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Abstract. Itis shown that the description of the states of infinite S =1/2 interacting
spin systems with the Hamiltonian H,= —% Y a*sinh™2a(j— l)(a 612 D
j¥l, j,leZ
can be performed by studying the hyperbolic Calogero-Sutherland eigenvalue
problem. The construction of multimagnon wave functions in each N-magnon
sector is based on solutions of the set of linear algebraic equations which
determine also the structure of zonal spherical functions on symmetric spaces
Xy =SL(N,H)/Sp(N) of negative curvature. The usual Bethe Ansatz for the XXX
Heisenberg model corresponds to asymptotic forms of these wave functions at
small values of a ™! or large distances between spins turned over the ferromagnetic
ground state.

1. Introduction

Starting with the paper of Bethe [1], the investigation of one-dimensional exactly
solvable models of interacting objects (spins, classical or quantum particles in the
schemes of first and second quantization) has given a number of results both of
physical and mathematical significance. One of the highlights in this branch of
mathematical physics is the Yang-Baxter equation [2, 3] which serves as a source
of continuous development in the study of various aspects of group theory and
low-dimensional statistical mechanics. Most of the well-known statistical models
both in one- and two-dimensional cases have solutions in the form of the Bethe
Ansatz in its classical [1, 2, 4] or algebraic [5] versions with some more or less
sophisticated modifications. On the other hand, there is a family of systems which
were proved to be completely integrable [6-11], but the solutions were not
included into the Bethe Ansatz [9-10, 16] or still remained unknown.

* Permanent address
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In the continuous case these one-dimensional systems are described by the

Hamiltonians
1 ¥ /0)°
Hc= Y 2 <ax > anA: (QX), (1)

where AN is the variety of positive roots of classical Lie algebras realized as the
vectors in R and the functions V,(£) may depend on the length of the root vector
but not on its direction [11]. The simplest but most interesting are examples with
the roots of Ay_, algebra in which V(&)=g?gp(&) or

V(€)=g%a%sinh~2(af), O<a<oo. 2)

Periods of the Weierstrass g function may be arbitrary and the hyperbolic case (2)
is obtained from the general elliptic case if the real period is infinite.
The S=1 spin versions of these Hamiltonians,

H=-7 5 wj-p%0=D, G
2 izl j,leZ 2
where {o,} are usual Pauli matrices, have been proposed only recently. It is worth
noting that, contrary to (1), the H, is not singular and might be used in the models
of ferro- and antiferromagnetism.

The degenerate case of (j—I)~ 2 exchange has been treated in [17, 18] while in
[19] I have shown that the isotropic Heisenberg model with nearest-neighbor spin
interaction originally solved by Bethe [1] can be obtained as the limit of (3) with
V(&)= (&) if the imaginary period of @ tends to zero with the inverse of the
coupling J. Since in the case of nearest-neighbor interaction the eigenvectors of H,
have the form of the Bethe Ansatz, the following problem arises: how to find an
appropriate extension of this Ansatz so as to get the solution of the eigenvalue
problem for the Hamiltonian (3)?

In this paper I shall give the complete description of the H, eigenvectors for
infinite spin chains with the exchange interaction (2). In the simplest so-called
ferromagnetic ground states (f.g.s.) |0, ) all spins have the same directions along

some axis,
1 0
0= ®x% > 1 <o>,.’ 1; <1>,: @

It is easy to see that f.g.s. (4) are eigenvectors of Hy, H,|0,)»=0. Due to the SU(2)
symmetry of (3), all other eigenvectors can be represented in the form

N
lyy>= Y w‘N)(nl,---,nN)<H aJi)IOi% NeZ,,
neZN y=1
N 5)
H (ng—n,)=+0,
B>y

where aj is the operator which turns spin at j* position to opposite direction
(af xif = X, ) and the N-magnon wave function p™(n,,...,ny) is completely
symmetric in its arguments. Explicit expressions for p™ have been found in [19]
for N <2 and in [20] for N £4 where one of the possible ways of py™ construction
for an arbitrary NeZ, has been also indicated.
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As it will be shown later, a more simple solution of the problem consists in
finding the remarkable correspondence between ™ and zonal spherical functions
(ZSF) on the symmetric space Xy =SL(N,H)/Sp(N) of negative curvature. As a
consequence, the asymptotics of N-magnon scattering can be described in terms of
the Harish-Chandra function [10, 12, 13] ¢(4), A€ R¥, the components of the vector
A being expressed through elliptic Weierstrass { function of magnon
quasimomenta.

The usual Bethe Ansatz appears in two limiting situations: first, at small values
of the imaginary period of (2) and second, at large distances between spins turned
over the f.g.s.

