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Abstract. We prove in this paper that the von Neumann algebras associated to the
free non-commutative groups are stably isomorphic, i.e. that they are isomorphic
when tensorized by the algebra of all linear bounded operators on a separable,
infinite dimensional Hilbert space. This gives positive evidence for an old question,
due to R.V. Kadison (see also S. Sakai’s book on W*-algebras), whether the von
Neumann algebras associated to free groups are isomorphic or not.

In this paper we show that the algebras Z(Fy) = C(Fy)", the weak closures of the
group algebras associated to free (nonabelian) groups Fy, N = 2, N finite, are all
stably isomorphic, i.e. that the isomorphism class of ¥ (Fy) ® B(H) doesn’t depend
on N € N, N = 2. (Here B(H) is the algebra of bounded operators on an infinite
dimensional, separable, Hilbert space H).

This may serve as evidence for an old problem of R.V. Kadison in the early
’60’s, on the isomorphism of the algebras Z(Fy), N = 2 ([2], see also [9] problem
4.4.44 and [3]).

The first remarkable breakthrough to this end, was the theorem of D.
Voiculescu stating that

M(C)® £ (Fy-1y62+1)

is isomorphic to L (Fy), k, N € N, N = 2. (This implies in particular that £ (Fy)
and £ (Fy-1yk2+1) are stably isomorphic for each k, N € N, N = 2, but it doesn’t
imply, for example that #(F,) and £ (F;) are stably isomorphic).

Our main tools will be the matrix representation for free families obtained by D.
Voiculescu in the setting of noncommutative probability theory ([6,7]), and
the iterative technique of finding generators for reduced free algebras that we used
in [4].

In terms of isomorphism classes of reduced algebras, the result of D. Voiculescu
was stated as

L) = L(Fy-ryesr); GNeNN22.
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18 F. Réddulescu

Here #(Fy), is the isomorphism class of the algebra e#(Fy) e, where e is any
selfadjoint idempotent in £ (Fy) = C(Fy)", of trace t(e) = ¢ (r is the weakly con-
tinuous linear functional on & (Fy) defined by t(4,) =0 if g & ¢, 7(4,) = 1, where
e is the identity, while 4,, g € Fy is the left convolution operator on C(Fy)).

The proof of our result will come (by usual techniques, see e.g. [1, 5]) from the
following isomorphism result (which extends Voiculescu’s isomorphism theorem):

K(FN)71= =~ Z(Fy-1ye+1) KNeN,N=2,

k

which in particular (taking N = 2), implies that #(F,) and #Z(F..,) are stably
isomorphic, k € N, i.e.

% (F,)® B(H) = % (F+1) ® B(H) .

In particular our result shows that the following invariant (the fundamental
group ([3]) # (L (Fy)) = {t > 0| L (Fy), = £ (Fy)} cannot distinguish between the
algebras #(Fy), N = 2, N a positive integer.

To prove the isomorphism relation, we will introduce an extrapolation, with
algebras, “¥(F,)" r € Q, r = 2 for the series of the algebras £ (Fy)y e n v 22 (Such
algebras were also considered by K. Dykema (personal communication to the
author)). This will be done by the matrix representations for these algebras given
by the theorem of D. Voiculescu. The proof will then consist of taking r to the limit,
which will be done by the techniques in [4].

In a forthcoming paper ([9]) we will give a meaning to “.Z(F,)” for real r = 2
and prove that the formula “Z(F), = L(Fy-1)-2+1)" and ZL(F)* L (F )=
ZL(Fy+)” are also valid for positive real ¢ and r.

I am greatly indebted to G. Skandalis for suggesting this problem. I am also
indebted to S. Popa and M. Takesaki for useful comments. I am also indebted to
the referee, who pointed out to me a number of minor errors.

This paper has been circulated as an LH.E.S. preprint, December *91.

2. Definitions and Outline of the Proof

Let H be a Hilbert space, B(H) the space of all bounded linear operators acting on
H. A weakly closed subalgebra M of B(H) is called a von Neumann algebra (or
when no reference to H is made, a W*-algebra). If S is a subset of M, then the von
Neumann subalgebra generated in M by S will be denoted by S”. A von Neumann
algebra with no minimal idempotents will be called diffuse.

M is a type 11, factor if it has no center, it is diffuse and there exists a weakly
continuous faithful functional T on M such that t(xy) = t(yx), x, y € M. In general
we will assume that 7t is normalized, ie. that t(1) = 1. In this case the strong
operator topology on M, will be given by the norm |- |,, defined by ||x|2=
7(x*x). This last is a norm since 7 is faithful (i.e. t(x*x) = 0= x = 0).

For ¢t > 0, the isomorphism class of the von Neumann algebra eMe, where e is
a selfadjoint idempotent in M with t(e) = t, depends only on ¢ and is denoted by
M,. When ¢ > 1, we replace in this construction M by M ® M,(C), where n is
a natural number, strictly greater than the integer part of t.

A matrix unit (o)} j=; in M is a family such that w;;wg = 6;0s4 (Where
d;s stands for the Kronecker symbol), i, j, s, k € {1,2, .. ., r}. Usually M,,(C), n e N
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comes with a canonical normalized trace 7, and a canonical matrix unit. (We refer
to the books [1, 5] for an exposition of all the facts recalled before.)

We also recall now some definitions and results from [7]. Let (M, ¢) be a type
II, factor with trace ¢.

A family of unital subalgebras

(Ai)ier =M

is called a free family if

plaiay...a,)=0
whenever ¢(a;) =0,a;€ 4;,j=1,2, ..., n withiy iy, ..., 0,1 ¥ i,. A family
(fi)ier of elements in M will be free if the algebras {f;, 1}i.; = M are a free family.

The family (f;);e; is semicircular if it is free and if in addition the trace of the
spectral distribution of each element f; is given by the semicircular law:

2 1
<p(fi~‘)=; [ 0 —t*)Y2dt, keN,iel.
-1

A family {g;};., in M will be circular if the family {x;, y;},cs is semicircular,
* *
Whereszg’+g’,yj=—g’+g’.
V2 J2i
Finally we recall the following matrix representation (Proposition 2.8 in [7]) of
a semicircular family, given by D. Voiculescu.
Let n € N be an integer, S a nonempty set and let

oy = {fi.9i=1,2. ... nseS)

be a free semicircular family in M, let

W, ={g(i,j,9)1<i<j<nseS}

be a circular family in M and let a be a semicircular selfadjoint element of M.
Moreover assume that w; U w, U {a} is a free family.

