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Abstract. We consider the solution u,.(t) of the saturated nonlinear Schrédinger
equation

i0u/Ot = —Au — |u|4/Nu +elul? 'y and  w(0,.) = ¢(.), (1),

where N >2,e >0, 1+4/N < ¢ < (N+2)/(N—-2),u : RxRY — C, ¢ is a radially
symmetric function in H'(R"™). We assume that the solution of the limit equation is
not globally defined in time. There is a T > O such that tlin% |u@®)|| 1 = 400, where

u(t) is the solution of
i0u/0t = —Au— |u*Nu and  w(0,.) = @(.). (1)
For € > 0 fixed, u,(t) is defined for all time. We are interested in the limit behavior
as € — 0 of u (f) for ¢ > T. In the case where there is no loss of mass in u, at
infinity in a sense to be made precise, we describe the behavior of u, as € goes to
zero and we derive an existence result for a solution of (1) after the blow-up time 7'
in a certain sense. Nonlinear Schrédinger equation with supercritical exponents are
also considered.

I. Introduction

In the present paper, we consider the saturated nonlinear Schrodinger equation:
i0u/0t = —Au — [u[Nu+elul'u and  w(0,.) = (), (1),

where A is the Laplace operator on RV, u : [0,T) x RN — C, and ¢ € H'(RY).
We assume that N >2,e>0and 1 +4/N < q < (N +2)/(N —2).
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We say that u(.) is a solution of an equation of the type
10u/0t = —Au — f(u) and u(0,.) = ¢(.),
for t € [0, T), where f(x) is a nonlinear term, if V¢ € [0,T),

t
u(t) = S®)p + i / S(t — s){ fu(s))} ds,
0

where s(.) is the group with the infinitesimal generator 1A (the free Schrodinger
group) and for each ¢, w(t) denotes the function z — u(t, x).

For a fixed € > 0, under these assumptions on N and g, it is well known that
equation (1), has a unique solution u (t) in H ! defined globally in time: that is
Vte R, u (t) e H ! = H'(R™N) (see Ginibre and Velo [35, 6], Kato [8]). The problem
is to understand for a fixed ¢ > 0, the limit behavior of u_(t) as € goes to zero.

Indeed, for both numerical and theoretical reasons, we want to relate this limit
behavior to the limit equation:

iOu)dt = —Au — [u[*Nu and w(©0,.) = ¢(.). (1)

It is well known that Eq. (1) has a unique solution u(t) in H' and there exists
T > 0 such that V¢ € [0,T), u(t) € H! and either T = 400 or tlm:lr [u®| g1 =

tlirr% |u(®)|| ;4/n+2 = 400 (see Ginibre and Velo [5,6], Kato [8]). In [15], it is shown

that as € — 0, u_(t) converge in H' to u(t) uniformly in time in H'(R") on compact
sets of [0, T'). Let us consider initial data ¢ such that T' < +o00. Moreover, for a fixed
€ > 0, u.(t) is globally defined in time. In order to simplify calculations (numerical
computations) as well as for physical reasons, the problem is, for fixed ¢, to relate the
behavior of u (t) as € — 0 to the nonlinear Schrodinger equation (1). For example,
if we can define igl}) u.(t) for t > T, in what sense does it satisfy the nonlinear

Schrédinger equation with the nonlinear term — |u|*/ ™V u?

The other way to see this problem is to see it as a problem of physical continuation
of blow-up solutions of the nonlinear Schrodinger equation. Equation (1) appears
as a model in a lot of different fields: in nonrelativistic quantum mechanics, in
superconductivity, in plasmas, in laser beam propagation (N = 2). .. In particular, for
N =2 Eq. (1) can be considered to first approximation as a model of a planar laser
beam which is propagating along a single direction ¢ in R?. In a way, the solution
u(t, z,, z,) measures the intensity of the laser at a point (, 2, x,) and blow-up of the
solution is related to the self-focusing of the laser beam. This model does not quite
meet the physicist’s requirements when a blowing-up in finite time occurs. In fact, the
nonlinear term —[u|?u is the first term of the expansion of the nonlinearity, and this
model is valid when the solution is not too large. Since we have tlinql« lu@®)|| s = +oo,

the approximation is no longer valid at the blow-up time. For this reason, physicists
add a corrective term which gives the saturated model of Eq. (1), with

fw) = —ufu+efu|?u

as nonlinear term where 0 < ¢ < 1 and q > 3.



Limit Behavior of Saturated Approximations of NLS Equation 379

In the' present paper, we focus on the problem of understanding the behavior of
u.(t) as € — O for a fixed ¢, in the special case of initial data radially symmetric and
in space dimension N greater or equal to 2. All the results are set in that context.
The uniqueness of the Cauchy problem for Egs. (1), (1), implies then that for a fixed
t the functions u(t), u,(t) are radially symmetric and we do not have to control the
space evolution of the singular point in time. Nevertheless in [19], we consider the
case of initial data with no special symmetry in dimension one (N = 1) and give in
that case a complete description of the phenomenon at the blow-up time.

Let us recall some well known results on nonlinear Schrodinger equations. We
consider for 1 < p < (N + 2)/(N — 2), the following equation

i0u/ot = —Au — |uP"'u  and  uw(0,.) = @(.). 1*)

For 1 < p < (N +2)/(N —2), it is well known that Eq. (1*) has a unique solution

w(t) in H' and there exists T > 0 such that V¢ € [0,T), w(t) € H' and either
T = +o0 or tlin:lr lu@®|l g = tlinzl“ lu(@®)|| p+1 = +oo (see Ginibre and Velo [5,6],

Kato [8]). We have the following conservation laws in time for ¢ € [0,T),
lu®lz2 = llellz2 2)

BE(u(t) = % / |Vult, z)|* dz / lu(t, z)|PT! dz = E(p), 3)

p+1
d/dt / |z||u(t, z)|* dz = 4Im / ru(t, ©)a,(t, =) dz

d?/dt* / |z |u(t, z)|* dz = 16 E(p) + C(p, N) / |u(t, z)|P™ dz )

where C(p,N) <0isp>1+4/N,C(p,N)=0if p=1+4/N, C(p,N) > 0 if
p<1+4/N,r=|z| and u, = Ou/0r.

For 1 < p < 1+ 4/N, the conservation of mass (2) and energy (3) imply that
blowing-up in finite time never occurs (Ginibre and Velo [5]). On the other hand, it is
well known that for p > 1+ 4/N, there are singular solutions of Eq. (1) for suitable
initial data (see Zakharov, Sobolev, and Synach [27], Glassey [7] in the case of initial
data with negative energy). That is, there exist solutions u(t) of Eq. (1) such that

u() € Z([0,7),H") and Jim lu@l g = tlimT lu@)|| p+1 = +o00.

In [13], Merle shows that u_(t) converges in H ! to u(t) as € — 0, uniformly in time
t on compact sets of [0,T), where u,(t) is the solution of equation

i0u/0t = —Au — [ulP"'u +eu)?" ' and  w(0,.) = ().

Therefore, we assume that we are not in the situation where T = +o0: that is
14+4/N < p < (N+2)/(N —2) and the solution of Eq. (1) with initial data ¢ blows
up in finite time (for example the energy of ¢, E(yp), is negative). We are interested
in particular in the critical case p = 1 + 4/N and we assume now that

p=1+4/N.
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Similar techniques used for Eq. (1), can be applied for supercritical nonlinear
Schrédinger equations. In the last section of the paper, we consider solutions of
equation

i0u/0t = —Au — [ulP'u+efu/T'u and  w(0,.) = ¢(.),

with 1 +4/N < p < g < (N +2)/(N — 2). For physical reasons, a fixed € > 0, we
want to be u_(.) globally defined in time for all initial data, which yields

e>0 and 14+4/N<qg<(N+2)/(N-2).

Little is known about the behavior of u (t) as € — 0, for ¢ = T and t > T.
Even in the case of the nonlinear Schrodinger equation (1) little is known about the
behavior of u(t) at the blow-up time.

In particular, from the conservation of the L? norm in time of the solution and physical
reasons, it is important to understand the behavior in L? of u() and u(t) as € — 0.
We give in this paper a description of different types of behavior in L?.

The blow-up problem of the solution of Eq. (1) is related in some sense to the
following elliptic problem. Let us consider the set of solutions of the equation for
w >0,

~A, +wu—[u*Nu=0 in RN ).
Existence of solutions of such equations have been proved by Berestycki, Lions,
Peletier in [1,2] (see also Strauss in [22]).

