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Abstract. We construct the natural holomorphic line bundle on the moduli space
of stable parabolic bundles on a compact marked Riemann surface, which is the
prequantum line bundle for the Chern—Simons gauge theory. The fusion rule in the
Chern-Simons gauge theory can be viewed as the existence condition of this line
bundle.

0. Introduction

In 1988 Witten introduced a new topological invariant for 3-manifolds based on
the Chern—Simons gauge theory [12]. Since he used the Feynman integral to define
his invariant, Atiyah formulated a framework of topological quantum field theories
to understand Witten’s invariant in a mathematical sense [1]. Roughly speaking,
2 + 1 dimensional topological quantum field theory is the following:

(1) To each closed oriented surface X, a finite dimensional vector space Z(X) is
assigned, and

(2) To each compact oriented 3-manifold M with boundary X, a vector
Z(M)e Z(2) is assigned, and they satisfy certain axioms.

Moreover Witten extended his invariant for 3-manifolds to an invariant for
a colored link in 3-manifolds and showed that it is a generalization of Jones
polynomials. Recall that a colored link is a link, which has a representation of the
fixed simple Lie group G assigned to each of its connected components. In this case
the framework of topological quantum field theory is adjusted so that (1) should be
replaced by the following:

(1) When a finite set of points P4, ..., P, in a closed oriented surface X is given
and to each point P; a representation 4; of G is also given, a finite dimensional
vector space Z(X; Py, ..., Py AL, ..., A,) is assigned.

It is believed that Z,(Z; Py, .. ., P,; A4, . . ., 4,) (Witten’s invariant has a para-
meter k, which is a positive integer called a level) is realized as a space of
holomorphic sections of a certain line bundle on the moduli space of stable
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parabolic bundles with fixed weights on a marked Riemann surface [1]. Recall that
a parabolic bundle on a compact marked Riemann surface (Z; Py, ..., P,) is
a following data: a holomorphic vector bundle E on X, and at each P; a flag of Ep,
and an increasing sequence of real numbers called weights. See Sect. 1 for the
precise definition. Up to now, to realize Z,(Z; Py, ..., P, A4, . . ., Ay), the follow-
ing is not known:

(a) Which weights should we fix?
(b) Which line bundle on the moduli space should we take?

The purpose of this paper is to answer the above question and to construct the
line bundle on the moduli space explicitly in the case of G = SU (2). To do this, we
consider the lift of the action of the gauge group on the connection space to the line
bundle on the connection space. When there are no marked points in the Riemann
surface X, this is treated by several authors [10, 4]. We consider the case where
there are some marked points. As a result, only when the weights of parabolic
bundles take special values, the action of the gauge group turn out to be liftable to
the line bundle. This gives the answer to (a), (b).

Moreover we study this line bundle when ¥ = CPP!, n = 3 and obtain a geo-
metric interpretation of the fusion rule in the level k SU(2) Chern-Simons gauge
theory or the level k SU (2) Wess—Zumino—Witten conformal field theory. In fact
the fusion rule turns out to be the existence condition of the line bundle on the
moduli space, which we constructed above, when ¥ = CPP!, n = 3.

The moduli space of stable parabolic bundles is a subset of the moduli space of
stable parabolic Higgs bundles [8]. In this paper we show that the line bundle on
the moduli space of stable parabolic bundles naturally extends to the moduli space
of stable parabolic Higgs bundles. This gives the appropriate setting of Hitchin’s
abelianization procedure [1], which is studied in the forthcoming paper.

As a concluding remark, it is interesting to compare our interpretation of the
fusion rule with Gawedzki and Kupiainen’s [6]. They consider only usual vector
bundles, that is, not parabolic bundles, and observed the relation between the
fusion rules and unstable vector bundles. On the other hand we consider only
stable parabolic bundles and observed the relation between the fusion rules and the
moduli space of stable parabolic bundles. Our geometric interpretation of the
fusion rule avoids the use of unstable vector bundles.

This paper is organized as follows. In Sect. 1 we review the construction of
stable parabolic bundles and fix our notation. In Sect. 2 we give some lemmas on
the lift of a symplectic action of a Lie group to the line bundle. In Sect. 3 we discuss
the lift of the action of the gauge group. In Sect. 4 we construct the line bundle
on the moduli space of stable parabolic bundles. In Sect. 5 we give a geometric
interpretation of the fusion rule in the level k SU (2) Chern—Simons gauge theory. In
Sect. 6 we discuss the extension of the line bundle to the moduli space of stable
parabolic Higgs bundles.

