1.2)
0,8 = Mg,(|Po — s, z)) (Po — s) — #g,(|s], z)s , (1.3)
0,2 = h(z,|Po — sl,]s|). 1.4)

Here § > 0 is the density, which we assume to be constant, and D:.93 — & is the
elasticity tensor, which is assumed to be constant, symmetric and positive definite.
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The operator P:.93 — %3 is defined by
[Pol(z,t) = o(z,1) — 5 (tro(z, ) , (1.5)

where I is the identity matrix. Thus Po is the stress deviator, and P is the orthogonal
projector from the space of symmetric tensors to the space of symmetric tensors with
vanishing trace. The variable s(z,t) € . is a parameter of kinematic hardening and
has the dimensions of a stress, z(z,t) = (z,(z,1), z,(z,1)) € R? are parameters of
isotropic hardening, g,, ¢,: R} x R — Rf, h:R? x (R})? — R? are given functions
which together with the constant .Z > 0 and the elasticity tensor characterize the
properties of the inelastic material.

We assume now that all functions in (1.1)—(1.4) only depend on the first component
of = and on ¢, and appropriately let x denote now a real variable from the interval
[0, L] with a constant L > 0. We also assume that § = 1. Equations (1.1)—(1.4) can
then be written in the form

v — 0 Q v B 0
<0>t_(DQ* 0><U)x (91(|PU‘5|7Z1)D(P0—3)>’ (1.6)

0,8 = Mg,(|Po — s|,z)) (Po — s) — A#g,(|s], z,)s, (1.7

0,z = Mz, |Po — s|,|s], (1.8)
where the linear operator Q:.¥> — R3 is defined by

Qo =(0,1),2123> 1.9)
and Q*:R3 — . is the adjoint of this operator. If v € R3 and if (v,0,0) is the
3 X 3-matrix with columns v, 0,0, then
Q*v = 3[(v,0,0) + (2,0,0)].

The remaining notations are as above. We also require

Qo(0,t) = Qo(L,H)=0, =0, (1.10)

v(z,0) =), o(x,0)=0c"@),
s(z,0) = %), 2(z,00=2%z); 0<z<L.

Equations (1.6)—(1.11) define the initial-boundary value problem studied in this paper.
The properties of the material modelled by (1.6)—(1.11) are specified by the choice of
the functions g;, g, and h, and in the engineering literature a wide variety of choices
for these functions can be found, cf. [5, 10] for examples. In particular this is true
for g, and h, whereas some specifications of g, are determined by basic properties of
viscoelastic materials. A typical example is

9;(|Po — s|,z)) = C(|Po — s|/z)™

(1.11)

with material parameters C and m ~ 5...7. In this example the function A
in (1.8) and the initial data z° must be given such that the solutions z satisfy
zi(x,t) > c(t) > 0. Often the functions g, g,, h are not even differentiable.

It is therefore desirable to prove existence of solutions of (1.6)—(1.11) for a class
of functions g¢,,g,,h as large as possible. Since g,,g, > 0, there is damping in
(1.6)—(1.11), as follows from the energy estimate proved in Sect. 3. This suggests
to use energy estimates to prove existence of solutions, and in [1] this has been
done for a special choice of g,, g,, h. However, this approach seems to be severely
restricted: First of all, since the equations are nonlinear, it required proofs of a-priori
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estimates for derivatives of the solution. But as is seen from [1], the proof of such
estimates is difficult already for first derivatives in the case of one space dimension,
and it strongly depends on the special form of g, g,, h chosen. Generally, because
of physical and mathematical reasons it is not probable that solutions of (1.6)—(1.11)
have many derivatives. And secondly, a fundamental difficulty is that the method of
energy estimates only works for small initial data. Because of all these reasons, it
seems desirable and even necessary to prove existence of solutions without recourse
to estimate for derivatives whatsoever, and in this paper we give such a proof for the
global in time existence of weak solutions of (1.6)—(1.11) to large initial data under
growth conditions for g, and h. To state the main results of this paper we need two
definitions:
Let T > 0 or T' = oo. A function

(v,0,8,2):[0, L] x [0,T) — R? x .93 x 9% x R?
is called a continuous weak solution of (1.6)—(1.11) in [0, L] x [0,T) if (v,0,s,2) €
C([0, L] x [0,T)) and if (v, 0, s, z) is a weak solution of (1.6)—(1.8) satisfying (1.10)
and (1.11).

Let {2 be a nonempty subset of R™. We call a function f: (2 — R locally Lipschitz
continuous if to every compact subset K of {2 there exists a constant Cj, with

[f(@) = f)| < Cklz —y|
for all z,y € K.
The main result is
Theorem 1.1. Let the functions g, g, : R} xR — R}, h:R? x (RF)? — R be locally
Lipschitz continuous, and assume that there are constants M, Mz* ,0> 0 with

91(n,¢) < M{'n? + My (1.12)
foralln >0, € R, where
O<p<1 (1.13a)
or
0<p<2 and g,=0. (1.13b)

Then there exist constants M3, M, ko, A > 0 such that to all initial data
@°, 0%, 5%, 2% € C([0, L], R® x .93 x .73 x R?)
satisfying
Qc’0)=Qc’(L)=0; wus’@ =0 forall 0<z<L, (1.14)

there is T > 0 and a continuous weak solution (v, 0, s, z) of (1.6)—(1.11) in [0, L] X
[0, T). This solution satisfies for all 0 <t < T,

sup |(v,0,8)(z,t)] < max{M3*[1 + K*(t, E(0))] I(UO,UO,so)IOO
0<z<L

[MK*(t, EQ©) (%, 6% Y 1}, (1.15)
where
|, 0° s°>|oo= sup (|v°(x>l2+lo°<x>l2+|s°<x>|2)1”,

E©) = / [v0(@)|* + (D~ ‘a“(m),a(x))+ |s°(:c)12da:



Global Existence and Boundedness for Equations of Viscoelasticity with Hardening 569

and
2

i 2(ko) ™ [AE©0) + L)]e ™t + 1) e
2—o :
m=0 ﬁ[l—l—(v 0 >2+g]2—+3

ol 2+90)2-0

K*(t, E(0)) = Ke (1.16)

For the constants v in (1.15) and K in (1.16) we have in case that (1.13a) holds
1 N

y=r—., K=t (1.17)
-0
and in case that (1.13b) holds
2+9p . 4
_tre - _ 9 (1.18)
772, 2+ 0w

with a suitable constant p > 0.

The solution (v, 0, s, 2) is locally unique, that is if (v, 0, sV, 29 are continuous
weak solutions of (1.6)—(1.11) on [0, L] x [0,T)) to the same initial data for i = 1,2,
then (v, gD sV V) = 1P @ 5@ ;D) on [0, L] x [0, min(T}, T})).

Note that the series in (1.16) converges, since for all sufficiently large m

{m[ @ 240 %_g i 22{_5 2=0 mil—ﬁfm
i+ (-2 ) {1 it ()7
24+p0/)2—-0 o e

v=1

by Stirling’s formula.

The components (v, g, s) of a local solution of (1.6)-(1.11) are thus contained in
the space L*°([0, L] x [0,T)) for every 0 < T' < oo. It is a standard result that
local solutions can be continued as long as they stay bounded in L°°, which means
that solutions of (1.6)—(1.11) can be continued as long as the hardening parameter z
remains bounded. In the engineering models normally the function h in Eq. (1.8) is
of such a form that z remains bounded, but from the only assumption we made for £,
namely that h is locally Lipschitz continuous, one cannot conclude this. The following
simple assumption, normally satisfied in models of viscoelasticity, is sufficient to
guarantee boundedness of z:

Corollary 1.2. Let the hypotheses of Theorem 1.1 be satisfied and assume that there
exists a monotonically increasing function c* : RS — RS with

WG,y )| < F O +m) (¢ + D) (1.19)
for all (¢,m,,m,) € R? x (RS’)2. Then to all initial data

@°, 0%, s°, 2% € C([0, L], R? x .73 x .93 x R?)

satisfying (1.14) there exists a locally unique, continuous weak solution of (1.6)—(1.11)
in [0, L]x[0, 00). The solution is contained in L°*°([0, L]1x[0,T)) for every0 < T < oo
and satisfies (1.15).

The estimate (1.15) is the main result of this paper, and as already noted, we believe
that this result is of mathematical interest beyond the application to the equations of
viscoelasticity. Therefore we state it here in the most simple form: Consider the totally
one-dimensional case with v,0,s € R and D = 1, set .Z = 1, drop the operator P,
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introduce the Riemann invariants o = % w-o0), 0= %(v + o), and assume z(z,1)
to be a known function. Then (1.6), (1.7) reduce to

1
(at+ag;)a= Egl(l/ﬁ—a-'ﬂ’x’t)(ﬁ_a_s)a

1
O~ 0)8=~59(0-a-slz,nl~a-s),
8t8 = gl('ﬁ— o — SI,III,t)(ﬁ - S) - g2(|3|,$,t)8.

Basically, what we prove is that solutions of this system satisfy the estimate (1.15)
if (1.12) is satisfied with ¢ < 2. In this simpler case it is not necessary to require
g, =0when 1< p <2

From the example given above it is seen that for many engineering models the
condition ¢ < 1 or p < 2 imposed by (1.13a), (1.13b) is too restrictive. We do not
know whether this condition is necessary for the boundedness of solutions, nor do
we know whether global solutions can be found in a function space larger than L*°
if this condition is not satisfied.

