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Abstract. We establish an explicit isomorphism between two realizations of the

quantum affine algebra Uq(g/I(n\)) given previously by Drinfeld and Reshetikhin—
Semenov-Tian-Shansky. Our result can be considered as an affine version of
the isomorphism between the Drinfield/Jimbo and the Faddeev—Reshetikhin—
Takhtajan constructions of the quantum algebra U,(gl(n)).

1. Introduction

The theory of quantum groups has become firmly established with the fundamental
independent discovery of Drinfeld [D1] and Jimbo [J1] that the universal envelop-
ing algebra U(g) of any Kac—Moody algebra g admits as a Hopf algebra a certain
g-deformation U,(g). Their construction is given in terms of generators and
relations and does not reveal the specific structure of the new Hopf algebras, in
particular, when g is a classical finite dimensional simple Lie algebra. In the latter
case, Faddeev, Reshetikhin and Takhtajan [FRT1] gave a realization of U,(g) by
means of solutions of the Yang—Baxter equation

R12R13R23 = R23R13R12 » (1~1)

where R,, = R®I, etc., and Re End(C"®C"). This realization is a natural ana-
logue of the matrix realization of the classical Lie algebras. Related constructions
appeared previously in quantum field theory and statistical mechanics and pro-
vided main motivations for the subsequent discovery of Drinfeld and Jimbo (see
[FRT1] for historical remarks).

It is well known [G] that the affine Kac—Moody algebra § associated to
a simple Lie algebra g admits a natural realization as a central extension of the
corresponding loop algebra g® C[¢,t~!]. Faddeev, Reshetikhin and Takhtajan
[FRT2] have shown how to extend their realization of U,(g) to the quantum loop
algebra U,(g®[t,t']) using a solution of the Yang—Baxter equation depending
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on a parameter ze C,
Ry3(2)R13(zw)R23(w) = Ra3(W)Ry3(zw)Ry2(2) , (1.2)

where R(z) is a rational function of z with values in End(C"® C").

The first realization of the quantum affine algebra U,(§) and its special degener-
ation called the Yangian has been obtained by Drinfield [D2]. Later Reshetikhin
and Semenov-Tian-Shansky [RS] found a way to incorporate the central extension
in the previous construction of [FRT2], thus obtaining the second realization of
the quantum affine algebra U, (). In the case when g is a classical finite dimensional
simple Lie algebra, the construction in [RS] is an exact affine analogue of the
construction in [FRT1].

The main goal of this paper is to establish an explicit relation between the two
realizations of the quantum affine algebra U,(g). We construct the isomorphism in
the case when g = gl(n). The extension of our relation to the other classical Lie
algebras is straightforward though it requires some extra work and is not con-
sidered here.

We show that the realization of Drinfield’s construction can be naturally
established in the Gauss decomposition of a matrix composed of elements of the
quantum affine algebra. This reflects the general principle that additive results in
the classical case admit multiplicative formulation in the quantum case. The
organization of the paper is the following.

In Sect. 2, we recall the isomorphism between Faddeev—Reshetikhin—
Takhtajan and Drinfeld—Jimbo definitions of U,(gl(n)). Py

In Sect. 3, we recall the two realizations of the quantum affine U,(gl(n)) due to
Drinfeld and Reshetikhin—-Semenov-Tian-Shansky and formulate our main
theorem.

In Sect. 4, we give the proof of surjectivity of the homomorphism in the case
n =2 and in Sect. 5 we complete the proof.

The relation between the two realizations is interesting from the structural
point of view, and may also find important applications in constructions of

representations of the quantum affine algebra U, (gl(n)) and isomorphisms between
them. In the classical case, at least four models of representations are known:
bosonic constructions [FK, S]; fermionic constructions [F, KP]; the algebraic
version of the WZNW model [TK]; and the free boson realization [W, FeF].
There exist quantum analogue of all four constructions [FJ]; [H, DF2]; [FR];
[M] and [ABE]. The bosonic constructions use the Drinfeld realization. The other
two are based on the Reshetikhin—Semenov-Tian-Shansky realization. Thus the

—
connection we establish between the two realizations of U,(gl(n)) should be crucial
in obtaining isomorphisms between different models of representations.

II. Quantum algebra Uq(gf(ﬁ)

The Quantum Inverse Scattering Method was one of the principle motivations for
the creation of Quantum Groups [D2, FRT1]. The basic formula in this method
RT\T, =T, T{R, (2.1)

where R is a solution of the Yang—Baxter equation (1.1), T; =T® I, I, =1I® T
and T = (t;;); j=1, was later interpreted as defining relations for the generators



—
Isomorphism of Two Realizations of Quantum Affine Algebra U,(gl(n)) 279

t;; of a Hopf algebra also called quantum group. In particular, the quantum group
associated to GL(n, C) is determined by the following matrix R depending on
a complex parameter g + 0:

n n
R=R;,=q Y E;QE;+ Y E;®E;+(q—q ') Y E;®E;, (22
i=1 IE2) 1<i<jgn
i,j=

where E;;e End(C") are matrix units.
This matrix has a natural origin. In addition to Yang—Baxter equation, it also
satisfies

R—PRP '=(q—q V)P, 2.3)

where P is the permutation operator, P(v; ® v,) = v, ® vy, for vy, v,€C" These
two properties ensure a representation of the Hecke algebra of type A,-; on

XKm"c".
The matrix R also satisfies the following properties:
R_1 = Rqu-l s (2‘4)
R'"2 = PRP =R,, , 2.5

where t4, t, denote the transposition on the first or the second space respectively.
From now on, we will consider g to be a formal variable.

