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Abstract: We give two formulas for the lowest point .7 in the spectrum of the
Schrédinger operator L = —(d/dt)p(d/dt) + q, where the coefficients p and ¢ are
real-valued, bounded, uniformly continuous functions on the real line. We determine
whether or not .7 is an eigenvalue for L in terms of a set of probability measures on
the maximal ideal space of the C*-algebra generated by the translations of p and gq.

Introduction

In this paper, we will study the Schrédinger operator

(5

on &, C L*(R). As usual, the domain %, of this operator is the collection of functions
f € L*(R) which have the property that f and f’ are absolutely continuous functions
on every finite interval and f’, f” € L*(R). We assume that p and q are real-valued,
bounded, uniformly continuous functions on R. In addition, we assume that p’ is also
a bounded, uniformly continuous function on R and that there is a ¢ > 0 such that
p(t) > c for every t € R. It is well known that, under these assumptions, L is a
self-adjoint operator on Z,. The main goal of this paper is to study the lowest point
 =inf{\: X € (L)} of the spectrum of L. There have been estimates of the value
Z in the literature when the coefficients p and g of the operator have recurrence
properties [4]. We will give two formulas for the value 7. These formulas are related
to a C*-algebra associated with the functions p and q.

Before we state our results, some definitions are necessary. For a function f defined
on R, by a translation of f we mean a function f, given by the formula f,(¢) = f(t+s).
We denote by .7 the C*-algebra generated by all the translations of p, p’, ¢ and all

Research supported in part by the National Science Foundation under Grant DMS-9101496



620 J Xia

the constant functions on R. Let . 2! = {f € .Z : f' € .Z}. For each state ¢ on
., let H, be the Hilbert space completion of ..Z with respect to the inner product

(f,9), = o(f9). Let .72 be the collection of states ¢ on the C*-algebra . #Z such that
lo(f)| < C,lo(|fI})]'/? for every f €.#', where C,, is a constant depending only on
0. Equivalently, . 7 is the collection of states o for which there is a unique h, € H,
such that o(f’) = (f, h,), for every f € .7 Let

Fy = {pw* + (pw) : w is any real-valued function in . Z'}

and let .7 be the closure of the convex hull of .% in the norm topology. Let
do(p) = inf{|j¢ — u||, : v € .7} and d(p) = inf{|j¢ —u||, :ue.7}.

Theorem 1. (a) d,(f) = d(f) for every f € 2.

®) 7 =gl —d(qg—llallo)

© If 7 <0, then I = —d(q)

(@ .7 =min{o(q) + 3{ph,, h,), : 0 € A}

(e) If d(q) > 0, then —7 = d(q) = max{—o(q) — %(phg, hg)g to0 €N}

We particularly emphasize the fact that in (d) and (e) above, the extrema are
attainable. We will explain in Sect. 3 that the fact that they are attainable makes 7" a
“quasi-eigenvalue” for L. In other words, we assert that when the coefficients p and ¢
satisfy our assumptions, the lowest point in the spectrum of L = —(d/dt)p(d/dt) + q
is always a quasi-eigenvalue. In fact quasi-eigenvalue is the most that one can say
about .7 in general. Although .7 can be a genuine eigenvalue, in the case p and g are
almost periodic functions, it is known that .7 is not an eigenvalue in probability 1.

It is obvious that for each s € R, the map ¢, : f — f, is an automorphism of
the C*-algebra . 7. The fact that the functions in . Z are uniformly continuous on R
implies that the group of automorphisms {¢, : s € R} is strongly continuous in the
sense that for every f € .2, s — ¢ (f) = f, is a continuous map from R into . Z.
Therefore the automorphism group {¢, : s € R} induces a strongly continuous group
of homeomorphisms {c, : s € R} of the maximal ideal space {2 of .Z. In other
words, the map (w, s) — a,(w) from 2 x R to {2 is continuous. If we identify .7
with C(£2), then obviously ..Z' can be regarded as the subset C''(2) of f € C(2)
such that the limit f/ = lirr})( foa, — f)/e exists in the norm topology of C(£2).

E—

Similarly, .7 can be identified with the collection of probability measures p on {2

such that
1/2
/ 2
[ran sq[/m du}
1) 1)

for every f € C'(£2), where C, > 0 is a constant which depends only on . Given
ape€ XD, fr f’ is a linear operator from the dense subspace C'(2) into

L?(£2, ). It seems that the subscript of the symbol D ., Is unnecessary, for the operator
itself is actually independent of the measure p. The reason we write D, is that its
adjoint D: does in general depend on the measure u. If we let p and § denote the
Gelfand transforms of p and g respectively, then it follows from Theorem 1 that the
set

. 1,
o) = {we.tt: 7 = @0, + o000}, )
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is not empty. Here, we denote the inner product in L>({2, 1) by (., .) .- Since each
point s € R corresponds to a maximal ideal § € (2, there is a continuous map
t ,: s+ §from R into £2. Obviously ¢ ,(R) is dense in {2. Note that unless p and ¢
are periodic functions and have a common period, the map ¢ , is injective.

Theorem 2. Suppose that v , is injective. Then 7 is an eigenvalue of the Schrodinger
operator L if and only if there is a . € . (p,q) which is concentrated on v ,(R)

If m is a probability measure on §2 and is invariant under the group {a, : s € R},
then it is well known that
L,=-D,pD,  +q

is a self-adjoint operator on a dense domain in L?(£2, m).

Theorem 3. Suppose that m is an invariant probability measure on §2. Then .7 is an
eigenvalue of L, if and only if there is a |1 € .Z(p, q) which is absolutely continuous
with respect to m

In the main text, we will obtain results which are slightly more general than
the theorems stated above. Rather than starting with the coefficients p and g of the
Schrédinger operator and build the algebra ..Z, we will take the following approach.
We will start with a continuous flow (X, {a, : s € R}) and functions P, @ € C(X).
We will consider the family of operators {L, : z € X}, where

d d

Parts (a), (b) and (c) of Theorem 1 will be proved in Sect. 1 and 2. Parts (d) and
(e) of Theorem 1 will be derived from (b) and (c) in Sect. 3 by what amounts to
solving a dual extreme problem. Theorems 2 and 3 will also be proved in Sect. 3.
Furthermore, we will explain in Sect. 3 that the question whether or not .7 is an
eigenvalue can be converted to a question which is completely independent of the
study of Schrodinger operators and which leads to what seems to be a generalization
of the notion of ergodicity. In Sect. 4, we will specialize our results to the case where
the flow is generated by functions on R.

1. The Distance Formula

Let X be a compact Hausdorff space. Suppose that o = {c, : ¢ € R} is a continuous
group of homeomorphisms on X. That is, (z,t) — «,(x) is a continuous map from
X x R to X. The dynamical system (X, R, «) will simply be referred to as a flow.
For a function ¢ on X, we denote ¢'(x) = ,llimo(go(ah(x)) — @(z))/h whenever such

limit exists. ¢’(x) can be thought of as the derivative of ¢ in the direction of the flow.
Let CL(X) be the collection of continuous functions ¢ on X such that ¢'(x) exists
for every x € X and z — /(x) is a continuous function on X. For any function
fon X and any z € X, let f denote the function on R defined by the formula
f, @ = f(a,(x)). For the rest of the paper, P will denote a function in Cl(X) such
that P(z) > O for every x € X.

Definition 1.1. (a) Define 7 (P) = {Py? + (Pp) : ¢ € CL(X) and ¢ is real-

valued}.
(b) Let 7 (P) be the sup-norm closure of the convex hull of .7(P).
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(c) Forevery f € C(X), let dp(f) = inf{||f —ul|, : u € #(P)}, the distance from
f to F(P).