The paper is organized as follows: In Sect.2 we transform the initial-boundary
value problem into an equivalent periodic Cauchy problem in characteristic form.
In Theorem 2.5 and Corollary 2.6, Theorem 1.1 and Corollary 1.2 are restated for the
reformulated version of the problem. The remaining sections are devoted to the proofs
of Theorem 2.5 and Corollary 2.6. In Sect. 3 we state the local existence theorem and
prove an energy inequality, which is needed in the proof of the a-priori estimate
(1.15). In Sect. 4 and 5 the proof of this a-priori estimate in the reformulated version
is given. Section 4 contains some preparatory results and Sect. 5 the final proof of the
a-priori estimate, and at the end, the proofs of Theorem 2.5 and Corollary 2.6.

2. Reformulation of the Problem

In this section we reformulate the problem in the form of an equivalent characteristic
and periodic Cauchy problem, and at the end of the section we state Theorem 2.5 and
Corollary 2.6, which are the equivalent versions of Theorem 1.1 and Corollary 1.2 for
the reformulated problem.

In a first step we transform the problem (1.6)—(1.11) into a periodic Cauchy
problem. To this end we define some function spaces. For v = (v,q,s,2),
= (0,6,8,2) € R® x. 72 x.¥3 x R? we define a scalar product

[ 81 = @)+ (D™'0,8) + 5 (5,8 + (2,2, 2.1)

n 3
where (w,®) = 3 w;@; and (0,6) = ) 0;;6,, when w,® € R", 0,6 € I3,
i=] 2,7=1

To define scalar products and norms on the spaces R x.&73, R3 x93 x.%73, 3 xR?
we identify these spaces with the subspaces R x.973 x {0} x {0}, R3 x.¥ x.7% x {0},
{0} x {0} x .73 x R? of R3 x .3 x .93 x R? and use the scalar product induced by
[u, @] on these subspaces. We also denote these scalar products by [-,--]. The norms
belonging to these scalar products on the different spaces are denoted by

llul| = [u,u]"/?. 2.2)
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Let .2"(R) be the space of all functions (v,0,s,z):R — R3 x .73 x .93 x R? with

(v,0,s,2) € C([0, L)), (2.3)
(v,0,8,2)(x) = (v,—0 — 8,2)(—x), x #nL for all integers n, (2.4)
(w,0,8,2)(x +2L) = (v,0,s,2)(x), 2.5)
Qo(0)=Qo(L)=0. (2.6)

These conditions imply that v, Qo and z are continuous on R. For T > 0 or
T = oo let Z'(R x [0, T)) denote the space of all functions (v, 0, s, 2):R x [0,T) —
R3 x .93 x .3 x R? with
(v,0,s,2) € C((0, L] x [0,T)) 27
such that
(’U,O',S,Z) (7t) € %(R) (28)

for every t € [0,T).
Finally, let A:R? x .93 — R3 x .9 denote the operator

_( 9 @
R @

with @ defined in (1.9).

Lemma 2.1. Let (v,0,s,z) € C([0, L] x [0, T), R3 x .93 x .3 x R?) be a continuous
weak solution of (1.6)-1.11) to the initial data (1°,c°, s, 2°) satisfying (1.14), and
let (0,3, 3, %) denote the unique extension of (v,0,s,z) to R x [0,T) contained in
Z'R x [0,T). Let (°,5% 35, 2% (x) = (9,6,5,2)(x,0), and & = (9,5), @° =
(@°,5°). Then (w, 3, 2) is a weak solution of

5 s 0
0yt Ay = <gl(|P& — P3|, %)D(P5 — P§)> : (2.10)
8,5 = Mg,(|P& — P3|, %) (P& — P3) — .#g,(|P3|,%)P5, (2.11)
0,% = h(,|P& — P3|, |P3]), (2.12)
W(z,0) = (z), 3(z,0)=3z), 3z,0)=2(z). (2.13)

Conversely, if (10, 8, 2) € Z' (R x[0,T)) is a weak solution of (2.10)—(2.13) with initial
data satisfying
tr5%(z) = 0 (2.14)

forall x € R, then the restriction (w, s, z) of (W, §, Z) to [0, L] x [0, T) is a continuous
weak solution of (1.6)—(1.11) with initial data

0o .0 0 ~0 =0 z0
('LU 38,2 )=(U) y S, 2 )][O’L]'

Proof. If (v,0,s,2) is a continuous weak solution of (1.6)—(1.11) with initial data
satisfying (1.14), then (1.7) implies

O,(trs) = —#g,(|Po — s|, 2) (tr 8) — #g,(|s|, ) tr s
in the weak sense in (0, L) x [0,T), since tr Po = 0, and
trs(z,0)=trs’(x)=0, =ze€l0,L],

hence
trs(z,t) =0,
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and therefore Ps(z,t) = s(z,t) for all (z,t) € [0, L] x [0,T). Equations (1.6)—(1.8)
thus hold in the weak sense if s is replaced by Ps on the right-hand sides of these
equations. On the other hand, if (2.10)—(2.14) hold, then (2.11) yields 9, (tr 5(z,t)) = 0
for all (x,t) € R x [0,T), which together with tr3(z,0) = tr3%(z) = 0 yields
P3(x,t) = 3(x,t), and we can replace P35 in (2.10)—~(2.12) by 3. The other parts of
the proof are standard, and we leave them to the reader.

In the next step we write (2.10)—(2.14) in characteristic form. The initial data and
solution will be contained in function spaces %/(R) and Z(R x [0,T)), which we
define now.

As preparation for this definition we need some information about the operator A
defined in (2.9). Note that A maps the space R> x.%”* of dimension nine into itself and
is symmetric with respect to the scalar product [w,®] = (v,9) + (D™ 'a, &), where
w = (v, @), ® = (0, &). Therefore A has a complete orthonormal system {w,} of nine
eigenvectors. To determine the eigenvectors and eigenvalues, let A be an eigenvalue
and w = (u, &) an eigenvector of A. Then

—Qa=Mu; —DQ*u= (2.15)

hence, for \ # 0,
QDQ*u=Xu, DQ*Qa=)\a. (2.16)

The operator QDQ* is symmetric and positive definite on R?, hence has eigenvalues
0 < p; £ py < py counted according to multiplicity, and a set of eigenvectors
T, Ty, T3 satisfying

(rir) =36, - (2.17)
Lemma 2.2. The eigenvalues A_,, . .., A\, of A, counted according to multiplicity, are
—\//Ti—_]’ i:—41——3a—2
X\ =10, i=-1,0,1 (2.18)
V1 1=2,3,4.

Let {w,}__4 be an orthonormal system of eigenvectors of A with w; corresponding
to \;. Then

1 . .
(P =3 DQ*ry ), if 25| <4
(O)O‘i) ifi:—lao’l,

(2.19)

where o_, 04, 0) € 3 form a basis of the space ker(Q) of dimension three and
satisfy (D™ a, ) = 6, for =1 < i, j < 1.

Proof. All statements follow immediately from (2.15)—(2.17).
In the set theoretic sense, that is, not counted according to multiplicity, let

TR < NCRotD 1 AR

be the eigenvalues of A. Then ky < 3, \"® = —\® and A@ = 0. Let Y, c R¥x.%?
be the eigenspace of A to the eigenvalue A, and let II, be the projector from
R3 x .7 onto Y, orthogonal with respect to the scalar product [w,]. Then the



Global Existence and Boundedness for Equations of Viscoelasticity with Hardening 573

space Y_; X ... x Y, is isomorphic to the space R® x /> and the mapping

w— (I_gw,..., D w):R x> =Y x.. xY, (2.20)
is an isomorphism with inverse
ko
k) w0y = Y w® (2.21)
k=—kqg

if we define the scalar product on the new space by

ko
- A (— A (k k) o~
[(w( k0)7 A 7w(k0))7 (w( kO)’ e )w( O))] = Z [w( )? w(k)]
k=—ko

with corresponding norm

ko 1/2
Mw““%nww%5w=( Ej[anAMO :

k=—kg

On the spaces Y, X ... x Yy x.Z? xR*and Y , x...x Y, x.7 we use the
scalar products

[k, 2), @R )]

= [(F0 L w®) (@R ko] 4 [(s, 2), 8, 2)1,
[(wF0 . 8), (@ k0 L 9]

= [, w0 (@R o] 4 [s, 4],

1 1
where [(s, 2),(8,2)] = %(S,Q + (2,2) and [s,5] = — (s, 8), with the norms

¥
|(w ko). 2)|| and ||(w=%0 ... s)|| corresponding to these scalar products.
We also need the operator
I 0 3 3 3 3
(u,a) — 0 —71 (u, @) = (u, —a):R° x.¥° - R’ x ¥~ (2.22)

We now come to the announced definitions. By 2/(R) we denote the space of all
functions (w0, ..., w0 5,2): R = Y_; X ... x Y x93 x R* satisfying

(w=k0 . wk s 2y e C(o, L)), (2.23)

w® € CR,Y;) for k#0, (2.24)

w(k)(x) = ((I) —OI> wP (=), x # nL for all integers n, (2.25)
(5,2) () = (—s,2)(—x), x # nL for all integers n , (2.26)
WSRO (@ +20) = TR L 2) (x). (2.27)

For T'> 0 or T = oo let Z/(R x [0,T)) denote the space of all functions

@R w0 s, 2 R X [0,T) > YV, x ... x Y, x.9% xR?
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with
(w'=*) . 2) e C([0,L] x [0,T)) (2.28)

and
W' =R 2 (1) € YR) (2.29)
for every t € [0,T).