The organization of the paper is as follows. The structure of ZSF on the
symmetric spaces Xy, N €Z, is discussed in detail in Sect. 2. It is shown that the
eigenfunctions of the Hamiltonian (1) in the case of Ay _, root system and V/(£) of
the type (2) at g2=2 can be constructed by solving the set of linear algebraic
equations. The similar set appears also in the process of solving the eigenvalue
problem for quantum spin Hamiltonian (3). It is just this fact that allows one to
find the extension of the Bethe Ansatz for quantum spin chains with non-nearest-
neighbor interaction. The proof is based on the representation of some infinite
trigonometric sums through elliptic functions, as it is shown in Sect. 3. The last
section contains a short summary and discussion of the results.

2. Zonal Spherical Functions on Xy
and the Structure of Eigenvectors of H, at g>=2

Olshanetsky and Perelomov [10] were the first who noticed that the Hamiltonians
of the type (1) at some values of the coupling g2 can be obtained by singular
transformation from radial parts of the second-order Laplace-Beltrami operators
on symmetric spaces. So the eigenfunctions are related to ZSF and various results
of group theory can be used. The most appropriate for our purposes are the ZSF
®M(x) (k,xeR") on the symmetric space Xy =SL(N,H)/Sp(N). In [10] it was
shown that @™ (x) can be written as

A= [ﬁ asinh-laoc,-—xl)}z WO, ©
Jj>1

where p{™(x) are eigenfunctions of Calogero-Sutherland operator HS of the type
(1,2) at g>=2,

CS 1 ul a 2 ul 2o -2
HS=— 3 j;l 6—x1 +2 jgla sinh™*a(x;—x;). W)
Both &{(x) and ™ (x) are completely symmetric functions of (x, ..., xy). The

eigenvalue of H® which corresponds to p{™(x) equals

1y,
El=7 % K- ®)

It follows from (6) and the Harish-Chandra series [12] for ®{V(x) that p{™(x)
can be represented in the form

W)=Y V(Px).

Peny
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Here 7y is the group of all permutations { P} of the numbers from 1 to N, Px is
the vector in R with the components (xp;, ..., Xpy) and x¥(x) is the eigenvector of
H® with the eigenvalue (8) which can be written as

N
1 (x) =exp <i ) kuxu) M (x), )
n=1
where ¢{(x) is periodic in each x;,
PoMxX)=oM(xy, ... x;+ima”", ..., xy). (10)
Moreover, it depends on k only through the combinations {a™'(k;—k;)}.
The asymptotic behaviour of ZSF is completely determined by the Harish-
Chandra c function [10]. In the limit x;—x,— 4+ oo (j>I) one obtains

limM(x)=c(a™ k). (11)

As it was shown in [13], for the X space c(1) can be written as

N i LN
A= r[{iuw—19[14-§au—zo]} I @+ 1)) (12)

u>v

Unfortunately, no more detailed information about the properties of p{*(x) can

be obtained from the general theory of symmetric spaces which gives for ZSF only
very cumbersome integral representations and multidimensional infinite series
with coefficients being determined by a recurrent procedure. The simplified
integral representation of ZSF on X3 has been constructed in [14]. The case of
some other rank 2 symmetric spaces has been studied by the method of
intertwining operators [15]. As for ZSF on X at N = 3, the explicit construction

of the differential operator which intertwines H®® and the usual N-dimensional
2

N

Laplacian Y <£> has been proposed recently by Chalykh and Veselov [15].
=1 j

The functions of tJype (11) have been represented in the form

N
)d‘N)(x)=DNexp(i Zl kuxu>’ Dy=0Qn """ 'Dy_y, (13)
=

where
il---il__ il---il-l J—
[0)2 =0, | : - 2acoth a(x,-, X,) I

-1 .
+ ¥, 2a%sinh~2[a(x;, —x;)JQy i, Q=1
s=1

1<iy,....ij<n, 1<n<N. (14)

This double recurrence scheme of x{ construction is also very cumbersome

because of the presence of multiple differentiations. So, explicit calculations
of y™ have been performed only in the case N =3. However, I'll show that the
use of (14-15) allows one to reduce the construction of ®{(x) and ¥M(x) to
a much simpler problem of solving the set of linear algebraic equations.

To start with, let us note that the function @{™(x) from (9) can be represented in
the form

@ = R({cotha(x;—x,)}), (15)
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where R is a polynomial in the variables {cotha(x;—x,)}, 1 S j<IZN. It follows

immediately from (13-14) and the representation of [cothz]"‘ as a poly-

dz
nomial in cothz of the degree (m+n). As it can be seen from the structure of
singularities of HCS (7), the function @{™(x) has a simple pole of the type
[sinha(x;—x;)] ! at each hyperplane x;—x;=0. As a consequence of (15), all the
limits of (p‘”’(x) asx;—>+00,1<jEN, must be finite. Combining these properties
with the periodicity (10) one obtains that the eigenfunctions of HS can be written
as

1V(x) = exp{ gj [ik”—a(N—l)]xu}[]I'v[ sinha(x”—xv)] SM{yh, (16)

where S‘”)({y}) is a polynomial in y,=exp(2ax,). The maximal power of each
variable in S{({y}) cannot exceed N—1. Hence this polynomial can be
represented in the form

N
Sy = ZDN Ay ...mn(K) ,11;[1 it amn
where DV is the hypercube in ZV,
meD¥ < 0<m;<N—1, p=1,..,N, (18)

and d,(k) is the set of NV coefficients. It will be shown later that most of them
vanish.

