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Abstract. [MGOY] introduced the uncertainty dimension as a quantative
measure for final state sensitivity in a system. In [MGOY] and [P] it was
conjectured that the box-counting dimension equals the uncertainty dimension for
basin boundaries in typical dynamical systems. In this paper our main result is that
the box-counting dimension, the uncertainty dimension and the Hausdorff dimen-
sion are all equal for the basin boundaries of one and two dimensional systems,
which are uniformly hyperbolic on their basin boundary. When the box-counting
dimension of the basin boundary is large, that is, near the dimension of the phase
space, this result implies that even a large decrease in the uncertainty of the position
of the initial condition yields only a relatively small decrease in the uncertainty of
which basin that initial point is in.

1. Introduction

Nonlinear dynamical systems often have more than one attractor, and it is of
fundamental importance to be able to determine which attractor a specified initial
condition goes to. We are interested in the basin boundary, that is, common
boundary between the basins of the attractors. For example, for suitably chosen
parameter values, the Hénon map has a fractal basin boundary between the points
whose orbits go to oo (infinity is an attractor) and the points whose trajectories
remain bounded and go to the chaotic attractor. When the basin boundary is
fractal, it follows that there is a non-attracting, compact, chaotic, invariant set in
the basin boundary. Examples with fractal basin boundaries are common and
occur for example in the forced damped pendulum and the forced Duffing equa-
tion.

The fact that a basin boundary is fractal does have important practical conse-
quences. In particular, for the purposes of determining which attractor eventually
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captures a given orbit, the arbitrarily fine-scaled structure of fractal basin bound-
aries implies considerable sensitivity to small errors in initial conditions.

If we assume that in a physical situation initial points cannot be located
more precisely than some &> 0, then we cannot determine which basin a
point is in if it is within & of the basin boundary. Such points are called
e-uncertain. It is easy to check that the Lebesgue measure of the set of
e-uncertain points (in a bounded region of interest) scales like £" ¢ where
m is the dimension of the phase space and d is the box-counting dimension
of the basin boundary. Notice that when m — d is near 0, a large decrease
in & results in a small decrease in &¢" % Cases where m —d <0.1 are
common. This is discussed in [GMOY] and [MGOY], where it is also
shown that the basin boundary dimension provides a quantitative measure of
sensitivity.

Let M denote either a compact, smooth m-dimensional manifold without
boundary, where m = 2, or an interval on the real line. Let F be a C3-diffeomor-
phism from M to itself when m = 2, and let f be a C!**map from M to itself
when m = 1 (that is, there exist constants K > 0 and « > 0 such that | f'(x) — f"(y)|
< K:‘|x — y|*for all x, y in M, where f" is the derivative of /). For convenience, in
this paper we assume throughout that for any one-dimensional map f there exists
a compact interval I in the interior of M such that for every x € M there is an
integer n = 0 for which the iterate f"(x) of x is in I. Other cases are analyzed
similarly; see [Nul]. For x, y in M we write p(x, y) for the distance between x and y.
From now on, we write g to denote either F or f.

Aset S < M is called positively g-invariant if g(S) < S, and is called g-invariant
if g(S) = S. For a closed set S = M and x € M, write p(x, S) = min {p(x, y): y € S}.
An attractor A is a g-invariant, compact set in M such that (1) there exists an open
neighborhood U of A4 such that for each x € U the distance p(g"(x), 4) = 0 when
n— oo; and (2) there is a point x € A such that the closure of the trajectory
{g"(x)}n=0 equals A. For an attractor A we say, the domain of attraction of A
is the set of points x in M for which p(g"(x), 4) = 0 as n — oo. In the literature,
for an attractor A the notion “basin of A” is often equivalent with the
notion “domain of attraction of A”. On the other hand, in other studies
of dynamical systems, the notion “basin of A” is defined as the region in M
that is the interior of the closure of the domain of attraction of A. Therefore,
for an attractor 4 we define basin{A} to be the interior of the closure of
the domain of attraction of 4. We would like to emphasize that basin{A4}
may include g-invariant sets that are not in the domain of attraction of A;
that is, the trajectories of some points in basin{A4} will not converge to the
attractor A. For an example of this phenomenon, see the Forced Pendulum
Example in [NY1].

The basin boundary is the set of all points x € M for which each open neighbor-
hood has a nonempty intersection with at least two different domains of attraction,
see [GOY]. In other words, the basin boundary is the set of all points x € M for
which there exist two attractors, say A, and A4,, such that x is on the boundary of
both basin {4, } and basin {4,}.

Throughout this paper, we assume:

(A1) there exist finitely many, but at least two, attractors, say 4;, 4,, . . ., 4,; and
(A2) for each point x € M, there exists an integer k, 1 < k < g, such that either
x € basin{4,} or x is on the boundary of basin{4,}.
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We may say the basin boundary is fractal if its dimension plus one is not equal
to the dimension of the phase space. The “dimension”of this basin boundary can be
any of several concepts.

We define a region to be an open, bounded set in M. The structure of the basin
boundary in a region depends on the long-term behavior of trajectories that start
on the basin boundary in this region. Basin boundaries are invariant sets and
trajectories starting on the basin boundary will asymptote to some set that is
usually not the entire basin boundary. This asymptotic set may depend on the
initial point. A principal idea of the paper [GNOY] is: (a) if trajectories on the
basin boundary in different regions have the same asymptotic behavior, then the
dimension of the basin boundary is the same in these different regions, and (b) if in
two different regions, the trajectories on the basin boundary have different asymp-
totic behavior and the basin boundary is fractal, then the probability is zero that
the dimension of the basin boundary in the two regions is the same.

Let BB denote the basin boundary, and let S be a region that intersects the
basin boundary. We write dim(S n BB) for the dimension (whichever concept of
dimension is under discussion) of the part of the basin boundary which lies in S.
The dimension dim(S n BB) can conceivably take on different values depending on
S. The question of how many such values are possible has been discussed in
[GNOY] and it is proved to be finite for certain one and two dimensional
hyperbolic systems. A natural question which arises is then whether different
concepts of dimension yield the same values for any given region. In [FOY] it is
conjectured that the box-counting dimension equals the Hausdorff dimension for
basin boundaries of typical dynamical systems. Since the box-counting dimension
is often much easier to estimate than the Hausdorff dimension, it is worthwhile to
know to which extent these two notions of dimension are equal.

Consider an initial condition x that is on the basin boundary and evolve it
forward in time, and let L™ (x) be the set of limit points of the trajectory {g"(x)}» =0
of the point x. Let L* (BB) be the union of the limit points of all trajectories that
start on the basin boundary (that is, L* (BB) = | J{L*(x): x € BB}). For uniformly
hyperbolic systems there exists a finite set S of initial points such that L™ (BB) is the
disjoint union of “basic sets” L* (x) where x € S. Assume that we have two points,
x, and x;, on the basin boundary for which L* (x,) and L™ (x,) are contained in the
same basic set. Then, from [GNOY] it is known that if we take a sufficiently small
neighborhood S, of x, and a sufficiently small neighborhood S, of x,, the dimen-
sion of the basin boundary in these two neighborhoods is the same, that is,
dim(S, n BB) = dim(S, n BB), where dim denotes either the box-counting or
Hausdorff or uncertainty dimension.

