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Abstract: This paper considers the Einstein equations coupled with the nonabelian
gauge and Higgs fields. It is shown that, when cosmic string solutions are sought in
the Einstein—Georgi—Glashow system and the Einstein—-Weinberg—Salam system
governing the gravitational-electromagnetic-weak interaction forces, the self dual-
ity conditions lead to positive values of the cosmological constant which can be
expressed by some fundamental parameters in particle physics.

1. Introduction

In quantum field theory, phase transitions are described by a generalized order
parameter, called the Higgs field, which is defined on spacetime and takes values in
a range space. The spacetime symmetry, or the external symmetry, gives rise to
Einstein’s theory of general relativity or the theory of gravitation while the range
space symmetry, or the internal symmetry, leads to the Yang—Mills—Higgs gauge
theory or the field theory of electromagnetic and nuclear (strong and weak) forces.
Therefore the coupling of the Einstein and the Yang—Mills—Higgs theories should
naturally lead to a unified theoretical framework to house gravitational, electro-
magnetic, and nuclear forces. In fact, recent developments in cosmology and
particle physics have already witnessed an exciting interaction of these two tradi-
tionally different areas and a lot of progress has been made in understanding some
important issues. For example, it has been recognized that, due to the spontan-
eously broken symmetry, the coupled Einstein—Yang—Mills—Higgs equations may
provide a class of interesting solutions called topological defects. The sym-
metry-breaking scales are realized by the gauge groups corresponding to various
stages of the phase transitions after the Big Bang. These stable defects may be
domain walls, monopoles, or strings but the former two types of solutions are
disastrous for cosmological models and only the string solutions can lead to
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interesting cosmological consequences. See Vilenkin [V] for a detailed review on
this subject. Strings, or cosmic strings, are cylindrically symmetric solutions of the
Einstein—Yang—Mills—Higgs system that are regarded as giving rise to seeds for
accretion of matter to form galaxies. Even in the simplest case where the gauge
group G=U(1), the system is very difficult to solve and there are only heuristic
arguments or numerical simulations in the general setting of the problem in order
to make any progress. However, the investigations of Linet [L1,L2] and
Comtet—Gibbons [CG] showed that, when the cosmological term is absent, there
exists a critical phase so that the full U(1) system allows a reduction into a self-dual
system called the Einstein—Bogomol’nyi equations. Using this system, we have
constructed a continuous family of finite-energy cosmic string solutions [SY2,
CHMCcY]. Actually, the existence of such solutions implies the vanishing of the
cosmological constant A (see Sect. 2) and this simple but important observation
motivates the work of the present paper.

The constant A, introduced by Einstein himself, has a rich history in theoretical
physics. According to modern ideas, A should have a significant value in the early
universe when the phase transitions were taking place in the beginning stages and
maintained at rather high energy levels. At that time, the symmetry-breaking scales
were realized by larger gauge groups. Then the result 4A=0 by assuming the
presence of self-dual U(1) strings simply indicates that the strings obtained belong
to a later stage of the universe. Thus an interesting question arises:

For what gauge group G, the Einstein—Yang—Mills—Higgs equations
permit self-dual cosmic string solutions which yield a positive A?

This paper is devoted to an answer of this question. We shall show that for the
important Finstein—Georgi—Glashow equations where G =S0(3) or SU(2) and for
the Einstein—Weinberg—Salam equations where G=SU(2) x U(1), the existence of
self-dual cosmic string solutions lead to positive values of A and these values can be
expressed by some fundamental parameters in the Georgi—Glashow or Weinberg—
Salam models. This work provides another evidence of the close relationship of
cosmology and particle physics. Our approach comes from a combination of the
elegant work on self-dual electroweak vortices by Ambjorn—Olesen [AO1, AO2,
AO3] and the reduction of the Einstein equations for string solutions in the work
of Linet [L1, L2] and Comtet—Gibbons [CG].

Note that the construction of a regular stationary solution of the Einstein type
equations has always been an interesting question in mathematical physics. There
are the Schwarzschild blackhole solution of the vacuum Finstein equations and the
Reissner—Nordstrom solution of the Einstein—Maxwell equations which are singu-
lar somewhere. Recently, Smoller—Wasserman—Yau—McLeod showed the exist-
ence of a regular stationary solution of the Einstein—Yang—Mills equations when
G=SU(2). In these studies, the matter Higgs field is absent and solutions are
spherically symmetric. On the other hand, the self-dual SU(2) and SU(2) x U(1)
equations obtained here (as well as the U(1) equations derived in [CG]) provide us
new opportunities to get regular stationary solutions of the full Einstein—Yang—
Mills—-Higgs systems with cylindrical symmetry.