From the eigenvalue condition [H® — E(k)]x{V(x)=0 one obtains for SV({y})
the equation

N —1(2N-1
=z, 2yﬂi<yﬂi+ia"k,,—N+1>—ia’lkp(N-1)+(ﬂﬂ—):|S§cN)
yﬂ+ye[ 4 9 1 ko —k ]S(N>=0 19
ﬂ#g yﬁ yﬂay yqaye +2a( B Q) k . ( )

It can be satisﬂed only if for each f,9g<N the polynomial

0 0 e .
[y,, 5, —Yori— 6y (k,, e)] SV is divisible by (y;—y,). By the use of (17) this
e

conditlon can be expressed in the form of (N —1)(2N — 1)N™ linear equations for
the coefficients di,,(k),

i
3o tmee o) my=mt 20+ kg [ 0. 0

Since the indices of d,,(k) obey the restriction (18), the sum over lin (20) is finite
and runs from max(—mg,m,+1—N) to min(N —1—m,,m,). Upon substituting
(17) into (19) one also obtains the condition

> <ll_[ vy )d{m}(k) {ﬂgl [2m§ + %kﬁmﬂ— <2m,g+ ékﬂ 2N — 1) N 1)]

meDN

e VetV -
,3;@ J’ﬂ”%[mﬂ mg+2a(kﬂ k‘,)]} 0. (21)
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As (21) must be satisfied for all yeRY, one gets finally the second system of NV
linear equations for d,,, after performing the explicit division by (y; — y,) in the last
term in (21) by the use of (20),

N ' )
dp, - k) {ﬂgl [2m,;(mp+ ékﬂ) _ <2mp+ ék,,— ——3—) (N—1)]}

- % y sign(l)[m,,—mo+21+ %(kﬂ——ke)]

B*o leZ

Xdm1...m,;+l..‘m0—l...mN(k)=0' (22)
Now the structure of d,,,;(k) can be specified by the following four propositions.
Proposition 1. S{N(y) is a homogeneous polynomial of the degree $N(N —1).

The proof is based on the system (20). It is easy to see that d,,(k) vanish if
m,=m,=0 or m,=m,=N—1 for any pair (u,v).
N N(N-1)
2

among the numbers {m,} must coincide. Let j be the minimal value of coinciding
{m,}. Choosing among these {m,} any pair m,=m,=j, let us express
dmp..me...my...my(k) through the COCfﬁCientS dm;...m9+l...m.,—l...mn(k) Wlth the same
value of M by using (20). Repeating this procedure for each of these coefficients,
one finally obtains that the initial d,,, (k) is represented as a linear combination
of those d,,,(k) which have at least two zero values of the indices {m}, i.e. vanish.

The case of M > &1\;_—1—)

Let us consider some d,,, . (k)withM= Y m,< . Then atleast two
p=1

can be treated in a similar way.

Proposition 2. The d,,,(k) can be chosen as depending on k and a only through the
combinations a” '(k,—k,).

For the proof it is sufficient to show that the coefficients in the system (22)
depend on k and a in this manner. It can be done by using the result of the
preceding proposition and the simple relations

N 1 N N 1 N
Y km,=N [Z m, Y kv+§ Y (ku—kv)(mu—mv)],

p=1 n=1 v=1 EY

N N N 2
2y m,f=N"[Z (mﬂ—mv)2+2< y mu> }
u=1 p¥v u=1
So the system (22) can be rewritten in the form

Al mg—m, (i N+1
B el La _ _ o

. i
- lezz Slgn(l) I:mﬂ_mo+ Z(kﬁ—kg)+2l:| dm1...m9+l...m9—l...mn(k)} =0. (23)

Proposition 3. Let { P} be the following set of the numbers {m,} :m,=Pu—1, where
Peny, 1< u<N. The nonvanishing d(k) with coinciding values of {m,} are
expressed through dy,. The latter are determined by the system (20) up to some
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normalizal"ion constant do,
N i
dp(k)=d, T] [1 + 2—(kp-1,1—kp-l,,)] . (24)
A<up a

The first part of this statement is proved by the same scheme as was applied for
the proof of Proposition 1. As for formula (24), let us note that in the case of

noncoinciding {m,} the system (20) contains the subsystem of N!equations

i
dml ...mu...mv...mn(k)li_ 1 + %(ku_kv)jl

+dm1...mv...m,‘...mN(k)|:1 + 2—1‘1(k,,—kv)] =0, m=m,+1. (25)