Consider the following elements in the von Neumann algebra M ® M,(C)
endowed with the canonical trace ¢ ® t,, where M,(C) has the matrix unit

(eij)?,j= 15

Xs=_1~<2f(l’ S)®eii+ Z (g(i,j,S)@eij+g(i,j, S)*®eji)>
ﬁ i=1 1si<jsn
for s € S. Moreover let X? be any semicircular element in M ® M,(C) generating
the same von Neumann algebra as {a ® e;|i = 1,2, ..., n}.

The Theorem of D. Voiculescu asserts that the family (X*).su (X?)
c M ® M,(C) is also a free semicircular family. This was the essential step in its

proof that
g(FN)% ~ L(Fn-1ye+1) s

and this will also be the basic fact in our proofs.

Recall that £ (G) is the weak closure of the left convolution algebra of G, and
that if G is Fy, N = 2 (in fact if G has infinitely many conjugacy classes) then .Z(G)
is a type II; factor [5].

We now introduce some new definitions on free algebras that we will be using in
the proof of our results.
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The matrix representation ([7]) of a free semicircular family, makes it natural
to introduce an interpolation with rational numbers of the family £ (Fy),xs 2 v en,
by defining “# (F,)” for rational g = 2, (although F, has no meaning).

The construction of such an algebra runs as follows: let (X°, X*, ..., XV) be
a free semicircular family in M ® M, (C), where we use the matrix picture described

k
before with S = {1,..., N} and ¢ = 0. Assume that g = N + ot where k is an

integer in the set {0,1,...,n* — 1} and N = 2.

We remove from XV, k' diagonal entries of the form f(i, N) ® e;;, and k" upper
diagonal entries of the form f(i, j, N) ® e;; together with their adjoints. In this way,
by removing k' + 2k” = n* — k entries from XV we obtain a new selfadjoint
element in X'V in M ® M,(C).

We will take as a definition for the algebra £ (F,), the isomorphism class of the
von Neumann algebra .o/ generated in M,(C) ® M, by X°, X, ..., X"~ X'V,

The arguments in the proof of Theorem 3.3 in [ 7], obviously extend to give that

Mlgg(FM)a

where M = (q — 1)n? + 1 is an integer.
This is in particular shows that the isomorphism class of #(F,) depends neither

. k
on the representation g = (N — 1) + 5 (i.e. on the choice of the denominator), nor

on the choice of the place of the entrles that are removed from XV,
A more formalized version of the description before is given by the following
definition:

Definition 1. Let A be a W*-algebra with faithful trace 7; let (X°, X1, ..., X") be an
(ordered) family of selfadjoint element in A, n = 2.
The family (X°, X, 1 , X") will be mcomplete semicircular, if there exists
a larger W*- algebra a with trace %, %, = 1, and a family (X°, X', ..., X"~ 1, X")
which is (free) semicircular in A and such that there exists a partmon of the umty
1
(e)i=1 in (X°)" with projections of trace —, such that X" = X" — Zk_l e, X"e;
r s=1""
where (i, js)¥=1 are distinct elements in {1,2,...,r}*>. We assume that for each
s=1,2,...,k, there exists s’ with i = jg; j; = iy.
k
The number " will be called the total area of the holes of the incomplete
semicircular family (X°, X', ..., X").
In particular this definition and the considerations before make clear the
following definition.

k
Definition 2. Let g = 2 be a rational number and assume that ¢ = N + e where
ke{0,1,...,r* —1},reN, r=2 Let (X°, X',...,X") be an incomplete
2 k
. Then the

semicircular family, in a type 11 factor A, with total area of the holes !

von Neumann algebra generated by (X°, ..., XN) will be a type 11, factor, denoted
by £(F,) and whose isomorphism class doesn’t depend on the choice of the incomplete
semicircular family (X°, X*, ..., XV).
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The process of iterating the reduction procedure by rational projections in [4]
will let us consider the following ordering relation on incomplete semicircular
families.

Definition 3. Let (X°, X', ..., X"),(Y°, Y, ..., YN)be two incomplete semicircu-
lar families in a type 11, factor A. The family (Y°, Y*, ..., Y") covers holes of the
family (X°, X1, ..., XM)if YO = X ..., Y"1 = XV~ and there exists a parti-

tion of the unity (e;)i=, with projections of trace % in (X°), and distinct elements
(is, )=y in {1, 2, ..., r}?, such that no one of the entries ¢; Y"e; ,s =1,2, ...,k
contains a hole of YV, and X~ = YN — ) e; Y™e; . (We again assume that for each
s=1,2,...,kthere exists s' in {1, 2, ..., k} with iy =jg,js=1iy.)

Moreover in our iterative reduction process, we will have to reduce the algebras

with projections that have a special position with respect to the holes of X~ This is
shown by the following definition.

Definition 4. A projection e covers the holes of the incomplete semicircular family
2(X°, X1, ..., X"N)if (with the notations introduced in Definition 1),

eze, exe, s=12,...,k.

With these definitions, we can now outline the proof of our theorem.

1 1 .
Choose p/q close enough to —, p/q = 7, so that the integer part of
u
2

Ji
w~-1L +1
p
is n = (N — 1)u. Then the algebra #(Fy),, will be described by an incomplete
semicircular family (Y°, Y!, ..., Y")in e, &/e, (Where .o/ = Z(Fy)is generated by

the semicircular family {X?, ..., X"}, e; e(X")" and t(e;) = p/q, where t is the
trace on .27).

1
Moreover choosing p/q close enough to —=, the area of the holes will be of

u

order O(p), so if we start with a fixed projection e in e;(X')"e; = (Y°)" of trace
1 . . .. .

1(e) = —=, then we will be able to find Y" so that there exists a projection e, in

u
(Y°)", e = ey, which covers the holes of (Y°, Y1, ..., Y").