We first remark that if w(z) is a solution of Eq. (5),, then u(t,z) = etw(z)
is a solution of Eq. (1). For this special nonlinearity —|u|*/"Nu, we recall that the
nonlinear Schrodinger equation (1) has one more time invariant. Equation (1) has a
pseudoconformal invariance law, which is the following: if u(x,t) is a solution of
Eq. (1), then

1t~ N/2eilel 4ty (1t 3t

is again a solution of (1). From the conformal invariance for 7" > 0,
[t — T|~N2e~w/CDg(x/t — T)

is a blow-up solution of Eq. (1).
Moreover for this special exponent, the set of nonzero solutions of Eq. (5),, for

w > 0 has a minimal element in the L? sense which is called the ground state. Let
us consider the unique radial solution Q(z) of the problem
~Au4u—|ufYu=0 and u>0 in RV

(see Kwong [9] and the other references in [9] for the uniqueness). We have the
following property: If w is a solution of (5),, for w > 0, then

lwll2 > 1@ 22 -
We remark that w’¥/4Q(w!/?z) which is the unique solution of
—Au+wu—[u"u=0 and u>0 in RY,

has the following property: |w™/*Q(w'/2z)| 2 = Q|| 2-
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The nimber ||Q||;2 plays an important role in the blow-up problem of Eq. (1).
Weinstein first showed in [25] that, if

lellze < 1Qllz2

then the solution w(t) of Eq. (1) is globally defined in time and there is no blow-up.
We remark that this bound is optimal. Indeed, for w > 0 and 6 € R, we have that

w —N/2 . iw? wx
S T S L e ANy &

is a solution of Eq. (1) which blows up at T such that ||p|;2 = ||Q]|;2. In fact,
in [17] Merle shows a uniqueness result for blow-up solutions with minimal mass
which gives a characterization of the functions S, o, for w > 0 and 6 € R. That is, if
the initial data ¢ is radially symmetric, ||¢|/;2 = ||@||;2, and the solution of Eq. (1)
blows up at time 7', there exists then a w > 0 and 6 € R such that p = S, 4(0) and
u(®) = S, 4(®).

In the nonradial case, Merle shows in [18], using a compactness lemma, that if
the initial data ¢ is such that ||¢|| 2 = ||Q||;2, and the solution of Eq. (1) blows up
at time 7', then there exists aw > 0, z,,z, € R¥ and 6 € R such that

$= Sw,G,zl,zz(O) ’

and
u(t) = Sw,O,z[,zz(t) )
where
) w?
Suvi,01,2,(6 ) =lw /(T = )]V exp {Z [a trop Tl /14T - tHJ }

(r —z)w
Q(ﬁ ‘%) |

More generally, Merle and Tsutsumi [20] show that a blow-up solution u(t) of Eq. (1)
can not have a strong limit in L? at the blow-up time (see also Weinstein [24]).
In addition, if the initial data ¢ has spherical symmetry, then an L?-concentration
phenomenon occurs at the origin at the blow-up time [20,24]. More precisely, for all
R > 0, we have

litnii;}f!lu(t)lquB(o,R» 2 ||Q||L2 )

where T is the blow-up time, and |lul|;2(¢ gy represents the L? norm of the

restriction of u to the ball of radius R > 0 centered at the origin. In [16], Merle
shows that for any arbitrarily chosen k points, we can find a solution of (1) which
blows up simultaneously at these points. In addition, for that solution, there is a

concentration phenomenon at the blow-up time in the L?-space.

These results show us that L? plays an important role in the phenomena which
arise at the blow-up time in the critical case. In fact a local L? theory can be
set up for the Cauchy problem of Eq. (1). That is, for initial data in L?, there
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exists a unique solution of Eq. (1) in Z°([0,T], L?) such that either T = +oo or
T

[ [ Ju(t, z)|*N+2 dz dt = 400 (see Cazenave and Weissler [3]).

0

We know that u_(t) — u(t) as € — O uniformly on compact sets of {0, 7T") (regular
case, see [15]). In this paper, we are interested in the behavior of u(t) for t = T and
t > T as € — 0. In [15], it is shown a stability of the phenomenon of saturation, that
is

Iirr}) lu (D) g1 = 400,
£—

and
lim { lim {
a—0 ) e—0 ) te[T— aT+ ]

|lu, (t)“H‘}} = +o00.

Different types of questions can now be asked on the behavior of u _(t) as € — 0.

Question 1 (Compactness). Does the sequence u.(f) as € — 0 have a compact
behavior for ¢ > T or equivalently, is there a compact set or finite dimensional
manifold K such that d(u_(t), K) — 0 as € — O for a suitable topology? In addition,
can we describe and relate the different elements of K?

Question 2 (Uniqueness). Is there some case where the set K defined before is a

singleton, that is, there is a function u*(t) such that u*(t) = 11mu () fort > T in
some sense to be made precise?

Question 3 (Regularity). Is the blow-up phenomenon unstable in time; that is, does
the regularizing sequence have a regular behavior for ¢t > T

limsup ||u (O)|| g1 < ct),
e—0

where c(t) < +oo for t > T?

Question 4 (Stability). Is the object we obtain after going through the limit as € goes
to zero continuous with respect to the initial data and in what sense?

In [17], Merle answers these questions for a different type of approximation for
some special initial data and proves a surprising result about chaotic behavior of
u,(t) with respect to €. In particular, there is no hope of finding a unique limit for
the sequence u (t) for ¢ > T in the case considered. In [17], we consider the case
where ¢ is a radially symmetric blow-up solution of Eq. (1) with minimal L?-mass
among blow-up solutions, that is, there are w_ > 0 and €_ € R, such that

Y = Sw_’e_ (0) .

The approximation of the solution of the conformal nonlinear Schrédinger equation
is taken in a slightly different context. We consider the solution w, of the following
equation:

10u/0t = —Au — Iul“/Nu and w(0,.) = ¢.(.),
such that w, is globally defined in time (||¢,|lz2 < |l¢ll2 = |Q]l 2 and ¢, — ¢)

and ¢, satisfies a variational condition (see [17]), for example ¢, = (1 —¢€)p. Similar
techniques may be applied to u,, the solution of Eq. (1),.
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We first have that for all & > 0 and A > O there is a 6, such that

Sy 0.)—w()—0 in Z(T+aT+AL,H") ase—0.

w

In particular, we obtain a compactness result and a regularity result. The main point
is the following: we have a loss of information on the phase 6, for the sequence w,(t)
which yields a nonuniqueness phenomenon for the problem (1). For all 6, there is
sequence €,, — 0 (depending on 6) such that (see [17])

w,, (t) =S, _,_(t) in H' uniformly on compact sets of [0,T) as n — 400,

w,, (t) — Sw_,o(t) uniformly on compact sets of (7', +00) as n — +00.

In this paper, our target is to answer Question 1 and to give compactness results
on the sequence u_(?) in the case of spherical initial data . This yields some results
on the existence of a weak solution u(¢) of Eq. (1) after the blow-up time. In the
last section of the paper, we give similar results with nonlinear Schrodinger equations
involving a supercritical exponent.

The main result is the following

Theorem 1 (N > 2). Let us consider initial data ¢ € X = H' N {y; |z|p € L*} such
that @ is radially symmetric and the solution u(t) of Eq. (1) blows up in finite time T'.
Fore > 0and 14+ 4/N < q < (N +2)/(N —2), let us consider u,, the solution of
Eq. (1),, where

i0u)ot = —Au — [ul*Nu+elulflu and  w(0,.) = (.). (1),

For T, > T, we then have the following alternative (eventually extracting a
subsequence).
A) [zl lu Ty, z)*dz — +oo0 as € —> 0
B) There is a constant C' > 0 such that [ |z[*|u (T, z)|*dz < C.

In this case we have the following properties.

i) Compactness Outside the Originin L? for t < T,. There is an application t — u*(t)
defined for t < Tj,, such that for all R > 0,

u*(t) € 7 (10, Ty), L*(|z| > R)),

and
u (t) — u @) in 7(0,Ty), L* (x| > R)) as € — 0.
ii) Concentration at the Origin. For t < T}, there is m(t) > 0 such that
lu (t, 2)[* = m(t)5,_y + |u*(t,z)|* as € — 0 in the distribution sense
— if m(®) # 0 then [Ju (8|1 — +00 as e — 0 and m(t) > [|Q|1%.,
— if m(t) = O there is a constant ¢ > 0 such that for all ¢, [[u (t)|[1 < ¢, and
u (t) — u*(t) in L2,
iii) Conservation of Mass. For all t < Ty, m(t) + [ |[u*(t,2)]*dz = [ |p(x)|* dz.
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The following corollary follows from Theorem 1

Corollary 1.1. Let us consider initial data ¢ and solutions u_(t) of Eq. (1), as in
Theorem 1. In addition, assume that there is a constant ¢ > 0 such that for € € (0,1)

we have
Ty

/ ellu 7, dt < c.
0

Extracting a subsequence, we are then in case B.
Remark. In practice, to prove that we are in case B, we use Corollary 1.1.

Similar results (Theorem 1 and Corollary 1.1) hold for solutions of the following
equation:

iOu/0t = —Au — |[u*Nu+elul'u and  u0,.) = ¢,(), (1),

with ¢, radially symmetric and ¢, — ¢ in X' as ¢ — 0. The same conclusion holds
under weaker assumptions: there are R and R’ such that for ¢t < T, there is a c such
that for all € € (0, 1),

¢
/ / [Vu,(s,z)* dzds < c.
0 R<|z|<R/

We show that if there is no loss of mass in infinity in an L’-space with a weight
at infinity for ¢t = T, then the sequence {u (t)}.cq 1y is compact in Z°([0, T}),
L2(|x| > R)) for all R > 0. An interesting point will be to show the alternatives A
and B in Theorem 1 with alternative in L? (with no weight at infinity). That is,

Case A: There is a 6, > O such that lim i(glf [ |u(Ty, o)) dx} > 6.
7 Uel>R
Case B: For all R > 0, lim sup { [ |u (T, o) dz} — 0. There is then v*(¢) such
e=0 jz[>R
that for all R > 0, T} < T,
- u*@t) € Z([0, Tp), L*(|z| > R)),
and
- u (t) — u*(t) in £([0,T,), L*(z| > R)) as ¢ — 0.

