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Abstract. We construct the natural holomorphic line bundle on the moduli space
of stable parabolic bundles on a compact marked Riemann surface, which is the
prequantum line bundle for the Chern-Simons gauge theory. The fusion rule in the
Chern-Simons gauge theory can be viewed as the existence condition of this line
bundle.

0. Introduction

In 1988 Witten introduced a new topological invariant for 3-manifolds based on
the Chern-Simons gauge theory [12]. Since he used the Feynman integral to define
his invariant, Atiyah formulated a framework of topological quantum field theories
to understand Witten's invariant in a mathematical sense [1]. Roughly speaking,
2 + 1 dimensional topological quantum field theory is the following:

(1) To each closed oriented surface Σ, a finite dimensional vector space Z(Σ) is
assigned, and

(2) To each compact oriented 3-manifold M with boundary Γ, a vector
Z(M)eZ(Σ) is assigned, and they satisfy certain axioms.

Moreover Witten extended his invariant for 3-manifolds to an invariant for
a colored link in 3-manifolds and showed that it is a generalization of Jones
polynomials. Recall that a colored link is a link, which has a representation of the
fixed simple Lie group G assigned to each of its connected components. In this case
the framework of topological quantum field theory is adjusted so that (1) should be
replaced by the following:

(Γ) When a finite set of points Pu . . . , Pn in a closed oriented surface Σ is given
and to each point Pt a representation λt of G is also given, a finite dimensional
vector space Z(Σ; Pu . . . , Pπ; λu . . . , λn) is assigned.

It is believed that Zk(Σ; Pu . . . , Pn; λu . . . , λn) (Witten's invariant has a para-
meter k, which is a positive integer called a level) is realized as a space of
holomorphic sections of a certain line bundle on the moduli space of stable
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parabolic bundles with fixed weights on a marked Riemann surface [1]. Recall that
a parabolic bundle on a compact marked Riemann surface (Σ;Pί9 . . . , Pn) is
a following data: a holomorphic vector bundle E on Z, and at each Pt a flag of EP.
and an increasing sequence of real numbers called weights. See Sect. 1 for the
precise definition. Up to now, to realize Zk(Σ; Pu . . . , Pn; λl9 . . . , λn)9 the follow-
ing is not known:

(a) Which weights should we fix?
(b) Which line bundle on the moduli space should we take?

The purpose of this paper is to answer the above question and to construct the
line bundle on the moduli space explicitly in the case of G = SU(2). To do this, we
consider the lift of the action of the gauge group on the connection space to the line
bundle on the connection space. When there are no marked points in the Riemann
surface Σ, this is treated by several authors [10, 4]. We consider the case where
there are some marked points. As a result, only when the weights of parabolic
bundles take special values, the action of the gauge group turn out to be liftable to
the line bundle. This gives the answer to (a), (b).

Moreover we study this line bundle when Σ = (DP1, n = 3 and obtain a geo-
metric interpretation of the fusion rule in the level k SI/(2) Chern-Simons gauge
theory or the level k SU (2) Wess-Zumino-Witten conformal field theory. In fact
the fusion rule turns out to be the existence condition of the line bundle on the
moduli space, which we constructed above, when Σ = (CF1, n = 3.

The moduli space of stable parabolic bundles is a subset of the moduli space of
stable parabolic Higgs bundles [8]. In this paper we show that the line bundle on
the moduli space of stable parabolic bundles naturally extends to the moduli space
of stable parabolic Higgs bundles. This gives the appropriate setting of Hitchin's
abelianization procedure [1], which is studied in the forthcoming paper.

As a concluding remark, it is interesting to compare our interpretation of the
fusion rule with Gawedzki and Kupiainen's [6]. They consider only usual vector
bundles, that is, not parabolic bundles, and observed the relation between the
fusion rules and unstable vector bundles. On the other hand we consider only
stable parabolic bundles and observed the relation between the fusion rules and the
moduli space of stable parabolic bundles. Our geometric interpretation of the
fusion rule avoids the use of unstable vector bundles.

This paper is organized as follows. In Sect. 1 we review the construction of
stable parabolic bundles and fix our notation. In Sect. 2 we give some lemmas on
the lift of a symplectic action of a Lie group to the line bundle. In Sect. 3 we discuss
the lift of the action of the gauge group. In Sect. 4 we construct the line bundle
on the moduli space of stable parabolic bundles. In Sect. 5 we give a geometric
interpretation of the fusion rule in the level kSU(2) Chern-Simons gauge theory. In
Sect. 6 we discuss the extension of the line bundle to the moduli space of stable
parabolic Higgs bundles.