In this paper we show that d,(S N BB) = d,(S » BB) = dy(S n BB), where S is
any region and where d,, d,, respectively, dy denote the box-counting dimension,
the uncertainty dimension, respectively the Hausdorff dimension (see Sect. 2 for the
definitions).

Our results include the class of one dimensional maps and the “linear” horse-
shoe example presented by Pelikan [P]. In the current literature the notion “fractal
dimension” means in almost all cases “box-counting dimension.” However,
Eggleston [E] explicitly distinguished Hausdorff dimension and fractal dimension,
and the commonly used notion “Hausdorff dimension” defined below is “fractal
dimension” in [E]. Takens [ T] showed that the Hausdorff dimension and the box-
counting dimension of dynamically defined Cantor sets of hyperbolic diffeomor-
phisms are equal. Some basic sets on the basin boundary are attractors relative to
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the basin boundary, that is, the trajectories of points on the basin boundary near
such a basic set are attracted to it. It is however possible for the basin boundary to
contain basic sets that are not attractors relative to the boundary, and such cases
can be structurally stable. While the Takens’ result does not cover such cases, our
results do allow such complications.

The organization of the paper is as follows. In Sect. 2 the definitions concerning
hyperbolicity and dimensions are stated. The results are precisely stated in Sect. 3.
Finally, in Sect. 4 the proofs of the results are presented.

2. Definitions

2A. Hyperbolicity. Let the manifold M and the map g be as in the introduction.
Recall that g is a C*** map when M is an interval and g is a C? diffeomorphism
when m = dim(M) = 2.

A point x in M is called a nonwandering point for g, if for each open neighbor-
hood U of x there exists a positive integer n such that g"(U) and U intersect. The set
of all nonwandering poins for g is called the nonwandering set of g, and it is denoted
by Q(g).

For m = 2, a subset A of M is hyperbolic if it is compact, F-invariant, and the
tangent bundle T, M splits into dF-invariant subbundles E* and E* on which dF is
uniformly contracting and uniformly expanding respectively. A hyperbolic set A is
called saddle-hyperbolic if dimE* =1 and dim E* = 1. The map F is called an
Axiom A diffeomorphism if the nonwandering set Q(F) is hyperbolic and the
periodic points of F are dense in Q(F). If F is an Axiom A diffeomorphism, then by
Smale’s “Spectral Decomposition Theorem”, the set Q(F) can be decomposed
uniquely into a finite collection of disjoint, compact, invariant subsets having the
property that if I' is any of these subsets, then (1) F has a dense orbit on I" and (2)
I is the maximal invariant set in a neighborhood of I'; subsets of Q(F) that satisfy
(1) and (2), are called basic sets (see e.g. [GH] for a discussion of uniformly
hyperbolic systems). If m = 2 and if Q(F) is saddle-hyperbolic, then by a result due
to Newhouse and Palis [NP] we know that the periodic points of F are dense in
Q(F). This implies that if Q(F) is hyperbolic and m = 2, then F is an Axiom
A diffeomorpism.

Form = 1, a subset A of M is hyperbolic if A can be decomposed into positively
Jf-invariant, compact sets A, and A, on which f’ is uniformly contracting and
expanding respectively. In [Nu2], the map f'is called an Axiom A map if Q(f) is
hyperbolic; the periodic points are automatically dense in Q(f). A point x in M is
a critical point if f'(x) = 0. We say that the map f'is non-critical if for each critical
point ¢ of f; the intersection of the limit set L* (c) and Q.(f) is empty. Note that
L*(c) is a subset of Q(f). If fis an Axiom A map, then (1) Q(f) can uniquely be
decomposed into finitely many isolated, compact, positively f-invariant sets, called
basic sets, and f has a dense orbit on each of these basic sets, and (2) the periodic
points of f are dense in Q(f); see [ Nu2] for details.

We say that g is non-critical when g = f if f is a non-critical map, and when
g = F we assume F is automatically non-critical since the Jacobian matrix of F is
non-singular.

2B. Dimension Definitions for Basin Boundaries. We will recall some definitions of
different dimensions and some of their properties. Throughout this paper, we write
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BB for the basin boundary, and we assume S to be a region that intersects the basin
boundary. The pointwise dimensions of the basin boundary BB at x is defined as

dimBB(x) = lim dim(B(x; ¢) » BB) ,
e—0

where B(x; ¢) denotes a ball with radius ¢ centered at x. Since the basin boundary is
assumed to be compact, we say the dimension of the basin boundary dim(BB) is
defined by the maximum value of the pointwise dimensions dim BB(x) for x in the
basin boundary BB, that is, dim(BB) = max {dim BB(x): x € BB}. Throughout this
paper, we assume that the limit lim,,, In N (e, S)/In(1/¢) exists. When the limit does
not exist, we say the box-counting dimension does not exist. We prefer to avoid
non-generic situations. The box-counting (or capacity) dimension of BB in S is
defined as

dy(S N BB) = lin; In N (g, S)/In(1/e) , (1a)

where N (g, S) denotes the minimum of m-dimensional cubes in a grid of edge length
¢ needed to cover that part of the basin boundary which lies in S, and m is the
dimension of the phase space M. It can be shown, see [MGOY], that d,(S n BB)
can also be defined as

dy(S A BB)=m — limIng(e, S)/ln ¢, (1b)
£=0

where ¢ (e, S) is the fraction of the phase space volume lying in S which is within ¢ of
S n BB. From a certain practical point of view, see [GMOY, MGQY]], this latter
definition is more useful.

We now consider another definition of a dimension of the basin boundary. We
assume that S n BB is not empty. Say we randomly pick an initial condition x with
uniform probability in S. Then we pick another initial condition y in S randomly in
the ball |x — y| < & Let p(e, S) be the probability that x and y are in different
basins. (We can think of p(e, S) as the probability that an error will be made in
determining the basin of an initial condition if the initial condition has uncertainty
of size &) We define the uncertainty dimension of BB in S as

d,(S " BB)=m — lim In p(e, S)/In¢ . )
e—~0

When BB is a smooth surface, d,(S~BB)=m—1, and p(e S)oce.
However, for fractal basin boundaries, we can have p(g S)oce* with
o =m—d,(S n BB) < 1, indicating enhanced sensitivity to small uncertainty in
initial conditions. For example, one numerically obtains m — d,(BB) ~ 0.275 for an
example involving a periodically forced pendulum in [GNOY]. In this case
a decrease of the initial condition uncertainty ¢ by a factor of 10 leads to only
a relative small decrease in the final state uncertainty p(e, S), since p decreases by
a factor of about 10°275 ~ 1.9. Thus, in practical terms, it may be essentially
impossible to significantly reduce the final state uncertainty in some experimental
situations. In [MGOY] and [P] it has been conjectured that d,(BB) = d,(BB) for
basin boundaries in typical dynamical systems.