The fact that in case B of Theorem 1, information at time ¢ = 7}, (that is there is

a constant ¢ > 0 such that [ |z[*|u (T}, z)|* dz < c) gives a result for ¢ < T, follows
from the fact that the Schrédinger equation has a regularizing effect involving integrals
in time. In fact (see proof of Theorem 1 in Sects. II and III), we have the following
estimates: for all 0 < A and 0 < t < T, there is a constant ¢ > 0 such that

t
Ve € (0,1), / / IVuE(s,:L')I2 drds <c.
0 A<|z|
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One main problem left is to know if Theorem 1 is an optimal result or not.
The result in [17] shows in the case of initial data ¢ = Sw,g(O), forw>0and § € R

the full sequence {u_(t)}, is compact for ¢ > T and satisfies case B in Theorem 1,
where u,(t) is the solution of the following equation:

iOu)ot = —Au — [ul*Nu +elul?u  and  w(0,.) = (),

with ¢, a suitable sequence such that ¢, — ¢ as € — 0. Moreover, some formal
calculations under some stability assumptions by V.M. Malkin in [12] (also see

Fedoruk, Khudik, Malkin [13]) show in fact that for generic initial data we have for all
t

¢t > T the existence of a constant ¢(¢) > 0 such that for all e, [ f:||u€(3)||‘f;frl ds < c(t)
0

and from Corollary 1.1, we are in case B. Therefore we expect that case B is the
generic case.

The question is to find an example of initial data ¢ such that we are in case A. We
conjecture that this behavior can occur in some cases but is very instable. For the
physical case (IV = 2), we think that the sequence satisfying case A has no physical
meaning and the nonlinear Schrddinger equation has to be replaced by a Sakharov
type equation: consider initial data ¢ such that u, satisfies case A, we then conjecture
that there is no loss of mass at infinity (case B) as ¢ — 0 for v, where v, is the
solution of the following equation:

i0u/0t = —Au + nu + en’u,
§71[0%n/0t*] = An + Alul?,
u(0,.) = () and n(0,.) = |p()]>, where §>0.

Many questions are still open on the stability of the singular behavior in time.
The result in [17] shows, in some special case of approximations and initial data
(o= Swﬂ(O) for aw > 0 and 6 € R) that the singularity is unstable in time. That is,

for t # T we have
lim sup/ IVuE(t,a:)l2 dr < +00.
e—0

and the singularity appears only for t =T
In [12], formal methods suggest that for generic initial data ¢ and for t > T we have

tim inf / |Vau_(t, z)|* dz = +o00.

In that case, the singular behavior is stable in time. A mathematical proof of this fact
is an open problem. In addition, we do not know in addition if there are other types
of behavior for u,_ as € — 0.

One question left is also to consider nonradial functions as initial data.

Let us give an application of Theorem 1 related to the existence of a weak solution
of the nonlinear Schrodinger equation for ¢ > T. We can show in case B that u™ is
a solution in a certain sense of Eq. (1).
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Theorem 2 (N > 2). Let us consider initial data ¢ € X = H' N{y; |z|p € L*} such
that @ is a radially symmetric and the solution of Eq. (1) u(t) blows up in finite time
T. We assume that there are Ty, > T and sequences ¢,, — @ and e, — 0 asn — +oo
with a constant ¢ > 0 such that

/lxlzlun(TO?x)F dﬂ? S C,
where w,, is the solution of the equation
iu)ot = —Au — [u[*Nu+¢e, |ul? " and w©,.) =@, ().
There then exists a function v*(t) such that forall R > 0,
- u¥(t) € £([0,Ty), L*(Jz| > R)),
Ty
- [ [ |Vu*¢t, o> dedt < +oo,

0 R<|z|
— w¥(t) is a solution in the distribution sense of the equation

iOu)dt = —Au — [u[*Nu and w(©,.) = ¢(),

on [0,Ty) x RNV \ {0} for N < 4, and [0, T,) x RN for N > 4.

Remark. In [17], we show that there is no hope of uniqueness of the continuation
after the blow-up time. Indeed, let us consider initial data ¢ = S, , (0), we then

have, for all § € R, the existence of a sequence €,, — 0 such that

fort >T, wu, () — Su_,e(t) ,
where u () is the solution of the following equation:

i0u/dt = —Au — [u[*Nu +elulf v and  w(0,.) = ¢.(),

with ¢_ a suitable sequence such that ¢, — ¢ as ¢ — 0.

Remark. The solution u*(¢) in Theorem 2, obtained by a compactness procedure, has
a physical meaning as a limit of saturated solutions.

The plan of the paper is the following: Sect. II is devoted to local estimates on
u_(t) which yield a local control outside the origin on the term |Vu,(t,z)|* and
elu (t,z)|9%! for z # 0. Using a compactness procedure, we conclude the proof of
Theorems 1 and 2 in Sect. III. In Sect. IV, we briefly give some extensions of the
methods used to prove similar results in the supercritical case.
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II. Estimates on the Saturated Solutions

We consider ¢ € X = X(R") radially symmetric such that the solution u(t) of Eq. (1)
blows up in finite time T". For € € (0, 1), let u_(¢) be the solution of the equation

i0u/0t = —Au — [u[Nu+elul? v and  w©,.) = @(.), (1),

where 4/N +1 < g < (N +2)/(N — 2), and consider T, > T
We assume in this section that there is a constant ¢ > 0 such that

for all € € (0, 1), /]xV}uE(TO,x)]Z de <c. .1)

Since we are interested in the limit as € — 0, we assume that
e€(0,1). 2.2)

Assuming (2.1)—(2.2) (that is a uniform control in € of the decay of the solution
u.(t,z) as |z| — +00), we show that u_(t,x) has a “singular behavior” as e — 0
only for x = 0. We produce in fact some uniform estimates in €, on Vu_(t,x) for
z # 0 which turn out to be the key estimates in the proof of Theorem 1. We prove
under assumption (2.1) that for all R > 0, there is a constant ¢ > 0 such that for all
e e (0,1),

Ty
/(To—t) / |Vu_(t, 2)* dzdt < c, (2.3)
0 |z|>R

and
Ty
/(To—t) / elu (t, 2)|9" dzdt < c. (2.4)
0 |z|>R

In the proof of Theorem 1, (2.3) gives a compactness property of the sequence u_(t) in

L2 (RN\ {0}). Starting from (2.3) and using energy estimates, in Sect. III we derived
a property stronger than (2.4); that is in Sect. III, using some energy estimates we
derived from (2.3)

Ty
for all R > 0, lin}) /(T0 —t) / <€|u€(t,az)lq+l dedt=0.
£—
0 |z|>R

To obtain (2.3)~(2.4), we use a local version of a conservation law of Eq. (1),.
We consider the variation in time of quantities of the form

/ V@ (t, ) dz |

where 1) = 0 near the origin and ¥(z) ~ |z|? as |z| — -+oo. This kind of techniques
was used in [17] (see also [21]). A control in time of the variations of these types of
quantities (from the fact that the term with the “bad” sign —|u|*/Vu has subcritical
behavior for z # 0) shows that assumption (2.1) is equivalent to assumptions
(2.3)-(2.4) for all R > 0.

Part II.1 is devoted to some basic lemmas. In Part I1.2, we prove the main result
of this section.
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I1.1. Basic Lemmas

We first remark that from the uniqueness of the Cauchy problem of Eq. (1),, the
function u_(¢, ) is a radial function of z for fixed € and ¢:

‘v’s,Vt,Vx, ue(ta .T) = 'U/E(t, 7'), where 7 = |‘T| .

Let us recall some classical lemmas. u (¢, x) satisfies the following conservation
laws.

Lemma 2.1. Ve € (0,1),Vt e R

lue®liz2 = llell2 2.5
E (u (1) = %/|Vu€(t,:1:)|2 dz — — ! /lus(t,m)|4/N+2 d
N +2
_8_ q+1
+ q+ 1 /lue(t7x)| dx
=E.(p), 2.6)

d/dt/lezus(t,x)l2 dx=4Im/ru€(t,x)ﬂer(t,x)dz,

d?/dt? / |z |u (¢, z)|> dz = 16 E(p) + eC(g, N) / lu (t, )" dz,  2.7)

where C(q, N) > 0, r = |z| and u,. = Ou/0r.
Let us give the following inequalities

Lemma 2.2. Let w(z) be a radial function in H'. We have the following estimates for
all R > 0:
i) There is a constant ¢ > O which depends only on R > 0 such that

||w||2L<><>(|z|zR) < c“w”L2(|z|ZR)“vw”L2(|z|ZR)'
ii) For all € > 0, there is a constant depending only on the L* norm of w(x) and R
such that
[ min{del = B2 1} w4 da
lz|>R
<e / min{(|z| — R)*, 1} |Vw(z)|* dz + c.

|z|2R

Proof. 1) is a classical result.
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ii) From'i), we have Va € (R, R+ 1),

lei>a
< {10l oo oo Y / w@)? dz
leza
1/N
Sc{ / |V7ﬂ(a:)|2dx} <e, / V(@) dz + ¢/(e,) /N0,
lol2a loi>a

where the constant ¢ depends on [ |w(z)|* dz.
Therefore, Va € (R, R+ 1),

2(a— R) / |w(x)1%+2 dz < 2(a — R)g, / |Vw(z)]* dz + ¢,

|z|>a |z|>a

where the constant ¢ depends only on [ |w(z)|? dz. Integrating this inequality with
respect to a € (R, R+ 1), we obtain ii) of Lemma 2.2 (for a more detailed proof see

[17)).