Definition 2.1. U(R) is an associative algebra with unit. It has generators 1], I,

1<i<j<n Let L* =(Ifj), 1 <i,j<n, with I; =15 =0 for 1 £j <i<n. The

defining relations are given in matrix form as follows:
RLYLf =LiLiR, RL{L; =L;L{R,
Lila =lili =1, (2.6)
where Li = L* Q1I, Ly =1®L*.

Since L* are upper and lower triangular, respectively, and the diagonal ele-
ments of these matrix are invertible, L* have inverse (L*)™! as a matrix with
elements in U(R). The relations between L{ and L5 immediately imply the
following proposition.

Proposition 2.1. Let L' = (L*)™!, L"* = ((L'*)")" . Then
Ry Li"Ly* = Ly Li*Roy, RoyLi'Ly" =Ly Li" Ry,
RL{*L;* = L;*L{*R, RL{"L;" =L L{"R. 2.7
Definition 2.2. U(R) is a Hopf algebra with comultiplication A defined by
AL*)=L*®L*,

or in terms of the generators liij
.
+ +
A05)= Y, Li®L; .
k=1

The antipode S is defined by:
S(LY*)=(L*'.
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The counit is defined by:
eL)y=1.

Originally, a wide class of examples of Hopf algebras associated to any simple
Lie algebra g was introduced independently by Drinfeld [D1] and Jimbo [J1]. In
particular, we are most interested in the case when g = sl(n), which is trivially
extended to the case when g = gl(n).

Definition 2.3. [J3]. U,(gl((n)) is an associative algebra over € generated by g,
e;and f; (1 £j < n, 1 <i<n— 1) with the defining relations:

qtiq i =g Mgt =1,

quejq—Hi — q5ijq—5ij+1ej , qHzf}q_Hi = q—ﬁijqﬁij+1fj
H,—Hi+1 —Hi+Hi+y
q —dq
e.fi —fiei=5ij q_q_1 s

e;e; = eje;, f;f; =f1fz (li—=jl=£2),
efeis1 —(q+q Ve e+ e el =0 (1Sii+t1=n),
[ fisr =@+ Vfifisr i+ fiar =0 (1Ziit1<n). (2.8)
The subalgebra generated by e, f;, g™ ~Hi+1 by definition is U,(sl(n)). U,(sl(n)) and
U,(gl((n)) are Hopf algebras with the comultiplication A, antipode S and counit
¢ defined as:
Aq™) =g @q ™, Ale) =1®e + e@q™,
Af)=q7"®fi +£i®1,
S(e)=—eq™, S(f)=—d"h S@)=q¢",
ele))=¢e(f)=0, e(@?)=1, 29)
where hi = Hi - H,’+1.
The verification of the Hopf algebra axioms for U,(sl(n)) and U,(gl(n)) is
straightforward. We call these Hopf algebras quantum algebras.
The important point of the approach in [FRT1] is an invariant, matrix-type
description of the quantum algebra U,(gl(n)). The authors constructed a surjective

homomorphism from U,(gl(n)) to U(R) and stated that it is an isomorphism.

Theorem 2.1. There is a Hopf algebra isomorphism between U(R) and U,(gl(n))
defined by

i =g, Lii=(q—q Yg"f;

livi,i=—(@—q Yeg™ (2.10)
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or in matrix form:

1 (q—q! x
e 0 (q q )i .
L= 0 | =g |
0 qH" n—1
1
1 0\ g™ 0
—_— — —1 *
o U1y @11
* —(@—q9 Ye,—y 1 0 g "

Proof of Theorem 2.1. One can directly check that the map (2.10) is a homomor-
phism from U,(gl(n)) to U(R) [FRT1]. Surjectivity of this map can be proved by
induction on the height of roots.

The injectivity of the homomorphism is less trivial. Quantum algebra U,(sl(n))
has a structure of a quasitriangular Hopf algebra [D2] with a universal R matrix in
the form:

R=Y a:®b;, 2.12)

where a;e U,b*, b;e U,b™ and U,b* are Hopf subalgebras of U,(sl(n)) generated,
respectively, by e qi (Hi—Hi+1) 0rf,~, qi (Hi_Hi+l).

Let V, be a highest weight representation of sl(n), where 4 is determined by its
values on h; = H; — H;,{. From the theory of Lusztig [L] and Rosso [R], we
know that for any highest weight representation of sl(n), we can construct a quan-
tum deformation ¥}, which by definition is a representation of U,(sl(n)).

Let V' = C" be the n-dimensional fundamental representation of U,(sl(rn)). On

Vi®V, we set

L+Vf=(7fvg’® Ty)Ray, L7V = (TCV,?®TEV)m_1 . (2.13)
We also denote
L' =1*'®1,, Li"'=P,l,@L*" Py, (2.14)
and
RVIVY — I,s®R, (2.15)

where R = (ny, ® ny)R and P,5 is the permutation operator of the last two

components of the tensor product. Explicit form of the universal R-matrix of

U,(sl(n)) [R2] implies that this R is exactly the same as the one we defined in (2.2).
Since R satisfies the Yang—Baxter equation, we obtainon V; @ V ® V,

RV;JVVL-ltVfL;_-Vf= L%VfLinqRVfVV , (2.16)
RVfVVL‘l"VfLEVf= LZ‘VAqLIfoRVfVV . .17

+v]

From the explicit form of R [R2], we also know that L" "’ is upper triangular
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and L™"is lower triangular, and the diagonal elements are in agreement with the

first formula in (2.10). On the other hand, for any re C\0, r* 'L also satisfy
(2.16), (2. 17) Thus we get a representation of U(R) with the action of the central
element [ | I# by any nonzero constant. Via the homomorphism (2.10), we can get
the representation of U,(gl(n)) on V{ with the highest weight A and an arbitrary
action of the central element, which means that every highest weight representation
of U,(gl(n)) can be pulled through U(R). We denote by A a highest weight of gl(n),
ie. the pair A and the value of the central element. Therefore the kernel of map
(2.10) must also be inside I'{, the kernel of representation of U,(gl(n)) on the highest
weight module V3.