6 H.E. Nusse and J.A. Yorke

Now we define the Hausdorff dimensions for a compact set G in the plane. For
each a > 0, we consider
h(a) = liminf ) [diam(4;)]*,
e20 G 4 i€G
where for each ¢ > 0 the inf is taken over all possible countable covers of G whose

elements A4; have diameter diam(4,) less than e. The Hausdorff dimension dy(G) of
G is defined as

dy(G) = inf{a:h(a) = 0} . 3)
In general, one has dy(G) < d,(G).

3. Results

Throughout, we assume that either m = 1 or m = 2. Let the manifold M, the map g,
and the basin boundary BB as above. In [GNOY] we showed that for one
dimensional non-critical Axiom 4 maps and two dimensional Axiom A diffeomor-
phisms, the number of basic sets in the basin boundary is an upper bound on the
number of different values of the basin boundary for each of the notions of
dimension discussed in this paper. That is, the number of values of dim(S » BB)
considering all open sets S which intersect BB is bounded from above by the
number of basic sets in BB.

The crucial assumptions in obtaining the main result (stated below) are encap-
sulated in the following definitions. We define the map g to be hyperbolic on the
basin boundary if g is non-critical and BB n Q(g) is a non-empty hyperbolic set. We
would like to mention that the uniformly hyperbolic systems studied in [GNOY]
satisfy these conditions.

Theorem. Let g: M — M satisfy the following conditions:

(A1) there exist finitely many, but at least two, attractors, say Ay, Az, . .., Ay

(A2) for each point x € M, there exists an integer k,1 < k < q, such that either
x € basin{A4,} or x is on the boundary of basin {4, };

(A3) g is hyperbolic on the basin boundary BB.

Then, for each region S that intersects the basin boundary, the box-counting
dimension d,(S n BB), the Hausdorff dimension dy(S n BB) and the uncertainty
dimension d,(S n BB) of the intersection of S with the basin boundary BB are all
equal.

Corollary. Let g be as in the theorem. Then taking S = M, the box-counting dimen-
sion dy(BB), the Hausdorff dimension dy(BB), and the uncertainty dimension d,(BB)
of the basin boundary BB are all equal.

The basin boundaries of the one dimensional maps considered so far are
boundaries of basins of periodic orbits. Our proofs easily extend to a more general
class of attractors. In the literature, several definitions of “attractor” appear, see e.g.
Milnor [Mi]. We say, a Milnor-attractor A is a positively f~invariant, compact set
in M such that (1) for each open neighborhood U of A4 there exists a set Win U with
positive Lebesgue measure, such that for each x in W the distance p(g"(x), 4) - 0
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when n— o0; and (2) there is a point x € A such that the closure of {g"(x)}, 30
equals A. For a Milnor-attractor 4 we say, the domain of attraction of A is the set of
all points x in M for which p(g"(x), A) = 0 as n — oco. Note that the domain of
attraction of a Milnor-attractor is not necessarily open. Similarly as for an attrac-
tor, we define for a Milnor-attractor 4 basin {4} to be the interior of the closure of
the domain of attraction of 4. For the quadratic map f,(x) = ax(l — x), note that
basin{A4} of a Milnor-attractor 4 equals the open interval (0, 1), where 0 < a < 4.
In order to formulate a more general result, we consider finitely many, disjoint,
positively f~invariant, open sets each having its own Milnor-attractor. Notice that
A may be a one-sided or two-sided attractive periodic orbit (simple attractor),
homeomorphic to a Cantor set (strange attractor), or consist of finitely many
nontrivial compact intervals (chaotic attractor).

Proposition. Assume that for some integer n = 2, there exist n Milnor-attractors
Ay, 1 £k < n,in M such that (writing O, = basin {4,}),

(1) the union of these open sets | J;_, Oy is dense in M;

(2) the Oy’s are disjoint open sets;

(3) the map f is hyperbolic on the basin boundary.

Then, for each open interval S,
dy(S N BB) = dy(S n BB)=d,(S n BB).

Remark 1. If f is as in the proposition, then the box-counting dimension, the
Hausdorff dimension, and the uncertainty dimension of the basin boundary are all
equal.

Remark 2. Let fbe as in the proposition. We have not excluded the possibility that
fmay have a one-sided stable periodic orbit P, but in such cases P cannot be on the
basin boundary (because of assumption (3)).

Remark 3. If f: M — M satisfies the conditions: (1) fhas a nonpositive Schwarzian
derivative; (2) every bounded attractor is a periodic orbit; (3) f has finitely many
critical points and for each critical point ¢ there exists an attractor A such that
p(f*c), A)>0 as n— oo; then f is a non-critical Axiom 4 map (see [Nu2]).
Therefore, the results above hold for these maps too.

Example. The purpose of this example is to show that the condition that g is
hyperbolic on the basic boundary is essential. The objective in [LY] is to show that
piecewise C' expanding maps on the unit interval have absolutely continuous
invariant measures. In [LY] it is shown that the map y defined by y(x) = x/(1 — x)
for 0 < x £ 0.5 and y(x) =2 — 2x for 0.5 < x < 1, which violates the assumption
|y'(x)] > 1 only at x =0, does not have an absolutely continuous invariant
measure.

Motivated by this example, we consider a map f (as shown in Fig. 1) from the
open interval ( — %, 3) to itself such that (writing J for the open interval (35, 3)),
1) fW=y/1—y) for —3<y<+5; (2) f has 3 fixed point attractors in J;
(3) the intersection of the basin boundary of f with J consists of 3 points, namely
the repelling fixed points 0.5 and 1, and the point ¢ that is mapped into the fixed
point 0.5, that is, f(¢) = 0.5; (4) the Schwarzian derivative of fis nonpositive.

The basin boundary of f consists of the points 0, £, and all the points 1/n where
n is any positive integer. Notice f(1/n + 1) = 1/nfor n = 2. It is easily verified that
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the Hausdorff dimension and the box-counting dimension of the basin boundary of
fdiffer. In particular, one can verify that the box-counting dimension of {1/n},>, is
0.5. Hence, the box-counting dimension of the basin boundary is at least 0.5, while
the Hausdorff dimension of the basin boundary is 0. W

We would like to mention that the idea of looking for a map whose basin
boundary is the set 1/2,1/3,1/4, ..., 1/n, . ..and 0, was suggested by Brian Hunt.

4. Proofs of the Results

Let the manifold M, the distance p on M, and the map g be as in the introduction,
and assume that the dimension of M is either one or two. Assume that (1) g has
finitely many attractors (defined as in the introduction), say A4;, ..., A,, where
g = 2;(2) for each x € M there exists an integer k such that either x € basin {4,} or
x is on the boundary of basin {4}, 1 < k < ¢; and (3) g is hyperbolic on the basin
boundary. We write BB for the basin boundary, and we assume that S is a region
that intersects BB.