The rest of the paper is organized as follows. In Sect. 2 we recall the derivation
of Comtet—Gibbons [CG] and emphasize that in this U(1) case the existence of
self-dual strings will inevitably lead to vanishing cosmological constant A. In Sect.
3 we work in a conformally flat surface and derive the Einstein—-Bogomol’nyi
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equations for the Georgi—Glashow theory. It will be seen that A now takes
a positive value if the self-dual strings are present. In Sect. 4 we obtain self duality
for the full Finstein—-Weinberg—Salam system and express A4 in terms of elec-
troweak coupling constants and the Weinberg angle. In Sect. 5 we prove the
existence of self-dual string solutions in the Einstein—Georgi—Glashow system.
Section 6 is a brief summary.

2. Self-Dual U(1) Strings and Vanishing A

Let g,, be the metric tensor of a four-dimensional pseudo-Riemannian manifold
with signature (— + + +), R,, the Ricci tensor, and R the scalar curvature. Then
the Einstein tensor takes the form

1
G,=R,,— Eg,ﬂR .

With a suitable normalization of the universal gravitational constant, the Einstein
equations in the presence of the cosmological term are written [W]
Guv_Aguvz - Tuv D (21)

where T, is the energy-momentum tensor of the matter-gauge sector to be
introduced in the Einstein—Yang—Mills—Higgs coupling.

In this section, we discuss the standard U(1) Higgs theory in the Bogomol'nyi
critical phase. The Lagrangian reads

| R 1 1
L=39"9" FuFuev+59" [Dy4] [Dv¢]T+§[l¢|2_ 177, 22

where ¢ is a complex scalar matter field, D, ¢ =0,¢ —i4,¢ is the gauge-covariant
derivative, 4, is a real valued gauge vector field, and F,,=0,4,—0,4, is the
electromagnetic field. Thus a variation with respect to the Riemannian metric in

the action | £,/ —g dx leads to the following expression of the energy-momentum
tensor of the matter-gauge sector

. 1
Tuv=gu vFuu’E’v’+§[Du¢(Dv¢)T+(Du¢)TDv¢]_guvg .

We now assume the string ansatz for the metric tensor so that
ds*=g,,dx*dx”
=—d? +dz* +gudx/dx¥, j k=12, (2.3)

where {g;; } is the metric of a two-dimensional Riemannian manifold M which can
always be assumed to be locally conformally flat (the existence of isothermal
coordinate chart on 2-surfaces), x°=t, x*> =z, and for the gauge and matter fields
A,, ¢ so that A,, ¢ depend only on the coordinates on M and 4,=(0,0, 4;, 4,).
Thus T,, verifies

Too=%, Tss=—2, Tos=To;=T5;=0,

- 1
Ty=g"* F;‘j'Fkk""E[qus(Dkqs)T+(Dj¢)TDk¢]—gjkg ,
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where
1 .. .., 1 . 1
$=Zg” g* Eij'k'+§gjk[Dj¢] [Dk¢]T+§[|¢|2—1]2

is the energy density of the matter-gauge sector.
On the other hand, due to the string assumption (2.3), the Einstein tensor is
simplified to

1
—G00=G33=§R ,

G,,=0 for other values of y, v,

where, and in the sequel, R is the scalar curvature of (M, {g;}). Consequently, the
Einstein equations (2.1) become

%R=A+$,
xeM . (2.4)

Agﬂ‘:]}k’ j’ k=1a 2 )

To proceed further, we recall that the equations of motion of the matter-gauge
sector defined by the Lagrangian (2.2),

! o g
AT J—9D,9)1=5[161°~11¢,

N .
N —9Fuv1=30"[9(D,4)' ~¢'(D,9)]

are satisfied by the solutions of the self-dual system
xeM , (2.5)

Bt zeal 1917~ 11=0,

where ¢, is the skew-symmetric Levi—Civita tensor with ;, =/ —g, eﬂf =g"¢;, and
a solution ({g}, 4;, ¢) of (2.4)—(2.5) is called a self-dual cosmic string solution of
the Einstein-matter-gauge system under consideration.