Lemma 2.3. The spaces %' (R) and Z' (R x [0,T)), respectively, are isomorphic to
the spaces %/ (R) and /(R x [0,T)), respectively, and in both cases the mapping

(w,s,2) > (I_pw,..., I w,s,z) (2.30)
is an isomorphism with inverse
ko
(w(—kO)v R w(kO)a Sy Z) - ( Z w(k)’ 5, Z) . (231)
k=—ko

Proof. We first show that .2"(R) and %/(R) are isomorphic. Let the mapping defined
in (2.30) be denoted by {2 and the mapping defined in (2.31) by 2’. From (2.20) and
(2.21) it follows that 2’ o {2 is the identity on .2 (R) and that {20 {2’ is the identity on
Z(R). To prove the statement it is therefore enough to show that 2(%"(R)) C Z'(R)
and 2'(Z(R)) C Z'(R).

To prove the first relation, let (w, s, z) € %' (R). It must be shown that the function
(w =k w0 s 2) with w® = IT, w satisfies (2.23)-(2.27). This is clear for
(2.23), (2.26) and (2.27), which are immediate consequences of (2.3)—(2.5). To prove

(2.25), note that the operator maps w,, to w_; for 2 < |k| <4 and w,, to

I 0
0 —I
—w,, for |k| < 1 with w,, defined in (2.19). This implies

I 0 I 0
m(l o) =(L °)m.. @)

Together with (2.4) we thus obtain for z ¢ {nL:n integer} that

I 0 _ I 0 I 0
(0 _I>w( k)(—:c):(o _I)H_kw(—x)=ﬂk(0 _I>w(—-z)

= ITw(z) = wP(z),

which is (2.25). To prove (2.24) observe first that (2.23) and (2.25) imply that w®
is continuous on [0, L] and on (—L, 0). Moreover, note that w(zx) has the expansion

4
w(x) = Z b;(x)w,

J=—4

with suitable coefficients b,(x) € R. From (2.3) and (2.6) we conclude with
w(x) = (v(x),0(x)) € R? x93 and w; = (u;,,) € R? x .3 that

4 4
0= Qo(0+) = Q( > b](O—l-)ozj) =Y b;(0+)Qa, . (2.33)

J=—4 j=—4
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From Lemma2.2 we have Qo_, = Qq, = Qa, = 0, and (2.15), (2.19) imply
Qa, = —A;r,_ for2 < |7] < 4. Therefore (2.18) and (2.33) yield

4
> b 04) = b0, =0,
j=2

which yields b;(0+) = b_;(0+) for |7] = 2. Since

w®(@) =Y bi(@w,
JENL
for a suitable set IV, , which is a subset of {j:2 < |j| < 4} if |k| > 1, we obtain with
(2.25) and with N_, = —N, that

w®O0+) = > b0Hw, = > b 0w,

JEN JENE

_ I 0 (T 0 k)
_Z b_j(0+)(0 —I)“’—J‘_(o _I>w 04) = w*®(0-),
JEN

which shows that w® is continuous at z = 0. In the same way it is seen that w®
is continuous at = L, and therefore everywhere, since w®) is periodic with period
2L. This proves (2.24), whence 2(Z"(R)) C Z R).

To prove 2(ZR)) C Z'(R) let (w0, ..., wko s 2) € Z(R). It must be

ko
shown that (v, 0, s, 2) with (v,0) =w = Y w® satisfies (2.3)—(2.6). The relations
k=—ko

(2.3) and (2.5) are immediate consequences of (2.23) and (2.27), and (2.4) follows
from (2.26) and from (2.25), since for = ¢ {nL:n integer}

ko

ko
wo= 3 ww= 3 (o )= (g ) )uen

k=—kyg k=—ky

To prove (2.6), let w®(z) = (v*(z), o®(x)). Then

ko ko
Q@=Q Y oP@)= > QPw= Y QPw@, 234

k=—kqg k=—kqo 1< |k|<kg
since (vV(z),0(z)) € Y,, and therefore, by Lemma 2.2,
Qo) =0.

From (2.24) and (2.34) it follows that (Qo is continuous on R, which together
with (2.4) and (2.5) yields Qo(0) = Qo(L) = 0, which is (2.6). We thus have
2(ZR)) C 4 (R), and it follows that (2.30) defines an isomorphism from .%°(R)
to Z(R). The corresponding result for 2’ (R x [0,7)) and Z(R x [0,T)) is an
immediate corollary of this result and of the definitions of the spaces .2 (R x [0,T))
and Z (R x [0,T)) in (2.7), (2.8) and in (2.28), (2.29). The proof of Lemma 2.3 is
complete.
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In the next lemma we write the system of differential equations in characteristic
form: Let the operators J:R? x .3 — 973, J*:. 73 — R? x.%7 be defined by
Jw=Ju,o)y=a, Joc=(0,0)eR x5, (2.35)
for every w = (u, a) € R? x %3, o € .3, Moreover, let
P, =1II,J*DP.7* - R} x .73 (2.36)
for |k| < k,, with P defined in (1.5).

Lemma 2.4. For (w,s, z) € Z' (R x [0,T)) and (v°, s°,2°) € Z'R) let w¥(z,t) =
I w(z,t) and w'®(z) = kao(a:). Then (w, s, z) is a weak solution of (2.10)-(2.13)
to the initial data (w°, s°, 2°) satisfying (2.14) if and only if (w' %0, ... w*0 s z) €
Z (R x[0,T)) is a weak solution of

3tw“°) + )\(k)axw(k) = —g,(|Po — Ps|, z) (P o — P.s), (2.37)
0,5 = #49,(|Po — Ps|, z))(Po — Ps) — .#g,(|Ps|, z,)Ps , (2.38)
0,z = Wz,|Po — Ps|,|Ps|), (2.39)
ko
o=J Y w® (2.40)
k=—kq

in R x [0,T) with
w®(z,0) =P (), s2,00=5"@), 2(z,0=2"() (2.41)

forall x € R and —ky < k < kg, and with the initial data (w0 ... ko) 0 ;0
satisfying
rs’(x)=0, z€R. (2.42)

Proof. Equations (2.11) and (2.12) are identical to (2.38) and (2.39). It is clear that
(2.13) holds if and only if (2.41) holds. Therefore it is enough to show that (2.10)
holds if and only if (2.37) holds. We leave the obvious proof to the reader.

This completes the reformulation of the problem. From Lemma 2.1 and Lemma 2.4
it is clear now that Theorem 1.1 is equivalent to

Theorem 2.5. Let the functions g, and g, satisfy the hypotheses of Theorem 1.1. Then
there exist constants My, M, > O such that to all initial data

WO = @k 0k 0 ;0 ¢ Z[R)

satisfying
rsx)=0, zeR (2.43)

there is T > 0 and a weak solution W = (w50 ... w0 s 2) e ¥R x [0,T)) of
(2.37)—=(2.41). This solution satisfies for all 0 <t < T,

sup ll(w(_ko), w0 gy (x, Dl
—oo<r<oo

< max{Ms[1 + K*(¢t, EO)] [|(w* %, ... O],
(M, K*(t, BO) || % .. "1}, (2.44)
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where
(@R, ) = sup @™, w0 0 ()]
0<z<L

The solution (w'=%0), ... 2) is locally unique.

Here E(0), K*(t, E(0)) and v are the constants from Theorem 1.1. The functions v°
and ¢° in the definition of E(0) are given by

ko
@°,06% =uw’ = Z w®
k=—ko

Corollary 1.2 is equivalent to

Corollary 2.6. Let the hypothesis of Corollary 1.2 be satisfied. Then to all initial
data WO = (k) .. 2) e ZR) satisfying (2.43) there exists a locally unique
weak solution W € Z/(R x [0,00)) of (2.37)~(2.41). The solution is contained in
L>*R x [0,T)) for every 0 < T < oo and satisfies (2.44).