We choose afterwards a decreasing sequence (e;) in (Y°)" of rational projec-
tions, e, which converges strongly to e and show recursively that the algebra e;.oZ¢;
admits a system of generators (Y2, Y2, ..., Y7) that cover holes of the incomplete
semicircular family (e, YP_1ew ..., e YI_1 e

The fact that the total area of the holes of (Y2, . . ., Y% tends to zero <which is
consequence of the fact that

LEy)z = ZL(Fx-1)ujg0-2+1)

| .
and that t(e) = pi/qx —>—> implies that the strong operator topology limit

NG
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Y" =lim; eY}e exits and that the family (t(e)”?eY%e¢, - -, 1(e) 2 eY"e) is
{(free) semicircular.

. 1 .
Moreover choosing z(e;) to decrease sufficiently fast to —=, we will be able to
u

prove that elements in any finite set F < es/e are very close to the algebra
generated by (e, YPey ...,ex Yiey). This will imply that the limit family
(eY%e, ..., eY"e) generates the reduced algebra.

In finding a family of generators for the reduced algebra, the following lemma
(from [4]) will be essential. We restate it in a little more precise form, referring for
proof to [4].

Lemma 1. ([4], see also Lemma 3.1 in [7]). Let &/ be a W*-algebra, generated by
a system of selfadjoint elements X' and (w;;)}, ;- ; a matrix unit. Let k be an integer in

{1,2,...,r} and e be the projection wy; + - + wy,. Then a system of generators
for esZe is eXe, (w; ;)¥ ;- and the set
= U WoaiwiWiaiiolaeZ},
1Si<jsr
jz k¥l

where p(i, j, ), q(i, j, ) are arbitrary functions on i, j, « with valuesin {1,2, . . ., k}.

Remark 1.2. In addition if 1<k_<k=<k,, and e, = Z’i‘;—rl wi, then
e_<e<e,,andiff=(1 —e,) + e_, let B, the von Neumann algebra generated
in fo/f by the set fXf= {foaf|o € X} and the matrix unit

%={Wij,i,je{l,z,...,k_}U{k++1,...,r}}.

If the functions p, q are assumed to take values less than or equal to k_, whenever
i2ky+1,thene_Te_ue_X'e_ U (w;)¥;-; contains a system of generators for
e_Bre_.

Proof. This is a corollary of the foregoing lemma applied to the W*-algebra 4,
generated by fXf and the matrix unit #5,. Q.E.D.

3. Properties of Incomplete Semicircular Families

In this paragraph we will state and prove some elementary properties on incom-
plete semicircular families.

First we will show that the distance in the norm | |, (given by the trace),
between two incomplete semicircular families, one of them covering holes of the
other, is an expression of the difference in the total area of the holes. This will be
a direct consequence of the normalization conditions imposed on the entries of
a semicircular family, and of the fact that these entries are orthogonal with respect
to the scalar product given by the trace.

Secondly we will state in a formal way the fact that whenever the total area of
the holes of an incomplete semicircular family tends to zero, the family tends to
obey the relations governing a (free) semicircular family.

Both these properties will be essential in the limit procedure, when showing
that the limit of the sequence of (iterative) incomplete semicircular families is
semicircular.
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The last property that we will prove in this paragraph, which is a little bit
technical, will concern the way in which, starting from an incomplete semicircular
family and a family of entries, one may glue them into another incomplete
semicircular family, covering holes of the initial one.

We now state these remarks precisely.

Remark 1. Let (X°, X', ..., X"), (Y° Y',...,Y") be incomplete semicircular
families in the type II; factor &/ with trace 7, with total area of the holes o and
respectively f. If (Y°, Y',...,Y") covers holes of (X° X!,...,X") then

17" — X7 = o~ p.
Proof. Using the representation (Definition 3), of incomplete semicircular families

. . .k
given at the beginning of Sect. 2, we have that this last norm is — (each term of the
r

1
sum being — ). But obviously this is exactly the difference in the total area of the
r

holes. Q.E.D.

As we mentioned before, the next remark will show that in an incomplete
semicircular family, the value of the traces of the monomials in the family is
sufficiently close to the value of the traces of similar monomials in a free semicircu-
lar family, if the total area of the holes is small enough.

Remark 2. Let (Z,)N-, be a free semicircular family in a W* algebra with trace T.
Let & be a finite set of monomials in the variables (Z,))-,. Then for any ¢ > 0
there exists d,, such that for any incomplete semicircular family (X1, . . ., XV), with
total area of the holes less than J,, for each m in &, if ¢(m) is the corresponding
monomial in the variables (X7, ..., X"), then |t(m) — @(¢(m))| < e, for any
me %. Here ¢ is the (normalized) trace on the II; factor generated by
(X% ..., XN,

Proof. By the unicity (up to isomorphism) of a free semicircular family, we may
assume that (Z', ..., Z") is exactly the free semicircular family X*, ..., X¥71,
XV covering the holes of X1, , X" (Definition 1). The proof then follows from
the preceding remark, with a tr1via1 limit argument. Q.E.D.

By Voiculescu’s theorem, any incomplete semicircular family (X°, ..., X")
appears as follows: take D be a type II; factor with trace t, let (e;;); ;= 1 be the matrix
unit of M,(C) and consider in D ® M,(C),

X5 = _1/2<Z fi,9@ei+ Y g(,),9)Qe;+ gl s)*@eﬁ>,

1fi<jsr

where s =1, 2, ..., n, and where for s = n some of the f(i, n) or g(i, j, n) might be
Zero.

Further let a be a selfadjoint semicircular element in D, let 4 be the abelian von
Neumann subalgebra of D ® M, (C) generated by {a ® e;;} - . Assume further that
the family w; of nonnull entries of the form

{fG,9s=12,...,ni=1,...,r}
is semicircular in D, and that the family w, of the nonzero elements

{g(,j,9)[1<i<j<rs=12...,n}



24 F. Radulescu

is circular.

Moreover assume that w; U w, U {a} is a free family of elements in D. If X° is
any semicircular element generating A4, then by Voiculescu’s theorem (2.8, [7]) the
family (X°, X!, ..., X") is incomplete semicircular, and conversely, any incom-
plete semicircular family appears in this way.