Classical theory of simple Lie algebras [Di] that ﬂ , I, = 0 immediately implies

NI1s=0 (2.18)
A

for U(gl(n)), where I, (resp. I,) is the kernel of the representation of U(sl(n)) (resp.
U(gl(n)) on the highest weight module with the highest weight A (resp. 4). On the
other hand, we can identify U,(gl(n))/(q — 1)U,(gl(n)) = U,(gl(n)). This follows
from Drinfeld’s theorem in [D4] and can be checked directly. Note, for example,

1)

(g—1y
that g% = elos(1 +@~ D) H: _ e(Z..>a ——;——)H, =y (g -

n>0

B,, where B, is a poly-

nomial of H;. Thus the kernel of the map (2.10) is 1n81de the ideal generated by
g — 1. We will denote the map from U,(gl(n)) to U,(gl(n))/(q — 1) U,(gl(n)) =
U(gl(n)) by ¢o. Let A be a nonzero element in this kernel, then 4 = (q — 1)"A4,

where qﬁo(/f ) # 0 as an element of U(gl(n)), see [D4]. Since g is a formal parameter,
ny9(A4) = 0 implies 7y ¢ (A) = 0. We get ¢o(A) as an element of U (gl(n)) satisfies
nyA(¢o(A)) = 0 for any highest weight module A of U(gl(n)). This contradicts
(2.18). Therefore

NIi=0, (2.19)
A

and the injectivity of map (2.10) is proven.

III. Quantum Affine Algebras and the Main Theorem

Drinfeld—Jimbo definition of quantum group by generators and relations is valid
for an arbitrary generalized Cartan matrix. In particular, the choig:\of extended

Cartan matrix of type AL yields the quantum affine algebra U,(sl(n)). Drinfeld
found in [D2] another realization of the quantum affine algebras, which to
a certain degree plays the role of loop algebra realization in the underformed case.

We extend Drinfeld’s construction to the quantum affine algebra U, (g/l(n\)).
Definition 3.1. U, (g/I(n\)) is an associative algebra with unit 1 and generators

(X3, ,,,k,m,q- ‘li=1,...,n—=1,j=1,...,nkeZleZ,,me —Z,} (3.1)
satisfying relations in terms of the following generating functions in a formal

variable z:
X2 =Y Xuz™" ki@@)= Y kiz™',
keZ le-Z+
ki (z) = Z kimz™™ . (3.2)

meZ .
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The generators q*% are central and mutually inverse. The other relations are:
kiokjo = kiok}s =1,
kit (2)k (w) = kjf (w)ki(2) ,
ki (2)ki (w) = ki (w)k{'(2) ,

Zz — Wy Foapt + 3 — Wg e
———=— ki (2)k; (W) = kj (w)k; z—, ifj>i,
e KR = KK () i

ki(w)™' X5 (2)ki'(2) = Xj(z) ifi—j<—1or
kiw) ™' X[ (2)ki(w) = Xj(z) i—j22

b

qwa

kf(z) ' X7 (w)ki(z) = Xi(w),

z:q" P —wq
k(@) X7 k() = I X (w),
¥

X,'+(W) s

-1
k()X (w)ki(z) "t = 202

-1
_Z3q " —

(zq™' — w) X7 (2) X7 (W) = X7 (W)X (2)(zg —wq™ ),
(zg — wa™ ") X7 (2)X{ (W) = X (W) X{ (2)(2q™" — waq) ,
@ — WX (@)X (W) = (2 — wg ™) X1 (W) X[ (2)
(2q — wg™ ) X7 (2)X51(W) = (z — W) X2 (W) X7 (2)
[XE(z2), Xf(w)]=0, for A;=0,
(X (@) X7 W] =(q~q)0;{0(zw™ ¢~ Yk 1(w ki (w4) ™!
— 3(zw ™ gk a(z )k (24) 1)
{X{(21) X (22) X (W) — (g + c1'’)Xi(h)X~t(W)X~i(Zz)

K ()X W)k y(2) ™ = " X w); (33)

+ XFW)XT(21)X(22)} + {z1¢02,} =0, for A;;=—1. (3.4
Here z, = q*2z, A;; are the entries of the Cartan matrix for sl(n), and
é(z)=Y z". (3.5)
neZ

Drinfeld’s realigation of the subalgebra Uq(ﬁ/l(n\)) is given by x?(z) =
(@— a7 )7 XE(2q), ¥ilz) = kiz1(2q)ki (2¢") ™" and @y(z) = ki~ 1(2q")k] (2¢")
[D2], see also [FI].

Drinfeld [D2] stated that the algebra Uq(s/l(n\)) is isomorphic to the one

constructed by generators and relations as in Definition 2.3 for Uq(g(n\)) for
extended Cartan matrix of type A,—;.
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Definition 3.2. [D5] The algebra Uq(g/I(n\)) is a Hopf algebrta with comultiplication
A, antipode S and counit ¢ defined by:

A(ki (2)) = ki (2q"®}) @k (2~ 1Y),

A(ki (2)) = ki (z2g ~'®H @k (2¢°®") ,

A(x{(2) = X (@1 + Yi(zg°® ) ®x{ (24°®") ,

A(x7(2)) = 1®x7 (2) + X (24'®)®@ p(zq'®?)