The author is happy to thank Prof. Ochiai for his constant encouragement and
Dr. Gocho for his valuable comments.

1. The Moduli Space of Stable Parabolic Bundles

In this section we review the construction of the moduli space of stable parabolic
bundles and fix our notations. Let X be a compact Riemann surface. Fix a finite set



Line Bundle on Moduli Space of Parabolic Bundles 313

of points Py, . . ., P,e 2. Recall the definition of parabolic bundles due to Mehta—
Seshadri [9].

Definition 1.1. Let E be a holomorphic vector bundle over X. The parabolic structure
at P; is a pair of a flag of Ep, and an increasing sequence of real numbers called
weights:

EPi = FlEpl,g e gFr,EP,;Fr,'i-lEPI = {0}, oc(f) < < aﬁ?.
We call (£, E, P;, F\Ep, a\’) a parabolic bundle. Define its parabolic degree by

pardeg E =degE + ) ) (dim F\Ep, — dimF,,Ep)of’ .
i=11=1

Let E be a trivial smooth Hermitian vector bundle over X. We fix a unitary
trivialization of E and we always write E = X' x € with respect to this unitary
trivialization. There is a notion of stability for parabolic bundles, which is intro-
duced in [9]. See Sect. 5 for the definition of stability for rank 2 parabolic bundles.
Now we contruct the moduli space of rank 2 stable parabolic bundles with
pardeg = 0 and the weights — o; < «; (0 < o; < £) at each P;. Fix a SU(2) connec-
tion do on E with a singularity at P; as follows. Fix a local holomorphic coordinate
z; = p;e¥’ 1% on a neighbourhood U; of P; with z,(P;) = 0. Then

o O
d0=d+«/—1< 0“‘ a.)d()i on U, .

Define the SU(2) connection space ./, which is compatible to the parabolic
structure, by

o =do + Q' (End%E)

where End),E denotes the vector bundle of trace free skew adjoint endomorphisms
of E and Q' (End%E) denotes the space of smooth End%E valued 1-forms. Strictly
speaking, we need appropriate Sobolev completion of & to construct the moduli
space. See [3] for details. However, to construct the line bundles on the moduli
space, the Sobolev completion is not essential. So we omit the Sobolev completion
for simplicity.

Define the gauge group %, which is compatible with the parabolic structure, by

4 = {s: X > SUQ2)|s(P,)eT for each P},

where T = {(a (_)1>} Define
0 a

Ay =1{dyed|d,is flat on Z\{P,,...,P,}},
¥ = {d eofr|d, is irreducible} .
Then Mehta-Seshadri’s theorem implies
M.py, ..., Ppiays ..oy an) = «QWF"/@

is the moduli space of stable parabolic bundles with pardeg = 0 and the weights
—o; < oy at each P;.
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2. The Lift of the Symplectic Group Action

In this section we study the following situation. Let (M, w) be a symplectic
manifold. Assume that there exists a 1-form yeQ*(M) such that w = dn. A Lie
group G acts on M from the right preserving the symplectic structure w. Let
L = M x C be a Hermitian line bundle with a fixed unitary trivialization. Define
a unitary connection V on L by

V=d-2n./—-1n.

Then we have

where RY is the curvature of V.
In this section we discuss the lift of the action of G to the line bundle L. We
represent the action of G on L = M x C by

(x, 0) > (xg, e 72/ "Iy
for xe M, ve C and ge G, where
m: MxG-R/Z.
Then we have the following lemma by direct computations.

Lemma 2.1. Assume the above.
(1) The action of G is well defined if and only if

m(x, gh) = m(x, g) + m(xg, h) for any xe M and g,heG .

(2) Assume that the action of G on L is well defined. Then G preserves the connection
V if and only if
t=0> ’

d
rlxg (a C(t )g

for any xe M, ge G and any curve c: ( — &, &) > M with ¢(0) = x.

d d
> + EM(C(t), Dli=0 = "‘(E c(t)

t=0

For later use we establish the following lemma.

Lemma 2.2. Assume that a Lie group G on L; = M; x C from the right preserving the
connection V; = d — 2n./ — 1n; as follows (i = 1, 2).