4-1. Preliminaries. Recall that for z € Q(g) the stable set W*(z) of z is the set of
points x for which p(g"(z), g"(x)) = 0 as n — o0 ; the local stable set Wi,.(z) of z (of
size ) is the set of points x in W*(z) such that p(F"(z), F "(x)) < B for all integers
n = 0, where f > 0. If g = F, then the (local) stable set is also called a (local) stable
manifold. Notice that when g = f, and f is expanding at such a point z, then the
stable set of z is the set of points that will be mapped into z after a finite number of
iterates (i.e., W3(z) = {x:f"(x) =z for some integer n = 0}). When g = F, the
unstable manifold W*(z) of z is the set of points x for which p(F ~"(z), F ""(x)) = 0
asn — oo; and the local unstable manifold Wi, (z) of z is the set of points xin W*(z)
such that p(F ~"(z), F ~"(x)) < p for all n = 0, where B > 0. If the stable or unstable
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manifold of z € Q(F) is a curve, we write Wi,t (z) and Wiy (z) for the two compon-
ents of W¥,.(z)\{z}, where ¢ is either s or u. We will see below that the structure of
the basin boundary is essentially controlled by finite sets of periodic points.

Recall that the intersection of the nonwandering set Q(g) with the basin
boundary BB can uniquely be decomposed into a finite collection of basic sets.
From now on, let I" denote a basic set of g that is contained in the basin boundary.
We call I' a trivial basic set if I' consists of one periodic orbit, and we call
I’ a nontrivial basic set if I" includes more than one periodic orbit. If I' is nontrivial,
then we call I" periodic if there exists a positive integer m such that g™ has no dense
orbit on I', and otherwise we call I' nonperiodic.

We will often write dim instead of the notations d,, dy and d,,, and we often refer
to “dimension” rather than to “box-counting dimension”, “uncertainty dimension”
or “Hausdorff dimension”. In such cases the corresponding statement is meant to
apply for all three d,, dy and d,. Recall that for each point x we write B(x; ¢) for
a ball with radius ¢ centered at x, and that the pointwise dimensions dim BB(x) of
the basin boundary at x is defined by

dim BB(x) = lim dim(B(x; &) » BB) .
£—0

Let v be the number of basic sets in the basin boundary BB, and call these basic sets
I, 1<k

Proposition 4-1. (i) Every point on the basin boundary BB is contained in the stable
set of some nonwandering point in BB. In other words, the basin boundary is the union
of the stable sets W*(['y), | £k < v.

(ii) For every nonwandering point z on the basin boundary, for each point x in the
stable set of z, the pointwise dimension of the basin boundary at x and z are equal, that
is, dim BB(x) = dim BB(z).

(iii) For each basic set I', (1 < k < v), all the points in I',, have the same pointwise
dimension, that is, dim BB(z,) = dim BB(z,) for all z,, z, € I';.

(iv) The dimension of the basin boundary in a sufficiently small neighborhood of
I, and the pointwise dimension at points of I'y are equal.

Proof. For a proof of (i), (ii), and (iii), see [GNOY]. The proof of (iv) is left to the
reader. W

We write d, for the value of the pointwise dimension of the basin boundary at
points in I';. Note that the value d, in principle depends on which dimension we are
using. We will prove that they are all equal, that is, d,BB(z) = d,BB(z) =
dyBB(z) = d,, where ze Iy, 1 £k < v.

We say that x in the basin boundary is accessible from an open set V if there is
a curve y ending at x such that all of y except for x lies in V. We call y an access
curve. For basin boundaries that are fractal, many points are not accessible from
any of the basins. Note that for a Cantor set C in R?, only countably many points
of C are accessible from the complement R*\ C.

If x € Q(F) is accessible from either M\ W*(Q(F)) or M\ W*(Q(F)), then a re-
sult due to Newhouse and Palis [NP] yields that x is periodic. If we choose ¥ to be
basin{A} (for some attractor A4), and if x is on the basin boundary and is
a nonwandering point, that is, x € 2(g) N BB, and if x is accessible from basin {4}
and if g = F, then it is always possible to choose this curve y to be a piece of the
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unstable manifold W*(x), that is, either W’ (x) or Wiy (x) is an acceptable choice
for the access curve y. Notice if x is accessible from basin {A} and the access curve
y is Wit (x), then y intersects Q(F) only at x, so x is not a limit point of

Wit (x) n Q(F). Applying a result due to Newhouse and Palis [NP], we obtain the
following. The periodic points on the basin boundary that are accessible from
M\ W*(Q(F)) is a finite set, which we denote by P* and each point in BB that is
accessible from M\ W*(Q(F)) is in W*(p) fo some p in P* Similarly, the periodic
points on the basin boundary that are accessible from M\ W*(Q(F)) is a finite set,
say P° and each point in BB that is accessible from M\ W*(Q(F)) is in W*(p) for
some p in P*.

We say R is a block for I', where I' is a nontrivial basic set, if (1) R is
a diffeomorphic image of the square B=[ — 1,1]x[ — 1, 1], and (2) the four
pieces of OR are connected subsets of the stable manifolds of periodic points in
P* N T and of the unstable manifolds of periodic points in P* n I'. Write d;R for
the two segments of OR that are segments of stable manifolds and 0, R for the other
two segments that are segments of unstable manifolds.

Palis and Takens [PT ] have shown that for each nontrivial basic set I there
exists a finite collection of blocks for I' such that the blocks intersected with I" form
a Markov partition. See Bowen [B] for the notion of Markov partition.

We say, a block partition for a nontrivial basic set I' is a finite collection {R;}1-,
of blocks for I' with I' = {JI_, R..

Proposition 4-2. Assume that I is a nontrivial nonperiodic (saddle-hyperbolic) basic
set, and let z € I be fixed. There exist a block partition {R;}, for I' and a connected
subset I" of W*(z) such that for each i

(1) I* n R, consists of exactly one component, and

(2) both points of (I* A R;) are in | J}_, 0,R;,1 S i< N.

Proof. For a proof, see Palis and Takens [PT]. W

Let I" be a nontrivial nonperiodic basic set. There exist a C* ** stable foliation
Z* on a neighborhood Vp of I' and a C'** unstable foliation #* on a neighbor-
hood Vr of I', for some o > 0. From now on, let the point z € I, the blocks R
1 £i £ N, and the segment I* = W*(z) be as in Proposition 4-2. We can assume
without loss of generality that the blocks are chosen small enough that all lie in V7,
see [PT].

Let t:R— W*z) be a C3 parametrization, and define a projection
n: UM, Ri—> {JY, R n I* by collapsing each R; onto R; N I*, projection along
the local stable manifolds of the stable foliation % *. The following result says that
for some iterate K, the map F can be viewed as expansive along unstable segments.

Proposmon 4-3. There exist a block partition {R; }l 1 aninteger K > 0,and a C'**
map ¢: | )X, 171 (nR;) = R defined by ¢(x) = 1~ emo FKot(x) such that |¢'(x)|
> 1, for some a > 0.