In the next lemma, starting from a von Neumann algebra <7 generated by both
an incomplete semicircular family as before and a number k of entries of the form
f®e,,or g ® e,,, which still obey the freeness conditions together with the entries
of (X*){={, (k is less than the number of holes of (X*)!~;), we construct an
incomplete semicircular family covering holes of (X°, ..., X")"_,.

Lemma 3. Assume that X°, X*, ..., X", n = 2 is an incomplete semicircular family,
described as before in D ® M,(C) and suppose that in addition we are given families

={fiQey,lt=12...,d} =D®M,(CT)

and
Cc={g:®ep, Is=12,...,b} cD®M,(CT),

where py # g5, ps. 45, pr € {1,2, ..., rht=1,...,d;s=1,...,b. Let
={flt=12...,d)

and
Co={gils=1,2,...,b}.

Assume that the family Q, = w, U Cy is semicircular; that the family Q, = w, U C, is
circular and that the family Q, U Q, L {a} is free in D. Moreover if k is the number of
holes of the family (X°, X, ..., X") in this description (or what is the same, if the
total area of holes is k/r?), we assume that d + 2b < k and that d is even.

Then we may find an incomplete semicircular family (X°, ..., X", Y"), which
covers holes of the initial family (X°, X', ..., X") and such that the von Neumann
algebra s/ generated by (X°, X*, ..., X")u Cyu C, coincides with the one gener-
ated by (X°,...,X""1, Y™

Proof. Let (v(1, p, 1) ® e;)(b1,® e,,) (as in Theorem 3.3 [7]) be the polar de-
composition (in D) of g(1,p, ) ® e1p P = 2,...,T
Let (w;;)} j=1 be the matrix unit in &7, obtamed from the partial isometries
(in D).
Wij = [U(l, i, 1)* U(l,j, 1)] ® eij, l,] = 1, 2, N

where v(1, 1, 1) = 1. The following changes labeled from 1) to 4) in the structure of

the sets C,, C, and Q,, Q,, will give new sets, C., C;, Qi, Q5, with the same

properties as those of the initial ones: Q) is semicircular, @, is circular with
L U Q4 u{a} free and o/ is generated by (X,)i-o and C;, C.

1) Removing from C, two elements f; ® e,, ,;, fs ® €, . 1, S € {1,2,...,d}t*s,
with p; = p;, and adding the element

WP()P [\//‘t_ ® eP: p; + l\j)vi ® ep; p;:l

to the set C,, where po #+ pj,po € {1,2,...,1}
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2) Removing an element gs® e, , ,s=1,2,...,b from the set C,, and adding to
C, the real and imaginary part of
\/_2‘[9; ® ep, q,1 Woyq, -

3) Take an element f; ® e, ,, from C, and replace it, in C;, by
Wop; [fs® €p; p;] Wpip s

where pszt:p,p € {1, 2,...,r}.
4) Take g; ® e,,,4, in C, and replace it in C, by

’
WPPs[gS ® epsqs] quq ’

where p+4q,p,qe {1,2,...,r}

It is clear that a repeated application of the steps before will enable us to assume
that the elements in the new sets C;, C; are in one to one correspondence with some
of the vanishing entries of X" (since d + 2b < k). Hence we may take

AP <ﬁ+/ﬁ>

Since the hypothesis on the families of the entries in Q, €, are still fulfilled (by
the next lemma), it follows that (X°, X', ..., X"~', Y") is the required family.
Q.ED.

The next lemma gives the reasons for which the elements in the new family €,
), have the property that Q) is semicircular, €/ is circular, while Q) U Q5 U {a} is
free.

Lemma 4. Suppose that D is a W*-algebra with trace t© and that w; = {f; }icr is
a free semicircular family, w, = {g;}je; U {gi}kex 1S a free circular family and that
w1 U W, is free.

Let {v;}rex be the unitaries from the polar decomposition of the elements in
{9 }eek- Then each of the following changes in wy, w, will let us obtain new sets o',
% in D, such that w' is still semicircular, w’ is circular, while w'y U W} is free:

a) Remove distinct (f1,[>) from w, and add 7 +—= f at ws;

b) Remove g from w, and add ﬁReg, \/Elmg to wy;

¢) Replace f in w, by wfw*, where w is a product in the elements {v;};.x;

d) Replace g in w, by wigw, where wy, w, are products (eventually void) in the
elements {vy }ck-

Proof. By Proposition 2.6 in [7], an element g is circular if and only if the elements
coming from its polar decomposition g = vb, are a free family {v, b}, and t(v*) is
Oro (the Kronecker symbol) for k € Z, while

4 1
t(b*) == [*(1 —¢*)"*dt, keN.
To
For each such a positive element b = b(g), let B(g) be an assignment of an

unitary in D such that B(g)” = (b(g))” and t((B(9))*) = ko, k € Z, (the Lebesgue
distribution).
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In these terms g = v(g) b (g) is circular if and only if the family {v(g), B(g)} is free,
while v(g) and B(g) have the Lebesgue distribution.

Likewise for a semicircular element f, we assign an unitary F = F (f) with the
Lebesgue distribution, so that (F(f))" = {f}". In particular a family C; in D is
semicircular if and only if {F(f)|f € C} is free.

Moreover note that if g is any element in D, and w,, w, are unitaries in D, then
the polar decomposition of w,vw, is (w; gw,) (W5 bw,), if g = vb, so that we may
assume that

v(wigw,) = wiv(g)w, ,
B(wigw,) = wi B(g)w, .

Also we may assume that F (wfw*) = wF(f)w* for fin C,, w unitary.
Hence to prove the validity of steps, ¢, d we have to prove that the families

{WF(fo) W*} Y {F(f)}fewl/{fo} Y {U(gj), B(gj)}jeJ v {U(gil B(g;c)}keK

and
{F(N)}rea Y {w1v(g;) w2} © {wi B(g;,) wi }

o {U(gj): B(gj)}jeJ\{io} o {U(gi), B(g;c)}keK

are free if w, w;, w, are products in the elements {v(g;)| k € K}.
Here we know that the family

{F (f)}fewl v {U(gj)}, B(gj)}je.l o {U(g;c)5 B(g;c)}keK

is free. The freeness of the two families comes from the following elementary fact
concerning free groups: If {x, y;,...,yn} are the generators of a free group
Fy41 then so are

{x)’uJ’l, ce ,,VN~1,YN} .