(xi, 0) = (g, €720/ I 0ly)
for any x;e M, geG. Let p;: My x M, — M; be the projection. Define
(L, V) = pT(L1, V1) ® p3(L,, V>) .
We write L = My x M, x C naturally and define the action of G on L by
(X1, X3, 1) > (X1, X5g, @27 THmGsn o) bma ez o)

where x;e M; (i = 1,2), g€ G. Then G preserves the connection V.
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3. The Lift of the Action of the Gauge Group

In this section we construct the Hermitian line bundle with the natural Hermitian
connection on the connection space 7 and discuss the lift of the action of the guage
group % on & to this line bundle.

Fix a positive integer k, which we call a level. Define a symplectic form 6, on
o by

k
Ol B) = — WJTr(a A B) for o, fe QY (EndSE) .
z
If we define a 1-form #, on o/ by
k
M Dara = — . [Tr{(ds—do) A a} foraeQ(EndYE),
P

then we have
d?']k = gk .

Let &, = o/ x C be a Hermitian line bundle with a fixed trivialization. Define
a unitary connection V¥ on &, by

Vi=d—2n./ — 1y, .
——IRszd’?k-_—@k,

2

where R" is the curvature of V.
The gauge group ¥ acts on the connection space o/ from the right by

dyr—s*dy=s"todyos fordyesl, se%.

In this section we discuss the lift of the action of 4 to ¥, = &/ x C. As in the last
section we represent the lift by

(das 0) > (s%dy, €720/ 7Ty

Then we have

where
m: A X4 —->R/Z .
The following proposition is the key to define m;.
Proposition 3.1. Let t: X x[0,2] — SU(2) be a map satisfying
t(Zx{0,2}) =idsy 2 »
t({Py,....,P}x[0,2])=T.

Define 6; to be the degree of the map tlpp,xpo,2): [0, 2] = T. Assume do€ /. Let
p: 2 x [0, 2] — X be a projection and dy = p*d,, be a connection on (X x [0, 2]) x C>.
Then we have

—1 - n
- Tr(t 'dot)® =degt +2 Y S,
2471:22)([‘[,, 2] 0 igl

where deg t is the degree of the map t: 2 x[0,2] - SU(2).
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To show Proposition 3.1 we need the following two lemmas.
Lemma 3.2. Let u;: 2 x[0,2] - SU(2) (i = 1, 2) be a map satisfying
u;(Z x{0,2}) = idsy 2 -

Set

spt u = the closure of {xe Z x [0, 2]|u(x) * idsy2)} -
Assume dye oy and

sptu; nsptuy; 0 {Py, ..., P,}x[0,2]=0.

Then we have

[ Tri{u) 'do(uus)}> = | Trlui'dow ) + [ Tr(uz'dous)®.

%[0, 2] Zx][0, 2] %[0, 2]

Lemma 3.3. Let u: X x[0,2] — SU(2) be a map satisfying
sptu = Uix(0,2), u({P}x[0,2])= T,

where U; is a neighborhood of P;, which is fixed in Sect. 1. Then we have
-1

2
241 5400, 23

Proof. Set B = U;x [0, 2]. Then we have
do=d+./—1add onB,

), 0 =0,. Set

Tr(u™ tdou)® = degu + 250 .

— o 0

h -
whnere o < 0 %

Lhs. =

_1 .
2477:2£Tr(u tdou)® .

Then we have

Lhs. = _—lijr(u‘ldu + — lu™ ' [o, u]d6)?
24n* ¢
vV —1 -1 -1
=degu — ~c—— | Tr(duu™"duu™" adb)
8 3

cv -t [ Tr(u™ ! duu™* duado) .

2
8’ 3

Note that
Tr(duu™ tduu™add) = d Tr(duu™ 'ad0) ,
— Tr(u™ *duu*duodd) = d Tr(u™ 'duadd) .
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If we write D, = {r,»ed‘_”" € U;|r; < ¢}, then we have

/1
Lhs. = degu — o2 11_{% [ dTr{(duu™" + u™'du)adf}
7% B\D,x[0,2]

= degu + V8~2 L fim § Tr{(duu"+ u'du)od6}
T e o [0.2]

AV -1 au(Piat) -1
an [0912] Tr{( o H(Pi, t)

= degu +

+ u(P, )" 6u(§;’ t))a}dt .

