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Abstract. The classical analogue is developed here for part of the construction in
which knot and link invariants are produced from representations of quantum
groups. Whereas previous work begins with a quantum group obtained by deform-
ing the multiplication of functions on a Poisson Lie group, we work directly with
a Poisson Lie group G and its associated symplectic groupoid. The classical analog
of the quantum R-matrix is a lagrangian submanifold £ in the cartesian square of
the symplectic groupoid. For any symplectic leaf S in G, % induces a symplectic
automorphism ¢ of S x § which satisfies the set-theoretic Yang-Baxter equation.
When combined with the “flip” map exchanging components and suitably im-
planted in each cartesian power S”, o generates a symplectic action of the braid
group B, on S". Application of a symplectic trace formula to the fixed point set of
the action of braids should lead to link invariants, but work on this last step is still
in progress.

1. Introduction

A quasitriangular Hopf algebra [Dr1] is a Hopf algebra o/ together with an
invertible element R of &/ ® o/ (the quantum R-matrix) satisfying the “exchange”
condition

A'(a) = RA(@R™*', aed, 1)
and the compatibility condition
(4 ®1d)(R) = Ry3R,3, (id® A)(R) = Ry3Ry; . 2
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These conditions imply that R satisfies the quantum Yang—Baxter equation,
Ri3R33R15 = Ri3R53Ry 5. 3)

In the equations above, 4: &/ - &/ ®  is the coproduct, 4’ is its composition with
the automorphism of &/ ® ./ which exchanges the factors, and R;; is the image of
R ® id under the automorphism of & ® & ® &7 induced by the permutation of
{1, 2, 3} which maps 1 to i and 2 to j.

The “classical analogue” of a quasitriangular Hopf algebra has heretofore been
considered in the context of Lie algebras. A Lie bialgebra is a dual pair (g, g*) of Lie
algebras for which the dual of multiplication on g*, ¢: g > g A g, is a cocycle with
respect to the adjoint representation. The Lie bialgebra is called quasitriangular if
it is equipped with an element r of g ® g (the classical r-matrix) satisfying condi-
tions which are “infinitesimal versions” of those for R, the most important of them
being the classical Yang—Baxter equation

[r12,723] + [r13,723] + [112,7113] = 0. “)

The subscripts in (4) can be interpreted as in the quantum case once we consider
g as embedded in U (g).

Hopf algebras known as quantum groups appear as deformations with
respect to a parameter i of algebras of functions on ordinary Lie groups.
Passage to a Lie bialgebra (g, g*) represents a first-order localization not only
at i =0, but also at the identity element of the group. Globally, one should
consider a Poisson structure on the corresponding Lie group G which represents
the first derivative with respect to 7 of the Hopf algebra multiplication, and whose
linearization at the identity of G is the Lie algebra structure on g*. This structure
makes G into a Poisson Lie group; ie. the multiplication map Gx G — G is
a Poisson map.

The aim of this paper is to answer an obvious question arising from the
viewpoint expressed in the previous paragraphs. Since the classical »-matrix lives
only on the Lie bialgebra, what is the corresponding object # at the level of the
Poisson Lie group G? Our answer to this question is based on the following
heuristic line of argument:

o # should be a geometric object which, when quantized, becomes the quantum
R-matrix.

o The Hopf algebra o/ should be obtained by geometric quantization of the
symplectic groupoid I'¢ of the Poisson Lie group G.

e When a symplectic manifold S is quantized to give a linear space, elements of the
linear space are represented geometrically by lagrangian submanifolds of S,
perhaps carrying some extra structure like a density.

o The quantization of the product S x T of two symplectic manifolds is the tensor
product of their quantizations.

The conclusion we draw from the points above is that the object % should be
a lagrangian submanifold of I'; x I'¢, the symplectic groupoid of G x G. It should
satisfy algebraic conditions closely resembling those of the quantum R-matrix. We
will call our object the (global) classical %-matrix.

Our program may be described further by reference to the followmg table.
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Classical Quantum

quasitriangular Lie bialgebras
quasitriangular Poisson Lie groups - quasitriangular Hopf algebras
quasitensor categories of symplectic realizations — quasitensor categories of representations
symplectic actions of braid groups - representations of braid groups

link invariants link invariants

The horizontal arrows represent processes generally known as “quantization.”
Previous work on the construction of link invariants has proceeded down the
right-hand side of the table, using the methods of linear representation theory. Our
aim is to delay the quantization process as far as possible, ultimately carrying out
the entire process in the left-hand column of the table.

The present paper is devoted to describing the first three downward arrows in
the left-hand column. Research is still in progress for the last step, in which we hope
to use symplectic trace formulas to construct link invariants from symplectic
actions of the braid group.

To conclude this introduction, we will give a brief description of the construc-
tion of quasitensor categories of realizations, since this approach gives another
rationale for defining # the way we do.