A lengthy calculation gives us

g% Tye=[e™Fy+(19 1>~ D"  Fre—(1¢1* =] in M .

Therefore a solution of (2.5) must fulfill the condition g#* T} =0 in M. Inserting this
fact into the second equation in (2.4), we obtain A =0 as desired.

Thus the assumption of the presence of self-dual U(1) strings (Whose existence is
proved in [SY2, CHMcY]) immediately leads to the vanishing of the cosmological
constant.

In the next two sections, we study the relationship of self duality and the values
of A in the Georgi—Glashow and Weinberg—Salam models. We shall work for
simplicity in a framework in which the 2-surface M where the strings reside is
conformally R2. The main reason for taking this non-intrinsic approach is that we
will follow a standard procedure to obtain the complex scalar W-boson field from
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appropriate components of the nonabelian gauge vector field. Such a reduction
requires a global coordinate system.

3. The Einstein—Georgi—Glashow Coupling

In this section we consider the Einstein theory coupled with the SO(3) Georgi—
Glashow model ignoring the Higgs field. There is a massive W-boson. The vortex
condensation of this model (without gravity) was studied by Ambjorn—Olesen [AO1]
and the existence of vortices was proved in Yang [Y]. See also Spruck—Yang [SY2].

Let {t,},=1,2,3 be a set of generators of SO(3) satisfying the commutation
relation

[taa tb] =i8abctca a,bc=1,23.

Then the SO(3) gauge potential 4, can be expressed in the matrix form

A,=Aut, .
As in [AO1], introduce the complex W-vector boson by setting

1

—=[A,+i42] .
NG
Then the Lagrangian of the SO(3) matter-gauge sector in the presence of a gravi-
tational metric ds®>=g,,dx*dx" under consideration is

M=

) R
$=Zg““ 9" FeFoy +myg” WLW,,
where
F,=0,A4,—0,A,+1e[A,, A,],

my >0 is the mass of the W-particle, and —e is the electron charge.
Put 4} =f, and

Jov=0,/—0.f, .

Thus & is reduced after a calculation to
| S r .
$=Zg‘m gvv fuvf;t'v""'z'g‘m gw (Du Wv—'Dv Wu) (Dp' Wv'—Dv' Wu')T
+my g WLW, +ieg" g* f,, W} W,
2
e , ; ,
=5 g™ WiW.) g™ W, Wy —(g" W, W,)'],
where D, =0,—ief,. Varying the metric {g,,} in % leads to the following expres-
sion of the energy-momentum tensor:
Tuv =gu,wf;tu’fvv' + 2Re{gu,v’(Du Wu' _Du' Wu)(Dv Wv’ _Dv' Wv)T}
+my (W, W+ W, W]
+ iegu’v’ [fy'u(WI" Wv_ Wv' WI) + ﬁt'v(WI’ VVu - Wv’ W}:)J
+ 82 [(gulvl W/L’ Wv’)(WL Wv + WI Wu)
—(WLW) ("™ W W) —=(g* Wi W) (W, W) =g L . (3.1)



486

Besides, the equations of motion of the matter-gauge Lagrangian . are
1 —
\/—_é Du[g”u gvv LV, '—g(Du’ Wv’ _Dv' Wu)]

= —ieg" ' g" fory Wy +mig"* W,
—2[g Wi(g" W, W, )— (9" W, Wi)g" W,],

1 . , . e
'\/——g'au[g" vguv vV _gfn'v’] =1eg‘”g” v [Du Wv' _Dv' VVIt]T VV#’
—ieg"g*'[D,W,—D, W, W}

ie , ,
_—gau[gu vguv vV __g(W"T‘, Wv'_ WI' Wu’)] .

NET
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(3.2)

We are now at a position to derive the self-dual conditions. Assume that the

string metric is defined on a conformally flat surface. Then (2.3) becomes

ds®= —dt? +dz* +e"[(dx")*+(dx*)*] .