The author is happy to thank Prof. Ochiai for his constant encouragement and
Dr. Gocho for his valuable comments.

1. The Moduli Space of Stable Parabolic Bundles

In this section we review the construction of the moduli space of stable parabolic
bundles and fix our notations. Let Σ be a compact Riemann surface. Fix a finite set
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of points P l 5 . . . , PneΣ. Recall the definition of parabolic bundles due to Mehta-
Seshadri [9].

Definition 1.1. Let E be a holomorphίc vector bundle over Σ. The parabolic structure
at Pi is a pair of a flag of EP. and an increasing sequence of real numbers called
weights:

EPi = F.Ep^ ^FrEPι^Frι + 1EPι = {0}, ocψ < < α<?.

We call (Σ, £, Ph FιEPι, αj1*) a parabolic bundle. Define its parabolic degree by

n n

pardeg E = deg£ + Σ Σ (dim FtEPι — dim Fι + 1EPι)oc\ι) .
i = l 1=1

Let £ be a trivial smooth Hermitian vector bundle over Σ. We fix a unitary
trivialization of E and we always write £ = I x C with respect to this unitary
trivialization. There is a notion of stability for parabolic bundles, which is intro-
duced in [9]. See Sect. 5 for the definition of stability for rank 2 parabolic bundles.
Now we contruct the moduli space of rank 2 stable parabolic bundles with
pardeg = 0 and the weights — αf < αf (0 < αf < i) at each P f . Fix a SU(2) connec-
tion d0 onji with a singularity at P, as follows. Fix a local holomorphic coordinate
Zi = Pie^~lθι on a neighbourhood t/f of Pt with Zί(Pf) = 0. Then

do = d + ̂ i(~Q°ίi ° W on Ut.

Define the SU(2) connection space stf, which is compatible to the parabolic
structure, by

where End^E denotes the vector bundle of trace free skew adjoint endomorphisms
of £ and Ω1{Enά^kE) denotes the space of smooth End?fc£ valued 1-forms. Strictly
speaking, we need appropriate Sobolev completion of stf to construct the moduli
space. See [3] for details. However, to construct the line bundles on the moduli
space, the Sobolev completion is not essential. So we omit the Sobolev completion
for simplicity.

Define the gauge group ^, which is compatible with the parabolic structure, by

^ = {s: Σ -> SU{2)\s{Pi)e T for each P j ,

where T = < ( a _ 1 j i. Define

^F = {dAe^\dA is flat on Σ\{Pl9 . . . , Pn}} ,

stfψ = {dAe^F\dA is irreducible} .

Then Mehta-Seshadri's theorem implies

is the moduli space of stable parabolic bundles with pardeg = 0 and the weights
— (Xi < oLi a t e a c h Pim
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2. The Lift of the Symplectic Group Action

In this section we study the following situation. Let (M, ω) be a symplectic
manifold. Assume that there exists a 1-form ηeΩx(M) such that ω = dη. A Lie
group G acts on M from the right preserving the symplectic structure ω. Let
L = M x C be a Hermitian line bundle with a fixed unitary trivialization. Define
a unitary connection V on L by

V = d — Iπ-sj — lη .

Then we have

2π
RV = dη = ω ,

where Rv is the curvature of V.
In this section we discuss the lift of the action of G to the line bundle L. We

represent the action of G on L = M x (C by

for x e M, t; e (C and # e G, where

m: MxG-+ R/Z .

Then we have the following lemma by direct computations.

Lemma 2.1. Assume the above.

(1) The action of G is well defined if and only if

m(x, gh) = m(x, g) + m(xg, h) for any xeM and g,heG .

(2) Assume that the action ofGonL is well defined. Then G preserves the connection
V if and only if

d \ d id

at t=0J dt ' ί"° x\dt

for any x e M, g s G and any curve c: ( — ε, ε) -> M with c(0) = x.

For later use we establish the following lemma.