By the assumption we have

22V =1 f(t)
e 0
u(Pi, t) =( 0 e—zw—_u(z))

So we have

Lhs. =degu+2 | f'(t)ods

[0, 2]
=degu + 26;0;. |

Proof of Proposition 3.1. Using Lemma 3.2 and Lemma 3.3, we can easily prove
Proposition 3.1. |}

Now we can show the main result of this section.
Theorem 3.4. Assume dye€ L. Define my: oA x4 — R/Z by

k _ k 1T o
mk(dA, S) = -8?£Tr {doss LA (dA - do)} + W}:ng, N Tr(S 1d08)3 B

where §: 2 x [0, 1] - SU(2) is a map satisfying
Slexy =5, 3(2x{0}) =idsuq) >
S({PYx[0,1]) = T

Assume that 2ka; € Z for i=1,...,n. Then the map my: o x4 - R/Z is well
defined and the action of the gauge group 4 on %, is also well defined. Moreover this
action preserves the connection V* on &Z,.

Proof. The well definedness of the map m,: o/ x % — R/Z follows from Proposi-
tion 3.1. For the rest we have to show that my, satisfies the conditions of Lemma
2.1(1) and (2). In fact it can be shown by direct computations. ||

So far we have fixed a flat connection d, € o/ and the action of the gauge group
% on ¥, depends on d,, at first sight. We show that the action of ¥ on %, does not
depend on the choice of a connection dy € /5.
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Take dy, d, € of. Define a connection on %, = o/ x C by

V"’izd—27z:«/—11’];; (120’1)7

where 7} is a 1-form on .o/ defined by
. k
N @ara= — gz-fTr{(dA —d;) Ao} for aeQ'(End%E).
z

Define a gauge transformation G on ¥, = o/ x C by
Gldys v) = (dg, €™ 20/~ 100Ny

where ¢g: &/ — R is defined by

k
glda) = @iTr{(th —do) A (d4— do)} .

When a base point d; e .o (i = 0, 1) is fixed, we write s*! for the right action of s€ %
on %, = o/ x C. Recall

$*(day v) = (s*d, €20/ T Imkn )
where

k

— Tr(5~1d;5)?
2472 zx[{), 1]

) k
mi(dy, s) = -gT?jTr {diss™ A (dg—d)} +
z

as Theorem 3.4. The following proposition means that the action of ¥ on %, does
not depend on the choice of dg € k.

Proposition 3.5. Assume dg, d, € o/, connections V*! (i =0, 1) on &y, G, s*': %,
— %, as above. Then we have

(1) G Lok G = VR,

(2) For any s€ ¥, the following diagram commutes.

S*O

gk — gk

16 16
S*I

gk —_— gk

Proof. We can show this proposition by direct computations.

4. The Natural Line Bundle on the Moduli Space

In the last section we discussed the action of the gauge group ¢ on the line bundle
% In this section we study when this action defines the line bundle on the moduli
space M (z.p,, ..., Py, ..., o) = ¥/%. To do this, we have only to decide when the

isotropy subgroup at d, € /" acts on % trivially. For any d ;e o/ ¥, if s*d, = d 4,
then s = + idgy (2. So we have only to show the following lemma.
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Lemma 4.1. Assume that 2ko,eZ fori=1,...,n.Set s = — idgsy ). Then, for any
d e, we have

m(dss)= —k Y w,eR/Z.

i=1

Proof. Recall

— Tr(371dy35)? ,
2472 ZX[‘L, ’ °

where the map §: 2 x [0, 1] — SU(2) is defined by

v =1t
~ e 0
St t) = < 0 e—n«/:—lt> .

We extend § naturally to the map from X x [0, 2] to SU(2). By Proposition 3.1 we
have

mi(da, 5) =

1 - n
s Tr(571dyd) = -2 o .
247[2 Zx[j(‘),Z] 0 i=zl
So we have

1 1 PP z
mk(dA,S)sz—iXiTﬂzzx[{)’Z]Tr(s 1d05)3= —k z o . l

So we can obtain the following theorem.

i=1

Theorem 4.2. Assume

2k;eZ fori=1,...,n, k) wel.
i=1
Then Ly =(Z|ax)/¥ is well defined as a line bundle on the moduli space
Ms;p,, .. Pso, w) = ZF' /9. Moreover Ly has a natural holomorphic structure.

.....

Proof. By Theorem 3.4 and Lemma 4.1 the first part of the theorem is clear. To see
the second part, we note that this line bundle has a Hermitian connection, whose
curvature form is a (1, 1) form on the moduli space. So by Theorem 5.1 in [2] this
line bundle has a natural holomorphic structure. ||

Remark. By Proposition 3.5 the holomorphic structure of L, is independent of the
choice of dy € /. In this sense this holomorphic structure of L, is natural and
canonical.