This proves the steps ¢) and d). The steps a), b) are simply the definition of a circular
element. Q.E.D.

4. Technical Result

In this paragraph we prove a technical result which is an adaptation of the
technical Lemma 2 in [4]. In that paper we proved that whenever (X°),.s is a free
semicircular family, generating the von Neumann algebra o ~ #(F ) and e is any
projection in the von Neumann algebra {X°}” of one of the generators X?, then the
family {eX°®e},.s is contained in a larger semicircular family (Y,),.r that still
generates eAe.

As in the proof of that lemma, the main point is to prove this result first for e of
rational trace, but to add in this case certain requirements that make a limit
procedure possible. In our case we will start with an incomplete semicircular family
X% X', ..., X" that generates &/ = £(F,) (where r € Qn [2, ), n = [r]). We
assume that the total area of the holes of this family is small enough so that there
exists a non-trivial projection e, in {X°}” covering the holes of the family (see
Definition 3).

Then we start with a projection e; = e, of rational trace p/q, which is close
enough to the identity so that the integer part of the numbers of generators that are
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needed for the reduced algebra
eyle; = L(Fo-1ypp-2-1) »

does not increase (i.e. is equal to n).

Applying the lemma at the end of Sect. 2 that describes the form of the
generators for the reduced algebra, and then gluing these generators together, by
the procedure described in Lemma 3, we will be able to find a family
(e1 X%ey,...,e; X" te,,Y"), that covers holes of the family (e; X'e;)!~, and
generates the reduced algebra e; .oZe;. Thus the new pieces of generators coming
from the band determined by the projection (1 — e;) in &/ are filling the holes of
e X"ey.

The precise statement of the procedure described before is the following.

Lemma 5. Let (X°, X', ..., X"),n =2 be an incomplete semicircular family with
total area of the holes o € (0, 1) N Q, generating the von Neumann algebra

A~ L(Fyrq-4)
with trace T. 2\ 12
For any projection e in (X )" of rational t = t(e) = <1 - which covers the
holes of X", (see Definition 4), there exists a semicircular incomplete family
(t(e) % eX%, ... ,t(e) Y2eX" e, 1(e) 12 Y™)

which covers holes of (t(e)”/* eX'e)"-, and generates es/e.

In addition the total area of the holes of this new family (with respect to the
induced trace t, on edle) is n— (n— a)t(e)” 2, while es/e is isomorphic to
eg(F|(n—at)t‘2+1)'

Out of the proof of Lemma 5, the following corollary will come immediately.

Corollary 6. In addition if e_ < e is any other projection in {X°}", of rational trace
and covering the holes of (X°, X!, ..., X") then

e_Be_ < {(e-X'e_)!_;,e_Y"e_}",
where B = B is the von Neumann algebra generated in fo/f by the elements
{fX'fli=0,...,n}withf=(1—¢e)+e_.
k
Proof of Lemma 5. Assume that 1 —a = 2 T(e) = g, where p,k,r e N,k <r? —1

and that X°, X!, ... X" has the representation below, in D ® M,(C), where D is
a type II; factor with trace ¢, containing an infinite free family.
Assume that (e;;); ;= ; is the matrix unit of M,(C) and let

{XO}” = {a@e,ﬂl é i g r}”
and

X = r"”( LIG)®eit Y (g6 s) ®@ey+ gl 9 @eﬁ)> :
i=1 1Si<jsr
s=1,2,...,n
When s = n, k' of the diagonal entries f(i, n) are vanishing, while k” of the
elements {g(i,j,n)|1 < i <j < n} are null and k' + 2k" = r> — k.
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In addition the collection of all nonzero elements
0w, ={9G,j,9)1<i<j<rs=12...,n}
form a free circular family, while
o ={fI1<i<rs=12,...,nf(s)+0}

is a free circular family. Moreover w; U w, U {a} is a free family in D.

Moreover such a representation is possible with the supplementary condition
e=)Y <i<,1® e Since e covers the holes of X" it follows that for j = p + 1, no
g, j,n), 1 £i<j=<r, or f(j, n) vanishes.

We take as generator for the algebra {X°}" the element )’ _, (a + 2f) ® ¢, and
we apply Lemma 1 to obtain a system of generators for the reduced algebra e</e.
Here o/ is generated by (X°, X1, ..., X").

To get a matrix unit we take as in [7], the polar decomposition

gL, ) ey, =[v(l, ) ®ey, J(b(L D) Rey),
t=2,...,rletov(l,1)=1 and
Wi = U(l, l)* U(Lj)a 1 é l,] é r.

Hence by Lemma 1, we have that a system of generators for e</e is (eX )iy,
(wi; ® e;;)F j=1 (which is already contained in {(eX'e){—,}") and the following sets
of elements:

A= {wpaw, @ epplp+1=i<r},
B = {Wui 5,0, )Wi pi9® epigpinlp+ 1 Si<rs,s=1,...,n},
C = Wy, j,5,1 9 Js Wi pii o) @ €t iooyplinion | S =2 - . I Si<j<rjzp+1},
D = {wyi.p.i9(ds VWi pip @ €qipopin 2Si<jsrnjzp+1},
E = {wpib(L,)Wi, piy ® €pppn [P + 1 SiS T}