Lemma 2.2. Assume that a Lie group G onLt = Mtx (Cfrom the right preserving the

connection Vt = d — 2 π λ / — \ηt as follows (i = 1, 2):

(Xi9 V) l-> fag, e-^V-lmΛ^g)^ ?

for any XieM^geG. Let pt: M1 x M2 -+ Mt be the projection. Define

^ίe wriί^ L = M1 x M 2 x C naturally and define the action of G on L by

{Xi9 X2, V) H-> (Xiflf, X 2 ^, g - 2 W Γ Γ ( m i ( x i , ^ m 2 ( x 2 ) ί ) ) ^ ?

where x^eMi (i = 1, 2), geG. Γ/ien G preserves the connection V.
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3. The Lift of the Action of the Gauge Group

In this section we construct the Hermitian line bundle with the natural Hermitian
connection on the connection space si and discuss the lift of the action of the guage
group ^ on si to this line bundle.

Fix a positive integer k, which we call a level. Define a symplectic form θk on
si by

θk(a, β)= - - ^ J Tr(α Λ β) for α, β e Qx(End%E) .

If we define a 1-form ηk on si by

^ ( « W = - 5-2 j T r {(<*,,-do) Λ a} for α e ΩHEnd^E),

then we have

dηk = θfc .

Let i ^ = J / x € be a Hermitian line bundle with a fixed trivialization. Define
a unitary connection Vfe on jSffc by

Then we have

2π

where Λ v k is the curvature of Vk.
The gauge group ^ acts on the connection space si from the right by

dA H-> s*dA = s'1 °dA°s for dAes/, se& .

In this section we discuss the lift of the action of ^ to Jδf fc = J / x (C. As in the last
section we represent the lift by

(dA9 V) H^ (s*dA9 e-2W"=TmicWA,s)l?) ?

where

The following proposition is the key to define mk.

Proposition 3.1. Let t:Σx [0, 2 ] -*SU(2) be a map satisfying

Define <5t to 6β the degree of the map ί|{pf}x[o,2]: [0? 2] ->• Γ. Assume does/F. Let
p\Σx [0, 2] -» Σ be a projection and d0 = p*d0 be a connection on (Σ x [0, 2]) x (C2.
Then we have

J Trίt-^oO3 = deg ί + 2 X δ^ ,
Ix [0,2] i=l

where deg t is the degree of the map ί : I x [ 0 , 2 ] - > 5(7(2).
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To show Proposition 3.1 we need the following two lemmas.

Lemma 3.2. Let ut: Σ x [0,2] -> SU(2) (i = 1, 2) fee α map satisfying

Set

spt u = the closure of {xeΣ x [0, 2]|w(x) =f= idSU(2)} .

Assume d0 e s$F and

spt ttl n spt u2 n {P1 ? . . . , Pπ} x [0, 2] = 0 .

J Tr{(M1M2)-1ίo(«i«2)}3= ί τr(uϊ1dou1)
i+ ί TrίMj1

ix [0,2] ix [0,2] ix [0,2]

Lemma 3.3. Let u: Σ x [0, 2] -^ SU(2) be a map satisfying

spt uciUiX(0, 2), u({Pi} x [0, 2 ] ) c Γ ,

vvfere Ut is a neighborhood of Ph which is fixed in Sect. 1. Then we have

— 1 ~

—-2 j" Trίw"1 Jow)3 = deg u + 2 ^ .
Z 4 π ix [0,2]

Proo/. Set B = Utx [0, 2]. Then we have

d0 = d + J - locdθ on J5 ,

where α = I Λ ί ° \ 0 = ^ . Set
0 ocj

Then we have

l.h.s. = ——-j fTr(u 1du + y/ — \u 1[μ,u]dθ)3

24π B

= deg u — ——2~~ ί rTr(duu~1duu~1ocdθ)
8π β

Note that

= dΎr(duu-1ocdθ)

= d Ίr(u~1 duadθ)
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If we write Dε = {ηe^" 1 0 1 e £ 7 ^ < ε}, then we have

l.h.s. = degu - \ ~ l lim J dTv^duu'1 +

B\Dεx[0,2]

= degu + ^ r - τ ^ l i m f Tr {{duu~l + u-'dψa
8π >o

5Dεx[0,2]

^ π [0, 2]

+ .„.„-.
By the assumption we have

So we have

πV-l/(ί)

\, t) = Γ

l.h.s. = degιι + 2 f /'(ί)α^
[0,2]

Proof of Proposition 3.1. Using Lemma 3.2 and Lemma 3.3, we can easily prove
Proposition 3.1. |

Now we can show the main result of this section.