Theorem 1.2. [f 1 is a real-valued function in C(X), then 1) + dp(p) € ¥ (P)

Proof. Suppose that the theorem were false. Then, by the Riezs representation theorem
and the Hahn-Banch separation theorem, there would be an a € R and a real-valued
regular Borel measure 1 on X such that

/(¢+dp(¢))du>a2/udu
X

X

for every u € .7 (P). For any real-valued function f € CL(X), Pf? = (1/2)(Pf* +
(PHN+/2)(P(—f*+(P(—f))). Because C! (X) is dense in C(X) [2], this means
that .% (P) contains every non-negative function in C'(X). Hence it follows from the
above inequality that u(E) < 0 for every Borel set E C X. It also follows from the
above inequality that

/ W — wdp > —p(Xdp() + b
X

for every u € .% (P), where

b= [0+ dp)du—a>0.
X

Since —(X) > 0, fi = p/(—u(X)) is a probability measure on X. We have

I —ull, > / W —wdi > dp(W) + b/(—u(X) > dp(®)
X

for every u € .%. But this is inconsistent with the fact that dp(¢) is the distance
between ¢ and .% (P). O

Let @ be a real-valued function in C(X). For each z € X, define the Schrodinger
operator

d d
L,= —d—th(t)E + Q)

on %, = {f : f and f’ are absolutely continuous on every finite interval, f, f’,

" € L*(R)} C L?(R). It is well-known that L is a self-adjoint operator on %

[9]. Let 7 denote the closure of |J o(L,). (For a linear operator A, o(A) denotes
zeX

its spectrum.) Let .7 denote the infimum of the set .%”. In the situation where it is

necessary to indicate the coefficients P and () of the Schrodinger operator to avoid

confusion, we will write Lp , ., (P, Q) and 7 (P, Q) instead of L, % and 7.
Proposition 1.3. —dp(Q) < .7.

Proof. For any € > 0, there exist real-valued functions g,,...,g, € CL(X) and
Q- le a,(Pg? +(Pg,))

a,-..,a, €(0,1] witha, +...+a, =1 such that <

.

n
dp(@Q) + &. Let ¥ = Y a;(Pg> + (Pg;)) — Q. For each z € X, let A ,
7=1
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denote the first order differential operator —id/dt + ig; ,. Then A} P, A =
—(d/dt)P,(d/dt) + P,g; , + (Pg,),. Hence

d d -
j=1

7=1
Since |95, < dp(Q) + €, we have

(Lo, [) = Ly + ) [ F) = (o F) 2 —(dp(@) + )(f, f)

whenever f belongs to the domain of L. This implies 0(L,) C [—dp(Q) — €, 00)
for every * € X. Hence . C [~dp(Q) — &,00) for every ¢ > 0. Therefore
—dp@ <7. O

Proposition 1.4. Suppose that A < 7 Then Q — A € Z(P).
Remark We will show that when A < 7, the positive operator L, — A admits a

factorization L4 . d

with M € CL(X). In general, given a positive operator A, one thinks of the
factorization problem A = Y BfB, in an algebra associated with A as a non-

k
commutative moment problem. In the case where A is a differential operator with
coefficients which are rational functions in ¢, such a moment problem was solved in
[7]. Note that for our operators, the moment problem has a one-term solution B*B.
Also see Remark 1 after Theorem 3.2. The proof of this proposition will be given in
the next section.

Theorem 1.5. (a) 7 = ||Q|lo, — dp(Q — IIQII
(b) Suppose that 7 < 0. Then 7 = —dp(Q

Proof. Suppose that A < .7 < 0. Propos1t1on 1.4 says that Q@ — A € FH(P).
Hence dp(Q) < |A| = —A. In particular dp(Q) < —7 + 1/n for every n. Hence
dp(Q) < —7 or, equivalently, —d(Q) > .7. Proposition 1.3 provides the opposite
inequality. This proves (b). Because 0 < —(d/dt)P,(d/dt) < (||P||. )(—d*/dt?)
and because o(—d?/dt?) = [0,00), 0 € o(— (d/dt)P,(d/dt)). For every z € X,

—||Qllec <0 on R. Hence (—o0,0]No(L, — ||Q||) # 0. Therefore part (a) is a
consequence of part (b) and the identity .7 (P, Q) = HQHOO +7(P,Q - Q) O

Proposition 1.6. .%(P) is dense in % (P).

Proof. For each u € 7 (P), dp(u) = 0. If we apply Propositions 1.3 and 1.4 to
@Q = u, we see that u + ¢ € % (P) for every € > 0. Hence the distance between u
and 7% (P)is 0. U

2. Weyl’s m-Functions

This section is devoted to the proof of Proposition 1.4. Our proof requires only
elementary techniques of differential equations and some aspects of the proof should
be familiar to experts in this area. And some of the technical details perhaps need
not be included. But for the convenience of the reader, we will present them anyway.
If one uses the theory of spectral bundles of differential systems developed in [10],
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it is possible to find an alternate proof which could be somewhat shorter but not as

elementary.
Recall that . = “(P,Q) is the closure of the union of the spectra of all
L, =Lpg, € X. Let Z* be the collection of functions f on [0, 00) such

that f and f’ are absolutely continuous on every finite interval [0, A] and such that

o f', " € L,[0, 00). Similarly, &~ denotes the collection of functions on (—co, 0]
with the same properties. Define ?‘Zoi = {f € % : f(0) = f'(0) = 0}. For each
r e X,let L;r (respectively L) be the symmetric operator —(d/dt)P,(d/dt)+Q,, on
;" (respectively on &, ). The differential equation —(P,u") (¢)+ Q, (H)u(t) = zu(t)
will be abbreviated as £,u = zu. For z € X and z € C, define £, = {u: £, u=zu
and the restriction of u to [0, co) belongs to &*}. Similarly, £, = {u: {,u = zu
and the restriction of u to (—oo, 0] belongs to &~ }.

Lemma 2.1. Let z € C and x € X If u is a solution of {,u = zu and |u|? is
integrable on [0, 00) (respectively on (—o0,0]), then u € 55; . (respectivelyu € &)

o0
Proof. Suppose that [ |u(t)|*dt < co. Since u and v’ are continuously differentiable,
0

o0
it suffices to show that [ |u/(t)]*dt < co. Straightforward differentiation shows that

0
(P(|u>)) = 2(Q, —Re(2))|ul> + 2P, |u/|>. Hence P, |u'|* = (P, ([u*|)) /2 —(Q, —
Re(2))|u|*. Consequently we have

T
1
/ Pl dt = 1Y (DPT) = (u) ©)P,(0)]
0
T
- / (Q,(t) — Re(2))|u(t)[*dt .
0

T
Since [ |u?(t)| dt < oo, (Ju?|)'(t) cannot be strictly positive any interval [A, o).
0
Hence P, |u’|? is integrable on [0, o). By the assumption on P, there is a § > 0 such

0
that P > § on X. Hence v’ € L?[0,00). The case [ |u(t)[’dt < oo is similarly
treated. [J -

Proposition 2.2. Suppose that z € C\. Then for any x € X, dim(Z})) =
dim(%,,) = 1.