Let P e my be the permutation (j—»m;+1), 1< j< N.If Reny permutes y and v
leaving other numbers from 1 to N unchanged, then (25) can be written in the form

dpy(k) [1 + %(kv——ku):l =dpgy(k) [1 + z—ia(ku—kv)] . (206)

With the use of the condition m,=m, 41 one can represent the right-hand side
of (24) as
i

dipy(K)=d, [1 +5- (ku—kv)] l"r;‘il [1 " Ela(kp_u—ku)] [1 + 2—la(kp_1,1—kv)}

N

x I [1 + z—ia(k”—kp_.g)] [1 + 2—ia(kv—kp-.o)]

e=my+2

i
X 1+2—a(kp—1l—kp—1ﬂ):|. (27)

A<@, A,eFmy+1,my+1 I:
The corresponding expression for dpgy(k) differs from (27) only by the change
k, <> k,. So (26) is fulfilled for any P e my.
The leading terms in asymptotic expansions of y{V(x) are completely deter-
mined by the set d;p(k) (24) as it follows from

Proposition 4. Let (— 1)F be the parity of the permutation P.If xp; 4 1)— Xpy— + 0,
1<AZXN—1, then
N(N-1)

lim 3 M(x) exp(-iﬁ1 km) =(=1P2 2 dp-y(K). (28)

The scheme of the proof can be illustrated by the case x,,; —x;— +00, 1=<4
<N-—1. Then
—N(N—-1)

N N
[1 sinha(x;—x,)~2 2 exp[— Y xl(N—2l+1)]
i=1

A>p

and

N
2 (x) exp [ —iy km]
=1

N(N—-1)

27 3 dube] ~20 3 (x|
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A
where f;({m})= Y (m,—t+1). Let {m} be any set of numbers which corresponds
=1

to nonvanishing d,,(k). Then f,({m}) =0 and the equality holds for all A from 1 to
N—1 only if m;=1—1. The general case of an arbitrary Peny can be treated
analogously.

Remark. If the constant d, in (24) is chosen in the form
N-1 N[ -1 N i -1
do= 1 2q+D!I] I:—(ka_ku)] I1 |:1+—‘(k)._ku):| ;
a=1 isula itp 2a

then
d{P}(k)=(‘_ 1)PC((1_ lkP— 1y ey a” 1kp- 1),

where the Harish-Chandra function ¢(A) is defined by (12). So the statement of
Proposition 4 agrees with the asymptotic relation (11) of general ZSF theory.

Let us note also that, according to Proposition 3, the solutions of (20) must
obey the system (23). Hence (23) can be treated as a consequence of (20). It would be
interesting to find the direct algebraic proof of this fact.

To end this section, let us give some examples of explicit calculation of d,(k) for
small N by Egs. (20) and introduce the following notation. Let [4, ... 1y] be the
permutation (1-4,,...,N—4y) and r,,=i2a)” '(k,—k,).

1. N=3. According to (24), the coefficients dp)(k) can be written as
dor2(k)=do(1 +r1)A+713) A +723), diga(k)=do(1+72)(1 +r23)(1 +7135),
dyiok)=do(1+r3)(A +r3)(1+731), dozi(k)=do(1 +73)1 +75)(1+73,),

dizo(k)=do(1+r3)(A1+r3)(1+712), dyoi(k)=do(1 +723)(1+r,)(1 +713,).
(29
The last nonvanishing coefficient d,,,(k) is determined from (20) at m; =0,
m2=1, m3=2, B= 1, Q=3,
di11(R)=do(6—17,—1}3—133). (30)
2. N =4. There are 24 coefficients of the dp\(k) type. The other nonzero d,(k) with
coinciding values of indices can be divided into three sets. The first two of them

consist of coefficients with three coinciding indices. They can be calculated in the
same way as d,,(k) at N=3,

dy113(R)=do(1+71)(A+724)(1 +73)(6—1F, =113 —133), (31)
dapzo(k)=do(1+14) (1 +74) (1 +743)(6—rF, — 113 —133). (32
The other elements of these sets,
dy131(k), dy311(k), d3111(k) and  dy;05(k), dyo22(k), do222(K)

are obtained from (31) and (32) by the permutations [1243], [1342], [2341] of
indices in {r,,}. The third set contains the coefficients

dl 122(k)a d2211(k)3 d2112(k)a d122 l(k), dx212(k), d2121(k)

with two pairs of coinciding indices. They are determined from Egs. (20) with the
use of the coefficients of the type (31) belonging to the first set. For example, taking
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in (20) m1‘=m2 =my=1, my=3, f=3, 0=4 one obtains
di113R)(—2+734) +d1122(K)r3a+dy131(K)(2+734)=0.