Proof. For a proof, see Palis and Takens [PT]. W

4-2. Proofs of the One-Dimensional Results. In this subsection, we prove the
theorem for one dimensional maps; along the way we present in Sect. 4-2A several
auxiliary results that we use in the proof. The proofs of these results are either
rather technical or similar to existing proofs in the literature; in the latter case we
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refer the reader to the literature. The reader is advised to skip the proofs of the
intermediate results (which are given in Sect. 4-2B) with the first reading, and
continue with the proof of the theorem that is presented in Sect. 4-2C.

4-2A. Statement of the One-Dimensional Auxiliary Results. The first result says
that there exists a set J, which is a finite union of intervals, such that fis expanding
on J and J includes all the nonwandering points that are in the basin boundary.

Proposition 4-4. There exist a set J and an integer L = 1 such that the following
properties hold:

(1) J is a finite union of open intervals;

(2) BBn Q(f) = J;

(3) each component of J intersects BB n Q(f);

@ fU)=J;

(5) J contains no critical points and no images of critical points,

(6) infy |(f5) () > 1; ‘ '

(7) there exists a C > 0 such that if x, y € J and both f*(x) and f*(y) are in the same
component of J for each i (0 £ i< n), then C~* Z|(f"Y )/ (y)] £ C.

Remark. If a set J # satisfies (1), (2), (3) and (4) of Proposition 4-4 (when J # replaces
J), and J# < J, then (5), (6) and (7) hold trivially.

Let I'y, ..., I be the basic sets of fin the basin boundary, and let J be as in
Proposition 4-4. For each k (1 < k < ), we write J (I';) for the union of components
of J that intersect I'y.

Lemma 4-5. The set J in Proposition 4-4 can be chosen such that for all i + k, the
closures of J(I';) and J(I';) are disjoint.

Let from now on, the sets J(I'y), | < k < s, are disjoint as in Lemma 4-5, and we
call any such a set J(I';) an isolating neighborhood of I'y. For 1 £ k < s, the stable
set Ws(I'y) of I', is the union of the stable sets of points in I',, that is,
W3 ([y) = U Ws(z) We say I'; <TI; if the union of the forward images
Un>0 mUar J)) intersects J (I';). Equivalently, we say I'; < I'; if for each open
neighborhood V of I'; the stable set W*(I';) intersects V(Wthh implies that W*(I';)
intersects the unstable set W*(I';)).

Lemma 4-6. (Transitivity) The basic sets in the basin boundary can be indexed such
that for all i, j, k 1 =i, j,k <s)ifboth 'y <T;and I'; < I'y then I'; £ Iy,

The next result says that the dimension of the basin boundary in the isolating
neighborhood J(I'}) of any basic set I'; in the basin boundary equals the maximum
value of the dimension of the basin boundary in the isolating neighborhoods J(I';)
of I'; for all j (k < j < s) such that the union of the forward images J(I';) while
iterating f, does intersect J(I',). Here, “dimension” refers to any of the three
concepts of dimension in this paper.

Proposition 4-7. For each integer k (1 £ k < s), we have

dim(J(I'y) " BB) = max dim(J(I';) n BB).
r<T,
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The next two results say that the Hausdorff dimension, the box-counting
dimension, and the uncertainty dimension of the basin boundary in the isolating
neighborhood J(I',) of any basic set I', in the basin boundary are all three equal.
To obtain our desired results for one dimensional maps, we must show the equality
when arbitrary open intervals replace J(I',) below.

Proposition 4-8. For each integer k (1 < k < s), we have
dg(J(I'y) " BB) = d,(J(I'y) n BB) .
Proposition 4-9. For each integer k (1 < k < s), we have

du(J(y) A BB) = d,(J(I'y) N BB).

4-2B. Proofs of the One-Dimensional Auxiliary Results. Let U be the union of the
basins, that is, U = ( J{_, basin{4,}, so its components are open intervals. Let
I,,...,I, be those (finitely many) components that intersect the attractors
UL , Ay For example, if fis an Axiom A map, then I, . . ., I,, are open intervals
such that (1) | J;—, I contains Q,(f)in its interior and (2) each I, includes a stable
periodic point in its interior, 1 < k < w.

From now on, we write D, for U,‘:; 1 I, and B; for the complement of D, in M,
that is, By = M\D,. Notice that the definitions above imply f(Dy) = D, and
f(B1) o B;. For every integer n = 0 and each subset S of M, we define the set
fS)={xeM:f"(x)eS}.

For each integer k = 1, we define

Byi1 = M\fyk(Do)» and Dy = B\By+; .

Since f(Do) = Dy, the sets B, are (decreasing) nested sets. The sets By, and D,
arise naturally as follows. First, we define the sets of points that are mapped into D
and stay outside D, respectively, after iterating the map f exactly k times. The set
B, .1 is the set of points that will stay outside D, when fis iterated k times, and D, is
the set of points that stay outside D, when f is iterated less than k times and are
mapped into D, when f'is iterated k times. This implies D, = {x € B,: f*(x) € Do}
= Bi\Bi+1,and Byy; = {x€ B, : f*(x) € B;} = M\ Uﬁ=of—n(Do)~
Furthermore, we define

B°0= ﬂ Bk-
k=1

If an open interval I includes points of the basin boundary but no nonwander-
ing points, then after finitely many iterates, say n, the interval f”(I ) will intersect the
nonwandering set. For a proof of such a fact, see for example [Nul, Nu2]. To prove
that the dimensions are equal on an interval S, it is sufficient to prove it for f(S),
provided no critical points of f are in f(S). Continue iterating f, (assuming no
critical points of f are encountered) until f*(S) contains a point of Q(f).We will
show that it is sufficient to consider those components of the B,’s that intersect
Q(f). Therefore, for every k € N, we define the set

By = {xe U: U is a component of B, and U n Q(f) # 0} .
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By Lemma 3-5 in [Nu2] we know that there exist positive integers L and Q such
that inf |( /Y (x)| > 1, where the infimum is taken over all x € B. We fix L and
Q for future reference.

Let D§ < D, be a closed set in M with the following properties: (1) D§
intersects each component D of Dy; (2) the interior Int(D§) of D¥ includes the
attractors U 1 Ai; (3) f(D¥) = Int(DF); (4) if a critical point ¢ of f satlsﬁes fio)e
D,, for some nonnegatlve integer n, then f"(c) € Int(D¥); (5) the number of the
components of D§ is equal to the number of components of D,.

We define for each integer k = 0, the sets D = f~*(D¥), and J, is the union of
those components of M\Dj which intersect both Q(f) and BB.

Lemma 4-10. The number R, = min{ne N U {0} : J, includes no critical point of
f} is well defined, and Ry < Q. For every integer n = Ry, the set J, has the following
properties:

(i) J, is open in I;
(ii) the restriction of f to J, is a homeomorphism on each interval in J,;
(iii) J, has finitely many components.

Proof. The proof is similar to the proof of Lemma 3-7 in [Nu2]. H

We will assume that D% is chosen such that inf |( fX) (x)| > 1, where the infimum
is taken over all x in the closure of Jj (note that this assumption is no restriction).
We obtain that J, (the closure of J;) are nested (decreasing) compact intervals, and

JU) = .