The proofs of Theorem 2.5 and Corollary 2.6 and therefore the proofs of Theorem 1.1
and Corollary 1.2 are given at the end of Sect. 5.

3. Local Existence and Energy Estimate

In this section we formulate the local existence theorem and prove an energy estimate,
which is needed in the proof of the a-priori L*-estimate of Theorem 2.5. To formulate
the local existence theorem we need some definitions.

For W e ZR), W e Z R x[0,T)) and 0 < ¢t < T let

IWle = sup W@, W, = sup Wz,
zeR z€R
0<r<t

if the supremum on the right-hand side of the second of these equations is finite. Here
|| - || denotes the norm on Y_; x ... x Y} x.% 3 x R? defined after Lemma 2.2.

Let T >0and W € Z(R x [0,7T)) be a weak solution of (2.37)—(2.41). We call
T maximal time of existence of W if and only if there does not exist § > 0 and a
weak solution W € Z/(R x [0, T + 6)) of (2.37)~(2.41) with Wig, o1y = W.

The local existence theorem is

Theorem 3.1. Let the functions g,, g, - R{ xR — RS, h:R? x R »? — R? be locally
Lipschitz continuous. Then to every initial data WO = (w% ko) . 0ko) 0 >0y ¢
Y R) satisfying tr s%x) = 0 for all = € R there exists a T > 0 and a weak solution
W = @k, . wk) s 2) e Y Rx[0,1)) of (2.37)—~(2.41). The solution is locally
unique.

If there exists a maximal time of existence T, < 0o of this solution, then

sup [|[Wlloor =00. (3.1)

T<Too
Sketch of the Proof. We only state the idea of the standard proof. Let T > 0. Below
we define an operator B: Z(R x [0,T)) — Z(R x [0,T)) such that W is a fixed
point of B if and only if W is a weak solution of (2.37)—(2.41). Of course B depends
on WP Next it is shown that if C' > 0 is a constant, then there exists T, = T,(C) > 0
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such that to all initial data W with ||W?||_ < C/2 the operator B maps the closed
set of all W € Z(R x [0, Ty)) with [|W]||, 7, < C into itself and is a contraction on
this set, hence has a unique fixed point. This yields existence and local uniqueness
of the solution, and at the same time (3.1), in a well known way. To define B let
W = @k ... 2) € ZR x [0,T)) and set

t
dW(z, ) = / [—g,(|Po — Ps|,2,)) (P,o — Pys)l (@ + A®(r — t), 7)dr
0
+ w"®(z — 2By (3.2)

t
3(x,t) = %/[gquo — Ps|,z) (Po — Ps)
0

— 9,(|Ps|, ) Ps] (z, T)dT + s°(2), (3.3)
t
2(z,t) = /[h(z, |Po — Ps|,|Ps|](z, T)dT + 2(z) 3.4)
0
with
. ko
o=J Y w®. (3.5)
k=—kqy
Now set

BW = @k . o%0) 3 3).

The details of the proof are left to the reader.
Next we state the energy inequality. For W = (w(=k0) ... w0 s 2) € /(R x
[0,T)) define the energy

ko
B(t) = E(t, W) = / > w®, ), wP, 0] + /i% |s(z, t)[*dz

0 k=—ky

[\

L
_1 R 2
-3 / [tz B, wiz, ] + — |s(z, O da
0

L
__1_ 2 —1 _}_ 2
= 2/|v(x,t)| + (D o(x,t),a(x,t))%—%!s(x,t)l dz (3.6)
0

with

ko
w=@,0)= Z w®

k=—kq
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Lemma3.2. If W € Z[R x [0,T)) is a weak solution of (2.37)—~(2.41), then

t L
E@lt)— EQ©) = —//gl(]Pcr — Psl,2;)|Po — Ps|*dxdr
0 0

t L

-//92(IP3|)22)|PS|2da:dT.

0 0

Proof. Since
_gl(lPG - PSI)ZI)(PkU - Pks) S C([O) L] X [OvT))7

it follows from (2.37) that w*)(x,t) is continuously differentiable in direction of
the vector (A*), 1). We denote the derivative by Dy ;,w® and obtain from the
fundamental theorem of calculus

t L

ko
k=—ko 9 0

t L
= / / D p[w®, wPdz dr
0

t
+A® / [w®(L, 7), wP(L, 7] = [w*(0,7), w0, T)]dT}. 3.7)
0

For k # 0 the function = — w®)(z,t) is continuous on R,by (2.24), and therefore
satisfies (2.25) for all x € R. From (2.25) and (2.27) we thus obtain for k£ # 0 and
zr=0o0rz=1L

I 0
(k) — (—k)
w (z,t)—<0 _I>w (z,t),

hence
[w®(z, 1), w*(z, )] = [w ™ (z, t),w *(z,1)].

Since M@ = 0 and A\*) = —\=%) we thus obtain

t

ko
> / [w®(L, 1), w(L, 7)) = (w0, 7),w™ (0, T)ldr = 0.
k=—ko 0
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Insertion of this equation into (3.7) yields together with (2.37)

/ [w(z, ), w(z, )] — [w(z,0), w(z,0)]dz

K ot L
-2 //[w(k),gl(lPo — Ps|,z,) (P,o — Pys)ldx dr
k=—=ko 5 0
t L
—2//9 (|Po — Ps|,z;)(Po — Ps, Po)dz dr, (3.8)
00
because the definition of P, in (2.36) implies
ko
> w®,1),9,(Po — Ps|,2) (Po — Pys) (x, 1)]
k=—ky
ko
= Z g,(|Pg — Ps|, z)) [w®, J*DP(s — s)]
k=—kyg

= g,(|[Po — Ps|,2)) [w, J*DP(c — s)]
= g,(|Po — Ps|,z) (D~ Jw, D(Po — Ps))
= g,(|Po — Ps|, z) (o, Poc — Ps) = g,(|Po — Ps|, z,) (Po, Poc — Ps).

Finally, (2.38) yields

L
_1_ 2 2
- / stz O — [sCz, 0)Pda

t L
/ /(st(ac, T), s(x, 7))dx dT
0 0

= //(gl(|Pa — Ps|,z,) (Po — Ps) — g,(|Ps|, z,)Ps, Ps)dxdr .
0

§2N

Combination of this inequality with (3.8) yields the statement of the lemma.

4. Fundamental Solutions

In the proof of Theorem 2.5 we also need some information about fundamental
solutions of linearized versions of Eq. (2.37) and (2.38). These fundamental solutions
are defined and studied in this section. As motivation for the following definitions
note that Eq. (2.37) and (2.38) can be written in the form

% wP (@ + AXO(r — 1), 7) = —g, P, Jw® (@ + XP(r — t),7) —a (4.1)
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for k£ # 0, and
0 wOz, 7\ [ =g, PyJ 9.5 wO(z, ) b @.2)
or \ s(z,7) N Mg PJ  — 29, + g,)P s(x, T) '
with

ko

. P .
a=g P |J > w-s], b:g1<_/%P>J > w, (4.3)
Jj=—ko J=—ko
Jj#k 770

If g,(|Po — Ps|, z,), 9,(|Ps|, z,), a and b were known, then (4.1) would be a linear
system of ordinary differential equations for w® and (4.2) would be a linear system of
ordinary differential equations for the pair (w®, s). The functions F)(7;x,t) defined
in the following essentially are the fundamental solutions of these systems, and in the
proof of the a-priori estimates in the succeeding section they are used to represent the
solutions w® and s.

A linear operator F' from R?x.7” to the subspace Y}, of R>x.7” can be represented

d
by a matrix. If this operator depends on a real parameter 7, then — F'(7) denotes the

-
operator obtained by differentiation of the matrix elements of F'. In this section we
assume that (@50, ... &%) 3 2) € (R x [0,T)) is a given function. For brevity

we set
g, (z,t) = g,(|P&(x,t) — P3(z, )|, 2, (x, 1))

gl(x7 t) = gZ(|P§($7 t)la 22(3:7 t))
ko
with @ = (3,6) = Y. @®.
k=—kq
Definition 4.1. Let (z,t) € R x [0,T), 0 < ¢, 7 < T.
(i) For every integer k # 0 with |k| < k; let
F‘k(r) = F‘k(to, T;2,1)

be the linear operator from R® x .3 to Y, such that

a% Fum) = -g,@+ P —1),nPJE(r), 0<7<T, (4.4)
Fy(ty) =10, . 4.5)

(ii) Let R A
Fo (1) = Fy 1 (4, T3, 1)

be the linear operator from R® x ./ x .73 to Y, and
Ey (1) = Fy 5 (tg, T3, 1)
be the linear operator from R*> x 73 x 3 to ./ such that
3 (Fm(ﬂ)
o1 \ Fy,(m)
_ ( —gl(x,T)POJ G,(z, TP, ) (1?‘0’1(7')> 6)
MG (x, TYPS  — (G, (x,T) + Gy(z, TP Ey (1)
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for0< 7 <T, and

£y 1(%))
N =I,61, 4.7
( £y 5(t) 0

with I, ® 1 :R3 x 93 x 93 — Y, x 7 defined by
ULy @ I) (v, 0,s) = (Iy(v,0),s).