A symplectic realization’ S =(S,J) of a Poisson manifold P is defined as
a symplectic manifold S together with a Poisson map J:S — P which is com-
plete in the sense that the pullback to S of every compactly supported function
on P has a complete hamiltonian vector field. For instance, a symplectic
realization of a dual Lie algebra g* (which with the operation of addition is
dual as a Poisson group to G with the zero Poisson structure) is the momentum
map for a hamiltonian action of (simply connected) G on a symplectic manifold.
It is well known that such an action is the classical analogue of a representation
of the group G or, what is nearly equivalent, of the universal enveloping
algebra U(g). Since U(g) may be thought of as a quantum deformation of
the Poisson algebra of (polynomial) functions on g*, it is a natural generalization
of this situation to consider realizations of a general Poisson manifold P as
the classical analogues of representations of a quantum deformation of the func-
tions on P. In this paper, we will not deal with the difficult problem of constructing
representations from realizations; rather, we will simply carry out in the context
of realizations the “categorical” constructions usually applied in representation
theory.

An isomorphism between realizations is, of course, a symplectic diffeomor-
phism ¢: S; — S, for which J, o ¢ = J,. With the isomorphisms as morphisms, the
realizations form a category. It is also useful to consider more general morphisms,
namely lagrangian submanifolds of §; x S, (the bar denotes reversing the sign of the
symplectic structure) contained in the coisotropic submanifold (J,x J,)~! (diag-
onal in P x P), though these do not form a category because of the usual clean
intersection requirements for good compositions [X1, X21].

! The term derives from Lie [Li]
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Corresponding to the tensor product of representation spaces, we can take
symplectic realizations J;: S, = Pand J,: S, — P and form the product S = S; x §,
of symplectic manifolds. (S, J; x J,,) is then a realization of P x P but not of P. The
most natural way to produce a realization of P itself is to use some Poisson map
m from P x P to P. Given such a map, we obtain a “tensor product” operation on
realizations, writing S, ® S, for (S, mo(J;, J,)).

If m is the multiplication of a Poisson Lie group, then this tensor product is
naturally associative, but it is not commutative. By analogy with the quantum case,
we may seek to restore commutativity by choosing for each pair of realizations S,
and S, a symplectic automorphism #;, of §; xS, whose composition with the
exchange diffeomorphism S; x§, - §, xS, is an isomorphism from S, ® S, to
S, ® S;. The operators £, for various realizations should then satisfy compatibil-
ity conditions of “Yang-Baxter” type.

Still following the pattern of the quantum case, we seek to generate the £, for
all realizations by applying a certain universal object associated with P itself. The
geometric nature of this universal object may be inferred from the fact that it
should induce a symplectic diffeomorphism on the product of any two “realization
spaces.” In general, the objects which produce diffeomorphisms of the realization
spaces of a Poisson manifold Q are the lagrangian submanifolds of the symplectic
groupoid I'p which are sections of both the source and target maps. These objects
are called lagrangian bisections. Since (S; x S, J;, x J,) is a realization of P x P, we
conclude that our universal object should be a lagrangian bisection of I'p x I'p. This
object, the global classical # matrix, should then satisfy conditions which are
formally identical to those in the quantum case but which must be interpreted in
the calculus of bisections on groupoids. (This solves the problem posed by Drinfel’d
in [Dr2] of finding set theoretical solutions to the quantum Yang-Baxter equa-
tion.)

Given the global classical # matrix and a particular realization S of the Poisson
Lie group P, one obtains just as in the quantum case a symplectic action of the
k-stranded braid group on S*.

The last step in constructing invariants of links is to extract invariant quantities
from actions of the braid group. When the action is a linear representation,
the usual procedure is to take traces (and then to normalize in certain ways
[RT, Tu]). When the action is symplectic, one might try to quantize it and
then take the trace of the resulting representation, but there is also a more
geometric approach. It is well known that the traces of the quantizations of
certain symplectic automorphisms can be calculated by “trace formulas” of
Atiyah-Bott type which involve only the fixed points of the automorphisms.
For our purposes, it may be unnecessary to know that these geometric calcu-
lations produce the traces of representations; rather it may be sufficient to know
that the “symplectic traces” satisfy enough of the formal properties of linear traces.
Our work on this last step is still in progress, and we cannot tell yet how successful
it will be.

2. Quasitriangular Lie Bialgebras and Poisson Lie Groups
This section is devoted to a general study of quasitriangular Lie bialgebras and

Poisson Lie groups. We refer the reader to [Drl, LW2, STS] for background
material.
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I
The following conventions will be used throughout this paper. For any X eg,
ady: g — g denotes the usual adjoint representation, and ad%: g* — g* denotes the
map defined by

Cad%¢, Y) = =< ady V)

for any X eg and ¢eg*. Ad, stands for the usual adjoint action of G on the Lie
algebra g (i.e., the derivative of [,or,_; at the identity), and Ad;: g* — g* for its
dual map. Hence, we have the following identities: exp(adX) = Ade,x and
exp(ad*X) = Ad¥,px)-1-

Recall that a Lie group G is called a Poisson Lie group if it is also a Poisson
manifold such that the multiplication m: G x G — G is a Poisson map, where G x G
is equipped with the product Poisson structure. The infinitesimal object associated
to a Poisson Lie group is a so-called Lie bialgebra (g, g*) [Drl, LW2, STS]. An
interesting class of Lie bialgebras, the quasitriangular Lie bialgebras, plays a funda-
mental rule in the theory of Poisson Lie groups. In what follows, we briefly recall
some basic notions regarding Poisson Lie groups and quasitriangular Lie bi-
algebras (see [Drl1, Dr3, KoMa, RS] for more details).