Proof Suppose that z € C\R. By Weyl’s limit point-limit circle alternatives, for
both symmetric operators L; and L_, the deficiency indices are either (1, 1) or (2,2)
(see, for example, [1 or 9]). By Lemma 2.1, this means that dim(((fgf ) and dim(&,"))
are either 1 or 2. If dim(%,f,) = 2, then £}, O £ . Hence z is an eigenvalue for
L. But this is not possible due to the fact that L is self-adjoint and z € C\R.
Hence dim(g’gz) = 1 and, similarly, dim(é‘;z) = 1if z € C\R. If z ¢ ./, then
ILE =2, =Ly — 2 fll, > d(z, )| f|l, for every f € %t (%, is considered
as a subset of L?(R) in the natural way). Therefore (Lt - z),@0+ is closed. It follows
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from Corollary 2 on p. 42 of [9] that ~/ = L[0.5c) (LT — ,z)f/()+ and that
dim(~',) remains constant on C\ /. [J

Definition 2.3. For each pair (v.z) € X x (C\ /), E!_ denotes the orthogonal
projection from L2[0.>c) onto the one-dimensional subspace {f | [0,~) " f € /F_}.
Similarly, £, denotes the orthogonal projection from L*(—nc. 0] onto {g | (—>c.0]

Proposition 2.4. The map (v.z) — ET . (resp. (r.z) — [ ) is continuous from
X x (C\ /) into Y(L20,x)) (resp into Y (L2 (—~.0]) equipped with the operator
norm topoloyy

Proof Let (2.7) € X x (C\/) be given and let g, € E} L?[0.20) be a unit

vector Note that for any z € C\ /', (LT —2)f]l, = [[(L, = 2)fll, = dz. )| fll, if
[ € vt Since EF_L?[0.5c) = L*[0.5¢) © (L] — 2)7,", we have

(LY —p)] ,
90 = E\ 290l = sup {M feuyt. f# 0}

ILF =2 fll
= U /)S”p{Kgo,(ﬁf;H: M yeuy. f#O}
- d(z.] 75 sup{l{go- (L7 = =) = (L =zl f € 7 Il =1}
=4 ) sup{|{(gy. [—~(d/dt)(P, — P, )(d/dt)

—(Q, —Q,,) — & —z)IN)] Jev iflh=1}
- (2L = Progolly + 1P, = Po)gy [ + 1@, = Q)9 + 2 — 2
B d(zg. /) = |z = 7]

Because g, € ' and P’ € C(X), the maps x — Plg), v — P.g) and
r +— @) ,g, are continuous from X into L’[0,oc) Hence for any & > 0, there is
a neighborhood U of z, and a 6 > 0 such that |lg, — E'} gl < ¢ if 2 € U and
2 — zy| < 6 The desired continuity follows from the formulas £} h = (h.gy)q,
and EY h = (h.ET _g0)EY ,g0/|ET g3, The continuity of (z.z) — E, . can be
@mnlarly proved. [J

Proposition 2.5. (a) Let o € L*[0. <) (resp. v € L3 (—00.0]) and 1 € (0. c) (resp.
t € (—=x.0)) be given Then (x,z) (Il?f_z',:)(z‘)l (resp. (v.z) — (£, )b)) is a
continuous function from X x (C\./) into C

(b) Let p € L20.x) (resp. ¥ € L2(—.0]) and { € (0.0) (resp t € (—oc.0)) be
given Then (x.z) — (L} ) (t) (resp. (x.2) — (£, ) (1)) is a continuous function
from X x (C\ /") into C

I Stuctly speaking, E ¢ is an clement in L>[0, o) and represents a class of functions which diffet
fiom each other on sets of measuic zeto So it is necessaty to give a clear definition fo1 (E} _o)(t),
the value of E} _p at t Thete is a solution of the differential equation ¢, u = zu on R such that
ul[0, 00) represents the same element £ ¢ € L?[0.0) The value (F57 _¢)(¢) is defined to be u(t)
Also when we wiite (E[ @) (t) we mean u/(t) (&, w)(t) and (£ v) (1) ate defined similaily
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The proof of this proposition will be divided into several steps. The main
ingredients in the proof are Proposition 2.4 and a sequence of lemmas in elementary
analysis. We will now establish these lemmas.

Lemma 2.6. Let f > 0 be a C' function on [a,b].
b
(a) There is an s € (a,b) such that f'(s) > =8 [ f(t)dt/(b — a)’
b
(b) There is an r € (a,b) such that f'(r) <8 [ f()dt/(b— a)*.

b
Proof. Letn =8 f f)dt/(b — a)?. (a) Suppose that such an s did not exist. Then
a

(b+a)/2
f'(t) < —n for every t € (a,b). Hence f((b+ a)/2) — fN) = [ [fl(Hdt <
A

_n<b42—a — )\> for every A € (a,(b + a)/2]. That is, f(A) > f((b+ a)/2) +

b
7]( —;a — A) whenever A € (a,(b + a)/2]. Since f > 0 on [a,b], we have
(b+a)/2 (b+a)/2

ff(A)dA> f f@®dt > n f

contradlctlon ThlS proves (a). (b) 1s proved in a similar way. [

(b+a - )\) d\ = n(b — a)>/8, which is a

Lemma 2.7. Let B be a bounded subset of C\." and let ¢ > 0. Then there is an
N = N(P,Q, B,¢) > 0 such that for every (z,z) € X X B,

/ (B o) ®)*dt < N
if @ is a unit vector in L?[0, c0) and

/ (B, ) ®))dt < N

if 4 is a unit vector in L*(—00,0]

Proof. Suppose that ¢ € L*[0,00] is a unit vector. Since [xy | Ef @I, < 1, it
follows from Lemma 2.6 (a) that there is an s = s(¢, z, 2) € (0,¢) such that

(E] oM (s) > —8/e>.

Write u for Ef ¢ for the moment. Since —(P,u’) + Q,u = zu on (0, c0), we have
(P,(JuP)Y = 2P, |u'|* + 2(Q, — Re(2))|ul*>. Suppose that P(z) > & > 0 for every
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z € X. Then
T

T
6 / (B} ) () dt < / Py’ P@) dt

S

T
1
= E[PI(T)(|u|2)’(T) — P, (s)(Jul? ()] — / (Q, () — Re(2))|u(t)*dt

1
< P05 (uPY(T) + [P/ + |Qll, + sup{fu] : w € B}

Since the function |u|? is integrable on [0, c0), for any A > 0, inf{(Ju|?)/(t) : t >
A} < 0. Hence

7 1
/ (B o) OPdt < L[IPYo@/e) + Q] + sup{lu] : w € B},

The proof for the other inequality is similar and will be omitted. [

Lemma 2.8. Ler B be a bounded subset of C\.%” and let € > 0. There there is a
C =C(P,Q, B,e) > 0 such that for any (x,z) € X X Bandt > ¢,

(Ef.o)®F <C
if  is a unit vector in L*[0, c0) and

(B, .0Y (-t <C
if ¥ is a unit vector in L*(—c0,0].

Proof For any u € &,

/Pz(s)u'(s)ﬁ”(s) ds = —P, ()| (t)]* - /(qu')'(s)'a’(s) ds.
¢ i
Therefore

P (1)) = — / P (s)u'(s)u"(s)ds — /(qu')'(s)a'(s) ds
¢ ¢

u'(s)(P,a') (s)ds — /(Pmu')'(s)a'(s) ds
t

+ [ Pl(s)[u/(s)*ds

<2 l[ / o (5)2ds
t

TT~—g "3

1/2 o0
1Pyl + 1P / o/ (s)ds.
t
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Let Ny = [|Qllo + sup{fw| : w € B}. Then [[(P(EL. )Y, < NMIEZ. ¢l
whenever (z,z) € X x B and ¢ € L*[0,00). Let N be the constant provided by the
previous lemma. Then obviously C' = 2N,v/N + ||P'|| ., N)/6 will do. O

An immediate consequence of this lemma is the following:

Corollary 2.9. Let B be a bounded subset of C\.” and let € be a positive number
Then there is a K = K(P,Q,B,c) > 0 such that for any (z,z) € X x B, and
s,t € [g,00),
(B, .0)() — (B .9)()| < K|t — 5|
if @ is a unit vector in L*[0, 00); and
(B 0)(=t) — (B, ) (—s)| < K|t — 5]

if ¥ is a unit vector in L*(—00, 0].