We set

Fy(r) = Fy(tg, 73 2,t) = <€°’1(T)> . (4.8)
Fo,z(T)
FO(T) is a linear operator from R3 x .93 x 73 to Y, x 3.
(iii) For every integer k with |k| < k let
F(ty;x,t) = By (ty, t; 7, t). 4.9)

To study the properties of F, we need the following results.

Lemma 4.2. (i) For every integer k with |k| < k, the operator Py Jyy, : Y, — Yy is
selfadjoint and nonnegative, if the space Y, is equipped with the scalar product [w, W]
induced by the scalar product on R* x % §

(ii) The operators U,,U,:Y, x /3 — Yy x 7 defined by

U - -PJ P, U - 0 0
V" \ #PJ —-#P)’ 27 \0 —-#P

are selfadjoint and nonpositive, if the space Yy x 7* is equipped with the scalar
product [(w, s), (1, 8)] induced by the scalar product on R? x 73 x /3. For every
(z,t) € R x [0,T) the operator

U = §,(z, U, + §y(x,)U,: Yy x 7 — Yy x 7
is selfadjoint and nonpositive.

Proof. (i) The definitions of [w, ] at the beginning of Sect.2 and of J, J* P, in
(2.35), (2.36) imply for w € R?® x %3, % € Y},

[P, Jw,®) = [T, J*DPJw,®] = [J*DPJw, I, d]
= [J*DPJw,®] = (D' DPJw, J) = (PJw, PJd). (4.10)
If w,w € Y, we obtain in the same way
[w, P, JwP,w] = (PJw, PJ0). (4.11)

Equations (4.10) and (4.11) together show that P, J|y, is selfadjoint and nonnegative.
(ii) Equation (4.10) and the definition of the scalar product on R? x % x ¥ at the

beginning of Sect. 2 yields for (w, s) € R? x . x 73, (1, §) € Yy x &
. . o o .
(U (w,s), (W, 8)] = —[PyJw, D] + [Pys, ] + 7 (APJw,8) — 7 (A Ps, 3)

= —(PJw, PJw) + [[IyJ* DPs,w] + (PJw, P3) — (Ps, P3)
= —(PJw, P(JW — 8)) + (D~'DPs, Jo) — (Ps, P3)
= —(P(Jw — s), P(JW — 3)). (4.12)
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For (w, s), (0, 3) € Yy x %~ 3 we obtain in the same way
[(w, $),U,(@, 8)] = —=(P(Jw — ), P(J — §)).

This equation and (4.12) together show that U, is selfadjoint and nonpositive. To
prove this statement for U,, note that for (w, s), (0, 8) € R? x .92 x ¥ we obtain

[Uz(w7 S)a (’lf), §)] = % (_'%PS’ §) = _(-PS7 P§) = [('U.), 8), Uz(wa g)] 1) (413)

and the statement follows. The statement for U is an immediate consequence of these
results, since §,(z, 1), §,(z,t) > 0.
After this preparation we can prove the following

Lemma4.3. (i) There exists (1 > O such that for every integer k # 0 with |k| < k,
forall (z,t) € R x [0,T), 0<t,<tandalwecR x>

[ Fxto; z, ywl| < [T w]| < [lwl] (4.14)

and
t

| Fy (to; z, )P Jwl|| < exp{ - u/gl(m + AP — t),T)dT}HPkaH (4.15)
to

with ||w|| = [w,w]/2.
(ii) Let (z,t) € R x [0,T), 0 <ty < tand (w,s) € R® x .73 x .93, Then

IFo(to; 2, DI (w, )| < ||ty @ 1T (w, s)| < [[(w, 8)| (4.16)

with ||(w, )|| = [(w, ), (w, $)]'/2.
(iii) Let g,(n,¢) = 0 for all (n,¢) € R} x R. Then there exists v > 0 such that for all
(z,t) ER X [0,T), 0 <ty < tandw € R x .93

t
Fytg: 1) (;Zg) ,]w“ < exp{ — V/gl(x,T)dT}
to

_PO . 3 73
%P>.V — Yy X 7 is defined by

-P,
(%)) @n

where the operator (

(}Zg) s = (—Fys, #Ps).
Proof. (i) Since Py J)y, is selfadjoint and nonnegative on Y, there exists a set
of eigenvalues 0 < u(lk) < u;k) < ... < ugz) of this operator, counted according
to multiplicity, and an orthonormal system of eigenvectors wgk), e ,wx:), which is

complete in Y,.. By
ﬁw(k):R3 X.V3 —>R3 X.y3
J

we denote the orthogonal projector onto the subspace spanned by the eigenvector
w;-k). With these definitions and with Definition 4.1 we obtain

I A
By, mi2,t) = Z (exp { - ,u;k)/gl(x + 2B — ), ’I])d’l?}ﬁw(k)>.
J

j::l to
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To prove this, note that differentiation of this function shows that (4.4) is satisfied,

and that
Ik

Fytg, tos e, t) = Y T gy = 1T,
=1’
which is (4.5). This yields the statements, since the solution of (4.4), (4.5) is unique.
For the function defined in (4.9) we thus have

I t
Ftyz,t) =Y (exp { — / i@+ X — ), n)dn}me) ., (418
=1 to J
whence
g
Pt 2, owllP < 37 I gyl = 1T, < [l
1=1

for 0 < t, < tand w € R® x.¥. This proves (4.14).
Observe now that for w € ker(P,J) NY, Eq. (4.10) yields

0=[P,Jw,w] =(PJw, PJw),
hence PJw = 0. From (2.36) we thus obtain
ker(P,J)Y, =ker(PJ)NY, . (4.19)
7
Egs. (4.10) and (4.19) yield for all w, % € R? x .73,
[ﬁwgk)P,ch, W] = [P, Jw, ﬁrw;k)uv] = (PJw, PJIAngk)u”)) =0,

Now if u(k) =0, then ﬁw(k) is a projector onto a subspace of ker(P, J)NY,.. Therefore
J

which implies 1) P,.J = 0. With
J

p=min({u: — ky < j < ko1 <i <1, u? #0}U{1}) >0,

we thus obtain from (4.18) that
I[F)(ty; x, t)]PkaHZ

L ¢ 2
= Z <exp{ - ,ugk)/gl(l? + A8 — t)ﬂ?)dﬁ}> ||f[w§k)PkaH2
to

7=1
(k)
wy #0

t 2
< (exp{ —u/gl(a:Jr/\(’“)(n—t),n)dn}) | Py Jw|*,

to

which proves (4.15).
(i) From (4.6), (4.8) and the definition of U in Lemma4.2 we obtain with

u=(w,s)
d - d . -
— | Bo(ryul =2 [a? Fyry, Fomu}

= 2[UFy(r)u, Fy(t)u] <0,
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since FO(T)u €Y, x 73 and U is nonpositive on this space, by Lemma 4.2(ii). For
t > t, we thus conclude from (4.7) that

| Foltos z, tyul| = || Fy(ty, t; z, tyul|
< Byt tos z )l = [y @ TTu|| < |lulf,

which is (4.16).
(iii) Since U, is selfadjoint and nonpositive on Y, x .7, there exists a set of

eigenvalues 0 > v; > ... > y; of U}, counted according to multiplicity, and an
orthonormal system of eigenvectors ¥, ...,9,, complete in Y, x .7, By

Ty R x 7% x 7% - R x 7% x 7
J
we denote the orthogonal projector onto the space spanned by the eigenvector ¥,.

When g, = 0, Egs. (4.6) and (4.7) can be written as

0 - R R
E;FO(T):QI(JZJ)U]F()(T); F()(to):HO@I.

From these equations we obtain exactly as in the proof of (4.18) that

l

t
Fytgz,t) = ( exp {uj / gl(x,T)dT}fYﬁj>. (4.20)

=1 to
Now observe that (4.12) yields for (w, s) € (kerU;) N (¥ 73) that
0= [Ul(w, S)»(wa 8)] = _(P(']w - 8)7 P(J'U.) - 3)),

hence P(Jw — s) = 0. Together with the definition of U, in Lemma4.2 and the
definition of F, in (2.36) it follows that

(ker U)) N (Yy x 7% = {(w,s) € Yy x.7*: P(Jw — 5) = 0} . 4.21)

Now if v, = 0, then 1719] is a projector onto a subspace of (kerU;) N (Y, X 3.
Therefore (4.12) and (4.21) imply for (w, s), (@, 8) € R? x .93 x ¥ with

(w',s") = 1719] (W, 8) € (kerU)) N (Y, x .°)

that B ~
[Hﬂj U] (w7 5)7 (’Lf}, §)] = [Ul (’LU, S)) Hﬂ] (’l,’[), §)]

= —(P(Jw —s), PJuw —s) =0,

which yields ﬁﬂ] U, = 0. Again using the definition of U; in Lemma4.2 we thus
conclude that

-~ (P, _
1, (//ZP) Jw = M1, Uy(w,0) =0
for all w € R? x .73, With
v=min({-v,;:1 <j <Ly, #0}U{1}) >0,
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we thus conclude from (4.20) that
—P,
Fy(tgsx,t) <%£’> Jw

. t 2
= Z (exp{uj/gl(;ﬁﬂ')dr}> '
j=1 to

I/J#

t 2
< (exp{ —y/gl(x,T)dT}> ” <t}j£> Jw
to

which proves (4.17) and completes the proof of Lemma 4.3.