S(ki(2)) = ki (2)™1, S(x(2)) = — Yi(2) ' xi'(2) ,

S(xi (2)) = — %7 (2)ei(2) ™", &(x{(2)) =0

e(xi(z)) =0, eki(z))=1. (3.6)

One can directly check the axioms of Hopf algebra. We note however that it is
still an open problem to find the complete Hopf algebra isomorphism between this
construction and the Drinfeld—Jimbo construction [D5].

Let R(z) be an element of End(C"® C") defined by

z—1
R(Z) Z Eu®Eu+ Z E11®EJJ -1
i=1 iFj q q
i,j=1
: z(g—q ") (@—q7 ")
+ Ej;®Ej——— + E;;QE l———_, 3.7
igj T g g7t ,gj gz —q7!
i,j=1 i,j=1

where g, z are formal variables. Then R(z) satisfies the Yang—Baxter equation with
a parameter:

R15(z)R13(zw) Ry3(w) = Ra3(W)Ry3(zw)Ry2(2) , (3.8)
and R is unitary, namely
Ryy(z)™' =R(z7Y), (3.9)

where R,(z), etc., are defined as in Sects. 1, 2.
The definition of R(z) implies

lim R(z) = Z E;®E; + Z gE;®E; +q(¢”' —q) Z E;;®E; =qR;},
= =1

iFj i>j
i,j=1 i,j=1

lim R(z) = Z E;®E; + Z g 'EiQE;j+q9 ' (q—q7") Z E;;QE;
z— 1

i= iFj i<j
i,j=1 i,j=1

=¢ 'R, (3.10)

Faddeev, Reshetikhin and Takhtajan in [FRT2] defined a Hopf algebra using
this element R(z). Later Reshetikhin and Semenov-Tian-Shansky in [RS] obtained
a central extension of this algebra. We denote this modified algebra U(R). The
central extension is incorporated in shifts of the parameter z in R(z). The algebra
U(R) contains a subalgebra U(R) because of the relation (3.10).
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Definition 3.2. U(ﬁ) is an associative algebra with generators l,% [Fm], meZ, \O
and 15[0], 1;[0], 1<j<is<n}. Let Iiz)=Y> o150 +m]z=", where
l:',[O] =15[0] =0, for 1<i<j=<n. Let L*(z) = (l:rj(z))” 1. Then the defining
relations are the following:

[ [0]15 [0] = I [0]15 [0] =1, (3.11)

R (%) Li(2) L3(w) = Li(w)L{ ()R (é) :
R (Z—+> Li(z) L3(w) = L;(w)L (2)R <Z—‘> : (3.12)
w_ Wy

where z . = zq* %, For the first formula of (3.12), the expansion direction of R <%)
can be chosen in % or% , but for the second formula of (3.12), the expansion direction is
only in z
R
U(R) is a Hopf algebra: its coproduct is defined by
A(Lt(Z)) - Li(Z(] + (1®§))® Li(Zq ¥ (§®1))

or A(li2) = Z li(zqt 1D ® I (zg T E®Y), (3.13)

and its antipode is
S(L*(z)) = L*(z)~* . (3.14)

Note that the invertibility of L*(z) follows from the properties that I3 are invertible
and L*(0) are upper triangular and lower triangular, respectively.

We remark that the original definition of Reshetikin-Semenov-Tian-Shansky
contained an extra set of generators L(z) satisfying additional relations below:

RVV*<W> () LE(w) = L%(w)Lf(z)RVV*(%>, (3.15)
RVV*< )I(Z)Lz(w) Lz(w)Ll(z)R< > (3.16)
(;) (2) La(w) = L;(w)ir(zw*V( ) (3.17)
RV*V*<W> LE@z)LE(w) = LE W) Li@z)RV"" ( ) (3.18)
RV*V*( >L1(z)L2(w) L;(w)ff(z)RV*V*<%—:>, (3.19)
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where V' = C" and
e (3)=(G) ) e ()= (=G))
w w w w
ti1tz
RV <3> =R <i> : (3.20)
w w

It turns out that it is natural to impose one more relation
Lz) = (L*(2))* . (321)

Then all the relations (3.15)—(3.19) follow from (3.12) and we obtain our definition
of U(R) [Re].

Main Theorem. L*(z) have the following unique decompositions:

1

e;_r, 1(2)
L¥(z)=| €5,4(2)

k%(z) 0

eni(z) - ema-a(s) 1 ®

1 f1i,2(Z) f1i,3(Z) fli:n(z)

X

) , 3.22
fni— 1,,,(2) ( )

0 1
where ef (z), fi(z) and ki (z) (i > j) are elements in U(R) and k¥(z) are invertible.
Let

Xi(2) =fi,+i+ 1(z+) = fiiva(z-) s

X[ (2) = eiv1.dz-) — eivrdz4) 5 (3:23)
where z . = 2q* %, then qi%c,Xii(z),kji(z), i=1,...,n—1,j=1,...,n satisfy
the relations (3.3), (3.4) of U,(gl(n)). The homomorphism

— ~
&: U,(gl(n)) > U(R) (3.24)
defined by (3.23) is an isomorphism.
Later we will use f;*(z) to denote f; . (z) and e; (z) to denote e; ; i(2).