Lemma 4-11. There exists C > 0 such that for eachn € N u {0}, for each component
Uin Jo+, one has

CH I @YW £C, forall x,y in U.

Proof. We write G = f~. There exists K > 0 such that the distortion inequality
1 <(GTY (x)|/I(GTY (WI =K holds, for all 720, and all x,y in the same
component of Jrp+9, since |(fL)(x)| > 1 for each x € J, (see e.g. [Ma]). Now we
define E = max {max {|f'(x)|: x e Jo}, min{| f'(x)| ':xe€ Jo}}, where J, is the
closure of J,.
Selecting C = K+EX we obtain for every nonnegative integer n, C ! <
[ /IS () £ C, for all x, y in U, where U is an arbitrary component in

JQ+n'

Proof of Proposition 4-4. Let the integers Q and L be as above. We select the set
J to be JQ.

(1) Lemma 4-10 yields J, consists of finitely many open intervals, hence J is
a finite union of open intervals.

(2) By definition we have that J, includes BB n Q(f), and so J includes
BB n Q(f).

(3) By definition each component of J, intersects BB n Q( f). Therefore, each
component of J intersects BB n Q( f).

(4) Since f(Jg) @ Jo we have f(J) o J.

(5) The property inf|( XY (x)| > 1 (where the infimum is taken over all x in the
closure of J,) implies J contains no critical points and no images of critical-points.
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(6) The property inf|(fXY (x)| > 1 (where the infimum is taken over all x in the
closure of J,) yields inf; |( /XY (x)| > 1.

(7) Let C > 0 be a constant as in Lemma 4-11. Let integer n = 0 be fixed. Let
x, y € J and assume that both f%(x) and f(y) are in the same component of J for
each i, 0 < i < n. This assumption implies that x and y are in the same component
of Jo+n. Now we apply Lemma 4-11 and obtain C~! < |(f")(x)I/I(f") (y)
<C. n

Proof of Lemma 4-5. Recall that f is hyperbolic on the basin boundary and that
Iy,..., I are the basic sets in BB n Q(f). Let V;, (1 =k =<s) be an open
neighborhood of I', such that for all i # k the neighborhoods V; and V, are disjoint.
Such neighborhoods exist, because the basic sets I', are disjoint, compact sets. In
a similar way as Lemma 5-6 in [Nu2] has been proved, one shows that the total
length of J,, goes to zero as k — oo. Select integer n = R, in Lemma 4-10 such that
the closure of J, is contained in the open neighborhood | J, ¥ of BB n Q(f). The
conclusion now is that for all i + k, the closures of J(I';) and J(I'}) are disjoint. W

Let N denote the number of disjoint components Ji of Jp, that is,
Jo =N, Jh We define the N x N matrix A4 by
. ; ;
an={ ! T2

0 otherwise

||/\
||/\

i,j<N. (3a)

We will assume that the Jj’s are numbered in such a way that the matrix 4 is
written in the form, see [BP]

Ay 000
1"121 Agzl'~ :

A= DR ,
. 0
Ao AL

where each block Ay (1 £ k £ s)is an irreducible N, x N, matrix (that is, for each
pair (i, j) there exists an integer n = 1 such that the (1 j)®entry (where 1 < i,j < N,)
of the matrix (Ay)" is positive), and Y ;_ N, = N for some 5,1 < s < N. In fact,
with the techniques in [Nul, Nu2] one can show that 1 <s<gq + 1.

For each k, 1 < k <'s, we write

k—1 k
B ={UJ§2: Y Nj<i< ) N,}
i j=1 j=1
(we define Z?=1 N; =0), and for every integer n = 0 we define

= {xe Bk "(x) e B}

or equivalently,
Br=[""(B5) N BG

and finally,
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For every (irreducible) matrix Ay, and for each n, the set %% has finitely many
components, say N (%), and we write £ as the disjoint union of the components
B 1 < i < N(BE).

Proof of Lemma 4-6. Lemma 4-5 and the definition of the sets %% imply that each
set 2% includes one basic set of BB n Q(f). Hence, after possibly relabeling the
basic sets, we have I', = %% for all positive integers n. Let integers i,j, k
(1 £1,j, k < s) be given, and assume that both I'; < I'jand I'; < Ty

Let G(A) be the directed graph associated with the matrlx A that i is, the graph
G(A) consists of the vertices labeled J5, 1 <i < Nanda number of directed edges,
namely there is a directed edge from vertex J b to vertex J} if and only if A(i, j) = 1.
Let I;, I;, and I, be any interval in %4, 8}, and B respectively. The assumption
that both I'; < I';and I'; < I'y and the fact that there is a path from I, to any other
interval in 4% (where r = i, j, k) imply that there is both a path from I'; to I';, and
a path from I', to I';. Hence I'; = T,. B

Proof of Proposition 4-7. Proposition 4-1, Proposition 4-4, and Lemma 4-6 yield
the desired result. MW

Proposition 4-12. dy(#*,) = d,(B%,), for all 1 <k < s.

Proof. From the fact that f* is expanding, and by using the result due to Takens
[T ] we obtain immediately that di (%%, N Q(f*)) = d,(B*, n Q(f*)). This result
together with the fact % N Q(f*) = %% ~ Q(f) and Proposition 4-1 yields the
result. W

Corollary 4-13. Fix anyk, 1 < k < 5. If d > d(B%) then lim, , , ¥ V¥ | Bk |14 = 0,
and if d < dy(%%,) then ¥ N )| B¢ —> o0 when n— oo.

Proof. The definition of Hausdorff dimension together with Proposition 4-12
yields the result. W

Proof of Proposition 4-8. Apply Proposition 4-1, Proposition 4-7 and Proposition
4-12 and obtain the desired result. W

For each k (1 < k < s) and for each integer n = 0, we write ¢* for the minimum
of the minimum of the distance between two different components of %% and the
distance between the boundary of #* and #*,, that is,

e* = min {mln dist(%%. ., B, ;), dist(#%,, Bndy(%ﬁ))} .
i*j

Proposition 4-14. Let integer k, 1 <k <s, be given. Then dy(#*, ~n BB)

=d,(#* ~ BB).

Proof. Let 1=k<s be given. It is left to the reader to prove
dy(#*, N BB) = d, (%%, n BB) when (#* ~ BB) is trivial, that is, (%% ~ BB) is
a single periodic orbit. From now on, we assume (%%, n BB) is nontrivial.

Let 6 > dy(#%,), and let LY and L" denote the minimum and maximum length
of the components of %% respectively. By Corollary 4-13, select .4 € N such that
Zl 1") | B%..|° < (C/Lk)™? for every n = A, where C is the constant in Proposi-
tion 4-4. Fix n= ., recall that ¢t = min {min,, ; dist(8%,., B~ ), dist(#~,,
Bndy(2%))}. For 0 < ¢ < &k, denote the probability that two points x, y (chosen at
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random from %% according to the uniform distribution and subject to the condi-
tion |x—y| <e) tend to different attractors by pf(e). That is, let
L(e) = [x — & x + €], let u; denote the one dimensional Lebesgue measure, set

Pie) = m({y e L(e) m B: L™ (x) + L™ (y)})/u1(I.(e) N B%) ,
and then

pe) = | pile)dx
@

1 k
In order to finish the proof it is sufficient to show that lim n ﬁ 8(8) =1 — dy(%*).