2

2

- (-P,
Hﬂ] (%P) Jw

S

2

b

5. The L*° A-priori Estimates

In this section we first prove an L°°-estimate which is basic for the results of this
paper. At the end of this section we use this estimate to prove Theorem 2.5 and
Corollary 2.6. Before we can state the estimate, we introduce some notations used
throughout this section.

For W = (w'=%) ... Jw®0 s 2) e ZRx[0,T)), (z,t) e Rx[0,T),0<7<T
and —k, < k < k, we set

WOz t) = { w®(z, 1), k#0 5.1
’ WO (z,t),sz,1), k=0
and
G (T;2,t) = g,(|Po — Ps|,z)) (x + \P(1 — ), 7). (5.2)
Moreover, for this W let W/ = (Wko) W ko),
ko
W@l = > (WP, b
k=—kq
and
Wloos = sup W'z, 7l (5.3)
€55

Here |W®(z,¢t)|| is the norm of R3 x .* when k # 0 and of R? x . x .3 when
k = 0. From the definitions given before Lemma 2.3 it is clear that

W' (@, t)] = [, ... w™ s) @,
The same conventions are also used for W € Z/(R), where (5.3) is replaced by

W0 = sup [W'@)]|.

TER
The a-priori estimate is

Lemma 5.1. Let the functions g, and g, satisfy the hypotheses of Theorem I.1.
Then there exists a constant 7 with the following property: Let T > 0 and let
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W = (w0, .. ,w(ko), s,2) € ZR x [0,T)) be a weak solution of (2.37)~(2.41)
to the initial data W° = (w%=*%0) .. 0% 0 20y € Z/(R). Then we have for all
(z,t) e R x [0,T) and all |k| < k,

IW®@, ol < [1 42 max, Gylrsz, oK™ @ BO,WHIW Yl 5.4
with K*(t, E(0, W)) defined as in Theorem 1.1 and with

w={370 when g, =0

1, otherwise .

The a-priori estimate in Theorem 2.5 will be a corollary of this estimate.
We now prove Lemma 5.1. The proof is in several steps and needs several lemmas.
At first we need a representation formula for the solution W.

Representation Formula. In this section we always assume that
W =@k .. 2) e ¥R x[0,T))

is a weak solution of (2.37)~(2.41) to the initial data W° = (w*=k0) ... 20) € Z(R).
From (4.1) and (4.3) it follows for (x,t) € R x [0,T) and k # O that

w(@ + AP (r —t),7) = — / B, 52, t)a(x + AP (n — t),n)dn
0

+ £,0, 752, ) ® (z — A\®p) (5.5)

To prove this formula it suffices to differentiate this equation with respect to 7.
Using (4.4) and (4.5) and noting that w®(z) € Y} and a(z,t) € Y, which is a
consequence of the definition of P, in (2.36), it follows that (4.1) is satisfied and that
w®(z — XBt, 0) = wO®(z — A\®t). This justifies (5.5), since solutions of (4.1) with
given initial data are unique. Setting 7 = ¢ in (5.5) we obtain with (4.9) and (5.2) for
k # 0O that

w®(z, t) = WPz, 1)

t ko
= —/Fk(T;QZ,t)Gk(T;l‘,t)Pk J Z w? —s| (+ XP(r —t), dr
0 Jj=—ko
i#k
+ F (0 z, yw Pz — \Pt) . (5.6)

An analogous formula for W@ = w©, s) is obtained from (4.2), (4.3) and (4.6)-
(4.9). To write this formula and (5.6) in a unified way, let for integers k,j with
—ky <k, j < Kk, the operator Pk] be defined by

pP.J k,j#0

p = | B k#0,=0 57

! / Fo \.r E=0.
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with Fo defined as in (4.17) and with
__ WP cenne .

(w,8) — (J,—I) (w, s) = (J, —I) (Z’) — Jw—s:R3 x93 x 53 = 5B

With (5.1) we then obtain for —k, < k < k; and (z,t) € R x [0,T) that

t ko

W® (g, t) = — / F (t;2,t)G (15 2,t) Z ijW(J)(x + ABr — 1), )dr
0 .7=_"k0
7k
+ F (0;2, h)WOP (z — XPt) . (5.8)

We can apply this formula recursively. To simplify the notation in the resulting
formula, let for j,k € {—k, ..., ky} with j # k,

H(m;2,8) = —F(1;2,0)G (T, 2,0) P, - (5.9
For a non-negative integer n and for —k;, < k < k, let

M, (k) ={j = G- dns1) € {—Fgs- - kg } " Pijg =k
and j, # j,,., forall [ =0,1,...,n}. (5.10)
For j = (Jo,- -+ Jnt1) € Mp(k), z € Rand 0 < ¢, ., <t, <... <, <T define

Ly (@, tostys-osbyyys ) = Hy ) (s, t)H, (G2 + NGOG — 1), t,) ...
n—1
e Hy (%uw + D AWty — tl),tn) (5.11)
=0

Recursive application of (5.8) yields for every non-negative integer n, —k, < k < k,
and (z, ;) € R x [0,T) the representation formula

to tn
WPz, 1) = z /.../Ln(a:,to,...,tn+l,j)
JEMatk)y Y
n
X WUn+D (w + Z /\(jz)(tH_l —t), th) dtn+l .o.dty
=0

n—1 tg tm
+>00N /.../Lm(x,to,...,tm+l,j)
0

m=0 J€ Mm(k) {

X ij+1 (0’ z+ Z A(]l)(tl—l~1 - tl)a tm+1)

=0

m
x WO00m+1) (m + ) A0, —t) - ,\(Jmmth) dt,y - dt,
=0

+ F(0; 2, t ) WO® (. — X B ). (5.12)
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Lemma 5.1 is proved by estimating the different terms in this formula. The necessary
estimates are derived in a sequence of lemmas.

Lemma 5.2. Let g, : R} xR — R} be continuous and assume that there are constants
M, M >0,0< o< 2with

910, Q) < M*n® + My (5.13)
foralln >0, ( € R. Let
1
ret + -, (5.14)
2 0
P =max{||[P;||: —ky < j, L < ko, j # 1}, (5.15)
*\2r—1 *\27
A =277 (2M1,) FCM)T 1 IAD] +1). (5.16)
min |AD — A ltl<ko
J

For j,k,l € {—ky,..., ky} with j #k, j # 1 and for 0 < t; < T we then have
to 1t

/ / [ Hjy (b + AP, — o), tDIP dtydty < Aty + 1D*(EQ,W)+L). (5.17)
0 0

The norm in the integrand in (5.17) is the operator norm of H ;.
Proof. From the definition of H ! in (5.9) and from (4.14), (4.16), (5.15) we obtain

I1H,,(m5 9, D) < G5y, D[Py ll < PG (139,1). (5.18)
Therefore
ty tg
// [H, (s 2 + APt — to), )] dtydt,
0 0
tyg 1
<P / / Gty + AP, — ty), )7 dt,dt,
0 0
to t
=7 / / {[g(|Po — Ps|,z)1(x + AX®U(t, — to) + AL, — 1)), t,) ) dt,dt,
0 0
=7"N. (5.19)

For 0 <t, <t, <t let
Kty ty) = (@ + AXB(t, —t)) + Xt — ), 1),

and let A(z,t,) be the triangle with vertex (z,?;,) bounded by the lines ¢, +—
z+ APt — 1), t, = z + A9(t, — t;), and by the line ¢ = 0. Then

ki {(t),1,):0 < t, <t <t} — Az, ty)

6H(tl,t2)> & .
det [ =22 ) =B 2D 0,
(6(t1,t2> #

and
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since by assumption j # k, whence
N =B =X / {lg,(|1P — Ps|,z)1 (€, D)} d(, 7). (5.20)
A(z,tg)

Let
A = {1 € A, ty):[9,(|Po — Ps|, 2] (€, 1) > 2M)}.