After simple calculations, d,,,,(k) can be written as

d1122(0)=do[184(r 13 +724)(14=2(r 3+ 734) — 113 — 73430, +734)

—riat3a+712130) —(Fia +734)(6 471320 —T12730) — 1137 24(r s +134)]
(33)
The remaining five coefficients of these sets are given by (33) after the permutations
[3412], [3214], [4123], [1324], [4123] of the indices in {r,,}.
3. For N=5 there are, besides d(k), 171 nonzero coefficients d,,,(k) with
coinciding values of indices. They are divided into 8 sets. For N =6 the number of
these coefficients increases to 2112 and the number of various sets becomes equal
to 21. In spite of this fast growth, the system (20) seems to be most convenient for
the explicit calculations of the eigenfunctions of the Hamiltonian (7) and zonal
spherical functions ¢{™(x) on X .

3. The Solution of the Eigenvalue Problem
for the Quantum Spin Hamiltonian H,

As it was already mentioned in Sect. 1, the eigenvectors of the operator H, (3) are
classified with respect to the number N of spins turned over the ferromagnetic
ground state. Let us fix NeZ, and consider the N-magnon eigenstates (5). The
eigenvalue problem Hyi)=¢y|lwE) can be represented in terms of the
N-magnon wave function yp(n,, ...,ny) as [20]

N

Yo Y Ving—spnyg,....ng_1,8n5,1,...,1y)

=1 seZp

N
=p(ny, ..., ny) [ﬂ; Ving—n,)+J~ 1gN—N£0:| R
v
N (34
H (nﬂ_ny):’:oa
B>y

where ne Z" and the notation Z,, is used for the variety Z —(n,, ..., ny). Motivated
by the structure of y({n}) at N =2 found in [19], I'll search the solutions to (34) in
the form which is very similar to the ZSF on X . It is the properly symmetrized
combination of the functions like y{"(x)in the form (16-17) restricted to the integer
values of arguments,

N
Yy, ..., ny) = ”l;[v [sinha(n,—n,)]~ ! PZ (—1)exp (i Agl km”z)

enn

N
X Y du,. my(k)exp [a Y (2mp,—N +1)nz]- (3%)
meDN A=1

Here k,, ..., ky € R(mod 27) are the magnon quasimomenta for scattering states
in which w({n}) oscillates at infinity. Contrary to the eigenvectors of the
Hamiltonian (7), there are, as it will be shown later, the bound states in which
y({n}) vanishes if |n, —ny|— 0o. All the other notations in (35) are the same as in the
preceding section.
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The eigenvalue problem reduces to finding the set d,, (k) if the Ansatz (35)is
correct. A crucial point is the calculation of the left-hand side of Eq. (34) with
y({n}) in the form (35),

i’({n})=a2§: Y [sinha(ng—s)] " 2p(ny, ..., 05— 1,8 Mg, - My)

ﬂ= 1 sEZ(n]

=§ Z(—D”[ ﬁ Sinha(n,‘—nv)]_l(—i)”"

p=1 Penn >v; u,v¥Ep

X % Ty k)
X exXp {y;ﬁ [ikp,+a(2mp,— N + 1)]ny} Wi(kpg, mpg, {n}), (36)

where

a2 N . -1
W(k, m, {n}) = se;[ ] m I:;,I;Ip smha(n,l — S):l
x exp{[ik+a(2m—N +1)]s}. (37)

Itis easy to see that the sum (37) converges for all m obeying (18) if k € C is restricted
to the strip |3mk| < 2a. To calculate (37) explicitly, let us consider the function W,(x)
of the variable xeC,

_ a’exp(gs) N . -
W (x)= SEZZ SRz a(s—n, 4 %) l];[ﬂ [sinha(n,—s—x)]" 1, (38)
g=ik+a(2m—N+1). (39)

As it follows immediately from (38), W,(x) is double quasiperiodic,
W(x+ina~ H=exp[in(N —1)] Wy(x), Wy(x + 1) =exp(—q)W(x). (40)

Hence it can be treated on the torus C\I" obtained by the factorization of the
complex plane by the lattice I'=1, +ina™!l, (I,,l, € Z). The only singularity of
W,(x)on C\I is the double pole at x=0. It arises from the terms with s=n,,...,ny
in (38). After simple calculations one obtains the first three terms of the Laurent
decomposition of (38) near x=0,

Wy (x)=box"2+b;x~ ' +b,+0(x), (41)
where
bo=exp(gny) Al;jﬂ [sinha(n, —ngz)]~ Y 42