Since ki(z) are invertible, the elements ef;(z),f;5(z) and ki (z) (i >j) are
uniquely expressed in terms of the matrix coefficients of L*(z) as in the scalar case.
In view of this analogy we call (3.22) Gauss decomposition of L*(z).

We note that as a corollary of the Main Theorem and Definition 3.1, one gets

a realization of Uq(s/l(n\)) as a subalgebra of U(R).
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IV. Case n =2

To verify that @ is a homomorphism, we will use (3.22), (3.12) their inversions as
follows:

Lohe kE(z)! 0
Lt(z)- 1 ) ’ .
_f;l__ 1(2) + -1
. 1 0 ki (z)
1 0
— e @.1)
' Cer() 1
L(¥) 'Ry (i) L3(2) = Li(2)Ras @ Litw) ™, 42)
Li(w)™ 'Ry, (;Zv—) Li(z) = L3()Ry, (W—) Liw)™, 3)
Ry, (z—> L3(z)Li(w) = L} (W) L3 ()R (Z—> : (44)
Wy w_
Li(w)™ 'Ry, (:r) Ly(z) = L7 (2)Ry; (fv—) Liw), .5)

Li(:) 7 (LEw) 'R (3) = Ras (;) LEWm) LI, ()

L) Li(w) ' Ras <fv—) = Ry (w—> (LI L@ @)

The proof that @ is a homomorphism is based on the induction with respect to
n. We consider first the case n = 2,

4.38)

I ki (2) ki(2) fi(2)
(z) = + + + + + + >
e (2)ki(z) kz(z) + ei(2)ki(2) fi (2)

ki)™t + i (k3 ()i () —fiF(2)k3(2) 7

N
(Li(2) " = ( — k¥(z) et (z) k3(z)~*

) , 4.9
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1 0 0 0
_ _ 41
z 0 z : WZ_1 v.:;q w(f]"l) 0
q_ —

R, [Z)= .10
21 (w) 2q—q Y ;e w s (4.10)

0 . 0

zq —wq zq —wq
0 0 0 1
1 0 0 0

_ _ 41
w\) ! 0 zqz— wv(;_l Zq— w?q“l) 0 z
Ryu(=])) = M B ~RrR(Z) , @.11)
z 0 w(ig—q™") zZ—w 0 w

1 1

zq — wq~ zq —wq -
0 0 0 1
(Li(w))™t =
* 0 —fiw)ka(w)™? 0
0 * 0 —fiw)kz(w) ™!
—ka(w)"tes(w) 0 ka(w)™! 0
0 — ka(w) " e(w) 0 ka(w)™?

4.12)

From (3.15), (3.16) and (4.2)—(4.7), we can write down all the relations between
ki (2), k3 (),

ki (ki (W) = ki (2)k5(2) , (4.13)

5@k = K WES (), (“.19)

ki (2k3(w) = kT (k] (2), (4.15)

K3 (2)k3(w) = k3 (k3 (w) , (4.16)

K$ (2)k5(w) = k3 (w)k* (2) , @17

e TR @ =@M S @
T W TR @) = @k )T @d9)

Z_q—WwWq Zyg —W-q
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Then, we derive the relations between k7 (z) and e (z) or fi*(z).

K3 (k3 () £ () = ke W)k (2) £t (o) M=)
zq — wq

0 0k ),

zq —_
et (W)k% (W)ki (z) = ¥ (2)k3 (2)ki (w )’(—wF)
+—— " k(e (w)kE(w),
zq — wq
1
K (2)kT (w) fiF (w) = kT (w)kE(2) fi (2 )—i(q—wq—q_)l
+—E T ) fiEwkE(2)
Zzd —WwWiq

. v oo zi(@—q7Y)
E(w)kT(W)kZ (2) = e (2)kE (2)k] PR
eT (W)ki (W)ki (2) = e1 (2)k7 (2)ki (W) ed—wig

ZETYE gt g)eF (wykE (w) .
z,4 — wzq
Thus
P -1 wig—q™') .,
ki@ Wk (@) = e + S D ),
K (2)ed (w)kE (2)~ =Zq‘—wq_1ef(w)+(q—ql) (),
zZ— W w —
)T 0 2) = Sy 4 M
K (2)eT W)k (z) = 224 =54 ef<w)+M et ().
+ — Wx Wi —Zy
So »
K (@) XT )k () = 20— — X7 (),
K ()XT Wk (@)t = 27 ey

+—

Then we write down the relations between fi* (z), f55 (w); ef (2), e (w),

ki (2) £ (2)ki (w) f1° (W) = ki (W) fi* (W)KT (2) £ (2)
ki (2) fi (2)kT (W) /17 (W) = kT (W) 17 (WKL (2) /17 (2)
€1 (2)ki (2)er (W)ki (w) = e (w)ki (w)ei (2)ki (2) ,
ei (2)ki (2)ef (W)k{ (W) = e W)k (W)ei (2)ki (2) .
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(4.20)

4.21)

(4.22)

4.23)

4.24)

4.25)

(4.26)

4.27)

(4.28)

(4.29)

(4.30)
4.31)
(4.32)
4.33)
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From above, we get

2‘1; ?pe o + 470D ey o)

=i‘-’z_ ) S (z)+—(——)f @) /().
B0l ey o+ T g )

_ 1
=Z+—z_—_wt—qf1 (w) fif(z )+w—tw(f_—z_)f (2) fi* (2),
— -1 1

__zqz_w;]) eli(z)ef(w)+—(q qz )er(z)ﬁ()

= zq"l_— ! er(w)ei(z) + _(q—q_lz el (w)er(w),
Zi‘zl —_W¢4_1 et (z) e (W) + ——Zi((i —, 1)e"L(Z) er(z)

= B gy o2y 4 R oy e o

Zy — Wg 2y —Wg
Thus
(2q7 ' —wg) X1 (2)X1T (W) = X1 (W)XT (2)(zqg —wqg™ '),
(zg — wqg™)XT (2) X1 (w) = X{ (W)X (2)(zq~" — wq) .