Proof of Proposition 2.5. (a) Let t € (0,00) and ¢ € L*[0,00) be given. Let
(zg,2y) € X x (C\Y) and let B be a bounded neighborhood of z, in C\." By
the previous lemma, there is a K > 0 such that

[(EL.0)(s1) — (Ef 9)s,y)| < Klsy — s
whenever (z,2) € X x B and s, s, € [t/2,00). Let ny > 2/t and define

t+(1/n)

n
9,2 = 5 / (B o)(s)ds =
t—(1/n)

<E;F,ZSO’ X[t~(1/n),t+(l/n)]>

03

for n > ny. It follows from Proposition 2.4 that each g,, is a continuous function on
X x (C\.¥). On the other hand, for (z,2) € X x B,

t+(1/n)
|9,,(x,2) — (B ,o)(®)| = g‘ / (B o)) — (Ef o)®)]ds
t—(1/n)
t+(1/n) t+(1/m)
gg / K[t—s|ds§% / Kds=K/n.
t—(1/n) t—(1/n)

This shows that on X x B, the function (z, z) — (E;zgo)(t) is the uniform limit the

continuous functions {g,, }. Therefore it is continuous. The continuity of (B, . ¥)()
can be established similarly.

(b) Let s < t. Then

t
PO(ES ) () — Pu(s)(ES ) () = / (PLE o)) (V) dA

t
- / (@) — XEE 9N dA = (@, — DEL .0, Xpo1)
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For any ¢ € L*[0, 00), = — Q.9 is a continuous map from X into L?[0, 0o). Hence
the map (z, 2, 8) — ((Q, — 2)ET @, X, 1) 18 continuous on X x (C\.7) x [¢/3,1/2].
This implies that (z, 2) — P,(O0E;} ) (t) — P,()E; ¢)'() is a continuous map
from X x (C\.%") into C[t/3,t/2]. Therefore

t/2

@2 [IPO1 IROE 0 O~ PO 6)ds
£/3
t/2
- Pz<t)<E;Zso>’<t>< / [Px(sn—lds) (B2 + (B o)t)3)
£/3

is a continuous function on X x (C\.%). Since the last two terms are continuous
by part (a), so is the first term. The continuity of (B, LW)(t) is established
similarly. [

Suppose that z € C\.%. Given a ¢ € L*[0, c0), there is a unique solution u of the
differential equation £,u = zu on R such that E ¢ is represented by the restriction

of u to [0, 00) in the space L?[0, c0). We can also think of u as the natural extension
of E; ¢ to R. For the sake of convenience, we will use the same symbol E ¢

to denote this function on R. Similarly, for ¢ € L?(—00,0], we also use E; . to
denote its natural extension to R.

Proposition 2.5, (a) Let ¢ € L? [0, 00) (resp. 3 € L*(—00,0]) and t € R be given
Then (z,z) — (ch'yzgo)(t) (resp. (x,z) — (E ,1(t)) is a continuous function from
X x (C\) into C.

(b) Let ¢ € L?[0, 00) (resp. zl) € L*(—00,0]) and t € R be given. Then (z,z) —
(EF,0) (@) (tesp. (z,2) — (E_ 1) (t)) is a continuous function from X x (G\.¥)
into C

Proof Let £'(t) = A(z, z,t)E(t) be the standard 2 x 2 first order linear differential
equation system which is the equivalent of the second order equation ¢,u = zu. For
any a € R, let @_(z, z,t) be the fundamental solution matrix of &’(t) = A(x, z, t)£(t)
such that @ (x, z,a) is the 2 x 2 identity matrix. Proposition 2.5 is an immediate
consequence of Proposition 2.5 and the well-known fact that for any fixed ¢ € R,
(z,2) — $,(x,2,1) is a continuous map from X x C into M,. O

Suppose that z € C\R. Then it is well-known that a function in &*, which
is not identically zero cannot vanish on R. ThlS 1s due to the simple fact that the
natural extensions of the operators L to {f € &% : f(0) = 0} are self-adjoint and,
therefore, cannot have any non-real eigenvalues. Our next objective is to establish
the same result for real values z € (—o0,.7). But since the possibility of the self-
adjoint extensions of LT having eigenvalues in (—co,.7) cannot be excluded, the
proof becomes quite involved.

Proposition 2.10. Suppose A < 7. If p € & ,\ and  is not the constant function 0,
then p(t) # 0 for every t € R

Proof. We first assume that A < [|Q|.. Suppose ¢ € &, +)\ and ¢(t,) = 0. Define a
function ¢ on R such that go(t) = <p(t) fort >ty and g(t) = —p(2t,—t) fort < ¢,. Itis
easy to see that since ¢(t,) = 0, ¢ is absolutely continuous on every bounded interval.
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The definition of ¢ also ensures that the left derivative and the right derivative of ¢
at t, agree. Therefore ¢’ is also absolutely continuous on every bounded interval. It is
obvious that ¢, ¢’ and ¢” all belong to L?*(R). Hence ¢ € %,. Define U(t) = P, (1)
and V(t) = Q,(t) for t > ¢, and define U(t) = P, (2t, —t) and V(¢) = Q,(2t;, — t)
for t < t,. Since —(P,¢") +Q, ¢ = Ap on R, it follows that —(U¢') +V$ = A on
R. If ¢ were not identically zero, then A\ would be an eigenvalue for the self-adjoint
operator [, = —(d/dt)U(d/dt) + V. But this is impossible because A < —||Q||., and
L> —min{P(y): y € X}d2/d? — Q] > ~]1Q]...

For the general case A < .7, we need the following function: For (y,z) €
X x (C\.Y), define

Y OP_0)
Y (OP_®) = PL®Y_@®)

I'(y,z,t) =

where ¢, is any nonzero function in £, and ¢_ is any nonzero function in &, . That
the spaces gyiyz are one-dimensional guarantees that the definition of I” is independent
of the choice of 9, . Since P, (¢ LW — 4 9_) is the Wronskian for the differential
equation £, u = zu, there is a nonzero constant c such that ¢, ' — ¢\ ¢ =c/P,.
Hence I" is well defined. (Actually, I'(y, z,t) = G(y, z,t,t)/Py(t), where G is the
Green’s function for éyu = zu.) For any s € R, the functions ¢ — 1, (t + s)

belong to é”oi(y)’z. Hence I'(y,z,t + 8) = I'(a,(y), 2,t). Let n,. = 1_|[0, 00) and

n_ = 9_|(—o0,0]. Then there is a neighborhood U of (y, z) in X x (C\.%’) such that
E} . n, and E¢ ,m_ are not identically zero for (§,w) € U. Hence it follows from

&w
Proposition 2.5 that for each t € R, (y,2) — I'(y, z,t) is a continuous function on
X x (C\Y).

From the relation I'(a,(y),2,0) = I'(y,z,t) it follows that for a fixed z, the
function G ,(y) = I'(y, z,0) has a zero on X if and only if there is a £ € X such
that one of the spaces &, iz contains a nonzero function which vanishes somewhere
on R. That is, G, is not an invertible element in C(X) if and only if one of the
spaces Eoiiz contains a nonzero function which vanishes somewhere on R. Suppose
that the proposition were false. That is, there were an x € X and a A < .7 such
that Ef;/\ U &, contains a nonzero function which vanishes on R. Then the set
Z = inf{z € (—0,.7) : G, is not invertible in C'(X)} would not be empty. Since
(y,2z) — I'(y,z,0) is continuous and X is compact, the map z +— G, from C\.¥”
into C'(X) is also continuous. Because the subset of non-invertible elements in the
C*-algebra C(X) is closed, Z is closed in (—00,.7). We will next show that Z is
also an open subset of (—00,.7).