5. The Relation to the Fusion Rules

In the last section we have constructed the line bundle on the moduli space of stable
parabolic bundles #(s.p,, .. p,q, ..., ). In this section we study this line bundle
when ¥ = CIP!,n =3 and the relation to the fusion rules in the level k SU(2)
Chern-Simons gauge theory or the level k SU (2) Wess—Zumino—Witten conformal
field theory.
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First we recall the definition of stability for rank 2 parabolic bundles. Let E be
a rank 2 holomorphic vector bundle on a compact Riemann surface X. Let
Py, ..., P,e X be parabolic points in X. At P;, fix a parabolic structure:
Ep'.%Lpi%{O}, o < ﬁi .

Definition 5.1. Let (X, E, P;, Lp, o, p;) be a parabolic bundle as above. Let V be
a holomorphic sub-line bundle of E. Define its parabolic degree by

pardeg V=degV + Y &,
i=1
where
6 = o; lf I/I.:v1 ='= LP:
B if Ve =L, .

We say a parabolic bundle (X, E, P;, Lp, o;, B;) is stable, if for any holomorphic
sub-line bundle V,

pardegE 1
peT T
pardeg V < 3 {

—" degE + Z (a; + ﬁi)}

i=1
holds.

Now we study the moduli space & cp:; p,, p,, Py;a,, 2y, a3)-
Theorem 5.2. Assume 0 < a; < a, < a3 < 3. Then we have

oy < 0y + 0y
oy + oy +oay <1

1 point if {

MR P, Py, Py, 0y, 05) =
0 otherwise.

Proof. Let (CIPL, E, P,, Lp, — o;, o;) be a rank 2 parabolic bundle with pardeg = 0.
Suppose that (CIPL, E, P, Lp, — o;, ;) is stable.

First we show that E is holomorphically trivial. By Grothendieck’s theorem [5]
we have

E=H'®@H ' forsomeleZs,,

where H is the hyperplane bundle on CIP'. We show [ = 0.
Suppose | = 2. Then we have

pardeg H' = | — (0t; + o3 + 003) > 0 .

This contradicts to the stability of (CIP, E, P, Lp, — a;, ;). Sowehave [ =0 or 1.
Suppose [ = 1. Since

1 —(uy + 0 +03) < pardegH <0,
we have
<oy +oar+os3.
Moreover we have

Hp‘*Lpl forl‘=1,2,3‘
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Then there exists a holomorphic sub-line bundle V such that
Vp,=Lp, fori=1,273,
degV=-—1.
Since
pardeg V= —1+40a; +a, +0a3 <0,
we have
oy +ay+oay<l.

This is a contradiction. So we have [ = 0.

Thus we may write E = CPP* x €? as a holomorphic vector bundle. So we can
write [Lp ] € CIP?, which is the projective space of the fiber of E. Then it is easy to
see that

[Lp]=+[Le] ifizj,
(X1+062+a3<1, oy < oq + 0y .
On the other hand, it is easy to see that, if oy + o, + a3 < 1, a3 < &y + a5, then

M (CP';P,, Py, Py, 05,05 = 1 point. [

Therefore the condition that the moduli space .4 cp:.p,, P, Py;a,,a,,q,) 1S 1 POint
and there exists the natural line bundle on the moduli space in Theorem 4.2 is the
following:

koy < koy + ka, ,
kOC1+kOCz+kOC3<k,

kay + ko, + koseZ

1
ko, kouy, koisy ei Z,

k
where we assume 0 < ka; < ko, < kos < 7

Let Z,(2; Py, ..., Py j1, ... ,Ja) be the quantum Hilbert space of the level
k SU(2) Chern-Simons gauge theory, where j;€3Z.,, which is the set of all
irreducible representations of SU(2). In [12] Witten observed that
Z,(Z; Py, .. Pyj1s ..., J,) 1s isomorphic to the space of the corresponding
conformal block CBi(Z; Py, ..., Puj1,-..,Ju) in the level k SU(2) Wess—

1 k

Zumino—Witten conformal field theory, where j; € <0, 2 ,5}, which is the set
of all irreducible level k integrable highest weight representations of the affine Lie
algebra sl (Z/,E). The dimension of CB,(CIP*, Py, P,, P3;j1,j2,j3) is known as the
fusion rule as follows [11].
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Fact. Assume j; < j, < j3. Then we have
JsZji+J2
1 if Jitj+js€eZ
Jjitia+issk
0 otherwise .

dim CBy(Z; Py, Pa, P3; j1,J2,J3) =

If we set ka; = j;, we conclude that the fusion rule is almost the same as the
condition that the corresponding moduli space of stable parabolic bundles is
a point and the line bundle exists on it. The exceptional cases are the cases where
equalities hold. This is because we don’t treat semi-stable parabolic bundies.