We may now announce main result of the section.
11.2. Estimates on u_(t,x) for x & 0
Proposition 2.3. Let R > O fixed. The following properties are equivalent.

i) There is a constant ¢ > 0 such that for all € € (0,1), [ |z)*|u (T,,z))* dz < c.
ii) There is a constant ¢ > 0 such that for all € € (0, 1),

Ty
/(To —1) / |Vu6(t,z)|2 dedt <c,
0

|z|>R
and

Ty
/(To—t) / elu (t,2)|" drdt < c.

0 |z|>R

The proof of this result is based on the control of the variation in time of quantities
of the form

/ Y(@)|u (t, )| dz
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where 1 is such that 1) = 0 near the origin, 1(z) ~ |z|* as |z| — o0, and 1 has
convexity and regularity properties. In this case for a fixed R > 0, the quantities

Ty
/(To—t) / |Vu_(t, ) drdt < c,
0 |z|>R

and
Ty
/(To—t) / elu t, )| dr dt < c,
0 |lz|>R

are the terms which control [ Y(@)|u(Ty, z)|? dz.

We first estimate [ 9(z)|u,(t, x)|> dz where 1) is suitably chosen, then conclude
the proof of Proposition 2.3.

Lemma 2.4. Let ¢ : RN — R be such that 1 is radially symmetric and there is a
constant ¢ > 0 such that

vz, |p@)| <ol +|zf), |[Ve@)| <cld+z)), [Ad@)+|A%@)| <c.
We have Vt,

i) d/dt [ (@)|u (¢, z)|* dz = 2Im [ Vi(z)u, (¢, 2)T,, (1, z)dz,

ii) d/dt? [ Y@)|u.(t,2)? dz =2{ —2/(N +2) [ A¢(@)|u (t,z)|*/N? dx
+e(g—D/(g+ 1) [ Ap@)|u (t, 2)|9 dz + 2 [(8*/0r?)|Vu (t, z)| dx
—1/2 [ A%(@)|u(t, z)]> dz} .

Proof (see [17] for precise calculations). We carry out the calculations with a regular
solution. Using standard approximation arguments, we extend these equalities to a
solution in the integral sense of Eq. (1),. By direct calculation,

d/dt / Y(@)|u (t, z)|* dz = 2Re / Y _Ou, /ot
= 2Re/1/1ﬂ€[iAu€ +iu [ Nu, — eilu |9 u,]
= ~21m/1/;17€Au€ = ZIm/V@ZJﬂEVUE,

and part i) of the lemma is established
We have from i),

dl/dt2/¢(x)|us(t, o) dx = Z{Im/vwﬁavaue/at + Im/Vwaﬁs/atVuE}

- 2{ —Im / A, du,_ /Bt +21m / Vo, /9tVu, }
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On the one hand,
- Im/AlpﬂeauE/at =— Re/Az/)ﬁe[AuE + Ju [ Nu, — elu, |7 u,]
- —/Az/zlu€|4/N+2+€/A¢|uE|q“
+/A1/)|Vug|2 - 1/2/A21/)|u6|2. (2.8)
On the other hand,
2Im/V¢8ﬂ6/8tVuE = —Im/VwauE/BtVﬂs
= —2Re/V¢Au€ﬂ€ ~ 2Re/V¢|u5]4/Nu6Vﬂ€
+ ZsRe/leug[q—luEVﬂE
= N/2+N) / Aplu [NTE—2e/(q + 1) / Aplu, |7
- Re/az/)/ar 3/0r(rN="ou_/or)ou_/or N " dr
= N/Q+ N)/A¢|u6l4/N+2 —2/(q+ 1)/Az/)|u€|q“
+ / [0%¢/0r* — (N — 1)(@p/0r)/r]|Vu,|*. (2.9)

Part ii) of the lemma follows from (2.8) and (2.9)

Lemma 2.5. Let a > 0. There is a function 1, () satisfying the following properties:
there are constants ¢; > 0., ¢, > 0 and r, > 0 such that
i) ¥, € 7% and p,(x) = P, (|z]).
i) ¢, =0 for |z| < a.
iii) Vr > 0,0 <9, (r) < e,r* and Nr >, P (r) > e,
iv) Vz, [V, ()| < ¢/|z].
V) [10%9,/072| oo + 1A%, [l oo + 12%%, ]I Lee < ¢
vi) Vr, 8%, /0r(r) > ¢, A, (r).
vii) Vr > a, ¢, min{(r — a)?,1} < 0%y, /0r*(r) < ¢, min{(r — a)*, 1}.
Proof (see [17] for a detailed proof). In [17], it is shown that for A large, 1 4(x)
satisfies the conclusion of the lemma for a = A, where 9 4(x) is defined as the
solution of
— ¢, =0 for |z] < A,
— AP 4(z) = (Jz| — A)?, for |z] € (A, A+ 1),
- A ,(x) = (|| — A?[1 — (|Jz| = A—1)%], for [z| € (A+1,A+2),
— AP (x) =1, for |z| € (A +2,4+00).
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For a > 0, we check by direct calculation that ¢, (z) = 9 4,(xA/a) satisfies properties
i)-vii) and Lemma 2.5 is proved.

For a > 0, we have the following estimate for [ ¢, (z)|u (T}, z)|* dz.

Lemma 2.6. Let a > 0. There are constants ¢, > 0 and ¢, > 0 such that Ve € (0, 1),
) [Y,@)|u (T}, z)| dz
Ty
<c¢ {1 + [Ty =t [ |Vut,o)|?+elut,2)|7 do dt},
0 [z]>a

i) [, (@)|u Ty, ) dz

T
> —cl+cz{f0(T0—t) [ min[(|z|-a)?, 1][|Vu€(t,x)|2+s|u€(t,a:)|q“]dacdt}.
0 |z|>a

Proof.
/ P (@)|u (Ty, )| dx

= / ¥, (@)|p@)[* dz + 2T Im / Vi, oV ds
Ty

+ / 2Ty — t){ —2/(N +2) / A, [u [N+
0

+e(@— /(g + 1)/A¢a|us|q+l

+2 / (0™, /0rH)|Vu, > — 1/2 / A2¢a|u5|2}.

From Lemma 2.5, identity (2.3), and the fact that ¢ € H I we have for constants
¢, >0andc, >0, Ve €(0,1),

/ ¥, (@) |u (Ty, z)|* dz

Ty
> —c+c /(T0 - t){ —c, / min[(jz| — a)?, 1]]u_(t, ©)[*/N*? d
0

|z|>a

+ / min[(|z| — a)?, 11|Vu,(t, z)|* dz
|2]>a

+ / emin[(|z| — a)*, 1]|u(t, z)|7"! da:}dt.

|z|=a
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Applying'Lemma 2.2 ii) with g, = (2c1)‘1, we obtain

/ P, (@)|u (T, o) dz

Ty
> —c, + cl{/(TO —1) /min[(|a:| — ), N[V, z)|* + e|u (t, )| 7] dxdt}.
0 |z|>a

This concludes the proof of the lemma.
We are now able to prove Proposition 2.3.

Proof of Proposition 2.3. We fix R > 0.
i) = ii). We know that for some constant ¢ > 0, for all £ € (0, 1),

/|2:|2|'u,€(T0,ar:)|2 dr <ec.
Let a = R/2. From Lemmas 2.5-2.6, there is a ¢ > 0 such that
for all € € (0, 1), /wR/z(x)lue(To,:c)de <c,
and
T
/(T0 —1) / min[(|z| — R/2)%, 11[|Vu.(t, 2)|* + e|u (t, )" ) dz dt < c.
0

[z|>R/2
Therefore for all € € (0, 1),

Ty
/(T0 —t) / {|Vu(t, ))* + elu (t,2)|""} de dt < c,
0 |z|>R

and ii) is proved.
il) = 1). Assume that for all € € (0, 1),

Ty
/(T0 —1) / |Vu,(t, o)) + elu (t,2)| T dxdt < c.
0 |z|>R
Fix a = R; Lemma 2.6 gives the existence of a constant ¢ > 0 such that

for all € € (0, 1), /wR(w)|u€(T0,x)|2dx <c.
From Lemma 2.5, we have for R, > 0,

for all £ € (0, 1), / |2|*|u (T, )| * dz < c.
|z|>Ry

From the conservation of mass of u,(t) (2.3), there is a constant ¢ > 0 such that
for all € € (0, 1), /lx|2|u6(T0,w)|2 dz <c.