Suppose that A, € Z and suppose that ‘ég/\o contains a non-trivial function ¢ such
that ¢(a) = 0. Since ), is real, we may assume that ¢ is a real-valued function.
Furthermore, we may assume that ¢ = Eg W] with some appropriate real-valued
function 1. That ¢ is not identically zero ensures that ¢'(a) # 0. Hence ¢ has
positive as well as negative values on R. It follows from Proposition 2.5’ that there is
an € > 0 such that for w € (\j —¢, \j+¢), Egr 77 also has both positive and negative

values on R. This means that ngn must vanish on R. Hence G|, is not invertible for
w € (Ag—g,Ag+e). If &, contains a non-trivial function which vanishes on R, then

we can similarly show that G, vanishes for w in a neighborhood of A,. Therefore the
set Z is open. The first paragraph of the proof tells us that Z # (—o0,.7). Thus we
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have created a nonempty, proper subset of (—o0,.7") which is both open and closed.
This contradiction completes the proof. [J

Proof of Proposition 1 4. For (z,z,t) € X x [(C\R) U (—00,.7)] x R, define
M (z,z,t) = ¢, @)/, ()

and
M_(z,z,t) =" () /o_(1),

where ¢, € é‘jfz are functions which are not identically zero. The fact that
dim(é‘fyz) = 1 guarantees that M are independent of the choice of . It follows
from Proposition 2.10 and the discussion preceding it that the values of M, are
finite numbers. It follows from Proposition 2.5’ that for each ¢ € R, the functions
(z,2) — M (z,z,t) are continuous on X x [(C\R)U(—00,.7)]. Finally, if ¢ € Eé‘f,z,
then p(s+.) € %aism’z. Therefore M, (z, z,t) = M (a,(x), 2,0). For A € (—00,.7),
it is straightforward to verify that

d
P@ML(@,A,0) + - Pe,@)M (@), A,0| = Q)= A, O

3. The Dual Extreme Problem and Quasi-Eigenvalues

We will next investigate the extreme problem dual to .7 = —dp(Q) = —inf{|ju —
Qllee : u € .7 (P)} in the case .7 < 0. In other words we will express dp(Q)
as a supremum. This dual extreme problem involves probability measures on X.
By a probability measure on X we mean a positive, regular Borel measure on X
whose total mass is 1. Suppose that 4 is such a measure and consider the space
LX(X,p). Let ||.|| uaand (., .), denote the norm and the inner product on L*(X, 1)

respectively. On the subset CL(X) C L*(X,p), we denote by D, the differential
operator (Dﬂf)(x) = ;i_r)r})(f(ozs(:c)) — f(z))/e = f'(z). (The operator Du is actually
independent of y; it is its adjoint D;‘: that depends on p.) Let .7 be the collection of
probability measures ;2 on X such that the constant function 1 belongs to the domain
of D*. It is obvious that a probability measure ;2 on X belongs to .. if and only if
there is a C' > 0 such that

/ (D, @) d(@)| < Clf ],
X

for every f € Cl(X). Because C! (X) is dense in L*(X, p1), in the case p € . #, the
smallest such value C'is || D} 1], .

Theorem 3.1. (a) Suppose that dp(Q) > 0 Then

1
dp(Q) = sup{ —(Q, 1>u — Z(PD:I,D;l)u TpE 7/’[} )
(b) In any case,

. 1 )
T :mf{(Q, 1), + Z<PDZ<1’D;EI>;£ YIRS (/%}
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Proof. (a) Suppose that 0 < A < dp(Q). Then, since Q + X\ ¢ ¥ (P), there is a
real-valued regular Borel measure v and a number a € R such that

/(Q+)\)du<—a§/udu (3.1)
X

X

for every u € % (P). Since .# (P) contains every non-negative function in C'(X),
a > 0 and v is a positive measure. Let y = v/v(X) and

—b=inf{/udu:u€ﬁ(P)}.
X

Hence [ Pf*du+b> [(Pf) du for every real function f € C}(X). This implies
X X

that

/szdu+bz

X

/ D, Pf du
X
for every real function f € CL(X). Replacing f by tf with t € (0, 00), we see that

/D#Pfd,u
X

t/szd,u-I-b/t >
X

If we set ¢t = [b/ f Pf2d,u} 1/2, then
X

2VBI(PF, f),1/* > (D, Pf,1),|.

Hence the constant function 1 belongs to the domain of D;’j. The above inequality
can be rewritten as

WOl fllup2 = 1 DED,,

up,2 =

where pup(E) = [ Pdpy. It follows from the equality (g, D}1), = (D,g,1), that
E

Dzl is a real-valued function in L?(X, u). Therefore the above inequality implies
that

2vb > ||D}1]| (3.2)

up,2°

If b =0, ”DZl”upﬂ = 0. Suppose that b > 0. Because .%(P) is dense in % (P)
(Proposition 1.6), for any ¢ € (0, b) there is a real-valued g € C.(X) such that

/(sz +(Pg))du < —b+e,
X

ie.
lgl2,pn+b—e<I[{g,Di1),|

Therefore
2o —ellgllpr < llgllh,2+0—e<[g,Dy1),,|-

1P,
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This implies that ||D,u*1|lup’2 > 2+/b. Combining this with (3.2), we have

—IID*lll

bp,2
It follows from (3.1) that
/<Q+A>du < b= D3I,

That is,
A< —/QdM R LAl
X

This proves that

1
dp(Q) < sup{ - (@, 1), - Z(PD;jl,Dzl)M ‘p e .//z} . (3.3)

Suppose now that p is an arbitrary measure in .#. For any real-valued function
f € CL(X), we have

- / (P du < [(D,Pf, 1), = [(f,D}1),, |
X

1
< 2o (30050 2) < 111+ FIDLIE, o

In other words,

3 IDSE o < [P+ i) du.
X
Adding — f Q du to both sides, we have
/Qdu ~ IDEIE, . < /<sz FPH - Qdu < PR+ PFY — Q..
X

< dp(@).

Bp2

Since .7 (P) is dense in .7 (P), we have — [Qdu — I|D*1[|
X
Combining this with (3.3), we have
1
1@ =sup{ ~ Q1) ~ {(PDILDLN), et}

(b) Take any A € R such that .7 (P,Q — A\) < 0. Then it follows from part (a) and
Theorem 1.5 that

TP,Q)=T7(P,Q— N +\=—dp(Q — )+ )
=inf{(Q—)\,1>H + %(PDZI,DZ‘I)M L p e//é} + A

. 1
=1nf{<Q,1)N+ Z(PD:LD:I)” :/,LE%}. O
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Define
1
(P, Q) = {u eM: T =(Q,1),+ Z(PDjl,D:I)ﬂ}.

Theorem 3.2. Suppose that x is a point in X such that o (x) # x for every t # 0
Then the following are equivalent.

(a) There exists a p € (P, Q) which is concentrated on the orbit {o,(z) : x € R}.
(b) I is an eigenvalue for the self-adjoint operator L,

Proof. (b) = (a): Suppose that u € L?(R) is a real-valued unit vector such
that L,u = Ju. Then u({ey(z) : t € E}) = [u*(s)ds define a proba-

E
bility measure concentrated on the orbit {a,(z) : t € R}. It is easy to see
that [ fdu = [ fla@)u(t)dt for f € C(X). Furthermore, for f € CL(X),
X R

d
[fldp = [ uz(t)af(at(x)) dt = =2 [ fle,(@)u(t)u'(t) dt. Hence (Dzl)(at(x))
X R R
= —2u/(t)/u(t). (Because u is a non-trivial solution of the differential equation ¢, u =
Tu, the set {¢t € R : u(t) = 0} has no limit points. Therefore u’(¢)/u(t) is well defined
for ae. t € R.) Thus 3(PD*1,D¥1), = 1{ Pt/ (1) dt = — 1{ w(t)[ P, (¢ (t)) dt.

Therefore (Q, 1), + ;(PD*1,D*1), = 7.
(a) = (b): Suppose that u € .Z(P, Q) is concentrated on {,(z) : ¢ € R}. Then
ME) = p({oy(x) : t € E}) is a probability measure on R. It is easy to see that

[ edu= [o,dpfor every ¢ € C(X). Therefore,
X R

<Lp;p, /l/)x>ﬂ = <(p) '(/)>p,
for all ¢, ¥ € C(X) and, in particular,

<Qz) 1>ﬁ, = <Q) 1>p, .