From (5.13) we then obtain for (§,7) € 4,
2M; < g,(|Po — Ps|,2)(&,7) < M{|Po — Ps|® + M,

hence
9,(|Po — Ps|,2) (§,7) < 2M{"|Po — Ps|?,

and therefore
[9,(|/Po = Ps|,2) (§,)F" < g,(|Po — Ps|, 2,)(§,7) @M |Po — Ps|)*" .
Because of o(2r — 1) = 2 we obtain from this estimate and from (5.20) that

N < I/\(k) _ )\(])I—l |'(2M1*)2T_1 /gl(lpo_ _ Pslazl)
44

x |Po — Ps*d(&, ) + / (2M2*)2’"d(§,r)}
A(z‘,to)\A‘

(2M*)2T—1 + (2M*)2r
= 1|>\(k> — 20| : 91(|Po = Ps}, z))
(z,tp)

x |Po — Ps|*d(&,T) + / de,n|. (5.21)

Az,tp)

Since W € Z(R x [0,7)), it follows from Lemma 2.3 that (o, s, 2) satisfies (2.4),
which implies
[g9,(|Po — Ps|,z))|Po — Ps|*1(z,t) = [9,(|Po — Psl|, 2,) |Po — Ps|*](~x,1),
and since (o, s, 2) is periodic with period 2L, we obtain from Lemma 3.2 that
t y+L
/ / 9,(|Po — Ps|, z,)|Po — Ps|*d(¢, ) < 2E(0, W) (5.22)
0 y—L
for every (y,t) € R x [0,T). Let n be the smallest integer with

ty, max |M| <nL. (5.23)
—ko<I<ko

Then the triangle A(z,t,) is contained in the union of n disjoint strips of the form
[y— L,y + L] x [0,00). From (5.21) and (5.22) we therefore obtain
N S (2Ml*)2r—l + (2M2*)27‘
B — 2G|

[2nE©, W) + 2nLt,] .
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The estimate (5.17) is a consequence of this estimate, of (5.19) and of

n < (L—‘ max [A\P| + 1)(t0+ 1)
ltl<ko

which results from (5.23).
Lemma 5.3. Let the hypotheses of Lemma 5.2 be satisfied, let ¢ > 0, and let j, k,l be

integers with —ky < 3, k, 1 < ko, k # j, k # I. Then

to t o
/“H kT, ) (¢ + DY (/ | Hyy(tys 2 + A9, — to)»tl)”%dtz) dt,
0 0

=77 (o + DT

< (A(E©0) + L))%
+1

fo o
X </”H]k(t1§$7to)“2rdt1) .
0

Proof. To simplify the notation we set

qr—l

(T3, 1) = || Hyg(msy, )] (5.24)
1 1 P
Let r = = + — > 1 be the constant from (5.14) and let r’ satisfy
1 1
— 4+ — = 5.25
2r = 2r! ’ (5-25)
whence
2r
2r' = 2r.
r 1 <2r
Also, let p,p’ satisfy
1 1
-+==1, 2'p=2r,
p P
hence
2r —1

2r
= 11, p=
P=op=—1>h P=5
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We apply Holder’s inequality twice and use Lemma 5.2 to obtain

to ty %
/ij(tl;a:,to)(tl + 1)4(/Wkl(t2;x+w>(tl —to),tl)”dt2> dt,

0 0
to %,
< {/[u’ljk(tl;x,to) (t, + 1)‘1]2"’dt1}
0
to t =
X { / / U, (s + A, —to),tl)zrdtzdtl}

0

0
to 57 .
< { / [wjk(tl;x,t())(tl+1)q1”’dt1} [Atty + DAEQ) + D>
0

1 1

fo [ %0 2yl
’ ’ !
< </W]k(t1;m,t0)zr pdt1> [/(t1 + 1)42’“pdt1]

0 0

1
x [A(ty + D*(E) + L)]>

to 1
1 2r
< [A(ty + D*(EQ©) + L)]7 < / ij(tl;:p,to)zrdtl)
0

r—1

to
X (/(tl + 1)qﬁdt1>
0

i 1 1
< [A(ty + DA(BO) + L)]>r 7 g+ DT
— +1
to %
X </J/jk(tl;x,to)2rdtl) :

0

Lemma 5.4. Let the hypotheses of Lemma 5.2 be satisfied, and let j, k,l be integers
with —ky < j, k, 0 < ko, k #£ 7, k # 1. Then

to 1y
1
/ / 1113 2, to) Hi (b3 2+ APty = to), ) [dbydty < [AGB(O) + L)1
00
to Zi
! 2_ZL . 2r "
% 1-1/r (to +0 “ij(tlax;to)” dtl .
0

27‘—14_1
2r —2
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Proof. Let r’ be the constant from (5.25) and let ¥, be the function from (5.24).
Holder’s inequality yields

ty t
//||ij(t1;:c,tO)Hkl(t2;m+A(j)(tl — 1), )l dtydt,
00
to
< / / W, ()5, tWy (b T 4+ AV () — tg), £))dtydt
00
to t) % t) #
< /wjk(tl;x,to)[/wkl(tz;x+A<J>(t1 —to),tl)”dtz] [/dtz} dt,
0 0 0
to X t1 3
< /ij(tl;%to) t; + D> </sz(t2;x + A~ to)»tl)zrdtz) dt, .
0 0

1
We use Lemma 5.3 with ¢ = 27 to estimate the right-hand side of this inequality
r

and obtain the statement of the lemma.

Lemma 5.5. (i) Let 7 be defined as in (5.15) and let j, k be integers with —k, < j,
k <ky j#k. Then

to -
2r 1
(/”ij(t,;m,to)||2’"dtl> <2ty max G(t;z,ty).
0

0ty <tg

(ii) If in addition g,(n,¢) = 0 for all (n,() € ]R(‘)L X R, then

1
1

to
2r 1
. 2 T g . =5
</||ij(t1,x,t0)|| Tdt1> < Qrug TP max Gzt
0

where [, = min(u, V) with the constants [ from (4.15) and v from (4.17).

Proof. (1) From (5.18) we obtain

to % to ZL
(/ |H, (s, t0)||2’dt1) < w( G, x, to)z’”dt1>
0 0

1

<PtT max G.(t;z,t,).
=y, Oyt o to)



594 H.D. Alber

(ii) The definitions of H K 1IN (5.9), of P] ;0 (5.7), of GJ in (5.2) and the estimates
(4.15), (4.17) yield

ty

/||ij(tl;x,t0)||2'”dt1

to 2r
< / [exp{ ,uO/G (r;z, to)d‘r}” kG, (s, to)} dt,
0

<" ma Gt, )2 !
= [0<tlx (152, )

to

/exp{ 2ru0/G (t;z to)dT}G sz, ty)dt,

0

1
= Y 27 2r—1 _—
7 [0<nglax G, (tl,x to) }% S

tg to
d
X /( dtl exp{ —ZTMO/Gj(T;:E,tO)dT})dtI

0 t
.@27’
 2rp

to
X <1 —exp{ - 27'/,L0/Gj(7';$,t0)d7'}>,

0

[ max G, (t;;z, to)zr_l]

0<t;<ig

which implies statement (ii).

Proof of Lemma 5.1. We use Lemma 5.3-5.5 to estimate the terms in the representa-
tion formula (5.12). The definition of L, in (5.11) yields

tg tn

/.../HL @t sty Dty - dty

/H JOJl(tl’x 750)”/” JIJz(tZ;x—'-’\(jO)(tl"to),tl)”

tn—1 tn

/ / / Jn—1Jn <tn’$+ Z)\(H)(tl | tl) tn 1)

n—1
X HJan+l <t”+1;x + Z )\(Jl)(tl+l - tl)’ tn)

=0

.. dt,.  (5.26)
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The last term in this inequality can be estimated using Lemma 5.4. With

n—2
y=z+ Y 00, —1)
1=0
we obtain
tn—1 tn

595

“HJn 1Jn(tn’y’ n— 1) Jn]n+l( n+1;y + A(jn_l)(tn - tn—1)7tn)”dtn+ldtn

0 0

tn—l ZL
= ( / ” In— ”n(tn,y, n— l)Hzrdt )

0

_1
(t,_ + 1) 7

x w1 1-1/r
1
(+2r—2>

[ACE0) + L)] 3

(5.27)

Invoking Lemma 5.3 the term resulting after insertion (5.27) into (5.26) can be

estimated as follows:

tn—2 n—3
/ H]n—Zjn—l (tn_l;w + Z A(]l)(tl-H - tl)’ tn—Z)
0 =0

o

1=0

n—2
Hj  jn (tnm’ + Z A9, — 1)), tn—1>

2r %
dtn)

1
dt,,_[ACE©) + L)

n—3
In—20n— 1<n 1’x+ZA‘”)(tz 1=t 2>

=0

2r %
( / dtn—l)
0
1 2
(tna+ 1) T [AEO) + L))

x [<1+<1—2_1T)ri1)< (2_%)7:1)]1_1”,

since
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It is clear that we now can apply Lemma 5.3 repeatedly to (5.26) and finally obtain
forn>1,

to

tn
/.../||Ln(a:,t0,...,tn+,,j)||dtn+1 Lt

0 0
1

to 1
2r
< (/||Hj0jl(t];x,t0)||2'dtl>
0

X(%+1f“‘ﬁp«Eww+Ln%

n 1 r 1-1/r"
1 N
zl;ll[ +<l 27">7’_1]

For n = 0 we obtain from Holder’s inequality,

(5.28)

to to
/|ILO(x7t07t1’j)||dtl :/||H]0]1(t1§$7t0)”dt1
0 0

to % to
S </||Hjojl(t1?33,to)llzrdt1> (/dtl)
0

0

1
277

1

to
2r 1
r =5
= (/”Hjoh(tﬁx’to)uz dtl) t+1D
0

which shows that (5.28) also holds for n = 0.