This concludes the proof of Proposition 2.3.
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II1. Proof of the Main Results

In this section we prove the main results of the paper: Theorem 1 and 2.

l1.1 Proof of Theorem 1

Consider initial data p € ¥ = H'N{yp; |z|p € L?} such that ¢ is radially symmetric
and the solution u(t) of Eq. (1) blows up in finite time T'. Let T;, > T and consider
u,, (denoted for convenience u,) where €,, — 0 as n — +oo, the solution of Eq.

M, ,
10u/ot = —Au — |u|4/Nu + 5n|u|q_lu and u(0,.) = ¢(.),

Extracting a subsequence ¢, (such that ¢, — 0 as n — -+o0) we can as-

sume that [ |z|?|u,(Ty,z)|* dz has a limit as n — +oo (eventually infinite). If

[ |z[*u, (Ty, z)]*dz — +oo as n — +oo, we are in case A of Theorem 1. We
next assume that there is a constant ¢ > 0 such that

Vn, /|x|2|un(T0,:c)|2dx <c 3.1

and
Vn, €, € (0,1). 3.2)

Under these assumptions, Proposition 2.3 yields, for all R > 0, a constant ¢ > 0 such
that

Ty

Vn, /(TO ) / [Vu, (@, z)|?dzdt < c, (3.3)
0 |z|>R
Ty

Vn, /(To — 1) / e, |u, @t )| dedt < c. 3.4)
0 |z|2R

We want to prove, eventually extracting a subsequence, that there is a map u*(t)
such that VR > 0,
— u*(t) € Z([0,Ty), L> (RN \ Bg(0))) such that
- u,(t) = u*(@®) in £([0,Ty), L* (RN \ BR(0))).
We then prove various properties of u™*(t).

We proceed in three steps.

In step one, we prove using various estimates and Property (3.3) a stronger version
of Property (3.4):

Ty
liT /(TO —1) / 5n|un(t,ac)|q+l drdt=0. 3.5
0 |2|2R

In step two, Properties (3.3) and (3.5) yield that for all R > 0, the sequence u,, (%) is
compact in L2(RN \ B r(0)). The proof is an application of an abstract compactness



Limit Behavior of Saturated Approximations of NLS Equation 395

lemma and some properties of Eq. (1), . This step, together with Sect. II, is the

crucial part of the proof of Theorem 1.
In step three, using different time-invariants of u,, () (mass, energy and momentum,
(2.5)-(2.7)), we conclude the proof of Theorem 1.

Step 1. Let us show that property (3.4) can be derived from (3.3). We claim that (3.3)
and the conservation laws imply for all R > 0,

lim /(To—t)/ Wu o) de dt =
|z| >R

Property (3.5) says in a sense that the effect of the perturbation term
Enun(t, )9 ', (¢, ) for z # 0 is negligible as n — +oo.
Proposition 3.1. We have VR > 0,

0
lim /(To—t) / e,lu, @t )| dedt =0.

0 |z|>R
Proof. Using Sobolev imbeddings (Lemma 2.2i) ), we have Ve, Vi,

Enlti, (t, )| dz < &, {u, ()] oo (a3 p) T / lu,, (¢, 2)|? dz

|z|>R |z|>R
5En{lun(t)lLOO(m]zR)}q-l/|80($)|2 dx
(g—=1)/4
§cen{ / IVun(t,ar:)l2 da:} ) (3.6)
|z|>R

Consider two cases corresponding to different values of q.

Case 1. ¢ <5 (We remark that the assumption g < (N + 2)/(IN — 2) implies ¢ < 5
for N > 3.)
From (3.6) we have, for a constant ¢ > 0, Vn, Vt,

/ €plu, (@, )| dx < csn{ / |Vun(t,av)|2 dr + 1} .

|z| >R lz|2R

Therefore, from property (3.3) we have

/(T -1 / Wl )| da dt < ce, {/(TO t) / |Vu,,(t, x)|2dxdt+l}

|z|>R |z|>R
<ce,,

and

/(T0 —1) / €, |u,t, )| dedt — 0 as n— +oo,
0 lz|=R
which concludes the proof in the case ¢ < 5.



396 F. Merle
Case 2. ¢ > 5 (The assumption g < (N + 2)/(N — 2) implies N = 2.)

In this case Proposition 3.1 follows from a global estimate of [ |Vu,, (¢, z)|* dz with
respect to €.

Lemma 3.2. Assume that N =2 and q > 5. There exists a constant ¢ > 0 such that

(g—3)/2
Ve, Vt, En{n/Wun(tn,xﬂzdm} <ec.

Proof. Let us argue by contradiction. Assume that there is a subsequence of ¢,, (also
denoted ¢,,) such that for some ¢, € R,

(q—3)/2
5n{ / |Vun(t,a:)|2da:} — 400 as n — 400.
lz|>R

A contradiction follows using scaling and energy arguments. Consider

1/2
v, (@) =\, ', (t,,T/),), where \, = {/IVun(tn,av)I2 dx} .
We have that
vn, /|an(sc)|2 dr =1

and

v, [lo@Pds= [lewpds.
Therefore, from the facts that v, is a radial function and ¢ < +oo0, classical
compactness lemmas yield (eventually extracting a subsequence v,,) the existence
of v € H! such that

N . 1 . 4 . +1 . .
v, —=wvin H, wv,—wvin L*, v, —vin LY asn goes to infinity.

On the one hand, the conservation of energy and Sobolev imbeddings imply that for
a constant ¢ > 0 for all n,

en)\;2/[un(tn,x)|q+ldx

=(qg+ 1)A;2{EE(¢) - 1/2/ |V, (t,, )| dz + 1/4/ lu, &, )| dx}

<ed I+, <c.

Moreover 1/4 [ |v,(@)|*dz > 1/2 [ |Vv, (@) dz + A\,?E () — 1/2 as n — +00
and lim [ v, @)|*dz = [ |v,(@)|* dz > 2. In particular v % 0.
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On the other hand, by direct computation,

an/\flz/Iun(tn,x)|qua::En)\(r‘j‘l"z)/|vn(m)|q+l dz
zan)\%'3)/|v(m)|q“ dr as n— +oo.

Thus there is a constant ¢ > O such that Vn,

(g-3)/2
e N0 = 5n{ / |V, (t,, )| d:c} <ec,

which is a contradiction and the lemma is proved.

To conclude the proof of Proposition 3.1, we remark that Ve, V¢,

€, |u, t, )| dx

|z|>R

: (g—1/4
Scan{ / |Vun(t,x)|2d:r}

|z|>R
(q—5)/4
Sc&n{/|Vun(t,x)|2 dx} { / |Vun(t,:c)|2d:c}
lz|>R

< 0511_((1_5)/[2@_3)]{ |V, (t, )] dx}

|z|>R

—1)/[2(q—3 2
SCE%I )/[2(q )]{ |Vun(t,x)| dZI)}

|z|>R

Sceil/z{ / ]Vun(t,a:)|2da:}.
lz|>R

Therefore, from property (3.3) we have

Ty
/(To—t) / Eplu, (t, )| dz dt
0

|z|>R

Ty
gcsiﬂ{/(To—t) /
0

|V, (t, 2)* dz dt}
|z|>R

Sca}/z—>0 as n — +o00.

This concludes the proof of Proposition 3.1.
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Step 2. Equation (1), , (3.3) and Proposition 3.1 yield the sequence w,,(t) has compact

behavior outside the origin in L. In a certain sense, we show that the singular behavior
of u,,(t) as n — 4-oo can appear only for z = 0.

Proposition 3.2. Eventually extracting a subsequence u,,(t), there is a function uw*(t)
such that for all R > 0,

- u*(t) € Z([0, T), L*®RN \ BR(0))),

— u,(t) = u* @) in ([0, T,), L*RN \ Bg(0))) as n — +oo.

We deduce Proposition 3.2 from the following result.

Proposition 3.3. Let t, < T,y and R, > 0. Eventually extracting a subsequence u,,(t),
there is a function uw*(t) such that for all R > 0,

- u*(®) € (0,151, L*RN \ By (0))),

- u, (t) = u*@) in £([0,t,], L*RN \ B, (0))) as n — +o0.

Let us assume that Proposition 3.3 is proved and show Proposition 3.2. The
proof follows from a diagonal subsequence argument. Applying Proposition 3.3 with
Ry = 1/k and ty = Ty — 1/m, for k € N* and m € N¥, there is a function w), ,(t)
such that, up to subsequence,

- upy, () € £(0, T, — 1/m], L*RN \ B, ;,,(0))),
= u, () — uk (@) in £([0,Ty — 1/m], L*RN \ B, /5(0))) as n — 4o00.
Let us now fix m and allow k to go to infinity; by a diagonal subsequence argument,
there is a function u () such that, up to subsequence for all R > 0,
— uX () € £(0,T, — 1/m], L*(RN \ BR(0))),
— u,(t) = uk(t) in £(0,T, — 1/m], L*(RN \ BR(0))) as n — +oo.
Letting m go to infinity and again using a diagonal subsequence argument, we obtain
for a subsequence of u,,(t) also denoted u,,(t) the existence of a function w*(t) such
that for all R > 0,
- u*(@) € Z(0,Ty), L*(RYN \ B(0))),
- u, ) — u*@) in £([0,T;), L* (RN \ Bg(0))) as n — +oo.
Let us now prove Proposition 3.3.

Proof of Proposition 3.3. Fix t, < T, and R, > 0. We claim it as a consequence of
an abstract compactness lemma and some properties of the free Schrodinger group.