For every ¢,0 < ¢ < &, define the sets e0
W e) = {(x,y) e BEx B5: |x — y| <e},
VEe) = {(x,y) e W*e): L*(x) + L*(y)} ,

and denote by u, the two dimensional Lebesgue measure. Then we have
P(e) & ua(V*(e))/usy(W*(e)) for & sufficiently small. Since u,(W*(e))=

k
11 (BE) {2¢ — &%}, we are done if we show that lim @—%@ 2 — dy(%B*,).
e—0

For 0 <e<ék let €, = {C }je # denote a cover of &%, by N ¥(e) sets with
diameter ¢; assume that JV *(¢) is minimal. For every ¢, 0 < ¢ < &k, the assumptlon
on €, that A4*(¢) is mmlmal yields each element of €, is contained in #%. For
a moment fix &0 <e<ek and some integer i,1 <i< N(ﬂ") then, since
f"(@ ) = #%.,, for some m, the collection {f"(C; %% J},e; is a cover of
B, O B, where 1 <m < N(#%). Applying Lemma 4-11 shows C~'-
| B ,L| CZEINC, o B 18 2 117(C, o 5 LB ) = 11(C, o B
| B.m| S C-|C;\ BE|/|BE| = Cre+|BE|™!; therefore each element of
{f"(C N Bk ,)}]Ef has diameter in the interval [LE-Cteg-|5BE 7Y,
LY C-¢-|%% ;| *), where LY and L% are the minimum and maximum length of
the components of %% respectively.

Define the map G: #¥ x %’5 - R? by G(x,y) = (f(x), f(y)). Obviously, if
(x, y) € B x B%.; and (w, z) € B, x B, for some 1 <z<N(g") then C™2<
|det DG"(x, y)/det DG"(w, z)| < C?, where C > 0 is the constant in Lemma 4-11.

For every integer i, 1 <i < N(g") and for all ¢,0 < ¢ < &k we have

VALY C™ 1 e |l ™h) < G'(VE(e) N (B x Brid)) (1a)
G"(VX(e) N (B x Br)) < VE(Liy - Cre*|Bnil ™), (1b)

where Lk, respectively L%, is the minimum, respectively maximum, length of the
components of %’6.

Lete, 0 <& < &b,y -1, be given. Note that (x, y) € V*(¢) implies that one of x, y
lies in a component #f.;, for some 1=<i< N(#f). For each integer
j, 1 £j £ N(8Y), we write V" j(€) for the component of V*(¢) that has a nonempty
intersection with %% ;x 4k, ;, and we set 9%, ;(e) = VE. j(e)\(SB%, ; x A%, ;). It now
follows that U @7, ;(e) = (|J; 2%, ;(e)) » V*(e) is contained in the image under G™
of a subset of ¥*(e) n (| J;(%%; x@ﬁ ;) where m = N, — 1. Hence, there exists
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a constant A4 > 1 such that u,(V*()) < /i',uz(Uj{V"(s) N (B, x B )}). Now
we apply (la, 1b), and summing over i yields

pa(V () 2 C72- 3 | Bnl* - VE(LLC e | Bl ™) (2a)
P (V@) S A+ C*- 3 | Byl VH(LEC e |85 ) (2b)

For d=0 define y*e) by u(V*e)=¢e "y (). Assume first that
d<2-— dH(B’;o).A By Corollary 4-13, select n so large such that
Y 1Bk 1?79 < (A C?)~ 1. Substituting in (2b), for ¢ sufficiently small, we obtain

Yre) S A-C?Y | BhilP =4 YH (L5 C e | Bl )
SY By (Lh- C et | Zl7Y), where ) fi=1.

This expression gives a convex combination of values of y* at larger arguments
(recall that L% -C~'+|4% ;"' > 1) as an upper bound for y*(e), so y*(e) is
bounded. Hence, lim, ¢ In u,(V*(¢))/In & = lim,o {d + In Y*(¢)/In ¢} = d.

Now assume that d > 2 — dgy(B%). By Corollary 4-13, select n such that
Y. |%%.1*>~% > C*. Applying (2a), for ¢ sufficiently small, we get

Vi) = A-C72Y | BL Py LECT e | BE 7Y
gZﬂi.wk(l‘fn.c_l.8'|g5;il_l)’ WhereZﬂizl-

This expression is a convex combination of values of y* at larger arguments (recall
L¥-C 1% 17! > 1) as a lower bound for y*(g), so ¥*(¢) is bounded away from
zero. Hence,

lim sup In u,(V*(¢))/In e = d + lim sup Iny*(e)/lne < d .
e—=0 e—0

In 11(V*(e))

=2 —dy(#%). 1
Ineg

The conclusion is lim

e—~0

Proof of Proposition 4-9. Apply Proposition 4-1, Proposition 4-7 and Proposition
4-14 yielding the desired result. W

4-2C. Poof of the (One-Dimensional) Theorem. Assume that f: M — M has the
following properties: (1) there exists finitely many, attractors, say 4,, 4,, ..., 4,
where g = 2, (2) for each point x € M, there exists an integer k, 1 < k < ¢, such that
either x € basin {4, } or x is on the boundary of basin {4,}, and (3) fis hyperbolic
on the basin boundary BB. Let S be an arbitrarily given region that intersects the
basin boundary.

Let the integer s = 1, and the sets #* and %#* , where 1 £k < sand n =0 are
integers, be as in Sect. 4-2B.

For every k, 1<k<s, we define %% (S)=%* if S intersects
(UsZo f7"(#%)) n BB, and #%(S)=0 otherwise. Recall that both the
Hausdorff dimension and the box-counting dimension of an empty set are defined
to be zero. From elementary properties of Hausdorff dimension and the box-
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counting dimension it follows that

<U B, S)>— max d,(#%(S)), and

=1 12k<s

dH( O %’;(S)) = max dy(%%(9)).

k=1 1<k<s
This together with the combinatorial results in [Nul, Nu2] and Propositions 4-1,
4-7 and 4-8 imply d,(S n BB) = dy(S n BB).

For every integer k, 1 < k < s, for each integer n = 0 let the number ¢ > 0 and
the integer A4 = 1 be defined as in the proof of Proposition 4-14. Fix any
n = max; <k <s A% and define ¢,(S) = min; <, <5 €.