Theorem 3.4. Assume doesi?F. Define mk: sd x <3 -> R/Z by

mk(dΛ9 s) = -^-2$Ίv {doss~1 Λ (dA - d0)} + ~ j Tr(5- ̂ S ) 3 ,

s: Γ x [0, 1] -> SC/(2) is α map satisfying

S\ΣX{1} = S, S ( Σ X { 0 } ) = id S i7(2) ,

5({Pjx[0,l])c=Γ.

Assume that 2kat e Έ for i = 1, . . . , n. Then the map mk: srf x ̂  —• R/Z is
defined and the action of the gauge group <& on 5£k is also well defined. Moreover this
action preserves the connection Vk on j£?fc.

Proof The well definedness of the map mk: s/ x ̂  -> R/2£ follows from Proposi-
tion 3.1. For the rest we have to show that mk satisfies the conditions of Lemma
2.1(1) and (2). In fact it can be shown by direct computations. |

So far we have fixed a flat connection d0 e s/F and the action of the gauge group
^ on 5£k depends on d0 at first sight. We show that the action of ^ on ££k does not
depend on the choice of a connection d0 e stfF.
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Take do,dιe srfF. Define a connection on £?k = s$ x (C by

V* £ = d - 2 π y ^ Ί f / i (i = 0, 1) ,

where 77 ̂  is a 1-form on sd defined by

»/i(«).t<u= - ^ l ί T r ( ( ^ - 4) Λ α ) f°r

Define a gauge transformation G on i? k = ί/ x C by

where #: si -> IR is defined by

β{dA) = Λ ί Tr {(dx - do) Λ (dA -d0)}.

When a base point dt e s/F (ί = 0,1) is fixed, we write s*' for the right action of s e &
on JSfjfe = J / x C. Recall

where

mU^, 5) = - ^ f Tr {dtss'1 A (dA - dt)} + ^-2 J

as Theorem 3.4. The following proposition means that the action of ^ on j£?fc does
not depend on the choice of doe^s/F.

Proposition 3.5. Assume d0, d1es/F, connections V*'1 (i = 0,1) on 5£k, G, s*1: <£k

-> ££k as above. Then we have

(1) G - 1 o V * ° o G = Vfc 1 .

(2) For any s e ^ , the following diagram commutes.

Proo/ We can show this proposition by direct computations. |

4. The Natural Line Bundle on the Moduli Space

In the last section we discussed the action of the gauge group ^ on the line bundle
JSffc. In this section we study when this action defines the line bundle on the moduli
space J^(i;Pu , pn; α1? , αΠ) = ^Ψl^- To do this, we have only to decide when the
isotropy subgroup at dA e s&ψ acts on $£k trivially. For any dA e stfψ, if s*dA = dA,
then s = ± id s l 7 ( 2). So we have only to show the following lemma.
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Lemma 4.1. Assume that ik&ieTLfor i = 1, . . . , n. Set s = — id s t/ ( 2). Then, for any
dAestf, we have

Λ _ — /c V α

Proof. Recall

k ~
mk(dA, s) = —ϊ j T r ( s - 1 d0s)3 ,

^ π Ix [0,1]

where the map s: Σ x [0, 1] -> Si/(2) is defined by

0 β ~w-

We extend s naturally to the map from Σ x [0, 2] to SI/(2). By Proposition 3.1 we
have

i n

So we have

1 1 "
/ i \ 1 L X Γ τ< / ~ - l 7 ~\3 / V •

•Ĵ VΛ I/*/ C I -^— LΛ N/ N/ I I f I p /"I Cl ^ — £/" \ /V H
f ft IVI ti A, ι3 / — /V/^N /N -> I 1 1 I J U(Ί J I — jv / (Λj . •

L ZH π Σ x [ 0 ) 2 ] i = l

So we can obtain the following theorem.

Theorem 4.2. Assume

n

ikdiSZ for ι = l , . . . , n , fc Σ α ί e Z

i = l

Lk = (^kljrfψ)/^ is well defined as a line bundle on the moduli space
\, , pn; αl5 , αn)

 = stfψj^. Moreover Lk has a natural holomorphic structure.

Proof. By Theorem 3.4 and Lemma 4.1 the first part of the theorem is clear. To see
the second part, we note that this line bundle has a Hermitian connection, whose
curvature form is a (1, 1) form on the moduli space. So by Theorem 5.1 in [2] this
line bundle has a natural holomorphic structure. |

Remark. By Proposition 3.5 the holomorphic structure of Lk is independent of the
choice of dotstfF. In this sense this holomorphic structure of Lk is natural and
canonical.