We have the following abstract compactness lemma.

Lemma 3.4 (see [23] for example). Consider a sequence w, (r) such that for a o > 1,
— w,(r) is uniformly bounded in L*(0, T, H}((0, 1))),
— Ow,,(r)/0t is uniformly bounded in L*(0, T, Ho“l((O, 1)).

We then have that w, (r) is compact in L*(0,T, L*((0, 1))). Extracting a subse-
quence w,,, there is a w € L*0,T, H& (0, 1))) such that
-w, —win L*0,T, H&((O, 1))) as n — 400,
— w,, — w in L*0, T, L*((0,1))) as n — +oo.



Limit Behavior of Saturated Approximations of NLS Equation 399

Proof. See [23] p. 271.

As an application of this lemma, we have

Corollary 3.5. There is a map u*(¢, z) such that

i) for R > Ry,
— u, () — u*(¢) in L*([0,t,], H'(R > |z| > R,/2)) as n — +00,
— u, (t) — u*) in L2([0,¢,], LX(R > |z| > R,y/2)) as n — ~+00,
ii) for all 0 <t < %, u*(t, x) is a radial function of z,

tg
i) [ [ |Vu*(s,2)*dzdt < +o0.
0 |z|<Ry/2

Proof. We claim it as a consequence of Lemma 3.4 and properties (3.3)—(3.5).
Fix R > R,. We consider a #! function pg(z) such that there is a constant ¢ > 0
(independent of R) such that

0 =0, for |z| < Ry/4 and |z|>R+1, (3.8)
op =1, for R>|z| > R,/2, (3.9
Vz, |Vog@)|+|og@)| <c. (3.10)

Let be w,,(r) = pg(r)u,,(r). By direct calculation, for a constant ¢ > 0;

2 2 2
I]wnIIHé(R0/27R+1) S cllvun”LZ(lx|2R0/2) + c”un”L2(|x|2R0/2) (311)

Moreover, for all 1y € H'(R,/2, R+ 1),

|Qw,,(r)/0t, )]
= |(eg(Mdu,(r)/0t, )|

< l/—Aun(t,x)@b(a:)]ml”(N‘l)eR(w)
- / fu, (8, )|V, (8, D @]~V V(@)

+e, / [u, (8, 2)|9 (¢, (@) 2|~ N " Pog(z)

< el Vull 2> ry s IV L2 + (191 2]

4/N+1
+ cllun e 2oy g o 1 /2

+ cg”“n“qu+l(|$|ZR0/4)II¢“L‘1+1

< VP21 + Vgl 2o Ry ey

4/N+1
+ ”unHI:/A'/N+2(|-T|ZR0/4) + 8'"'Hunll(}4q+1(|12|ZRo/4)] )
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and

4/N+1
0w, (r)/ Ot g —1(ryja, Rty < [+ VU 1221 R ya) T ||U"HL4/N+2(|xl2R0/4)
+ealltnl Lo o> rera) - (3.12)

From (3.3), (3.5), (3.11)—(3.12) and Lemma 3.4 (o = (g+1)/q), we have the existence
of a map w}"%(t) such that extracting a sequence w,,

- w, @) — wi®) in L2([0,t,], H'(R+ 1 > |z| > Ry/4)) as n — o0,
— w, () — wh®) in L2([0,t,], L*(R+ 1 > |z| > Ry/4)) as n — +o0,

or the existence of a map u}(#) such that extracting a sequence u,,,

= u, (1) = up(®) in L*([(0, 2], H'(R > |z > Ry/2)) as n — +o0,
- u, () — uf(t) in L*([0,t,], LX(R > |z| > R,/2)) as n — +oo.

By an argument of diagonal subsequence, there is a map u*(t) such that extracting a
sequence u,,, for all R > 0,

— u,(t) = u*(¢) in L*([0,t,], H'(R > |z| > R,/2)) as n — o0,
- u, () — u*@¢) in L*([0,t,], LA (R > |z| > R,/2)) as n — +oo0.

We then remark that for all R > 0,

to to
|Vu*(t, x)]2 dz dt < lim inf/ / |Vu,, (@, z)|* dedt < CR, -
n—-+00
0 R>|z[>Ro/2 0 R>|z[>Ro/2

This conclude the proof of the lemma.
Let us show that in fact

Lemma 3.6.
i) We have that for all R > R,),

- u*(t) € Z(0,tp), LA(R > || > Ry)),
— u, (t) — u*@®) in £([0,t], L*(R > |z| > Ry)) as n — +o0.

ii) We have that

- u*(t) € Z([0, 5], L*(RN \ By (0))),

- u, (t) — u*@) in Z([0,t,], L2(RN \ Bpg,(0)) as n — +o0.

Proof.

i) Fix B> R,. We show that the fact that u,, is solution of Eq. (1), and that
u, () — w*(t) in L*([0,t,], L2 (R+ 1 > |z| > R,/2)) as n — +oo, yield

- u¥(t) € £((0,1,], LA (R > |z| > Ry)),
— u, () — u*¢) in Z([0,t,], L*(R > |z| > R,)) as n — +o0.



Limit Behavior of Saturated Approximations of NLS Equation 401

We consider a #”! function o(z) such that
0=0, for |z|<R,/2 and |z] > R+1, 3.13)

o=1, for R>|z| >R,. (3.14)

Let us show that the sequence w, satisfies the Cauchy criterion in
ZA0,%5), L*(R > |z] > Ry)).
By direct calculation, we have for all ¢ € [0,%,], n € N*, m € N*,

d/dt / o(@)|u,, (t, ) — u,t, ) dr
= Im { / —Alu,,(t, ) — u, t, 0T, ) — G, (¢, z)]o(x)
~ / 0@y, (& D) N, (8, ) — |, (8, )Y N, (&, )@,y (¢ ) — Ty (¢, )]
+e, / o(@)[|u, (t + 8, x)|9 u, (t + 6, )

— [u, (t, 2)| (¢, 1@, (E, T) — ﬂn@,x)]} :

and there is a constant ¢ > 0 such that
d/dt / o(@)|u,, (t, 1) — u, (t, )| dz
<Im / Viu,,(t, ) — u, (t, ©)I[G,, (¢, x) — G, )]V o(z)
+c / o@)|u,, &, )N + |u, &, )N, (t, 1) — u,(t,2) de
+ ce,, / o(@)l|u,, ¢, )| + |u, (t, x)|9 ] dz,
d/dt / o(x)|u,, (t, ) — u,, (t, z)]* dz

< /V[um(t,ir) — u, (¢, [T, (¢, z) — 1, ¢, 2)]Ve(@)

4/N 4/N
+ el D o0 (2> Ry /2) T |un(t)|L°°(|a:|>R0/2)]

X /Q(x)|um(t, ) — un(t,ac)l2 dzx

+ cg,, / [, (£, )T+ |u,, (¢, 2)| 9 ] da

lx[>Ro/2
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From Lemma 2.2, interpolation estimates and properties of o, we have for all £*
fixed

d/dt/ o@)|u,,t, z) — u,(t, z)* dz

<! / (£, @) — u, (8, DAV ol@))?

1/2
+e|l+ { / |Vu,, (¢, 2)* dz]
|z|>Rg/2

1/2
|Vu,, (@, :1:)|2 dw} } /g(:c)lum(t,z) — un(t,:z:)|2 dz

I:ZJ|>R0/2

+ce, / |, (t, )|+ |, (¢, 2)| 7T da

|z|>Rgy/2

+e* / |V, @, z)|* + |Vu,(t, z)|* dx
|z|>Ry/2

and

d/dt / o(@)|u,, (t, ) — u,(t, z)|* dz

<+l + M [ / 0(@) |ty (t, ) — 1, (¢, 2)|* dz

2
+ [ / Q(x)lum(t,a:)—un(t,x)lzdx} ]
+ ey, / Uy 6, )| T+ |, (2, )| 7 da
|z|>Ro/2

+2e* / IV, (¢, ) + |Vu, (¢, 2) dz .
|z|>Ry/2

In fact this formula is proved for regular solutions. We extend to integral solutions
by a classical limit procedure.
Since for a ¢ > 0,

Vn,m, /g(x)lum(t, z) —u,(t, av)[2 dz < c/ |<p(x)|2 dr <c, (3.15)
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we have by integration

Sup {/g(z)|um(t,z) - un(t,m)[2 dw}

t€[0,tg]

to
<ee* T 1 [/ / |t (E, ) — u,, (8, z)|? dzx dt]
0 R+1>|z|>Rg/2
to
+c
0

n 1, (8, 2)| T+ |, (¢, 2)| 9 da

|z[>Ro/2

€

+2¢* / IVum(t,x)|2+qun(t,z)FdzJ dt.

|z[>Ry/2

Corollary 3.5, (3.3), (3.5) yield for a ¢ > 0;

Sup { /g(m)lum(t, x) — u,(t, ac)l2 dx} <ece*+ Egx(n) + €.4(m),
te[0,to]

for all €*, where £_«(k) — 0 as k — +oo.