For 0 < ¢ < ¢,(S), denote the probability that two points x, y (chosen at
random from S according to the uniform distribution and subject to the condition
|x — y| < ¢) tend to different attractors by p(e, S). That is, let I.(¢) = [x — &, x + €],
let 1y denote the one dimensional Lebesgue measure, set

P& S)=u({yelle)nS: L*(x) = L*(»)})/u1((e) 0 S),
and then
p(e, S) = [ p.(e, S)dx .
S

For every integer k, 1<k<s, for each ¢>0, for each xeS, define
p’;(a, S) = pi(e) and p*(e, S) = p*(e) if the intersection S N (| J,~, f~"(%%)) n BB
is nonempty, and p%(e, S)=p*(s,S) =0 otherwise. Finally, we define
pi(e, §) (1 (Le(e) 0 BE(S))/u1Ie(e) N S)) =0 if S ({J,Zof "(#%)) N BB s
empty. From the definitions above, it follows that

px(e, §) = w({ye Lle) n S: L™ (x) # L*()})/u1 (L&) 0 S)

= Y w((ye L) n B5(S): L* () + L™ ()} ()  5)

k=1
= Z ti({y € L(e) N B(S): LT (x) # L™ ()})/p1(Ile) 1 S)

= Z (e, ) (u1 (L) N BE(S))/ 11 (L(e) 0 S))
and furthermore, for each xeS we have either p.(¢,S)=0 or p.(e, S)=

ph(e, §) (u1(I:(e) N B4(S))/u1(I(e) N S)) > 0, for some unique integer k, 1 < k < s.
This implies that

pe S) = Ipx(e, S)dx
={ i Pi(e, §) (11 (&) N~ BE(S))/ 11 (I(e) N S)) dx
Sk=
= Y [ ph(e, S) (ui(Iu(e) 0 BH(S))/ 11 (I(e) 0 S))dx
S

= Z (u1x(e) N~ B%(S)/u1x(e) N S))- | phle, S)dx.
k= S n B(S)
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This together with the combinatorial results in [Nul, Nu2] are the main ingredi-
1 , S
ents for adapting the proof of Proposition 4-14 and yielding limﬁo%
=1 — max; <4 < dy(#%(S)). Hence, d,(S n BB) = dy(S N BB).

The conclusion is that for m = 1, the box-counting dimension d,(S n BB), the
Hausdorff dimension dy(S » BB) and the uncertainty dimension d,(S n BB) of the

intersection of S with the basin boundary BB are all equal. W

4-3. Proofs of the Two-Dimensional Results. In this subsection, we prove the
theorem for the two dimensional difftomorphisms. We present in 4-3A some
auxiliary results that we use in the proof. The proofs of these results and the proof
of the theorem are given in Sect. 4-3B.

4-3A4. Two-Dimensional Intermediate Results. In this subsection, we present
several auxiliary results that we will use in the proof of the theorem.

Let I', (1 < k < v) be as in Sect.4-1, that is, each I'; is a basic set in the basin
boundary. For each k, write %% for a block partition of I'y. The basic sets in the
basin boundary can be partially ordered. We say I'; < I'; if the stable set W*(I';)
intersects the unstable set W*(I';).

Lemma 4-15. The basic sets in the basin boundary can be indexed such that for all i,
k(1 k<)

ri<r, ifisk.

The next result says that the dimension of the basin boundary in the block
partition #§ of any basic set I'; in the basin boundary equals the maximum value
of the dimension of the basin boundary in the block partitions %} of I'; for all
j (k =j = v)such that the stable set W*(I',) intersects the unstable set W*(I";). Here
again, “dimension” refers to any of the three concepts of dimension in this paper.

Lemma 4-16. For each integer k (1=<k<=v), we have dim (%% ~ BB)
= max; dim(%} N BB)), where the maximum is taken over those integers j for which
W?*(I'y) intersects W*(I';).

The next two results say that the Hausdorff dimension, the box-counting
dimension, and the uncertainty dimension of the basin boundary in a block
partition of any basic set in the basin boundary are all three equal.

Proposition 4-17. For each integer k (1 < k < s), we have
dy(#% ~ BB) = d,(%% n BB) .
Proposition 4-18. For each integer k (1 < k < s), we have
dy(#% A BB) = d (%% ~ BB) .

4-3B. Proofs of the Two-Dimensional (Intermediate) Results. The proof of the
Lemmas 4-15 and 4-16 are left to the reader. For every x € M and for each ¢ > 0, we
write D,(¢) for the open disk in M with radius ¢ that is centered at x, that is,
D,(e) = {y e R*:||x — y|| < ¢}, which we call e-disk of x. Similarly as in the one
dimensional case, we want to introduce a quantity that indicates the relative
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Lebesgue measure of the set of points in any e-disk D,(e). Let u, denote the two
dimensional Lebesgue measure. For each integer k (1 < k < v), for every ¢ > 0, and
each point x € M, we first define

Pi(e) = ua({y € Dule) N ZG: L (x) + L (3)})/12(Ds(e) N 28) ,
and then

P¥e) = [ Pi(e)dx .
R%

The following result compares 1 and 2 dimensional integrals of P%(e).

Lemma 4-19. For each integer k, 1 < k < v, there exist ¢ > 0 and constants C¥, > 0
and C%; > 0 such that

Ch [ pie)dx<P¥e)<Cl+ [ plle)dx
Ik R*) 1%~ R

where #* = { R} YY) and I} are as in Proposition 4-2.

Proof. Let integer k, 1 < k < v, be given. Let #* = {#%}¥) and I} be as in the
Proposition. From Sect. 4-1 we know that #* is contained in an open neighbor-
hood of I', on which both a stable foliation &} and an unstable foliation & ¥ exist.
We will refer to a component of 5 N #* (or F% N #*) as a stable segment
(unstable segment) of the block partition %*. Let R be any block in #*, and let I
denote the unstable segment I§ n R. Let US be any unstable segment in R. The
map hys: US — I, defined by projecting along the leaves of the stable foliation
Z4 is a diffeomorphism, and in fact Proposition 4-3 implies that hyg is a C**%-
diffeomorphism, for some & > 0. Since US may be any unstable segment in R and
R is an arbitrarily chosen block of #*, we conclude (by using the fact that %* is
compact) that there exist ¢ >0 and constants C¥ >0, C% >0 such that

Clr‘n.f(lz Y ) pile)dx < P¥e) < Ciy- 5(1;ngyh) pi(e)dx. W

Remark. One can obtain a somewhat better result than Lemma 4-19. Choosing the
coordinates to be the natural coordinates of the block, P*(¢) is equal to some
one-dimensional integral, namely

Pe)=Cn- | piedx=Cy | pile)dx.
FRE) FRr)

Lemma 4-20. For each integer k, 1 < k < v, we have

k
lim In P*(¢)
e—»0 Ing

=1—du(I* n #* A BB) = 2 — duy(%#* A BB) .

Proof. Apply Proposition 4-14 and Lemma 4-19. B
Proof of Proposition 4-17. Apply Propositions 4-2, 4-3, and 4-8. W
Proof of Proposition 4-18. Apply Propositions 4-2, 4-3, and Lemma 4-20. W

Proof of the Two Dimensional Theorem. This proof follows immediately from the
proof of the one-dimensional theorem, Lemma 4-20, and Propositions 4-17 and
4-18. W
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