Let 8" = {p, : p € CL(X)}. We claim that ¢ is dense in L?(R, i). Let f € C.(R),
let g be a C'™ function on R with a support contained in [—A, A], and let £ > 0 be
given. There is an N > 0 such A([—N,N]) = p({oy(x) : =N <t < N})>1—=e.
The function F(c,(x)) = f(t) is continuous on the compact subset K = {a,(z) :
—A—~N—-1<t< A+ N + 1}. By Tietze’s extension theorem, F' can be extended
to a continuous function on X such that ||F| ., = |/f|l.. Obviously the function
g* F(z) = [ g(s)F(a,(z))ds belongs to CL(X). Since g is supported on [—A, A],
R

we have (g * F) () = [ g(s)F(a, ,(2))ds = [ g(s)f(t + s)ds for —N < ¢ < N.
R R
Hence

/Ig*f—(g*F)xlzdﬁ= / 9% f — (g F), [Pdi
R t|>N

<cellg* f— (g% F) |5 <4ellfI2 gl

This shows that g * f is contained in the closure of # in L*(R, ji). Hence & is dense
in L2(R, f1).
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Define D;(¢,) = (D,¢), = (¢"), = (¢,)' for ¢ € CL(X). Because

SUP{ / Dy (p,) dp

R

= sup{ /Dﬂgod/,l,
R

and because % is dense in L(R, /1), there is a unique h = D31 € L*(R, 1) such that

L p e CL(X), lozllze = 1}

o € Co(X), el = 1} =D,z

[ £du=1sm,
R
for every f € & . Suppose that g is a compactly supported C* function on R. Then

/g' * () dfi = /[g’ * plydii = — /[(g * )1, dji
R

R R

=— /[(g * @)1 dit = —((g % )y h)y = —(g % (0,), h)
R

for every ¢ € C(X). Let £ € C.(R). Using Tietze’s extension theorem once more,
we see that there is a sequence {¢,} C C(X) such that (¢,), = £ on [-n,n] and
[@nlloc = [I€lloo- Therefore [lg" * ¢yl < l9'll1lI€]lo and lim [g"  ((p,,),)](E) =

g’ % &(t) for every ¢t € R. By the dominated convergence theorem, we have

/(y')*&dﬂ=—<g*§,h>ﬂ-
R

In particular, if £ € CI(R), then

Jor@di=- [@)scdn. =&,
R

R

Hence

[ dn= e,

R

for every £ € C.(R). This in particular implies that & is a real-valued function. The

map ¢ — ¢,, ¢ € CL(X), extends to a unitary operator U from L?*(X, ) onto
2 ~ : * _ / _ ! _ _ *

L (R,,LL) Since <907Dp,1>p, - <()071>p, - ((Som) ’ 1>,_':, - <U807h’>ﬂ - <(p’U h)p for

every p € Cy(X), we have h = UD}f1. Similarly, it follows from (UPD*1,¢,), =

(PDI1,¢), = (D1, Pg), = (h,Pyp,), = (Poh,o,), that P,h = UPD*1.

Hence

1
(P,h, k), = (Q,1), + Z(PD;EI,D:I)” =7.

N
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For any f € C}(X), we have
t
foa,— foay :/(foa/\)'d/\.

Therefore
t

g

S

'/(foat—foagdu ax
X

[iroanyn
X

<10l ma, 1 o 0lluallDE e < 1 D5 ol — 5
for every f € CL(X). Since C(X) is dense in C(X), we have

< oI DE], 512 = 5] (33)

/(foat—foas)du
X

for every f € C(X). By the regularity of y, this implies that if A is a Borel set in
X, then
(0 (4)) = e ()] < D10t = 5]

Hence for every Borel subset £/ C R,
[B(E + ) — i(E + 8)| < [|Dj 1]t — s]

In particular, the function ¢ — [i(E + t) is continuous. It follows from this continuity
that /i is absolutely continuous with respect to the Lebesgue measure on R. Therefore
dji(t) = go(t)dt with some g, € L'(R,dt). Since h € L*(R,i) C L'(R, i) =
L'(R, g, dt), hg, is Lebesgue integrable on R. The equality

/ gt dt = / J®O(B)gyt) dt
R R

holds for every f € C!(R). From this it is easy to see that if s and ¢ are Lebesgue

points for g, then
¢

ot — gols) = / BVge(N) dA

s

Since g, € L'(R, dt), there exists a sequence {s, } of Lebesgue points of g, such that
s,, — —oo and gy(s,,) — 0. Hence

t
() = / ROV)g(N) dA

if ¢ is a Lebesgue point of g,. Now define

t
9,(t) = / h(\)go(A) dA .
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for every t € R. Then g, is absolutely continuous on R and we have dji(t) = g,(¢) dt.
Let u = ,/g; on R. Then hu € L*(R) and

(@t ) + 5 (Pohus, hu) = (@, 1)+ 3 (P )y = 7

We claim that u is absolutely continuous on every finite interval and that (u/)> =
h2g, /4 = (hu)* /4.
To prove this claim, we start with the identity

/f(t)h(t)gl(t)dtZ /f'(t)gl(t)dtz —/f(t)gi(t)dt
R R R

for f € CCI(R). Since the closed set F' = {s € R : g,(s) = 0} has at most a
countable number of isolated points, we have gj(t) = O for almost every t € F (with
respect to the Lebesgue measure). Therefore we may choose h(t) = —g}(t)/g,(t) if
g,(t) # 0 and h(t) = 0 if g,(t) = 0. That h € L*(R, g,dt) means that (g])*/g, = h?g,
is Lebesgue integrable on R\ F'. Therefore for any finite interval [a, b], the function
91/ = [(gD?/9,1"/* = [h?/g,]1'/? is Lebesgue integrable on [a, b]\ F. We will now
use this fact to prove that u = ,/g; is absolutely continuous on any finite interval.

Since g, > O, for any positive integer n, u, = /g, +(1/n) is absolutely
continuous on finite intervals. Hence for any a < b,

b
, g1(t)
b) — t)dt = —_—dt
u, (8) — u,(a) /%o /2%®+Wm

a

2¢/g,(t) + (1/n)

[a,b1\F

Since gj/,/g; is Lebesgue integrable on [a,b]\F, it follows from the dominated
convergence theorem that

u(b) — u(a) = / [91(6)/2+/ g, ()] dt .
[a,bI\F

This proves that v is absolutely continuous on any given interval.
On the other hand, since R\ F' is open, u = ,/g; is almost everywhere differentiable

on R\ F and 2uu’ = g|. Hence the equality

W) = (9))* /49, = h’g, /4

holds on on R\F ae. This shows that v/ € L*(R) = L*R,dt). To complete
the proof, we will show that u belongs to the domain of L, and L u = Yu.
Let &, = {f € L*R) : f is absolutely continuous on every finite interval and
f' € L*(R)}. Define

H(f,9) = (Q.f,9) +(P.f'.g") = 7(f,9)
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for f,g € . Since (u,u) = [ g,(t)dt = 1, we have
R

H(u,uw) =(Q, )—l—(Pu 'y —.7
=(Q, >+4(Phuhu> 7 =0.

We claim that H(g, g) > O for every g € &. Suppose that g belongs to the domain
9, ={fe % :f €%} Then H(g,9) = (L, — 7)g,g) > 0. For an arbitrary
g € 4, one find a sequence {g,,} C %, such that ||g,, —g|l, — 0 and ||g/, —¢|l, = O
Hence we always have H(g,g) > 0 for g € &,. The positivity of H(g, g) implies
that the Cauchy-Schwarz inequality holds for the Hermitian form H. Hence

[H(f,w| < TH PVPH ,w) =0
for every f € &. In particular, if f € &,, we have
(L =) fu) = H(f,u) =0
This implies v € & and L u = Ju. [

Remark 1 The proof clearly shows that in the case .7 is an eigenvalue for L, there
is an eigenvector v which is non-negative on R. Since u and v’ cannot have common
zeros, we have u(t) > 0 for every ¢t € R. That is, non-trivial eigenvectors of L
corresponding to the eigenvalue .7 do not vanish on R.