Therefore Sup { [ lun@ ) —u, @ o) dw} — 0 as n,m — 400,
t€l0,to] L R>|2|> Ry

and the sequence u,, is a Cauchy sequence in Z7([0,¢,], L*(R > |z| > R,)). There
is then a map u**(t) in £7([0,¢,], L*(R > |z| > R,)) such that

u, (t) — u**(t) in Z([0,t,], L*(R > |z| > Ry)) as n — +00.

The uniqueness of the limit in L2([0,¢,], L*(R > |z| > Ry)) yields v** = u* and
the proof of part i) is concluded.
ii) follows directly from part i). Indeed, from (2.7)—(3.1) the quantity

Ty

/(To - If)/%lun(t,ﬂC)lq+1 dz dt

0

is uniformly bounded and there is a constant ¢ > 0 such that
Vn, Vt € [0, ], /|x|2|un(t,m)|2daz <e.

In particular, for a ¢ > 0, VR, Vn, Vt € [0,t,], [ u,, (t,z)|* dz < ¢/R?, and by
[z|>R
a limit procedure VR, Vt € [0,t,], [ |u*(t,z)|*dz < c¢/R%.
|z|>R
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We conclude the proof of ii) by standard arguments.

This conclude the proof of Proposition 3.3 and 3.2.
We assume now that up to a subsequence there is u*(¢) such that for all R > 0,
— u* € 7(0,Ty), XRN \ Br(0)),
- u,(t) = u*¢) in Z([0,Ty), L* RN \ BR(0))) as n — +o0
Step 3. Assuming the convergence of the sequence for u,, (¢, z) for z 4 0, we consider
the behavior of u,,(t,, ) for a fixed t, and for = 0. Using the conservation laws, we

relate the singular behavior in H' for u,,(ty, T) to a concentration phenomenon in L?
at the origin of ., (t,, x) (see [20, 24, 26] for this type of property of the solution u(t)
of Eq. (1)). Fix ¢, € [0, T})). We first have the following lemma as direct consequence
of step 2.

Lemma 3.7. We have the following pfoperties:
i) u*(ty) € L? and [ |u*(ty, z)* dz < [ |p(@)|* dz.
ii) There is a constant m(ty) = [ |p(z)|* dz — [ |u*(ty, z)|* dz > O such that

u, (ty, ) 28 — [u*ty, o> + m(ty)é. o asn — +oo in the distribution sense .
n\"0 0 0/Yx=0

Proof.

i) Fix R > 0. From the fact that u,(t,) — u*(t,) in L*(|z| > R) as n —

+00, and the fact that for all n, [ |u,(ty,2)]>dz < [|p(z)]*dz, we have that
| u*ty,»))*dz < [|p(@)|* dz. Letting R — 0, the dominated convergence

|z|>R

theorem yields u*(t,) € L2(RY) and [ [u*(ty, z)|* dz < [ |p(z)]* dz.

ii) Since u*(t,) € L?, we derive that there is a constant m(t,) > O such that

[u,, (to, )| — |u* (g, 2)|? + m(ty)8,_o as n — +oo in the distribution sense.

Let us fix R > 0. We have in particular

/ [u, (g, :B)I2 dr — / [u*(to, :E)l2 dx +m(ty).

[z|<R |z|<R

From the property (3.1), we have the existence of a constant ¢ > 0 such that for all
n, we have
[u, (ty, z)[* dz < ¢/R?,
[z|>R
and the conservation of mass (2.3) gives

lu*(to, z)|* dr + m(ty) — / lo(@)* dz| < ¢/R?.

lz|]<R

Now letting R go to infinity, we conclude the proof of the lemma.
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We claim now that the singular behavior of u, (t,) is characterized by the value
of m(ty).
— If m(,) = 0 then u,,(t,) has a regular behavior: there is a constant ¢ > 0 such that

[ IVu,(ty, 0> dz < c,
— If m(t,) # O then u,,(t,) has a singular behavior: [ |Vu,,(ty,2)[*dz — +o0 as
n — +0o0.
Proposition 3.8.
i) If m(ty) £ 0 then [ |Vu,(ty,z)> dz — +oo as n — +oo.
In addition, we have m(t,) > [ |Q(z)|* dz.
ii) If m(t,) = O there is then a constant ¢ > 0 such that [ |Vu,(t,, z)|* dz < c.

Proof. Proposition 3.8 is a direct consequence of Lemma 2.4 and the conservation
laws which the function u,, () satisfies.

i) Assume that m(t,) + 0. We first have that [ |Vu, (¢, ) dz — +o0o0 as n — +oc.
By way of contradiction, assume that for a subsequence also denoted u,,(%,) there is

a constant ¢ > 0 such that Vn, [ |Vu,(ty, z)|* dz < c. By Sobolev and interpolation
estimates, we have that

forall pe (2,2N/(N —2)), Vn, /lun(to,x)lp der <c.

and there are a > 0 and ¢ > 0 such that Vn, [ |u,(t,,z)|* dz < cR®. Letting nn go
to infinity, we obtain from Lemma 3.7 that

VR >0, m(t)) <cR%, and m(ty) =0 which is a contradiction.

Therefore
/IVun(to,avﬂ2 dz — 400 as n— +oo.

We now claim that

m(ty,) > / |Q(z)|? daz .

Let us argue again by contradiction: assume that 0 < m(t,) < [ |Q(z)|> dz. There
are then a §, > 0 and R, > O such that for n large

/ [u,, (ty, ©)|* dz < /IQ(:U)|2 dz — 6. (3.15)
|z|<Ro

We obtain a contradiction using scaling and energy properties of u,,(t,). As for the
nonlinear Schrodinger equation with a critical power, we consider

1/2
v, = AV 2, (to,%) with A, = ( / |V, (to, 2)|* dx) :

n
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By direct calculations, we have
/ |V, (z)|* de = 1 (3.16)

/ v, (x)|* dz = / lo(@))? dx (3.17)

Ev,) = 1/2/|an(x)|2 dz — 1/(4/N+2)/|vn(x)|4/N+z da
= )\;2{1/2/|Vun(t0,a;)|2dx— 1/(4/N+2)/Iun(to’x)lzt/zwzdx}

< AEZ{Esn(W) —e,/(g+ 1)/|un(to,:‘s)|"+1 dw}
<NE, () =0 as n— +oo. (3.18)
As a consequence of (3.16)—(3.18) we have
lim inf / v, @)|*N*? d > lim inf(4/N +2) [1 /2 / [V, (z)]* dz — E(vn)J
>2/N+2. (3.19)

Moreover, from property (3.15) and the fact that A\, — o0, for all R > 0,

lim sup / |v,,(z)|* dz < lim sup / u,, (ty, 2)|* dz

n—-+o0o n—+00
lz|<R lz|<R/An
< lim sup / u,, (tg, z)|* dz < / |Q(@))* dz — 6, . (3.20)
n—+oo
|z|< Ry

Using now a classical compactness procedure (since v,, is a radial function; see
for example [26]), we can assume that there is a v € H' such that

v, —=vin H', and wv, — v in LYN+2,

From (3.16)-(3.20), we have
/|Vv(m)[2dac <1, Ew) <0,

/iv(:c)|2dm < / Q)| dx — &,

/]v(z)]4/N+2 dz >2/N +2.
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In particular, the function v & 0 (3.19) is such that E(v) < 0 and [ v, (@)|* dz <
f |Q(x)|? dz, which contradicts the definition of Q (see for example Weinstein [25])

and so m(ty) > [|Q(®)|* dz.
ii) Assume that m(t)) = 0. We claim that there is a constant ¢ > 0 such that for
all n,

/|Vun(t0,:c)|2 dz <c.
Assume by way of contradiction that for a subsequence also denoted u,,(¢,), we have
/]Vun(to,:r)|2 dx — 400 as n — +o00.
In part i), we derived that m(ty) > [ |Q(x)[* dz > 0, which is a contradiction. This

concludes the proof of Proposition 3.8.

Theorem 1 follows from Proposition 3.1, 3.2, 3.8 and Lemma 3.7.
Corollary 1.1 follows directly from the conservation laws and Theorem 1. Assume
that there is a constant ¢ > 0 such that for all € € (0, 1),

To
/(TO - t)/e]us(t,xﬂq+1 dzdt <c.
0

We have from (2.7), for all € € (0, 1),

/ |z|*|u (Tp, 2)|* da < / |z|*|p(@)|* dz + 2T,

Im / zp(x)Vo(z) dx

Ty
+ c/(T0 - t)/6|ue(t, )| drdt < c.
0
Therefore, we are in case B) of Theorem 1 and the proof of the lemma is concluded.

111.2 Proof of Theorem 2

Let us consider initial date ¢ € ¥ = H' N {y; |z|p € L?} such that ¢ is radially
symmetric and the solution of Eq. (1) u(t) blows up in finite time 7. Let us assume
that there are Tj, > T and sequences ¢,, — ¢ and £, — 0 as n — 400 with a
constant ¢ > 0 such that

[ 1ellun Ty o) do < @21
where u,, is the solution of the equation

i0u)0t = —Au — [u[*Nu+ e |ul? 'u and w(0,.) = @,(). 1,
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We remark that Theorem 1 is still true if we consider solutions u,,(t) of the equation
iOu)0t = —Au — [ul*NMu+ e |ul?'u and  w©,.) = ¢, ().

and the proof is the same.
From assumption (3.21), we derive that we are in case B of Theorem 1. Extracting
a subsequence also denoted u,,(t), we can assume there is a function u*(t) such that
forall R > 0,
- uw*@) in Z([0, Ty), L* (RN \ Bg(0))),
— wu,(t) — u*(¢t) in Z([0,T,), L2 (RN \ Bg(0))) as n — +o0.