5. The Relation to the Fusion Rules

In the last section we have constructed the line bundle on the moduli space of stable
parabolic bundles Ji^ P,, ,pn;au... ,«„)• I n this section we study this line bundle
when Σ = C P 1 , n = 3 and the relation to the fusion rules in the level k SI/(2)
Chern-Simons gauge theory or the level kSU(2) Wess-Zumino-Witten conformal
field theory.
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First we recall the definition of stability for rank 2 parabolic bundles. Let E be
a rank 2 holomorphic vector bundle on a compact Riemann surface Σ. Let
P l 5 . . . , Pn e Σ be parabolic points in Σ. At Ph fix a parabolic structure:

Definition 5.1. Let (Σ9 E, Ph LPj, och β{) be a parabolic bundle as above. Let V be
a holomorphic sub-line bundle of E. Define its parabolic degree by

n

pardeg V = deg V + £ st,
i = l

where

\cLi if VPι Φ L Λ

?, if F P i = L P i .

PFβ 5flj; α parabolic bundle (Σ, E, Ph LP., och βt) is stable, if for any holomorphic
sub-line bundle V,

holds.

Now we study the moduli space

Theorem 5.2. Assume 0 < a1 ^ α2 ^ α3 < \. Then we have

1 point

0 otherwise.

Proof Let (CP 1, £, Ph LPχ, — ah at) be a rank 2 parabolic bundle with pardeg = 0.
Suppose that (CIP1, E, Ph LP., — αi5 α̂ ) is stable.

First we show that E is holomorphically trivial. By Grothendieck's theorem [5]
we have

E = Hι®H~1 for some / e ^ 0 ,

where H is the hyperplane bundle on C P 1 . We show / = 0.
Suppose / ̂  2. Then we have

pardeg Hι ^ I - (a1 + α2 + α3) > 0 .

This contradicts to the stability of ((CP1, E, Ph LP., — αf, ô ). So we have I = 0 or 1.
Suppose 1=1. Since

1 — ((*! + α2 + α3) ^ pardeg i ί < 0 ,

we have

1 < α! 4- 0ί2 + α3 .

Moreover we have

HPt Φ LPι for i = 1, 2, 3 .
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Then there exists a holomorphic sub-line bundle V such that

VPi = LPi for ΐ = 1, 2, 3 ,

deg V = - 1 .

Since

pardeg V = — 1 + o^ + α2 + α3 < 0 ,

we have

oίi + α2 + α3 < 1 .

This is a contradiction. So we have I = 0.

Thus we may write E = (CF1 x C 2 as a holomorphic vector bundle. So we can
write [L P J e C P 1 , which is the projective space of the fiber of E. Then it is easy to
see that

oci + α2 + α3 < 1, α3 < αx + α2 .

On the other hand, it is easy to see that, if o^ + α2 + α3 < 1, α 3 < αx + α 2, then

P1;P1,P2,P3;αi,α2,oc3) = * P θ i n t I

Therefore the condition that the moduli space ^(cπ>1;P1,p2,P3;α1,α2,α3) is 1 point
and there exists the natural line bundle on the moduli space in Theorem 4.2 is the
following:

kcίi + ka2 + fcα3 < /c,

ka1 + feα2 + ka3eZ ,

fcαl5fcα2,fcα3G-Z ,

/c
where we assume 0 < kocί ^ fcα2 ^ /cα3 < - .

Let Zk(Σ; Pu . . . , Pn;ju . . . ,7«) be the quantum Hubert space of the level
k 5(7(2) Chern-Simons gauge theory, where jiE^Z^0, which is the set of all
irreducible representations of SU(2). In [12] Witten observed that
Zk(Σ;Pl9 . . . , PM;ji, . . . Jn) is isomorphic to the space of the corresponding
conformal block CBk(Σ;Pu . . . , Pn;ju - - ,h) in the level k SU(2) Wess-

Zumino-Witten conformal field theory, where j t e 10, - , . . . , - > , which is the set

of all irreducible level k integrable highest weight representations of the aίfine Lie
algebra sl(%(E). The dimension of CBk(<CΦx

9 Pu P 2 , Pz'JiJiJi) is known as the
fusion rule as follows [11].
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Fact. Assume jx ^j2 ^ j V Then we have

dim CBk(Σ; Pu P2, P 3 ; J i j W a ) =

If we set kcni =jh we conclude that the fusion rule is almost the same as the
condition that the corresponding moduli space of stable parabolic bundles is
a point and the line bundle exists on it. The exceptional cases are the cases where
equalities hold. This is because we don't treat semi-stable parabolic bundles.