A symmetry consideration shows that it may be consistent to assume that

Wo=W3=0, fo=f3=0 P

(3.3)

Wi, fi (=1, 2) depend only on x* (k=1, 2), and there is a complex scalar field W so

that (see Ambjorn—Olesen [AO1])
Wl = I’I/, W2 = i W .
Thus, in view of the expression (3.1), we have

T,,=0, u=v.
Moreover,

Too=“T33=$ P

where Z can be written
1
°%=5e'2"f%z+e"2"|n1 W+iD, W|?+2mye | W|?
—Zee—z"f12| Wl 2+2323—2”| W|4

1 2 2
=e~2"|D, W+iD, W|2+§e‘2"[f12—<%"—’e"+2e| W|2>]

(3.4)
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Besides, the other two nonvanishing components of 7, are
Ty,=T)
=e "f1,+2e7 "Dy W+iD, W|%+2miy | W|?
—dee ™ "f,| W] +4e’e | W|*—e" ¥

1 m% 2
=e "\DyW+iD, W|2+§e—"|:f12—<7€"+2e| W|2>:|

2 2 4
ﬂ — ﬂ"i’ n 2 lﬂz vl
+ 5 [flz (e e+ 2e| W| >]+2e2e .
The form of ¥ suggests the following curved-space version of the self-dual
Bogomol'nyi equations (see [AO1] in the flat case #=0)

D, W+iD,W=0,

myy
fra=—7e"+2] wi?. (3.5)

It can be verified directly that (3.5) implies the equation of motion (3.2). Further-
more, since the full Einstein equations (2.1) are again reduced to (2.4), we see that
the consistency in (2.4) requires that the cosmological constant take the unique
value

my

A=73.

(3.6)

Inserting (3.6) into (2.4) and using (3.5) in (3.4), we see that the Einstein system
(2.3) is simplified into the single equation
1. my _
§R=—e—We "fia . 3.7

On the other hand, it is well-known that [A] the scalar curvature R has the
expression

R=—e"4y.

Therefore (3.7) becomes

2 2
An+?fu=0 : (3.8)

Thus we have derived the Einstein-Bogomol’nyi system composed of Egs. (3.5)
and (3.8). Any solution of (3.5) and (3.8) also satisfies the original Einstein—
Georgi—Glashow system (2.1) (or (2.4)) and (3.2). A solution of (3.5) and (3.8) is
called a self-dual cosmic string solution. We have shown that the presence of such
strings requires the fulfillment of (3.6).

Let us finish this section by writing the coupled equations (3.5) and (3.8) as
a second order elliptic partial differential equation.

It is well-known that [JT] the first equation in (3.5) says that the zero set of Wis
discrete and these zeros all have integral multiplicities. Let the zeros of W be
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denoted by p;,. .., py (a zero of multiplicity m is counted as m zeros). Then the
substitution u=1In | W|? reduces (3.5) into the form
N
Au= —2mjye"—4e*e"+4n Y 5, in RZ. (3.9

n=1
Furthermore, using (3.5) in (3.8), we obtain
2 4
A= en _dmien . (3.10)

e2

Hence we have seen that the Einstein—-Bogomol’'nyi system (3.5) and (3.8) is
equivalent to the coupled elliptic equations (3.9)—(3.10). A solution of (3.9)—(3.10)
gives rise to an N-string solution of the Finstein—Georgi—Glashow system (2.3) and
(3.2) with strings located at p4,. .., py.

The special form of (3.10) allows a further simplification of the system. In fact,
inserting (3.10) into (3.9), we get

eZ N
Au=—5An+4n Y. 6, .
my n=1
Namely,
eZ N
w=u——n—2Y In|x—p,|
mMy n=1

is a harmonic function in IR?. For simplicity we assume w=0. As a consequence,
the system (3.9)—(3.10) is reduced to the single equation
2my; N e?
an=—=—"e"—dmj, [ |x—pal2e™ . (.11)

n=1

The existence of solutions of this interesting nonlinear equation is not difficult
to establish when py,. . .,p, coincide. See Sect. 5.

Remark 3.1. So far, it seems that most known stationary solutions of the Einstein
type equations are radially symmetric. Equation (3.11) gives us a highly tractable
form to obtain non-radially symmetric solutions. We intend to pursue this direc-
tion of study later. Note that the structure of (3.11) belongs to a class of
2-dimensional elliptic partial differential equations which are not yet well understood.