The relations between fi(2), e7 (z) and k3 (z) are

~ R ERE =D ks )

e L RO O I

K@ et 0 = L) ko) et )

TR

—fE @k @) R W) =Zl:—ﬁv—)f (W ()™ K5 (2)*
Zz

BT i w kR,

25q — Wiq

(4.34)

(4.35)

(4.36)

4.37)

(4.38)
4.39)

(4.40)

(4.41)

(4.42)
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kW) kR (D) ek (2) = —ﬂ—q—l)k*(z) Y (w) " e (w)
z3q —WwWxq
- fl—_‘w””% k(2 e (kE (W)
Then
-1 -1
™ kb0 = A e 2 ) ey
-1 1
Ki(wer @kim)t = L7 ey 4 Mer(w)
Z— W w

1 1
K0 @R ) = 2 ) 4 200 gy

-
i F o1 Zed—Wzq Tl wilg—q") .
KWyt (k5 (wy~t = 221 25T gy e 7 Jor )

+ ~ Wg T T2z

Thus we get

_1_
K5 (2)7 X7 (wk§ (2) = L — M x7(w),
Zi—W
z.q—wqg !
@)X W)™ ==l X " (w),

iff ) (k5 2) + e (k5 2) /i (2)) ke (w)

zZ—Ww
FREE) 1 @ef 0k )
zZ—Ww

-1

= ef DKF KT (2 /()

+ (k3 (w) + ef Wk (w) fi* (W)ki (z e (

1
8 0 + @R E DRI )

Z:q4 — Wx

k@) @l kT 0

wzq
Wi

=e] (Wki(Wki(z)f (Z)-—l

wiq

+ (k3 () + ef W)kT (w) fi7 (W))ki (2 ),

q ")

wq'1

— Wi

b
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(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

4.49)

(4.50)

M

-1

4.51)
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But from (3.15), (3.16) and (4.4), we also have
w

ki (2) /i (2)k3 (W) = kT )k (2) £i*(2) h

2474 ) ) pr kit ) (452)
zq — wq

—W+

k3 (2) fi" (2)ki (w) = T(W)kf(z)ff"(Z)ﬁ;_‘-l

—_ — _1 _— —_—
+ AT YD T ) (R W)k () (4.53)
Zzq — Wi (q

then

[fit () etn] = 2979t (i )
Z— W

— ki (2)kE(2) ! %’ 4.54)

-1 _
[fi(2) e )] = 4L 1 () ()
Zy — Wy

— k3 (2)ki(2)"" Z*Z(q;q_l) (4.54)

b
+ — Wg
. LW z .
here the denominators are power series in — and — respectively. Thus
z w

[X7(2), X7 W)]=(a—q ) {6(zw™'q k3 (w1 )ki (ws)™*
— 8(zw™1q)k3 (z4)ki(z4) 7"} (4.56)

So we prove that the map @ is a homomorphism in n = 2 case. Surjectivity is
immediate, and the injectivity will be proved in next section.

V. The Proof of the Theorem for the General n

We will start with the case n = 3, the cubic relations appear first time in this
discussion. Then we will prove the general case by induction on n. It will be
convenient to distinguish R(z) for different dimension n. In this section, we will use
the notation R,(z) for this purpose, which should not be confused with the notation
R,,(2), etc., used in the previous sections.

Let us restrict (3.15) and (3.16) to E;;® Ey, i, j, k, | £ 2, then we get

R, <i> JE()TE () = TEWIEE)R, <5> : (5.1)
w w

R, (%)J{(Z)J{(w) = J3(W)J{ (R, (i—) : (52)

+
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where we denote

Ji=J®I, J,=1I®J,

(1 O\(ki(z) © 1 fif(z)
J(Z)_<ef(z) 1>< 0 k%(z)><o 1 ) (5:3)

Thus we are exactly in the setting of n = 2 case. Similarly consider (4.4) and (4.5)
and restrict them to E;;® Ey, 2 <14, j, k, | < 3, then

TH@ 5 'Ry (é) =R (g) (T2 TE @) (54)

T @) T2 )R, (fv—) =R, (W—> Jre) )™, 65

where we denote

~

J~1 ® 2=1®j>

=J®l,
L1 0\ 0 \[1 £
7e) ‘(e*z“m 1)( 0 k%(z))(o 1 ) G0

It is also the same as in n = 2 case. We only need to check the relations between
k%(z), fi(2), e1(z) and k%(2), £,5(2), €3 (2), the other relations are immediate from
above observation and the results for n = 2 case.