Remark 2 The proof also shows that if p is a finite positive Borel measure on R

such that
1/2
[ 7 J/lffdu}
R R

for every f € CL(R), then there is a u > 0 in &, such that

<C

du(t) = u(t) dt .

The analogue of this result on the unit circle 7' can be established using the same
argument. (Actually the case of unit circle is covered by Theorem 3.3 below.) It was
proved in [6] that if a finite positive Borel measure v on 7' has the property that

1/2
[ /m%ﬂ
T
for every trigonometric polynomial p, then

T
dv(t) =Y lw b dt,
k

<C

where w} s are absolutely continuous functions on T such that > |w}|* € L'. In [6],
3

this result was obtained through an operator-theoretical approach. And the terms w,,

while not unique, have meanings in the related operator theory. Our approach, which

uses real analysis only, yields an absolutely continuous function v > 0 on T with

|u'|> € L' such that du(t) = u?(t)dt. In other words, Y |w,|* always has a square
k

root u in the &/ of the unit circle.
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Remark 3 There are examples of almost periodic potential @) (with P = 1), where
7 1is an eigenvalue for L for some z (see [3, 5]). On the other hand, if the flow
(X,{a, : s € R}) is minimal, it is easy to show using [8, Proposition 2.11] that
for almost every x € X (with respect to any given ergodic measure), .7 is not an
eigenvalue for L.

Remark 4 The theorem is false when the assumption o, (x) # z for every ¢ # 0 is
dropped. In fact if v, (z) = « with some a # 0, then ), and P, are periodic functions.
In this case the spectrum of the operator L, is known to be absolutely continuous.
But in the case «a,(x) = z, the orbit {a,(z) : t € R} is either a circle or a single
point. Therefore there is an invariant probability measure of the flow concentrated on
the orbit. In general .7 may still be an eigenvalue for a Schrodinger operator with the
same coefficients P and @ but on a different L>-space.

Suppose that m is an invariant probability measure of the dynamical system
(X,R,®). Then D, = ' is a skew-symmetric operator on L?(X,m). In fact it is the
infinitesimal generator of the unitary group u, = @ o oy, 0 € L*(X,m), t € R. Let
™ denote the domain of D,, and let %5™ denote the domain of D} D, = —D2 .
Then &) = {p € ™ : D, ¢ € ™} and it is also the domain of the self-adjoint

operator
Lm = _DmQDm + P

Suppose that n € 2" with ||n]l,,,» = 1. Then du, = [n|?dm is a probability
measure on X. For f € C!(X), we have

/' Sdp = (0D, fo1) = (Do 1) — Dot o
X

I

_[<f777 Dmn>m + <fD'rn,77’ n>m] = /f(_n(Dmﬁ) - ﬁ(‘DTnTI)] dm
X

Il

. ) o
/ ‘fh”'m dm = (f, h7l>ﬂn ’
X

where hn(x) = —2Re[(D,,n(x)/n(x)] when n(z) # 0 and hn(x) = 0 when n(z) = 0.
This means that each nn € &3 gives rise to a [y € 7 with Dl’jnl = h,,. Furthermore,
1 1
(PD,,n,D,n),, = /P|Dmn|2dm > 2 /Ph,g}|n|2dm = Z(PDan,D#77l>un
X X

Hence, by Theorem 3.1, we have

<L7)'I,T]7 n>7TL = <QT}7 n>n1 + <PD77’7777 Dmn>rn

1

* V.
> (@), + 7(PD 1D, 1, = 7

K
Theorem 3.3. Let m be an invariant probability measure of the flow (X, R, «) Then
7 is an eigenvalue for L, if and only if there exist a y € .7Z(P, Q) which is absolutely
continuous with respect to m

Proof Suppose that .7 is an eigenvalue for L, and let u € &, be a unit vector
such that L7 = .7u. From the discussion preceding the theorem we see that
f, € 7Z(P,Q).
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Let us now prove the other implication. Let p be a measure in .Z(P, Q) which is
absolutely continuous with respect to m. Suppose that di = g dm. As in the proof of
the previous theorem, we will show that u = /g represents an element in the domain
of L, and that L, ,u = Zu. The first step is to show that u represents an element in
a.

Denote h = D*1 € L*(X, gdm) = L*(X, ). Then

X/f’gdmzx/fhgdm

for every f € C!(X). By the Cauchy-Schwarz inequality, hg € L'(X,dm). Since

ifoar =(foa,), we have
dr

ot
/(foat—foas)gdm:/ /_ddxfoa’\d/\}gdm
X X Ls

¢
/(foa)\)’d)\}gdm

Il

S—,

/f oa,hg de dX. (3.5)
B

Hence for § # 0 and f € CL(X),

/f[9005‘9+hg

; dm
X

-6

%/L{/(foa/\—f)hgdm:] dX

0

= /l:m%—_‘ig+fthdml =
X

< flloe sup |l(hg) oy — hg“dm,l :
IA[<16]

-5
1
= 5‘//f[(hg)oa¥)\—hg]dmd)\
0 X

This implies that

O e —
g_é—g_(*hg)

; =0. (3.6)

dm,1

lim
65—0

For each € > 0, let u, = /g + €. For any f € CL(X),
. foas—f . U oa_g—u
/f’uedngﬁ/——(s—usdnglg}) fL—(S——Edm
X X X

1 oQq_g—

— lim < )g 579 im. 3.7)
60 U 0 a_g + U, o

X
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Upon choosing a sequence 6,, — 0 such that u_oa_s — u, ae., we see from (3.6)
and (3.7) that

/f’ugdmz/(fhg/2ue)dm. (3.8)
X X

1/2 1/2
[ lflzdm} { <hg/2u€>2dm}
Jream <[] ]
1/2 1/2
%[/mzdm} [/Mgde .
X

X

Therefore

IN

IN

Letting £ — 0, we obtain | [ f'udm| < i||f||dm72||h||gdm)2 for every f € CL(X).
X

This inequality implies that u € &™.
It follows from (3.8) that

/fDmudmz—/f’udmz—%/f(hg/u)dm,
X X

where (hg/u)(x) is defined to be O whenever g(x) = 0. Hence

1 1
(PDyu, Dyu),, = 5 /thg dm = Z(PD;"l,DZ‘I)H
X

Define
for £, n € ™. Then
H, (u,u)=0

It follows from the paragraph preceding the theorem that H, (f,f) = ((L,, —
IV ) = 0forevery f € ™. Foreach f € &, there is a sequence { f,,} C %"
such that ||f,, — fl,,, — 0 and ||D,,f, — D,,fll,,,» — 0. Hence H, (f, f) > 0 for

every f € &¢™. It follows from the Cauchy-Schwarz inequality for the positive
Hermitian form H that

whenever f € &,". Hence u € &)™ and L u =.7. [

Theorem 3.4. Suppose that X is metrizable Then .ZZ(P, Q) is a non-empty, convex,
weak-* closed subset of C(X)*

Proof Suppose that p,---,u, € .Z(P,Q) and a;, --,a, € (0,1] are such that
a+ --+a, =1Let p=ap +---+a,u, Forv=yporp; wehave

(PDy1, D1), = |[VPDJL|;

2
s {| [o/Pria) i 1ecioo . =1) 69
X
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Therefore for any f € CL(X),

Jo/Payau <3 a,| [o/P) duy| <300, IVPDS 1l 211,
X =t |k =1
n /2
< {Z%WTDD 1llm} {Za nfn#],}
j=1
n 1/
- [Zajnx/FD,zluzj,z] 1l (3.10
=1

n
This implies (PD*1, D*1) < S a,|[v/PD* 1||> ,. Therefore
p W wlp = J w2

<(QL1), + <PD*1 Di1),

<Y a;(QL1), %Z (PD} 1,D} 1), => a7 .
g P =

Hence u € (P, Q). This proves that .Z, (P, Q) is convex.