4. The Einstein—~Weinberg—Salam System

Let t, (a=1, 2, 3) be the generators of SU(2) introduced in Sect. 3 (note that SU(2)
and SO(3) have the same Lie algebra) and set

t_110
°72\0 1/)°

Then the gauge group SU(2) x U(1) in the Weinberg—Salam electroweak theory
transforms a complex doublet ¢ according to the rules

¢ — exp(—iwyt,)¢p, w,eR, a=1,2,3,
¢ — exp(—ilto)p, CeR.
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The SU(2) and U(1) gauge fields are denoted by A,=A5t, (or 4,=(4};)) and
B, respectively, where both A4, and B, are real 4-vectors. Besides, the field strength
tensors and the SU(2) x U(1) gauge-covariant derivative are

Fuv':auAv"‘avAu_l_igl [Au, Av] s
G,=0,B,—0,B,,
Du¢=6u¢+iglAZta¢+i92But0¢ ’

where g4, g, >0 are coupling constants.
In the presence of the gravitational metric ds*=g,,dx"dx", the Lagrangian
density of the bosonic sector of the Weinberg—Salam theory is

T .. r ..
L= 0" G F i i+ 20" 6" GG+ 4D, ) (D) + A3 — 670

where >0 is a constant and ¢, >0 is the vacuum expectation value of the Higgs
field ¢.

We now go to the standard unitary gauge. We introduce the new vector fields
P, and Z, as a rotation of the pair A} and B,:

P,=B,cosf+A;sin0,
Z,=—B,sin0+A4; cosb .
Thus D, becomes
D,=0,+ig1(Ants +A%t;)+iP,(g; sin Ot3 + g, cos Ot,)
+1Z,(g; cos 0t; —g, sin Ot,) .

As usual, if the coupling constants g4, g, >0 are so chosen that the electron
charge satisfies
9192

Ja+a3

then there is an angle 0: 0 <0 <7/2 (the Weinberg angle) so that

e=g.sinf=g,cosh .
In this situation, the operator D, has the expression
D,=0,+ig: (At + Al ty) +iP,eQ+iZ,eQ .

Here eQ =e(t3+to) and Q' =cot 6t; —tan Oty are charge and neutral charge oper-

ators, respectively.
Assume now
0
o=(o)
¢
igy

2

where ¢ is a real scalar field. Then

[4,—i4i]e
Duo= ig,
6,,90—2(:0892“(0



490

Y. Yang

As in Sect. 3 (see Ambjorn—Olesen [AO3]), define the complex vector field

1
WL=—2(Ai+iA§)

NG

and set 9 =0, —ig, A;. With the notation P,,=4d,P,—8,P, and Z,,=8,Z,~0,Z,,
the Lagrangian density takes the form

| r .
$=Zg”” gvv Puqu’v'+Zg”u gvv Zvau'v’

T . .
59" 9" DW= D W) (D Wy =Dy W)t

g3 g3
2 pv gl 2 _uv
4cos20? ¢ Z“ZV+2 O gL,

+9""0, 00,0+

1 . .
+3 gil(g"” WL —(g"* W W) (g” W, W, )]

+ig19"* " (Z,s, cOs 0+ P, sin O) W, W, + (0> — 03)* . 4.1)

Moreover, the equations of motion of the Lagrangian (4.1) are

1 -
——2,[9" 9" \/—9
v -9

(D Wy =2, W, )]=—ig19"* 9" [Z,, cOs O+ P, sin O] W,

1
+§g§ 0’9" W,

+ai ("™ Wi W) g Wu—(g"” Wy W) g W11,

1

-9

\/——au[g“'”g‘”\/ —gPyy]=1ig,sin0g* g (D W, — D, W, 1T W,

—ig, sin0g*“g*"'[D, W, — D, W, 1W},

—;gl sin

J-9

x0,[g""g"' ) —gWL W, — W W,)]

1 - . o
\/T—a,,[g“ '9"' ) —9Zyv1=ig; cos 09" 9" (D, Wy — D, W, T W,

—igy cos g4 g*" (D Wy — D,y W, IV,

gicosf

-
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x0,[9" 9"/ —g( WL W, — WL W,)]

93
" 2cos?6 9°9" 2y

Ta L9/ —9001=1 Osze[g‘”Z Z,]o

2
+ LW )p+2Ue*~ 00, (42)

We shall show that, when 4 satisfies a specific condition, (4.2) allows a reduc-
tion into a first order system which may be called the Bogomol'nyi or the
Ambjorn—Olesen equations [AO3] in curved spaces.