N N
b1=a{b0 Y. cotha(n,—nz)— ¥ exp(gn,)
7¥8 eFp

X [sinha(nﬁ —n,) zﬁl sinha(n, — ne)] . 1} , 43)
N

1 N-1 1
b,=a? {bo [— 3 + 5 + 3 *;Eﬂcotha(ny—nﬂ) cotha(n; —ng)
Y

iy sinh‘z(ny—n,,)]— 5 —C’M[ﬁ sinha(n,l——ne)]—l

vFB oFs sinha(ng—n,) | i<,

X [cotha(nﬂ —ny)+ IZ:: cotha(n,— ne)]} + W(k,m,{n}). (44)
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Now let us construct the function U, (x) with the same quasiperiodicity
conditions (40) and pole decomposition (41) by using the Weierstrass elliptic
functions p(x), {(x), and o(x) defined on the torus C\I'. The proper form of U (x) s

a(x+r)
a(x—r)

x {p(x)— p(r)+ A[Lx+71)—{(x)— {2r) + ()]}, (45)

U/fx)=—-4

exp(0x)

where A4, r, 6, and 4 are some constants. The term in braces is chosen so that it is
double periodic and has a zero at x =r. So the only singularity of U,(x) on C\I'is at
x =0 for all values of r and 4.

By using the properties of sigma functions [21] one obtains

a(x+r)
a(x—r)

olx+r) o(x+r+ina”’)

o(x+r+1)
o(x—r)’ o(x—r+ina”t)

o(x—r+1)

exp(27,7) > (46)

exp(217)

where n,=2( <%> and n,=2( (;—Z) . Comparing (46) with (40), one finds two
equations for r and 6,

Mr+0=—q, 2nr+ina”'d=in(N—1).
Solving them with the use of the expression for g (39) and the Legendre relation

ina”'n, —n,=2mi, 47

one finds both r and 6,

) .
(24 B), smawors f(2)] @)

The Laurent decomposition of (45) at x=0 can be obtained by standard
expansions of @, {, and o [21],

U (x)=A[x"24+2Ur)+ 0 — A)x ™' + 3(2L(r)+ 6 —24)(2{(r) + 6)
+420(r)—{2r)— )]+ O0(x). 49)
The function W,— U, is analytic on C\I" if 4 and 6 obey the conditions
A=by, AQLr)+o—4)=b,. (50)

But, according to the Liouville theorem, the only analytic function defined on a
torus is a constant which must be zero because of quasiperiodicity of Wy(x)— U (x)
(40). Comparing now the decompositions (41) and (49) one obtains the expression
of b, in terms of by, b,, r, J, and 4,

by =bo[3(2L(r)+ 6 —24)2L(r) + )+ A(2{(r) — {(2r) — ()] - (1)
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With the use of (42—44) and (51) the sum W(k, m, {n}) defined by (37) can be written
as

N -1
Wi(k,m,{n})=a* { —exp(qny) L[;[p sinha(n, — n,,)]

(N—1) 1 N

N N
+ ¥ sinh™%a(n,—ng)—a”'f(r) ¥ cotha(n,—ny)+a" 2(E,,(r):l
y¥B y*B

o¥p sinha(ng—ny) | i+,
x [cotha(nﬂ —n,)+ % cotha(n,—n,)—a~ 1];(r):|} , (52)
where "
Tn={@n+3, (53)
Er)=— a3_2 + o)+ %(ZC(") +0)(2L(2r)—2{(r)+ ). (54

Now let us show that &,(r) and f,(r) are some polynomials in m. According to
(44), r and 6 can be written as

r=rk—§, 5=a|:N—1—i—lmC<%>:| +;,

ik k _(in
" T 5k=;<<z>-

By using the Legendre relation (47) and the quasiperiodicity of {(x)

where

(x+D={(x)+2ll(), IeZ, (55)
one can represent (53) in the form
fr)=f(k)—a2m+1—N), (56)
where
fl=2r)+8,= ¢ <f> —c@) . 57
n~\2a 2a

The calculation of explicit m dependence of ,(r) is not so trivial. With the use of
(55) one obtains

2
a=—5 +so<rk— %)
+ %':ZC(rk— %) +2mC<%) +5k—a(2m+1—N)]
m

X I:ZC(Zrk) +6;—a(2m+1—N)—2m{ <%> -2 ("k — _2_>] .
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First, let us consider the case of even m. The periodicity of Weierstrass functions
now can be used explicitly. One finds

&(r)=¢,k)—a(2m+1—N)f,(k)+ ‘12—2(2m +1—N)?, (58)
where
2 1
ey(k)=— % + p(r) + 5(2C(rk) +0)(20(2r) — 2{(r) + 91) - (59)

In the case of odd m one needs some more complex calculations. Note that &,(k) in
that case is given by

. a? 1
Eik)=— 3 + <Vk' 5)

+ %[2{ <rk— %) +2( (%) +0,—a2m+1 —N):|
X [2{(2rk)+6k—2c <rk— %) -2( <%> —a(2m+1 —N)] . (60)

Now one can use the addition theorems for Weierstrass functions,

2
g)(rk_%) = —so(rk)_p<%) + wT’ C<rk_%) +C<%) =C(rk)+ %)_9
-1
o=pe| oo (3)]

The formula (60) is transformed to
2

£,(r) =&, (k) — a2m+1— N)f,(k) + %—(2m F1—NP2+d(ry),
where

o0)= 209 })

— ') {% /(09— [£(2%)—2{(x)] [so(x)— © (%)]} [‘0(") e G)J '

The final trick consists in the use of the formula {(2x)—2{(x)=%p"(x)[¢'(x)]*
and the differential equation for g(x). I find that @(x) vanishes and &,(r) is given by
(59) as in the case of even m.