Observe next that with the norm |[W/|| defined in (5.3), we obtain for n > 0,

00,tg

to tn
/.../Ln(x,to,...,tn+1,j)W(J"+1)
0 0
n .
x <m + 3 At — tl),th)dth ...dt
=0
) tn
g/.../||Ln(ac,t0,...,tn+1,j)||dtn+1...dt1]|W'||oo’t0. (5.29)
0 0

From (4.14) and (4.16) we conclude

1505y, W Py — AOto)|| < ||| o (5.30)



Global Existence and Boundedness for Equations of Viscoelasticity with Hardening 597

which yields for m > 0,

t tm m
/.../Lm(az,to,...,tm+l,j)FJm+l <O;x+Z)\<y’z)(tl+, —t,),tm+1>
0 0 =0

m
x Wom+1) (x +) A0, —t) - ,\(Jm+'>tm+l)dtm+1 ... dt
=0

tO tm
< /.../||Lm(:c,t0,...,th,j)l]dth cdt [V - (5.31)
0 0

Taking into account that the set M, (k) defined in (5.10) contains (21f0)erl elements,
we infer from (5.12) and from (5.28)—(5.31) that

1L

to
2r
||W<’C)(a:,to)|] < (/||Hjo]1(tl;x7to)]|2rdtl>
0

ko)™t + 1™ [ABO) + L))

Wl oo,

n 1 r 1-1/r
1 |- —
e (-5)75)
n—1 m+l—~l— m
(k)™ (ty + 1) AEQO) + L))
+ i Yl
m=0 1 o
filr+ (- 5)]
+ WY o - (5.32)
Because of
1 T 20 —1
— — — D — >
1+<l 2r)r—1 l+2r_2+1_l

for [ > 1, it follows

n 1 r 1-1/r "y
1 - — > ()7
H[+<l 2r>r—1] 2 () '

1=1

which implies that the first term on the right-hand side of (5.32) tends to zero for
n — o0o. The estimate (5.4) of Lemma 5.1 is therefore obtained from (5.32) by letting
n — oo and using Lemma 5.5 to estimate the term

1

to T
(/IIHJOJI(t1§xato)||2Tdt1>
0

remembering the definition of r in (5.14) and remembering that j, = &, by definition
of M, (k). The proof of Lemma 5.1 is complete.
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Proof of Theorem 2.5. By Theorem 3.1 there exist to every initial data
WO = @k 0%k 0 50y ¢ ZR)
satisfying (2.43) a T' > 0 and a weak solution
W = (@™ w0 s 2) € Z(R x [0,T))

of (2.37)-(2.41), which is locally unique. To show that (2.44) is satisfied, note first
that the definition of | - | in the introduction and the definition of the scalar product
[-, ] in (2.1) imply for k # 0,

[Jw® ]2 = (Juw®, Jw®) < (D~ Tw®, Jw™)
< 8[w®, w?] = 6[lw®|? = §IW®|2 < 5|W'|I?

and

1
IJw(())|2 + |s|2 < 6(D_1Jw(0),Jw(O))+%%(S’S)

<6+ /%)([w“”, w®] + % (s, s)) = & +.2) WO

<G+ 2) WP, (5.33)

where & is the largest eigenvalue of the positive definite operator D. Since P:.%3 —
3 is an orthogonal projector with respect to the scalar product (-, --), we thus obtain
from these estimates and from (2.40) that

ko

pPJ Z w® — s

k=—ko
< kg +2VE+ W' (2, b)) . (5.34)

Therefore (5.2), (5.3) and estimate (1.12) yield for 0 < 7 < t and for the constant w
from Lemma 5.1 that

PC(ri3, 0% < PIMH|Po — Ps|(z + \O(r — ), )]¢ + M}
< P{M (ko + V6 + AW (@ + AP — 1), 7)[[1¢ + My}
< P{M[1@2ko + DV6 + AW || o0 1) + M}
SCUWIL .+ G

ko
< 3

k=—kg

|Po(z,t) — s(z,t)| =

with C, = P{M[[2ky + 2)V/'6 + .#)°}*, C, = @Mz*w, wher we used that w = 1
or w=2(2+ o)~!, whence w < 1. Consequently, from the estimate of Lemma 5.1
we conclude for 0 <t < T,

ko
W lao < sup > Iw®@,n

0§§-<t k=—ko
< ko + DI+ (C W%, + CHK*t, EON] [(WOY || o
< TN+ K+ BLEX W[ 10V (5.35)
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with K* = K*(¢, E(0)) and

My, =2Qky+ 1)1 +C,y), M, =22k, + 1)C, .
Either we have M K*|[W'||%, < M} (1 4+ K*), in which case (5.35) yields
W |loe = Ma(1+ K*) (WO |, - (5.36)
Otherwise we have
W oo e < MK WIS NV o

whence

L
W[l g0 < (VLK |(WOY[| o)==, (5.37)

because the hypotheses of Theorem 1.1 and the definition of w imply 0 < o < 1 and
w=1,0r0< p<2andw=22+ p)"!, and therefore in both cases pw < 1. The
estimates (5.36) and (5.37) together imply (2.44).

Proof of Corollary 2.6. Let W € Z/(R x [0, T)) be the local solution to the initial data
WO e Z(R) which exists according to Theorem 2.5. We abbreviate the term on the
right-hand side of (2.44) by I'(t, W©). The differential equation (1.8) or, equivalently,
(2.39), and the estimates (1.19), (2.44) and (5.33), (5.34) then imply

8,)2> =22 -8,z =2z - h(z,|Po — s|,|s))
< 2l2|¢*(|Po — s| + [s) (|s| + 1) < 2G5 [W' D (|27 + |2])
< 26X (Cy It WON(|2 + 1),

since |z| < |z|? + 1, where Cy = (2ky + 3)v/6 + M. Hence,
0, In(|2]> + 1) < 4c™(C, (¢, WO)).
Integration yields

t
5 0, 12 4 [ *(Cy(r,WO)dr
|2(z, )]" + 1 < (|2°(@)|" + De © ;

which implies that
z € LR x [0,T) (5.38)

whenever the solution W exists on R x [0, T). Now if the solution W would not exist
on R x [0, 00), then there would exist a maximal time of existence 7T, < oo, and
therefore (3.1) would hold. But (3.1) contradicts (2.44) and (5.38), and consequently
the solution exists on the domain R x [0, co).

This completes the proofs of Theorem 2.5 and Corollary 2.6 and therefore also the
proofs of Theorem 1.1 and Corollary 1.2.
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Appendix

We state the equations describing the viscoelastic deformation of metals in the form
which derives directly from the model assumptions often used in engineering. We use

the notations of Sect. 1.
Let B C R? be a bounded domain with smooth boundary 8B, and let u: B x ]R(')F —

R? be the displacement field. Then for (z,t) € B x R,

ou(x,t) = divo(z,t)
e(@,t) = 5 [V, u@,t) + (V,ulz, )], (AD)
o(z,t) = D(e(z,t) — e™(,1)).

The boundary condition is
oz, tyn(z) =0, (z,t) € OB xRy,

where n(x) denotes the exterior unit normal vector at x € OB, e(x,t) is the strain
tensor, e"(x,t) is the tensor of inelastic strain. (Al) is a constitutive equation, but
others are necessary to determine e™(z, t). To formulate such equations, the material is
modelled as a system of springs and dashpots. This system is completely characterized
by the equations

S(x7t) = 0'(.'17, t) - % (trU(Q?, t))I7

§==s+s, (A2)
e =e% +ef,
s = e,

d
5 ¢ @D = 9,(s7 (@, 0], 2 (z, )8 (2, 1), (A3)

0
57 €@ 1) = g,(|s(@, D], 25, D)s(@, ), (A4)
D oty = —hata, 0,157 @, ), s, ). (AS)

e® eP

———— |

Fig. 1.
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Here z = (z,, 2,) are hardening parameters, I is the identity matrix, e®, e are strain
tensors, and s, s/ are stress tensors. The equation (A2) is the constitutive equation of
the spring, (A3) and (A3) are the constitutive equations of the two dashpots in the
figure, and Eq. (AS) controls the evolution of the hardening parameters. The necessary
initial conditions are

u(@,0) =u’(2), u,(z,00=2"2), o(z,0)=0"@),
s(z,0) = %x), 2(z,0)=2(2).

Equations (1.1)—(1.5) follow from the equations stated here by combination.
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