Varying the metric {g,,}, we obtain from (4.1) the energy-momentum tensor of
the electroweak matter-gauge sector:

Tuv=gu,v,Pm4'va’ +gulwzuu'zvv’ +2RC {gu’v’(gu I/Vu’ "gu’ VVu) (@v I/Vv’ _@v’ Wv)T}

2
g
+26‘,(06‘,(p +Z§2—0 (PZZ,‘ZV-FQ%(PZ RC{VV,‘W:}

+2g3[g"" Wi W, 1Re (W, W}
—2giRe{(g"” W, W, )WL W}
+igy €08 0g*" [Z,y (Wi W, — Wi W, )+ Zy (W W, — W, W])]
+igy sin 09" [Py (W Wy = Wi W)+ Pu (WY W= Wy W) 1= g, &
In the sequel, we impose again the string metric (3.3) and assume that
Py=P3=Zy=Z3=0,
Wo=W3=0, Wi=W, W,=iW,

and that P;, Z;(j=1, 2), W, and ¢ depend only on x* (k= 1, 2). Then (3.4) still holds
with

1 1 .
S’—Ee‘z"Pz +2e‘2"212+e'2"[91 W+i2, W|*+e "|Vo|?

g1
+oteTo? WP+

Toos? 0" Q[ Zi+Z3]+2ge” W)

—2g1 COS 96_2"212| W|2—2g1 sin 06_2"P12| W|2+A((P2'—§D%)2

1 2
=§e‘2”‘:P12—2sgi;0qoée”——2g1sinBl le]

1 -2n 91 2 2\l 2 2
+23 [212 ZCOSH(q) —@5)e"—2g, cos 0| W|
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91
2cos 0

2 2 4 2
+[,1 g }[q, _pap_ 9196, 9196 ,p

2
+e—2"‘91 W+i@2W|2+C—"|: (PZ +616k§0}

8cos? 0 8sin?6 ' 2sinf
2
_ 9196wy 91wy kg2
2cos 0 12 2cos0e Ole;Z;97) - (43)

The form of (4.3) suggests that we may impose the critical condition

g
= 44
2cos? 6 (“4)
and the Bogomol'nyi-Ambjorn—Olesen equations
2, W+i9,W=0,
__ 91 a2 : 2
Py, 25in0¢oe +2g,sin@|W|*,
Ul
Zy,= 20059«0 —@3)e"+2g; cos 0| W|?
2cos 6
Z=— C;’S 0, Ing . 4.5)
1

In fact, we can examine directly that any solution of (4.5) also satisfies the full
equations of motion (4.2) when (4.4) is fulfilled.

We now simplify the gravity sector or the Einstein equations (2.1). In view of
(4.4) and (4.5), &£ may be written in the form

2 .4 2
giPo gdiPo _ n g1 - 2 2 - 2
~ - p "Z — 2e7"|Vol|?.
8sin?0  2sm0° 21 2c0s6° 12(#7=90) + 27|Vl
(4.6)
Furthermore, it is straightforward to check using the last equation in (4.5) that

' T12=T21

2
_261(p82(p+ g1 20(022 Z2=0

The other off-diagonal components 7,,,=0 (u=#v) are direct consequences of the
string ansatz. Besides, we have

1 1
T11—-§e P12+2e "Z3,+[01901*—[0:0]
g
4cos? 0
—2g;sinfe Py, | W|%?—2g,cos0e""Z,| W|?

+2g3e " Wt + VARV A]
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g
8cos? 0

e"[o® — 3]’

1 _ . 91¢0
=—e " — W|2 e
23 [(Pu 2g,sin6| W|*)— 2Sln9

x |:(P12—Zglsm0|WI )+g“p‘; ]

1 g1
—_ n _ 2y__ Yl n 2_ 2
t3e [(le 2gy cos 0| W|*) 2Cosae(rp ‘Po):|
_
x| (Z1,—2g,cos 0| W|? )+ ”(cp —®5 )}

g gies
0Z, 52(P:H:2COS9¢21+62¢]+ - e".

+ 8sinZ 0
Thus in view of (4.5) again, we find Ty, =g?%p¢e"/8sin? . Similarly we can show
that T,, takes the same value as 71;.

Inserting the energy-momentum tensor 7, just obtained into the Einstein
equations (2.1) (or (2.4)), we see that there holds the condition

1
| 2cos 6

_ 9193
8sinZ0 -

Thus, now, in view of (4.6), (2.1) or (2.4) is equivalent to the single equation

(4.7)

g1<Po
P
sinf !