According to (52, 56-59) the left-hand side (36) of the eigenvalue equation (34)
can be represented as follows,

L({n})=2Z,({n})+ ZL({n})+ Z5({n}),
where

N N a’
Zi({nh)=vp(n,,...,ny) [ﬁ;l elkg)— ﬂZ 7] (61)

*y Sinhz(nﬂ - n.y)
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Zi{n})=—a ll':l [sinha(n,—n)]"" 5 (=1)° 3 dp,, . my(®)

Peny

N N
x ¥ exp{ Y [ikpy+a(2mPy—N+1)]ny}
B+e y¥8.¢

x exp{[i(kpg+ kpp) +2a(mps +mp,— N + 1)]n,}

x [sinha(ng—n,)]~*

N
X I:cotha(nﬂ—ne)+ Y cotha(ny——nq)—a"fa(kp,;)+2mpﬁ—N+1]
y¥e

N l’l’l sinha(n, —ny) 62)

%50 sinha(nl—ng) ’

,?3({11})_ —a H [smha(n _nv)] ! Z ( 1)P z Jml ..... mN(k)

Perny

X exp{ Z [ikp,+a(2mp,— N + 1)]n7}

N-1 N—1-2 2
<43 N a1 0mpy— N 1) k) + D12
=1 2 2
N
— ¥ [a™'f(kpg)+ N —1—2mpz] cotha(n,—ny)
B*y
N
+ Y cotha(n,—np) cotha(nv—n,,)}. (63)
BFy+v

It is easy to see that if one chooses the N-magnon energy as [20]

=i 3 Tt —eo1= =1 5 1o (32) + 5| 20(5) 2 (32
L)) @ mE)

then &,({n}) exactly coincides with the right-hand side of Eq.(35). Now the
problem consists in finding the conditions under which %,({n}) and Z5({n})
vanish. Let us consider first the expression (62) for .Z,({n}).

Let Q be the permutation (<> g) which doesn’t change all other indices from 1
to N. The sum over permutations in (62) can be transformed as

LA(n)=—a* [1 [sinhatn, )] % Dn,...nal0)

meD

x T (-1F 3 [FP)-FPO).

Penn

where
N
F(P)=exp { Y. [ikp,+a(2mp,— N+ 1)]ny}
y¥B,e

x exp{[i(kps + kp,) +2a(mps +mp,— N +1)]n,}

N sinha(n,—n
xsinh~'a(ng—n,) ] sinha(n, 1)
A%5,¢ Sinha(n, —n,)

N
X %{2mpﬂ-—a‘1fa(kpﬂ)+cotha(nﬂ—na)+ y cotha(ny—n,_,)—N+1}.
y¥e
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Since F (PQ) differs from F(P) only by the first two terms in the last braces, one can
represent Z,({n}) in the form

()= —a? [] [sinhatn,~n))™" § (=1

ETN
N N
BFe y¥8B0
o N sinha(n; —ng)
- 3 e e M 4
xsinh ™" a(ng—n,) lg,o sinha(n, —n,)
2(N-1)

x ) Y exp{[itkps+kpo)+2a(s— N+ 1)In,}

{m;}eDN, A+PB,Pg s5=0

X [N_ls_N+1|]_1 Z z Jml...mPﬁ+l...me—l...mN

mpgt+mpo=s leZ
-1 -1

x [mpﬂ—mpg— 5 fullerg) + - fa(kpg)+21J : (65)

Comparing the last sum in (65) with Egs. (20), I conclude that #,({n}) vanishes
if

Dy . (K) =, (1)), (66)

where d,,(if,(k)) is an arbitrary solution of the system (20) with k, replaced by
if(k,), 1SHSN.