Let
1 0\ [ki(2) 0 1 fif(2) fifs(2)
L¥(z)=| ei(z) 1 k3(2) 1 fi(2)
e5.1(z) e3(2) 1 0 k3(z) /\0 1
ki(z) ki(2) fif(2) ki (2) fif(2)
=| ef(2)ki(z) * * . (5.7
e3,1(2)ki (2) * *
Let
x* = k3(w) " (- e51(w) + €3 (w)ei (W),
yE = (= fiw) + fEW) L W)k (w) ™, (5.8)
then
* * yiI
Liw)™t =] = * —fF(wks(w)™'I |, (59

Xt — kE(w)eE(w)l kE(w)~ 11
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From (3.15), (4.2), (4.3) and (4.5) we have

K@)k (w) = k5 w)ki (), (5.10)
K2(2) W) = fiE kS (), (5.11)
Ki(2)et(w) = et (Wk3 (2), (5.12)
K@) fE0) = W), (5.13)
ki(z)e: (w) = es(wki(z), (5.14)
fE@eEw) = &5 /), (5.15)
it (@)etw) = et W) [ (2), (5.16)
—f;w—q— Sw) ki () =ﬁk%(z)k§(w)-l, (5.17)
KE(2) fiEw) = ST w)kS(2) (5.18)
ki (2)eT(w) = ef(WK3(2), (5.19)
K@) (W) = (Wi (2), (5.20)
Ki(2)e3(w) = S (ki (), (5:21)
fE@ew) = e3 W) fE(), (5:22)
fE@efw) = eIw) ). (5.23)

Next we need to check the relations between f;%(z) and f,%(z), and the relations
between ef(z) and e3(z). From the formulae (5.8), (4.2), (4.3) and (4.5), we have

M0 ) k) ieswet @)k @)

zq —wq~
1
Sk ) ]
== W_l er(2)ki(2)k3(w) tei(w), (5.24)
zq — wq
Z—vi;ﬂ—w—fr’ xkI(z) — kEw)lei(w)e f (2)ki(2)
1
1 )7 (ki) 24,

= - R W) . (529
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We multiply (5.24) by k3(w) on the right side and by ki(z)™' on the left
side, and (5.25) by k%(w) on the right, and by kT(z) on the left. Then we get

zq —wq "

ei(zz)ez (W) — ef(zz)es (wy) = e3(ws)ei(z)

zq —wq "
Z— W

€5 (wi)e"f(z;) R (5.26)

-1

9 —wq

Definition 3.2. From this, we get
(z —WX{(2)X5 (W) = (2g — wg~ ") X2 (W) X{(2), (5.27)
and we can use the same relations to get
{XT(z0)X1 (22) X5 (W) — (g + ¢~ 1) X7 (1) X7 (W) X1 (22)
+ X;(W)X1(21)X1(z2)} + {21022} =0, (5.28)
{X3(20) X5 (22)XT (W) — (g + ¢~ X7 (2) XT(W) X3 (22)
+ XT(WX5(z1) X5 (2} + {zioz,} =0, (529)
As for fi%(2), f,5(z), we have

where the terms are expanded in different directions as specified in

S UL (O HOTAD)

zq
=29 e — k) £ S k)
$ 200 ) f ok (5.30)
24— w 1,3 .
e WK TR 6
= BT ) oy — ki) ) SRS
4 — Wiq
-1
# 22 @) I 0 (531)
then we get
fl (Z+)fz (wy) — fl (Z+)f2 (W+)— _1f2 (W+)f1 (z4)

p— ——— i W) fif(z) . (532)
zq

Here also we should be careful with the expansion of coefficients of the equality.
From this, we get that

(zg — wq™ X1 (2)X5 (W) = X; (W) X1 (2)(z — W) (5.33)
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and
{XT()X1 (22) X3 (W) — (@ + 47 1) X1 (21) X3 (W) X (22)
+ X;(WX{ (21) X1 (22)} + {21025} =0, (5.34)
{X3(21)X3 (22) X1 (W) — (g + 4~ ) X3 (20) X1 (W) X3 (22)
+ X7 (W)X3(21) X5 (22)} + {z102,} = 0. (5.35)

Thus we proved that @ is a homomorphism for n = 3. We note that in the
process of proof we have seen that f;*5(z), and e3 ,(z) are generated by k(z), k3(2),
k3(z) fi¥(2), e1(2), f,"(2) and e3(z), which shows that @ is surjective.

Now we proceed to the proof of surjectivity for general n.

Just as in n = 3 case, we first restrict (3.15) and (3.16) to E;;®Ey, 1 = 1i,j, k, |

<n— 1, then get

R, (va) JE@)T5(w) = JEW)JE(@)R,-, <5> : (5.36)
w
Ry (fv—) T @I58 = I3 ()] @R,y (z—) : (537)
- i
1 0\ /ki(z) 0 1 ef(z)
et ' ' .
7= . 5 et 5(2)
efaz 1)\ 0 ki) \o 1
(5.38)

Similarly restricting (4.6) and (4.7) to E;;® Ey;, 2 < i, j, | # n, then
z\, ~ i~ _ ~ o~ _ z
R,—y <;> (JZW)) ' JU5(@) "t = U1 () (Jz(W) 'Ry—y <;> , (539

Z+

Z_ ~_ _ ~. _ ~ _ > —
Rn—1<;v~>(Jz W) U@ =1 @) (T2 (w) 1Rn-1<w—>, (5:40)
+ -
1 0 k3(z) 0 1 f(2)
+ . .
fi(Z)= ez(Z) .
. . fo=1(2)
ev-1(2) 0 ka(z)/ \O 1
(5.41)
By induction, we know all the commutator relations we need exccept those

between fi%(z), ki(z), ef(z) and f£,%(2), kZ(z), eZ(z). We now use the formulae (4.2),
(4.3) and (4.5). First we write down L*(z),

ki) ki(2) fi(2)
Li(z) = | ef(2)ki(2) : SR (5-42)
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and