Therefore we have seen that, under the critical coupling condition (4.4),
the Einstein—Weinberg—Salam system (2.1) and (4.2) is reduced to the simpler
Einstein—Bogomol'nyi~Ambjorn—Olesen equations (4.5) and (4.8). The presence of
such solutions requires that the cosmological constant A verify the unique condi-
tion (4.7).

We conclude this section by writing (4.5) and (4.8) as a system of second order
nonlinear elliptic equations. Assume that the strings are at p,,...,py. Let u, v be
such that

An+222 =0. 4.8)

|W|*=¢", ¢@=c¢".
Then it is straightforward to show that (4.5) and (4.8) become

N
Au=—gie"*"—4gie“+4n Y S(x—p,),

n=1
__ ¢4t
2cos? 0

_ gl el (C —<00)2 _ 2 utv__ 2,0
An=— [ +sm 75 2gie |Vv|%e

[e"—@1e"+2gie", xeR? . 4.9)

2 cos? 6
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The solutions of (4.9) give rise to N-string solutions of the original
Einstein—Weinberg—Salam theory.

5. The Existence of Cosmic String Solutions

In this section, we prove the existence of cosmic string solutions of the self-dual
system (3.5) and (3.8) derived from the Einstein—Georgi—Glashow model. The
existence problem for solutions of the more complicated Einstein—Weinberg—
Salam system will be studied elsewhere.

We shall look for an N-string solution so that p, = - - - = py=the origin of R?,
Thus, when setting a =2mjy/e?, b=4m3%,, and c=e?/m¥, Eq. (3.11) becomes
An= —ae"—b|x|*Ne, xeR?. (5.1)

It will be sufficient to find radially symmetric solutions of (5.1).
Let r=|x| be the radial variable. Consider the initial value problem

1
e+ =M= —ae"—br*"e", r>0,
r

1(0)=no, ﬂr(0)=0 P (5:2)

where noelR is arbitrary. It is well known (see [BLP]) that (5.2) has a unique local
solution for any #, and that such a solution can be extended smoothly to obtain
a solution of (5.1) in a neighborhood of the origin.

Lemma 5.1. The solution of (5.2) is globally defined in (0, o).

Proof. Integrating (5.2) in the interval of existence of the solution, we have

r

()= —{ [ape’f‘ﬂ’ +bpNtiem) ] dp, r>0. (53)
0

Thus # is decreasing and |#,| cannot blow up in finite r>0. As a consequence, the
lemma follows. O

Lemma 5.2. Let n be the unique global solution of (5.2). There exists a constant f:
ﬁ>2max{1,¥}sﬁ1(N) (54)

so that n is asymptotically — plInr which is characterized by

.n@r) . _
Jim = im 0=~ 539
Proof. From (5.3)it is seen that #(r)— — oo or a finite number as r— co. Suppose the
latter is true. Then (5.3) says r#,(r)— — o0 as r— co. Therefore there is an o >0 such
that
m(r<—1, rzry.
Hence

N <—In—+n(ro) >0,
0

and 5(r)— — o0 as r — oo, which violates the assumption made earlier.
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It is easy to agree that, as r— o0, r,(r)—a finite number or — co. Let us exclude
the latter possibility.
Suppose otherwise that ry,(r)— — oo (as r—co). Then, for

K =max {ZN: 3, 3 } R

there is an r so that
rr],(r)§ _'Ks T_Z_ro .

This inequality implies
1S ~Kln+1(ro), r2ro,
which gives us the immediate consequences
}o re"” dr < oo, }o rPV+Hlemdr< oo . (5.6)
0 0

Thus ry,(r)—a finite number as r—oo0 and we arrive at a contradiction.
Consequently, (5.5) holds for some constant > 0. Obviously, ry,(r)> — 8, >0
(see (5.3)). Therefore

n(r)>—plar+yx(1), r>1. (5.7
Inserting (5.7) into (5.6), we see that (5.4) follows. d
The estimate (5.4) for the decay exponent f§ can further be improved.

Lemma 5.3. Let f8 be the number stated in Lemma 5.2. If (N +1)/c=1, we have f=4.
If (N+1)/c#1, then B lies in the open range

ﬁz(N)s4min{1,-N—:—1}<ﬁ<4max{1 -cll} . (5.8)
Proof. From (5.2), we have
d 2,2\ __ 2 d n 2b 2N+2 cr]
g )= —2ar’ () ).