The final step is the transformation of #5({n}). Upon symmetrizing the sums
over f,yv in (63) one finds

N
Y. cotha(n,—ng)cotha(n,—ng)= %N(N— 1)(N-2),

BEyFv
N
Y [a~f,(kps)—2mps+ N — 1] cotha(n, —ny)
B*v

N
= ﬂ; [mg—m,—(2a)~ '(f(kg) — fulk,))] cotha(np- 15 —np-1,).
Y
With the use of these relations the formula (63) reduces to

Zi({n})=—a* [N] [sinha(n,—n,)] "

x ¥ (—1)Pexp{ g [iky—a(N—l)]nP_ly} R(P,{n}),

PEnN

where

N
R(P, {n})= mg)N Jml ..my(K) €XD (2‘1 ,121 np- lamz>
N2—1

X { IZV‘, [%(N—1—2m,,)2+ —a'lﬁ,(kﬂ)(Zmﬁ—N+1)]

B=1

- ﬁgy [mg—m,—2a~(f(kg)— fuk,))] cotha(np- 15— np- ly)} .
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Introducing the notation exp(2anp-1,)=y;, 1 <A< N at fixed P, one finds

R, )= 3 Tt [T 7

X { lzv: |:2m§—2mﬁa"f,,(kﬁ)— (Zm,,——a‘lfa(kﬂ)— ————2N3—1>(N—1):I
=1

N etV o iieny }
B;y [ [mg—m,—2a" *(folkg)— fak )] ¢ - 67

Now it is easy to see that after replacing d,,, . (K)>dm, ... my(K), ifk,)—k, the
right-hand side of (67) exactly coincides with the left-hand side of (21). As it was
shown in Sect. 2, it must vanish for all ye R if {d,,,, . (k)} is an arbitrary solution
of the system (20). Hence both Z,({n}) and #;({n}) vanish under the conditions
(66) and the Ansatz (35) satisfies the eigenvalue problem (34) with the N-magnon
energy &y given by (64).

The asymptotic behaviour of the N-magnon wave functions yp(n,, ..., ny) (36) as
a— o or |n,—n,|—>oo can be found on the base of Proposition 4 in Sect. 2 (or,
equivalently, from the general theory of ZSF on Xy). In the former case one
obtains the usual Bethe Ansatz [1,4] as a consequence of (29) and the relation

}Ln; a [ filky)—fik,)] =i<cot%l —cot%) .

This result is quite natural since the terms with the interaction of non-nearest-
neighbor spins disappear in (3) in this limit.

In the case of finite a one obtains the following asymptotic form of the
N-magnon wave functions. If the distances between the positions of turned spins
tend to infinity so that np; 41y —np;—+ 00, 1 SASN—1, then

(g, ..ony)~ Y (‘DQPCXP(il;leA"z)

Qenn

x ”ﬁlv{i—%[ﬁ,(kgpu)—n(kgpvn}, (68)

where f,(k) is expressed through the Weierstrass { function according to (57).
Hence the multimagnon scattering matrix is factorized as it would be for integrable
models. Note that (n,, ..., ny) doesn’t vanish at infinity as the magnon quasimom-
enta {k,} are restricted to R(mod2m).

There are also various kinds of bound complexes in N-magnon states for which
some terms in the asymptotic expansion (68) vanish. These configurations are
determined by the roots of various systems of transcendental equations like
1—2a7 [ f,,hgku) —fuk,)]=0 with all {k,} lying in the rectangle [Rek| <, |Imk| <a,

and K= ) k,eR. Evidently, these states have no analogs in the variety of

p=1
eigenvectors of the Hamiltonian (7). It would be interesting to prove that the
minimum of the N-magnon energy &y (64) in the ferromagnetic case J >0 at given
K and N =3 is reached on the N-magnon bound state determined by the system of
equations

N
3 k=K, 1-00) 'Lilk) [tk )]=0,  1SpSN—1.
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4. Discussion

As it follows from the results of the preceding section, the eigenvectors of the
Hamiltonian H; of infinite quantum spin chains with the exchange interaction (2)
are tightly related to ZSF on X . The integral representations of the general ZSF
theory [11] or the recurrently constructed intertwining operators [16] can be used
for the investigation of their global properties. But, as for computational schemes,
I haven’t found any more simple way than solving the linear system (20). The
explicit expressions for multimagnon wave functions at N <4 following from
(29-33) can be obtained much more easily than it has been done in [20] by rather
complicated calculations.

The connection of quantum spin chains having non-nearest-neighbor exchange
with the Yang-Baxter equation and the corresponding algebraic structures of the
quantum inverse scattering method is not clear up to this time. The validity of the
triangle Yang-Baxter relation can be proved for the S matrix of the fermionic
version of these models but it doesn’t serve as a guide to the construction of a full
set of eigenvectors, especially in the case of periodic chains with the exchange given
by the elliptic Weierstrass g function. Another question under study concerns the
correspondence between the radial parts of high order Laplace-Beltrami
operators on X5 and the operators commuting with H, which have been found in
[19]. The investigation of that aspect of the above-mentioned analogy between the
objects of the theory of symmetric spaces and quantum spin chains with the
Hamiltonians (2, 3) seems to be one of the possible ways of understanding the
algebraic nature of their complete integrability.
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