Thus we obtain a geometric interpretation of the fusion rule. It is interesting to
compare our interpretation of the fusion rule with Gawedzki and Kupiainen's [6].
They consider only usual vector bundles, that is, not parabolic bundles, and
observed the relation between the fusion rules and unstable vector bundles. On the
other hand we consider only stable parabolic bundles and observed the relation
between the fusion rules and the moduli space of stable parabolic bundles. This
suggests that the moduli space of stable parabolic bundles has deep information,
which includes the fusion rules.

6. The Moduli Space of Stable Parabolic Higgs Bundles

In Sect. 4 we constructed the line bundle Lk on the moduli space of stable parabolic
bundles. If we define a parabolic Higgs bundle appropriately, we can construct the
moduli space of stable parabolic Higgs bundles as a hyperkahler quotient by the
gauge group and it contains the cotangent bundle of the moduli space of stable
parabolic bundles [8]. In this section we show that the line bundle on the moduli
space of stable parabolic bundles extends naturally to the moduli space of stable
parabolic Higgs bundles.

First of all we recall the definition of a parabolic Higgs bundle. Let
(Z, £, Ph FιEPι, a\i]) be a parabolic bundle. We say φ is a Higgs field of
(Σ, E, Ph FιEPι, ot\ι)) if the following conditions (a), (b) hold:

(a) φ is a End°E-valued meromorphic (1, 0) form on Σ and holomorphic on
Σ\{Pu...,Pn}.

(b) At Ph φ has a pole of at most 1st order with a nilpotent residue with respect to

We call a parabolic Higgs bundle a pair of a parabolic bundle and its Higgs field.
Take a compact Riemann surface Σ9 a finite set of points P l 9 . . . , Pn e Σ,

SL smooth Hermitian vector bundle with a unitary trivialization E = Σ x C 2 as in
Sect. 1. Now we construct the moduli space of stable parabolic Higgs bundles with
pardeg = 0 and the weights — at < α, (0 < αf < i) at each Ph As in Sect. 1 let
stf = d0 + Ωί(EndgkE) be a Si/(2) connection space, which is compatible with the
parabolic structure. There is a hyperkahler structure o n j / x Ω 1 ' °(End°£) and the
gauge group acts on si x i21 > 0(End°£), preserving the hyperkahler structure. The
moduli space can be constructed as a hyperkahler quotient by the gauge group.
Strictly speaking, we need the appropriate Sobolev completion to construct the
moduli space. See [8] for details.
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To construct the line bundle on the moduli space of stable parabolic Higgs
bundles, we have to construct the line bundle o n j / x Ω 1 ' °(End°£) and define the
action of the gauge group on this line bundle. However, thanks to Lemma 2.2, since
we have already obtained the line bundle on J / and the action of the gauge group
^ on it, we have only to construct the line bundle on Ω1'°(Έnd°E) and define the
action of the gauge group on it.

Now we construct the line bundle S£k on Ω1 ' °(End°£). Fix a level k e Z>0 as in
Sect. 1. Define a symplectic form θk on Ω1 '°(End°E) by

θ'k(p, 4) = Λ ί T r UP ~ P*) Λ (4 ~ <?*)}

for p ^ e ί ^ ' ^ E n d 0 ^ ) . Define a 1-form η'k on Ω1 °(End°£) by

= ^-2ίTr{(φ-φη Λ {p-p*)}.

Let ££'k = Ω 1 ' °(End°£)x C be a Hermitian line bundle with a unitary trivializ-
ation. Define a unitary connection Vfc/ on 5£'k by

Then we have

2 π

Define the action of the gauge group 0 on $£k = Ω1 '°(End°£) x (C by

Then we have the following proposition.

Proposition 6.1. The above action of the gauge group & on 5£'k preserves the
connection Vfc/.

Proof. We can easily check the condition of Lemma 2.1. |

So applying Lemma 2.2, we obtain the following theorem.

Theorem 6.2. The line bundle constructed in Theorem 4.2 extends naturally to the
moduli space of stable parabolic Higgs bundles.
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