Li(z)™" = - —f,.i—l(z‘)kf(Z)’1 - (543)

k@) ) ki)
Then we obtain

ki (2)kn(w) = kn(Wk1(2), (5:44)

ki(z)en-1(w) = ex_1(w)ki(2), (5.45)

k1(2) fuf1(w) = f,21Wk1(2) (5.46)

ka(2) i (W) = fi* (W)ky (2) (5.47)

kx(z)er(w) = et (W)ky(z) (548)

zi_ff——wﬁ—l KF(w)~1kE(2) = kE(2)kF(w) ! ﬁT . (549)
ka(2) fiT (W) = i (W)kx (2) (5.50)

ka(z)ei(w) = et (Wka(2) (5.51)

ki(2) fut1(w) = ;L1 (W)kT (2) (552

ki(z)es-1(w) = e 1(Wki(z), (5:53)

fli(z)fni— 1(w) =fni: 1(w) fli(z) > (5.54)

[ @)en—1(w) = en_1(W) i*(2) (5.55)

@ L) =£E1w) i), (5.56)
fif@en—1(w) = en_1(W) fi*(2) , (5.57)

e1(2) i1 (W) = fil1(W)ei(2), (5.58)

ei(2) i1 (w) =fiE 1 (w)ei(z), (5:59)

ei(2)en—1(w) = ey_1(w)ei(z), (5.60)

ei(2)es-1(w) = es_1(Wei(z) . (5.61)

To prove the surjectmty of the map &, we only need to show that e,, 1(z)and fi* ,,(z)
are generated by ki (z), e £(z) and f;* (z) Since all other elements e;; ,(z) and f;; J(z)
are generated by ki(z) ei(z) and f;*(z) by the induction. From (4.2) and (4 3), we
can get the relations between e} _ ;. 1 and e; , 1, and the relations between f;%,_;(z)
and f,%; ,(z), which also contain e; ;(z) and fi%,(z). These formulae are similar to
(5 24), (5.25), (5.30) and (5.31) in the case when n = 3. They imply that f;* a(z) and
ey 1(z) are generated by ki(z) fi*(z) and ef(z), therefore the algebra U(R) is
generated by ki(z), fi*(z), ei (z). Thus we proved that @ is a surjective map.
Now, we proceed to the last step to prove the injectivity of &, which essentially
is the same as the proof for the case of U,(gl(n)).
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From the theory of Lusztig [L], we know that the highest weight representa-
tion of 5/1(7) admitia\ quantum deformation. Let V', be a highest weight repre-
sentation of U,(sl(n)) with central extension ¢ and let V®C[z,z ']=
C"® C[z,z '] be the evaluation representation of Uq(s/l(?)) on the fundamental
representation of U,(sl(n)) [J3]. The algebra Uq(s/l(B) possesses a universal
R matrix R(z) [D2].

Let

L*Vhe = (mys @ m)Rai(2q2), L7V =(mys, @m)R(z"'q2), (5.62)

and
R"Y(z) = (ny @ my)R(2) . (5.63)
We know R"Y(z) = f(z)R(z), where R(z) is defined in (3.7) and f(z) is a function of
z [FR].
Set q q q q
LiVie = L*Vie®1,, L3V =Py, L* @I, P,s, (5.64)
RV (2) = Iys @R"V(2), (5.65)

where P, is the permutation opeator on the last two components.
The Yang—Baxter equation implies

RVnVV<Z)LiV“(z)L+V“(W)= ”“(w)L”“(z)RVi"v”(5), (5.66)
w

Z_

R< )“”v(z) Ly "he(w) = L;V*v(vv)L*Vu(z)R””W<“>' oo
w_ w

+

In the other hand, we can define a Heisenberg algebra generated by h(n),
neZ\ 0 satisfying the following relation:

f<£1> B W0 T W _ f<£;> I
w_ wy
(5.68)

We define a Fock space representation of our Heisenberg algebra, which we denote
by V.. It is generated by creation operators h(n), neZ ., applied to the vacuum
vector 1€ V,; the annihilation operators h(— n), ne Z .., by definition annihilate the
vacuum vector.

Note that when ¢ = 0 the Heisenberg algebra degenerates into an infinite-
dimensional abelian algebra and we can choose for V, its trival representation.
Now let us look at the representation on V,‘{,c ® V.. We set

LOhe(2) = roqZmez. MM @ L' Ve (z) (5-69)
LO_V;‘.I,c(W) =ry 1qzmsz+ h( — ")W_"®L_VEC(W) . (570)

Here ry is in €\0. Then we obtain
Z q q q q Z
R (;) Lo he(z) L5 o(w) = L°5 "2 e(w) LT "4<(2) R (;) .67

; \ o e a zZ_
R <w_> L}V E(2) L% "Ee(w) = L% VEe(w) LT VEe(2)R (7) 67
_ +
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Thus we get a representation of U(ﬁ) with the action of the central elment [ ] [ M

by any constant. Via @ it also gives a representation of Uq(g/I(n\)) with a highest
weight A and central extension ¢, where A as in Sect. 3 denotes a pair (4, y). This
can be seen by the first term of R(z)[RS]. Therefore the highest weight representa-
tion of U,(gl(n)) can be pulled through U(R). It implies that the kernel of ® must be
T

inside I} ., the kernel of the representation of U,(gl(n)) on the highest weight
module V.. _ o _

From [D4], we know U,(gl(n))/(q — 1)U,(gl(n)) = U(gl(n)), so the kernel of

the map @ is inside (q — I)Uq(@). Using the same argument as for U,(gl(n)) in
Sect. 3 we can show that

NI5.=0, (5.73)
A,c¢

which follows the fact [GK] that
(N 14.=0. (5.74)
A,c

Here 14 . is the kernel of the representation U (@) on the highest weight module
with the highest weight A and central extension c¢. Thus we prove the injectivity
of @.
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