Integrating the above equation by parts and using (5.4) to drop the boundary

terms, we obtain
® N+1
=4 {are"")+b(—: >r2N“e‘”’"’}dr. (5.9)
o]

Thus we are led from Eq. (5.9) to the relation

4< N;l—l) Ojore"dr-l-4<N )ﬂ B>

—4B+4<NT+—1>bj r2N+leendy (5.10)
(4]
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Thus f=4 if and only if (N+1)/c=1. When (N +1)/c<1, we see from (5.10)
that 4(N + 1)/c < f<4. While, for (N+1)/c>1, we have 4<f<4(N +1)/c. Hence

the estimate (5.8) follows. ]
Using (5.4) and (5.8), we arrive at the inequality
1
max{ﬂl(N),ﬁz(N)}§ﬁ§4max{I,NCL}. (5.11)

In the case that (N + 1)/c=1, the lower and upper bounds in (5.11) coincide and we
obtain the exact result §=4. Thus, when (N + 1)/c is not too far away from 1, there
holds f~4. However, when (N + 1)/c is far away from 1, the range of f stated in
(5.11) may be a large open interval and in such a situation we are unable to decide
the exact values within the interval that § can assume. In particular, it seems to be
an interesting question whether each number in the interval (5.11) can be realized
as a decay exponent f§ with a suitable choice of the initial data in (5.2).
Let n be the radially symmetric solution of (5.1) obtained above and
2

u(x)=——n(x)+2N1n|x| .
My

Since # is asymptotically —fIn|x| as | x| - oo, where f is a constant satisfying

max { B;(N), ﬁz(N)}§ﬁ§4max{ 1@%@} (5.12)
with
BI(N)=2max{1,(_Nie§_)ﬁ"}, ﬂz(N)=4min{1,(—Z-V—2?—m%V}
(see (5.11)), the function u is asymptotically —aln|x| with
cmax {f1(N), f2(N)} —2N <o <2max {fn—ez:’—N, N+2} . (5.13)

To obtain a solution of the original system (3.5) and (3.8) from the pair (u, )
constructed above, we put z=x'+ix?, '=0, +10,, and

W(z)=exp[%u(z)+iN argz] ,
f1=—Re{éann W},

fo= —Im{é@*ln W} .
Then (W, £, n) is a solution of (3.5) and (3.8) and
|W|?=0("%,
'=0("),
f12=0(r—y)5 V=m1n {“a B} )

4
R—?-Z?=0(r'<a-ﬁ>) , (5.14)
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as r=|x|—o0, where a, f§ satisfy (5.12)—(5.13) and R is the scalar curvature of the
surface (R?, ;,¢"). The decay estimates (5.14) say that the cosmic string we have
constructed is of finite energy.

Remark 5.1. In fact the property that # is asymptotically — f1n|x|, where f lies in
the range (5.11) is a consequence of the regularity of any symmetric solution of (5.1)
because for such a solution the smoothness at the origin requires

limrn,(r)=0.
r—0

This feature ensures already the validity of Lemmas 5.2 and 5.3.

Remark 5.2. In the U(1) case, a necessary and sufficient condition for the existence
of an N-string solution has been obtained in [CHMcY] which says for example
that if N exceeds an explicit upper bound, there will be an energy-blowup. The
result of this section tells us on the other hand that when the gauge group is
non-abelian (G=_SU(2)), in addition to the presence of a positive cosmological
constant A, finite-energy N-string solutions exist for any number N.

Remark 5.3. A well-known result of Kazdan—Warner [KW] on the prescribed
curvature problem for open 2-surfaces says that a function ReC*(IR?) is the scalar
curvature of a complete Riemannian metric on R? if and only if

lim inf R(x)<0. (5.15)

r—o |x|2r

Thus, in view of R=—e "4y and (3.10) and (4.9), we see that the obtained
gravitational metric cannot be complete because the curvature R is bounded away
from zero below by a positive constant, which violates the condition (5.15).

6. Conclusion

We have shown that, when the Einstein theory is coupled with the Georgi-
Glashow and the Weinberg—Salam models, the presence of self-dual cosmic strings
implies that the cosmological constant A must in that situation assume corres-
ponding positive values. In other words, if we accept these two-dimensional
self-dual solutions as physical states in suitable phase transition stages of the early
universe realized respectively by the coupling models discussed, then, at that time,
A was positive and might be uniquely and explicitly expressed in terms of some
fundamental parameters in particle physics such as the electron charge, the W-
particle mass, the Weinberg angle, and the coupling constants.
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