Note that in the sets B and D, none of the listed elements vanishes since by
hypothesis the holes of X" are covered by the projection e. Here

pi; P, 8); p (), 8) * q(i,J, 8); p () * 90, )), (i) 1)

are arbitrary functions on the variables i, j, s taking values into the set {1,2, . .., p}.
The next lemma (Lemma 7) shows that the family ) of the diagonal entries of
(eX®e)s—, union with the sets 4, B, E and {a} is free semicircular, while the family of
the upper diagonal entries of (eX*®e) -, union with the sets in C, D is circular, while
the family w} U ) is free. Hence the conditions in Lemma 3 are fulfilled if we can
show that

cardA UBUE) + 2card(CuD) <r* — k.
Here r* — k is the number of holes of the incomplete semicircular family
X0 Xt .. .,Xx"

o Lo k .
in its representation in D @ M, (C) (as <—2> = 1 — o, where a is the total area of the
r

holes). Moreover, we may always assume that » — p is even; this will insure that
card(4 u BU E) is even, which is one of the conditions in Lemma 4.
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Indeed it is obvious that
d=card(AUBUE)=n+2)(r—p),

while
card C = %(n —1)[*—r) —(@P*—Dp)]
and
card D = [ — 1)~ (>~ p) — - )]
so that
2b=2card(CuD)=[(r*—1r)— (P*—-p)]—2r—1p),
and hence

d + 2b = n(r* — p?).

a\? k p
But by hypothesis t(e) > (1 - ;) anda=1-— e 7(e) = = so that we get
r

2 2_k
<B> >1_r2
r rn

r—k

which is equivalent to

> (n? — p?).

In this way we get that d + 2b < r* — k and hence, by Lemma 3, we get
an incomplete semicircular family (in D ® M,(C)), (¢ "*eX%,...,
¢ M2eX" le, ¢ 12 Y™) that covers holes of the reduced family (¢~ Y/2eX’e)’_,, and
that generates e</e. (Here ¢ = 1(e).)

Moreover out of this representation we get that the number of holes (in the
representation in D ® M,(C)) is

(r* — k) — n(r* — p?),

so that the total area of the holes of the new family is
1 1
;)-2[0’2 — k) —n(r* — p*)] = F[rza —n(r? = p?)]

=t(e) 2(a—n)+n=n—(n—a)r(e) .

In particular, with t = t(e) the new family (eXCe, ...,eX" 'e, Y") generates
a von Neumann algebra which is isomorphic to .#(F,) with

r=m+)—n+m—o)t 2=1+m—a)t 2.

Hence eofe = L(F(n-uy-2+1) While o =~ #(F,,;_,). This ends the proofs of
Lemma 5. Q.E.D.

Proof of Corollary 6. We may assume, taking r big enough, that in the representa-
tion described in the proof

1((3_):[)7, p- EN,
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and that
e_ = 1®el’1 + -+ 1®ep_,p_

Moreover in this case the holes of (X%, X!, ..., X") are also covered by the
projection e_ =< e. Hence if we assume that the functions in formula (1) take values
in the set {1,2,...,p_), then it will follow by the remark after Lemma 1 (with
e, = e) that the elements (e_X®e_)!_, (which already contain (w ”)" ._, together
with the sets A, B, C, D, E (which are thus unchanged when they are multlphed with
e_) are still generators for the reduced algebra e_Be_.

The moves in Lemma 3, do not alter this generating property and hence
Corollary 6 follows. Q.E.D.

The following lemma, which appeared in the proof of Lemma 5, states that the
entries which appear in the reduction process (the sets A, . . . , E) give free semicir-
cular (respectively circular) families. These families are also free with the remaining
entries of (e_X*e_)_,. The set (g,),ex corresponds to {g(1, ], 1)|1 < j < p}, the set
(g,),eL corresponds to {g(1,j,1)|r=j=p—+ 1} and (g;);c; corresponds to the
remaining {g(i, j, s) }.

Lemma 7. Let D be a type II, factor with trace t, w; = {fi}ic;U{a} a free
semicircular family, @, = {g;}jes ok o1 Assume that w, U w,{a} is free. Let

o) = {Wfiwifier U {vjavi* e U {Wibi(wi)* }jeL v {a}
and
C’)Z - {W] g] jl jeJuk -

Here (W)ier, {W}jer {W}, W] }jcs. k are (eventually void) products in the elements
{v;}jexor, while v},j € L is such a product that contains the element v;.

Then o' is a semicircular family, ' is a circular family, while @} U @) is free
in D.

Proof. In the setting of the proof of Lemma 4, we have to show that the union of
the families

{W F(f)w, }IEI ) {U] a)vj*}]eLU {F Cl)} {WJF(b )(Wj)*}jEL

and
{wiv(gy)w;’; w')* B(g;)w;'|j € J UK}

is a free family of unitaries with the Lebesgue distribution, if the family
{F(f)}ier V{F@} v {v(g:); B(gj)}jeKuJuL

is a free family of unitaries having the Lebesgue distribution. But this is a conse-
quence of the following two facts concerning free groups:
(@) If {x1, X2, .-+ Xu V1> - - - » Vx-a} are the generates of F,,,,; then

{xiaxi oy v {a} U {y; o,

are free generators of a free group.
(i) If (xy, ..., x,, y} is a free system of generators of F,, ;, then so is

(X109, X0, - o s Xy V)
This ends the proof of Lemma 7. Q.E.D.
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Corollary 8. Let g = 2 be a rational number, t a rational number in (0, 1). Then with
the notations of Definition 2,

LFg) = L(Fg-1y-241) -

Proof. Let (X% ...,X") be an incomplete semicircular family generating
o = ¥(F,) (with N = the integer part of g) and let e be a projection in (X°)” with
trace value t. Also let M be the integer part of (g — 1)t =2 + 1. If M = N then there

exists an incomplete semicircular family (cZ° . . ., cZM) in esfe with Z' = eX'e,
i=0,1,...,N—1, c=t"1? that generates es/e and that covers holes of
(eX%,...,eXNe).

If M > N then there exists an incomplete semicircular family (cZ°, . . ., cZM)in

es/e that also generates es/e. Moreover if e, is a projection in e(X°)’e = (Z°)", of
rational normalized trace (relative to e</e), greater than the square root of the total
area of the holes (cZ°, . . ., cZM) (which is M — (g — 1)t~ ?), then we may find the
incomplete semicircular family (cZ°, . . . , cZM) so that its holes are covered by e,.

The case M > N is simply a consequence of Lemma 1 and Lemma 7. The case
M = N is simply Lemma 5.