Thus we obtain a geometric interpretation of the fusion rule. It is interesting to
compare our interpretation of the fusion rule with Gawedzki and Kupiainen’s [6].
They consider only usual vector bundles, that is, not parabolic bundles, and
observed the relation between the fusion rules and unstable vector bundles. On the
other hand we consider only stable parabolic bundles and observed the relation
between the fusion rules and the moduli space of stable parabolic bundles. This
suggests that the moduli space of stable parabolic bundles has deep information,
which includes the fusion rules.

6. The Moduli Space of Stable Parabolic Higgs Bundles

In Sect. 4 we constructed the line bundle L, on the moduli space of stable parabolic
bundles. If we define a parabolic Higgs bundle appropriately, we can construct the
moduli space of stable parabolic Higgs bundles as a hyperkdhler quotient by the
gauge group and it contains the cotangent bundle of the moduli space of stable
parabolic bundles [8]. In this section we show that the line bundle on the moduli
space of stable parabolic bundles extends naturally to the moduli space of stable
parabolic Higgs bundles.

First of all we recall the definition of a parabolic Higgs bundle. Let
(2,E, P, FiEp,0f’) be a parabolic bundle. We say ¢ is a Higgs field of
(Z,E, P, FiEp, o) if the following conditions (a), (b) hold:

(@) ¥ is a End°E-valued meromorphic (1,0) form on X and holomorphic on
I\{Py,...,P,}.

(b) At P;, ¥ has a pole of at most 1% order with a nilpotent residue with respect to
{FIEPi}'

We call a parabolic Higgs bundle a pair of a parabolic bundle and its Higgs field.

Take a compact Riemann surface X, a finite set of points Py,...,P,€ 2,
a smooth Hermitian vector bundle with a unitary trivialization E = X x C? as in
Sect. 1. Now we construct the moduli space of stable parabolic Higgs bundles with
pardeg = 0 and the weights — a; < o; (0 < o; < 3) at each P;. As in Sect. 1 let
o =dy + QY(EndYE) be a SU(2) connection space, which is compatible with the
parabolic structure. There is a hyperkéhler structure on o/ x Q" °(End°E) and the
gauge group acts on .o/ x Q* °(End°E), preserving the hyperkihler structure. The
moduli space can be constructed as a hyperkédhler quotient by the gauge group.
Strictly speaking, we need the appropriate Sobolev completion to construct the
moduli space. See [8] for details.
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To construct the line bundle on the moduli space of stable parabolic Higgs
bundles, we have to construct the line bundle on .« x Q*:°(End°E) and define the
action of the gauge group on this line bundle. However, thanks to Lemma 2.2, since
we have already obtained the line bundle on 2/ and the action of the gauge group
% on it, we have only to construct the line bundle on Q' °(End°E) and define the
action of the gauge group on it.

Now we construct the line bundle £ on Q% °(End°E). Fix alevel ke Z ., as in
Sect. 1. Define a symplectic form 60}, on 2 °(End°E) by

k
0u(p, @) = 7z [ Tr{(p = p*) A (g =g} -
3
for p, e Q' °(End°E). Define a 1-form 5} on Q' °(End°E) by
k
NPy = Ffo{(‘ﬁ —¥*) A (p—p*)}.
Ty

Let &, = Q" °(End°E) x C be a Hermitian line bundle with a unitary trivializ-
ation. Define a unitary connection V¥ on £ by

VK =d—2n/ 1.

Then we have

S *IRVk'=d17/—9L.

2n B
Define the action of the gauge group 4 on £, = Q1 °(End°E) x C by
W, v) = (s" s, v) forse¥, yeQl%(End°E).
Then we have the following proposition.

Proposition 6.1. The above action of the gauge group 4 on ;i preserves the
connection V¥

Proof. We can easily check the condition of Lemma 2.1. |
So applying Lemma 2.2, we obtain the following theorem.

Theorem 6.2. The line bundle constructed in Theorem 4.2 extends naturally to the
moduli space of stable parabolic Higgs bundles.
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