In addition, from Sect. III.1, we have for all R > 0 the existence of a constant
¢ > 0 such that

Ty
Vn, / (Ty —t) / |V, (t,)]*dzdt < c, (3.22)
0 |z|>R
and
Ty
/(TO ) / €,u,(t, )" dzdt — 0 as n— +o0. (3.23)
0 |z|>R

From the fact that u,,(t) — u*(¢) in L*([0,Ty), H'(RN \ Bg(0)) as n — +00 (Step
2), we have

Ty
vn, / (T, —t) / [Vu*(t, z)|* dzdt < c. (3.24)
0 |z|>R

We now claim that u*(t) is a solution in the distribution sense on [0, Ty) x RV \ {0},
of equation

iOu/dt = —Au — [u[*Nu and w(0,.) = @(.).

Proposition 3.6. For all functions 1) € %> with compact support in[0, Ty) x RV \ {0},
and for all t € [0,Ty,), we have

t
//—i8¢(s,m)/8tu*(s,z)dxds
0
=—i / o(t, oyt z)dz + i / (0, x)p(x) dz

t
—l—//—Az/z(s,w)u*(s,x)—1/)(s,x)|u*(s,x)|4/Nu*(5,:r)dxd3.
0

We claim that the proposition is a consequence of the facts that the functions u,,(t) are
solutions in the distribution sense on [0, T,) x RV \ {0}, of Eq. (1),, and u,,(t) — u*(t)
in £([0,Ty), L*(RN \ Bg(0))) for all R > 0 as n — +00, (3.22)=(3.23). The case
N > 4 follows from the fact the term |u|*/Nu can be controlled at the origin with
the L2-norm.
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Proof of IProposition 3.9. Consider 1) € > with compact support in [0, T) x RN \
{0}, and t € [0, T}), we want to prove

¢
—//—i@tp(s,:r)/atu*(s,a:)dxds
0
=i [ v ot ands+i [ 60,200 iz

t
+ //—Aq/)(s,x)u*(s,x) — 1/)(5,:c)|u*(s,z)[4/Nu*(s,x) dz ds.
0

The proof in the case N > 4 is similar and follows from the fact that for o > 0 and
C > 0, we have from the conservation of mass Vn,

/ [u* (s, 2)[YNH 4 |u, (s, )|V de < cR* -0 as R— 0.
|z|<R

Since 1 has compact support in [0,7;) x RN \ {0}, there are t, € [0,T;) and
R, > R, > 0 such that Supp(¢)) is contained in [0, ¢,] x {R, < |z| < R,}. We have
to prove that for all ¢ € [0, 1],

¢
— / / i0(s, x) /Ot u™ (s, x) dx ds
0

Ry<|z|<R;
=—1 / P(t, 2w, ) dz + i / »(0, z)p(z) dz
Ro<|z|<R, Ro<|z|<R,

t
+ / / —At(s, 2)u* (s, 2) — P(s, 2)|u* (s, )Y NuF(s, ) dzds. (3.25)
0

Since u,,(t) is a classical solution of Eq. (1),,, we have

t

— / / i0Y(s, ) /0t u, (s, z)dx ds

0 Ry<|z|<Ry
— / Wt 2yt 2 da + i / (0, 2)p(x) dz
Ro<|z|<R; Ro<[z|<R;

t
+ / / —Ad(s, T)u,, (s, 2) — (s, 2)|u,, (s, 2)|* N, (s, z)
0

Ro<|z|<R;

+ £,10(8, T)|u, (5, )9 0, (s, ) dz ds . (3.26)
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We claim that letting 7 going to infinity in (3.26) we obtain (3.25).
As a direct consequence of the fact that

u,(t) — u*(#) Z(0,Ty], L*(RY \ B (0)) as n— +oo,

we have as n — 400

t
/ / 0Y(s,x)/0tu, (s, r)dz ds
0

!
—

/ (s, x) /0t u* (s, x) dx ds, (3.27)
0 Ro<|z|<R

t
/ / —AY(s, x)u, (s, z) dx ds
0 Ro<|z|<R,

t

— / / —AY(s, z)u™(s, z)dz ds (3.28)

0 Ro<|z|<R,

P(t, o), (t, ) dx

Ro<|z|<R,

— / P(t, p)u* (¢, z) da, (3.29)
Ro<|z|<R,
Y(0, 2)p(z) dx

Ro<[z|<R,

- / Y(0, z)p(z) dx . (3.30)
Ro<|z|<R,

In addition from (3.23)

t

e ¥(s, )|u, (s, z)]q‘1 dz ds

0 Ro<|z|<R
to

< c/ / €., (s, )| + 1) dz ds

0 Ro<la|<R,

Ty
< c/(T0 —1) / £,|(w, (s,)|9 + 1)dzdt — 0 as n — +oo. (3.31)
0

lz|2R
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Let us'prove that
¢

P(8, 2)|u, (8, )| N, (s, )
0 Ro<|z|<R,
- 1[J(s,x)|u*(s,w)|4/Nu*(s, z)dxds — 0 as n — +00. (3.31)

By direct calculation

t
W(s, D), (s, )Y N, (s, ) — (s, ) u* (s, )| NuF (s, x) da ds

0 Ro<|z|<R,
to
< c/ / {Ju, (s, ©)*N + [u* (s, 2)[*"N}(|u, (5, T) — u*(s,x)|) dz ds
0 Ry<|z|<R,

to

1/2
c/{ / |un(s,m)|8/N + Iu*(s,x)lg/N dac}
0 (ro<fzi<r,

IN

1/2
X { / Iun(s,:c)—u*(s,x)|2 dx} ds.
Ro<|z|<R;

We have, using Lemma 2.2 and various interpolation estimates,

t,

Q 1/2
/{ / |un (s, 2)¥N + [u*(s, )|V dx} ds
0

Ry<|z|<R;
to 1/2
Sc<1+/{ / Iun(s,x)|4+|u*(s,x)l4} ds)
0 \Ry<|z|<R

to
) c(l ' /{Iu"(s’x)lim‘RoﬁlzISRn + |6 (5, D)L oo rogial< ) ds)
0

tg
< 0(1 + /{Iun(sax)|L°°(R0§|m|) + IU‘*(Sax)lL‘X’(RngD}ds)
0

to
< c(l +/{ / [V, (s,2)|* + |Vu*(s, 2))? dx} ds) :

0 \Ry<|z|

Therefore from Properties (3.22) and (3.25), we obtain that there is a constant ¢ > 0
to

such that for all n, f{ [ |un (s, BN + [u*(s, )8V d:c}l/2 ds<c
0 LRo<|z|<R,
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We have

¢
P(s, x)|u, (s, :c)|4/Nun(s, z) — (s, x)|u*(s, x)|4/Nu*(s, z)dx ds

0 Ry<|z|<R,

1/2
<c¢ Sup / lu,, (s, ) — u*(s, z)|* dx —0 as n— +oo,
0<s<ty

Ro<|z|<Ry
since u,,(t) — u*(t) in L2 (RN \ Bp,(0)) as n — +oc. Thus (3.31) is proved.

From (3.27)-(3.32), letting n going to infinity in (3.26) we obtain (3.25). This
concludes the proofs of Proposition 3.9 and Theorem 2.

IV. The Supercritical Case

In this section, we consider the saturated nonlinear Schrodinger equation with
supercritical exponent

i0u/0t = —Au — |ulP"'u — elul? v and  uw(0,.) = ¢(.), (1),

where N > 2, e >0and 14+4/N <p < qg < (N +2)/(N —2), and ¢ radially
symmetric in H'(RV).

For € > 0, we have an unique solution v_(t) of Eq. (1*), which is globally defined
in time. We assume that the solution v(t) of Eq. (1*)5 blows up at t =T, where

i0u/0t = —Au — |ufP"'u and  w(0,.) = @(.), (1*)

We are again interested in the behavior as € — 0 of v_(¢) for t > T
The techniques used previously in the critical case can be applied and we obtain
the following theorem:

Theorem 3. (N > 2). For T, > T, we then have the following alternative (eventually
extracting a subsequence)

A) [|z]*v (T, 2)|* dx — +oo as e — 0.
B) There is a constant C > 0 such that [ |z|*|v(Ty, z)|* dz < C.

In this case we have the following properties.

i) Compactness outside the Origin in L?

There is a map v*(t) defined for t < Tj,, such that for all R > 0,
u*(t) € £([0,Ty), L*(lz| > R)),

and
u (t) — u*(¢t) in £([0,T,), L*(z| > R)) as € —0.
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ii) For O< t < Tj,, there is m(t) > O such that

and

vt ) > mt) _,+ | [v ¢, z)) de as e -0,
€ z=0

mt) + / ¥ (¢, o) de = / lp@)f dz .

This result is less interesting than the one’s for the critical case. Indeed, we conjecture
that for all ¢t < T, we have m(t) = 0. That is

o(t) — v (@) in Z([0,Ty), L»)

(see also Merle [14] for this type of results and conjectures).
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