5. Proof of the Main Results

In this paragraph we will prove that #(Fy) L =& L(Fv-1yk+1) k&, N € N, N = 2. As

a consequence we will obtain the stable isomorphism of the von Neumann algebras
associated to free groups.
The idea to prove the isomorphism before, is to start with a sequence of rational

numbers lrﬁ decreasing to —ll;, where ? is close enough to ik so that the first
j 1

reduction process £(Fy),,, gives an algebra isomorphic to £ (F,), r € Q, where

the integer part of r is (N — 1)k.

For this reason the next reduction processes will not increase the number of
elements of the incomplete semicircular family generating the reduced algebra
Z(Fy)p,q, S0 that we will obtain by induction incomplete semicircular families,
each comprising holes of the (reduced part of the) preceding one.

Easy estimations will give us that the total area of the holes of these incomplete
semicircular families tends to zero, and hence by the remarks in the second
paragraph, we will obtain at the limit, a free semicircular family.

To show that this family is also a system of generators for the reduced algebra,
we will choose, from the beginning, an increasing family of finite sets exhausting the
reduced algebra, and we will impose conditions so that the generators of the
iterated reduced algebras almost contain these finite sets, always with a better order
of approximation.

The induction step that will make possible such a choice of the generators is
contained in the following lemma, which is a consequence of Corollary 6.

Lemma 9. Let (X°, X!, ..., X") be an incomplete semicircular family generating
the algebra of (which is a type 11, factor with trace 7).



32 F. Ridulescu

Let e be any projection in (X°)”, such that t(e) = (1 - E)” 2 where o is the total
n

area of the holes of the family. Assume that there exists a projection ey € (X°)' of
rational trace value, eq < e that also covers the holes of the family.

Then for any ¢ > 0, and any finite set F < es/e, there exists 6, > 0 such that for
each projection e, €(X°)", of rational trace value, e; = e and t(e; — e) < J,, we can
find an incomplete semicircular family

—1/2 0 —1/2 -1 —-1/2
(c1?e; X%y, ..., c0 M2 e X" ey, M2 Y™

in e;s/e (where ¢, = t(e,)), covering holes of (c; *'*e, X'e,)!- and such that F is
e-almost contained in

{(eX%,...,eX" te,eY"e)}"
with respect to norm | |..

Proof. The algebra es/e is generated by elements of the form eXi' ... Xi=e,
mz1,iy,...,i, € {1,2,...,n}. By taking the linear span we may assume that all
elements in F are of this form.

A trivial continuity argument shows that for every ¢ > 0, there exists § = J,,
such that for any projection g in (X°)” with t(1 — g) < J, the elements in the set F,,
obtained by replacing in F a monomial eX™ ... X" e by egX" ...gX"™ge, are at
distance (with respect to || ||;) less than ¢ to the corresponding elements in F.

We choose projections e, of rational trace value in (X°)" such that
e, =2e=e_ey, tley —e_ )<, andletg=(1—e,)+e_.

By Corollary 6 of Lemma 5, we obtain that there exists an incomplete semicir-
cular family (c3'?e,; X%y, ..., ci*?e, X" Ye,,ci*Y") in e, /e, covering
holes of (c3 1% e, X'e,)'-o (c+ = 1(e+)) and generating e, .«Ze., .

Moreover the algebra B, = {(gX°g)i-o}" has the property that

e_Bje_ = {(e-X'e_)igufe_-Y"e_}}".
On the other hand, we obviously have that F, < e_B,e_, and hence we get
Fyo{(e-X'e_)r=d u{e_Y"e_}}" = {(eX'e)l=g U {eY"e}}";
the last inclusion is consequent to the fact thate_ < e,and e_, e € (X°)". Since the
elements in F were at distance less than ¢, with respect to the corresponding
elements in F,, the conclusion follows, by choosing e; = e,. Q.E.D.

We can now prove our main theorem.

Theorem 10. f(FN)_JL_ = LFn-1yk+1)s kK, Ne N, N = 2.

Proof. Let (Z', Z?, ..., Z")be a free semicircular family generating .o/ = Z(Fy).
Take a rational approximation I of k, such that
D1
eono o |ns el
2 = p V7 2
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We will have that
r? 1 e
N-—Dlk—=]=(N-1 - k+—
( )< P%) ( )<\/— P1><J+P1>
g%@N—ui

Choosing I so that p, is big enough, it will follow that we may assume that

D1
5 2
AN-D(k—= )<
pi( )< p)

1

AI'E‘N

We will also choose ;—1 sufficiently close to ﬁ so that the integer part n of
1

(N 1) + 1be (N — 1)k. By Corollary 8 it will follows that, whenever e; € (Z')’

isa pI‘O]CCthIl of trace t(e;) = r_’ the algebra e, <7 e, is generated by an incomplete
1

semicircular family (X?, X1,..., X7) < e, oe,, with total area of the holes

(N = 1) (k= =(e1) ) N Ny
Because of the assumption on p;, we may choose this incomplete semicircular

family so that there exists a projection ey in (X9)" = e,(Z')" e, of relative trace

1
(in e;Hey), T.,(e0) = %0—)) =2 and such that e, covers the holes of
1
(X9, X1, ..., X7). The property of p; used here was that

PIN — D)k — (p1/r1)"%) S p1/4.

Such a selection is possible due to the freedom in choosing the places of the holes
of an incomplete semicircular family generating the reduced algebra, which in
turn is due to the freedom of the choice of the functions p(i, j, &), q(i, j, «) in Lemma
1. One may also use here the procedure described in Lemma 5, or one may
use the uniqueness up to isomorphism of the algebra e;.«/e; = L(Fy,),
M, = (N — 1)(r?/p?) + 1, to find a family of generators of e, .o/ e, with the required

1
properties or one can use directly Corollary 8. Moreover since ﬁt(el)‘lz

lrl

fpl

1
(X°)” of absolute trace t(e) = —k, eo<e=<e.