The assumption that X is metrizable implies the unit ball of the dual space C(X)*
is metrizble in the weak-* topology. Hence there is a sequence {u,} C .# which
converges to a probability measure y on X in the weak-* topology and which has the

property lim [(Q,1),,, + 3(PDj 1,D} 1), 1 = 7. Then (Q, 1), — (Q,1),

and, therefore, (PD* 1,D% 1), — 47 — (Q,1),). Since | [(VPf)du,|* <
X

(PD; 1, D; 1), NI, U1, 2 = I 2, and ){(\/ﬁf)'d#n - ){(\/?f)’du

for every f € CL(X), we have

/ (x/ﬁfyczur <4 = QISR - G3.11)
X

This implies that

2 2
/ Fdy| = / B V) dy
X X

whenever f € C}x(X ). Hence the constant function 1 belongs to the domain of Dz.
It follows from (3.9) and (3.11) that 4(Y — (Q, 1)#) > (PD;':I, DZI)H. That is,

<AT —(QUDIFIVPIP, 4T — (@ ) I/VPILIFIR

1
@1, + Z(PD:I,D;'II)# <7.

By Theorem 3.1, the reverse inequality always holds. Hence y € .Z(P, Q). This
proves that .Z(P, Q) is a closed non-empty set. [
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Next we will linearize the extreme problem of finding 4 € .Z for which the
equality 7 = (Q,1),, + 3(PD*1,D*1),, holds. For each r > 0 let
. *
M, (Py=A{p€ #:(PD,1,D,1), <r}.

Proposition 3.5. Suppose that X is metrizable. Then for each r > 0, %, (P) is a
convex subset of C(X)* which is closed in the weak-* topology.

Proof. Suppose that p,...,u, € #4,.(P) and a4,...,a, € (0,1] are such that
a,+---+a, =1 Let p=a;u; +---+a,u,. By (3.10), we have

n 1/2
[/Prva < [Zajnﬁ?D;;lnij,z} T
X 7=1

n
for every f € CL(X). By (3.9), this implies (PDf1, Df1),, < ZajH\/ﬁD:leij,Z
< r. Therefore .#, (P) is convex. =1

Suppose that {u,, } is a sequence in .Z, (P) which converges to some probability
measure 4 on X in the weak-* topology. Then for any f € CL(X),

Jo/Piyan [/Priin,
X X

= lim
n—oo

<timsup ||[VPD% 1], 5llfl,.. -
n—oo

<V dm (| f ], 2 = Vol fll-
Hence (PD}1,Dy1), <r. O

Corollary 3.6. Suppose that X is metrizable. Let 1, € Z(P,Q) and let ry, =
(PDZ0 1, Dzol) so* Then there is an extreme point . of the convex set %TO(P) such
that

1
T =(Q,1),+ Z(PDZI,DZ‘I)#.

Proof. Define p(v) = Re(f Qdv) on C(X)*. It is a well-known fact that on a
X

convex compact (in the weak-* topology) set such as A, (P), the real functional

o attains its extreme values at extreme points. Hence there is an extreme point
p € A, (P) such that (Q,1), = min{(Q,1), : v € %, (P)}. Therefore

(@.1), + 1(PD}1,D*1), < (Q,1), +ro/4=7. O

Because of this corollary, the problem of finding u € .Z(P,Q) is reduced to
the problem of characterizing the extreme points of .#,.(P) for r > 0. One should
think of this as the linearization of the extreme problem of determining .7. The set
,(P) is certainly more accessible than .Z(P, (). The problem of determining the
extreme points of ./, (P) is completely independent of the study of Schrodinger
operators and is interesting in its own right. For example, .Z(P) consists of all
the invariant measures of the flow (X, R, a) and its extreme points are precisely the
ergodic measures. So when we consider the extreme points of .Z,.(P), it seems that we
are investigating a generalization of the notion of ergodicity. In view of Theorems 3.2
and 3.3, if we know what the extreme points of .#,_(P) are then we can completely
answer the question of whether or not .7 is an eigenvalue for L or for L,,.
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4. When the Flow Is Generated by Functions

For a function f defined on R and an s € R, denote f (t) = f(t + s). Suppose that
p and q are real-valued, bounded, uniformly continuous functions on R. In addition,
we assume that p’ is also bounded and uniformly continuous on R and that there is
a ¢ > 0 such that p(t) > ¢ for every t € R. We will now consider the Schrodinger

operator
d d
D)
on &, C L*(R).

Let .7 be the C*-algebra generated by the translations of p, q, p’ and the constant
functions. Denote the maximal ideal space of .Z by (2. Because ..Z is separable, {2
is a metrizable space. R is naturally identified with a dense subset in {2. The point
in {2 corresponding to ¢ € R under this identification will be denoted by . For each
s € R, the map f — f, is a C*-algebra isomorphism on .Z and, therefore, induces
a homeomorphism 7, on 2. We have 7,(f) = (¢ + s)" for all ¢, s € R. The uniform
continuity of p, ¢ and p’ ensures that the map (w, s) — 7,(w) is continuous. Hence
we obtain a flow (£2, R, 7). If 7 denotes the Gelfand transform from . Z to C({2), then

m(f )W) = m(f)(T,(w))

forall f €.7,w € §2, and s € R. The following is a family of operators which are
related to the operator L : For each w € {2, we have an operator

d d
L, = —(Et—>7r(p)w<£> + 7(q),, -

[Recall that ¢, (s) = ¢(7,(w)).] Naturally L = L;. Similarly, if we denote

d d
Ls - _<E>ps<a) +QS

for every s € R, then L, = L,.
Proposition 4.1. Suppose that f € ..Z Then w(f) € CL(R2) if and only if f' € 4~
Furthermore, if f' € .4, then w(f) = w(f’).
Proof. Suppose that p(w) = dr(f)(1,(w))/ds|,_, € C(£2). Then
t

f@) = f(s) = m(f)(1,(0)) — m(f)(7,(0)) = / (1, (0)) dX.

S
Hence f/(t) = w(rt(f))). On the other hand, if f' € .7, then f(a +1t) — f(a+ s) =
a+t a+t

t
[ Fydx= [ w(f)7,(0))d)\ = [ 7(f')(7,(a)) d\. Hence

a+s a+ts

t

()1 (W)) — m(f)(T,(W)) = /W(f’)(TA(w))d/\

S

forevery w € 2. O
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Proposition 4.2. For every w € §2, o(L,) C o(L)

Proof For each w € {2, let %, be the C*-algebra generated by {(L_, — 2)"': 2z €
C\R} and the identity operator. To prove the proposition, it suffices to show that the
map o, : (L — 27— (L, — 2)~! extends to a C*-algebra homomorphism from
Ly to .7, This assertion is obviously true when w = 3. For in this case, we have
UFLU, = L, = L;, where U, is the unitary operator (U, f)(t) = f(t + s) on L*(R).
For an arbitrary w € {2, choose a sequence {¢,,} C R such that ,, — w in the topology
of 2. To complete the proof, it suffices to show that g; (L —2)~") = (L;, —2)~"

converges to (L, — z)~! in the strong operator topology. For each u € L?(R), there
is a v € %, such that u = (L, — z)v. Therefore

(L, -2 =L, —2) " Tu=v—(L;, —2) "Ly, —z+ L, — Ly v
=(Ly, —2) 'Ly, — L,
= (Ly, — 2)" ' [-(r(p);, — (@)W
— (@), — @)W+ (7(q);, — 7(g), )]

The proposition follows from the fact that for any ¢ € C(f2) and n € L*(R),
(¢, — ¢,)n — 0 in the norm topology of LA(R). [

Let 7 = J(p,q) = inf{A : X\ € o(L)}. The preceding proposition tells
us that .7 = inf{\ : A € o(L,), w € §2}. Hence the theorems stated in the
Introduction are obtained by applying the results in Sects. 1, 2 and 3 to the setting
(X,R,0) = ({,R,7), P =7(p) and Q = ().
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