—=1,,(eo) it follows that we are also able to choose a projection e in

Having made these choices, we choose a decreasing family of projections (e;)sen

in (X9)", e, | e, of rational trace t(e;) = Iris, s € N, where J; = t(e; — e) will be

chosen small enough.
We also start with an increasing family of finite sets Fy € F, < - -+ F; S ede,
and a sequence (g);en Of positive real numbers, ¢ | 0.
We will show by induction that it is possible to find the projection e, and an
incomplete semicircular family (c; 12 X2, ..., ¢; /2 X) in e,.«/e,, covering holes
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of the preceding family.

(Cs_ 1z €s Xé— 1 es)?=0

with total area of the holes
;= (N —1)(k —r3/p?)

and such that F; is ¢;-almost contained in the algebra {(eXie)=o}". Here ¢, = t(ey),
while X! = e, X! _ e, fori=0,1,..., n— 1.

Indeed if we found such a family for s, we may find the corresponding family for
the next index s + 1, as follows:

()

)=(1 —a/n)!’? (as this is equivalent to t*/k=

Since 1. (e) =
1 — (N —1)(k—t*)n~* which is true since n = (N — 1)k, if t = r,/p, = t(es)™ ")
and since e = ey, e, covers the holes of (¢ /2 X1)I_, < e e, it follows by Lemma
9, at the beginning of this paragraph, that if e;, ; = eis close enough to e (es1; < e)
(ie. t(es+1 — €) < 854, is sufficiently small) then there exists a family (X%,,) in
es+1.9/¢e5. 1 with the required properties.

The only thing that one has to check is the formula for the total area of the
holes . ; of this new family.

But by Lemma 5 we have

2
tpy =n— (1= 2 [ fer)] 2 = n = [n = (N = Dk — )],

Ts+

.
where t = — = 1(e,) 11 a ==L = 1(eg4 1) 1.

s Ps+1
Since n = k(N — 1) we get that

tgr1 = (N — [k — (k — (k — t}))a®/t*] = (N — 1) [k — a?],

which is exactly the formula we were looking for.
Hence the induction step works, and we want to prove that the sequence

(eXg e)se N

is Cauchy in the norm |. .. ()
Butifa = b,a,b € N and 7, is the relative trace on e,ofe,, 7,(x) = ~(—), for x in
(e,
e, e,, then, since the difference between the elements e, X}je, and X7 is concen-
trated within the projection e, it follows (using also Remark 1 and the formulas for
the total area of the holes o, o) that
leXie —eXjelZ < | X7 — ea Xheall?,

= (N = 1)(k — (rs/ps)* — k — (ra/Pa)®)
= (N = D[(ra/pa)* = (rs/Ps)*]

Since all the norms || |,,, a € N are uniformly equivalent (as (z(e,) = t(e) + 0)
and since (r,/ps)sen cOnverges to \/E, it follows that the sequence (eX} e),cn 1S
Cauchy in the norm || |[,.
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We have {(eX}e)i=o}" = {(eXi+1)i=0}" since (t(eqs1)™ "> Xit1)i=0 covers
holes of (T(ea+1)_1/2 €a+1XZea+1)?=0. In fact

1
n — n n
Cor1Xzlar1 = Xae1 — Z firXaHfj, >
r=1

is the formula for recovering the holes of e,,; X} e, from X}, where £, , f;. for
r=1,..., | are projections in eo(X?)" e,. The construction of the sequence

(Xg)belN,b 2a>

shows that this formula (under e) remains valid for any b, i.e. for b = a + 1, we have
1
eXte=eXpe— Y fi X3f
r=1
so that when b tends to infinity we get
t
eXle=X"— Z i, X",
r=1

where f; , f;, are projections in ey(XJ)" eo < (X°)", where X" is the limit, after a, of
eXje.

Therefore ( ), Fs, is contained in {(eX'e)j~}", where X' = eX’,, e = eX}e, for
anyaeN,i=0,...,n—1

Hence esZe = {(eX'e)l—o}". Finally, the family (z(e)”'/? X')'_, is free and
semicircular, as the total area of the holes of the family (t(e,) e, X’ e,)!—, in
e.e, tends to zero, so that by Remark 2, the limit family (t(e)” Y2 X')'_, is
semicircular. This ends the proof of the theorem. Q.E.D.

As we mentioned in the introduction, the well known elementary technique in
type II factors, [1,5] give (out of this theorem) the following corollaries.

Corolary 11. #(F,) ® B(H) is isomorphic to #(Fy+.) ® B(H) for each k € N.

Since the isomorphism class of the algebra ¥ (Fy) ® B(H) for finite positive
integer (or even rational) N is thus independent of N, it then follows that the
fundamental group & (Z(Fy)) cannot distinguish between the algebras .#(Fy), for
finite N.

Corollary 12. The multiplicative subgroup of (R 1 \{0}), Z (& (Fy)) is independent of
N, (N e N, N finite, N = 2).

Proof. This comes from the definition of ([ 1]) of the fundamental group of a % (M)
type II, factor M, with normalized trace 7, as the set

F(M) = {t>0[|3)0 € Aut(M ® B(H)), 0 scales the trace by ¢} .

Here H is a separable Hilbert space, ¢ is the canonical trace on B(H), M ® B(H) is
endowed with the canonical tensor product trace 7' = t ® ¢, while 0 scales trace by
tiff

T(0(x)) = tT(x), for x in (M ® B(H)) . Q.E.D.

The following corollary to Theorem 10 was pointed out by G. Skandalis.
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Corollary. Let a, b, c, d positive integers with a, b, ¢, d = 2 (where a and ¢ may be
infinite) and so that

@—-1Dd-1)=@Cc—-1@d-1).
Then
LF)QL(Fy) = L(F)® ZL(Fa) -
Proof. This a consequence of the following well known isomorphism
M,®@Ny;;,MQ®N, teR, t>0.
Here M, N are type II, factors.

Note added in proof. After this paper has been widely circulated as an LH.E.S Preprint, December
1991, further progress has been made to the subject of this paper.

A series of type II, factors Z(F,) for real r > 1 has been introduced with the properties that
(Z(F,)),», is consistent with our definition for re @, r > 1, (£(F,)) = L (F,_,),-24,) and
FLF ) L(F)=Z(F,,,)t.r,pe R, r,p>1,¢t>0. This was independently discovered by K.
Dykema (in [8]) and the author (in [10]).
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