An element reg® g is said to be a solution of the classical Yang-Baxter
equation if

[ri2,723]1 + [r13,723] + [112,713]1 = 0.

Here, as wusual, r;, is the image of reg®g under the mapping
g®g— Ug® Ug® Ug which sends a ® b into a ® b ® 1, and similarly for r;3,
Fa3.

Any reg ® g can be identified with a bilinear form on g*. It then determines
amappingr, : g* — g by the rule v(r; (u)) = r(u, v) for u and vin g*. The dual of r,,
which we denote by — r_, is then (Pr),, where P is the “flip” operator which
interchanges factors in g ® g.

Assume now that re g ® g satisfies the classical Yang—Baxter equation and the
symmetrized tensor I = r + P(r) is ad-invariant in the sense that adyI = O for all
X eg, where ady is the endomorphism of g ® g induced naturally from the adjoint
map on the Lie algebra g by adx(a ® b) = (adya) ® b + a ® adxb. Then (g, g*)
becomes a Lie bialgebra, with the Lie bracket on g* being defined by

[&n] =adf, 1 — ad:k_(n) ¢ VEneg*.

Such a Lie bialgebra is called quasitriangular [Dr1]. It is called triangular if r is
antisymmetric. (Some authors [KoMa] reserve the term quasitriangular for the
case in which I is nondegenerate; we prefer to include triangularity as a special case
of quasitriangularity.)

Lemma 2.1. Suppose that g is a quasitriangular Lie bialgebra. Then we have the
following identities for any X € g and £eg*:

[X,r+(©)]= —ad¥X + r,(ad}?),
and
[X,r-(&)] = —adf X + r_(ad}%?),

where the bracket means the Lie bracket of g.
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Proof. For any neg*.
(—adfX +ry(adil), n) =<—adf X, n) + {ry(@dfd), n)
=X, [E D> —<& X, rinD)
=<(X,ad;, gn + adk, & — & [X,rin])
=X, r+ (1.
This proves the first identity. The proof of the second one is similar. O

The following lemma is easily checked. It is stated for the case where I is
nondegenerate in [RS].

Lemma 2.2. For any quasitriangular Lie bialgebra, the linear mapsr , and r _ defined
above are both Lie algebra homomorphisms.

An immediate consequence of Lemma 2.1 is the following result of Drinfel’d
[Dr3], in which the Lie algebra d = g @ g* is the double associated to a given Lie
bialgebra (g, g*) [Dr1, LW2, STS].

Proposition 2.3. The Lie algebra homomorphisms r 1+ naturally extend to Lie algebra
homomorphisms fi from D onto g defined by: fr (X + &) =X +r. &

Lemma 2.4. For any &, neg*,
re(ady &) =ady(r¢),
and
r-(ady, &) = ad} (- ).
Proof. For any peg*,
(re(@df &), uy = <adf & rip
==& [r-n,riul)
=& r-[n, 1l
= —(r 6 ad,
= {ady(r+ &), w .
The other identity is proved similarly. O

The following proposition gives the Lie bracket relation between the images of
ryandr_.

Proposition 2.5. For any &, neg¥,
[riér-nl=—ady(r+&) +adf(r-n) .
Proof. For any ueg*, we have
ady(r+ &) —adf(r_n), pp = <ady (r+ &), uy + <rom, [& ul)
= <ady (r+ &), uy + {r-m ady, gu —adf ) &>
=<ady(r+ O, uy — [+ &ronl w + <r-[mnl, &
Cady (r+ &), wy —r+&r—ml pwy — <[l r+ &

- <[r+ 5,7'—77], :u> .
This completes the proof. O
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Let k4 =f :1(0) =  be the kernels of the Lie algebra homomorphisms f , which
are clearly ideals in d. As an immediate consequence of the proposition above, we
have the following important

Theorem 2.6.

[ky,k-1=0.
Proof. Suppose that [, and [_ are any elements in k., and x_, respectively. We
may assume that [, = —r & + ¢ and [_ = — r_n + 5 for certain £, n e g*. Then,

[e,l-]1=[-rsé+ & —ron+mn]
=([r+&ron]+ady(r+ &) —ad¥(r-n)

+ ([& n] — ady, n + adf &)
=0. U

Remark 2.7. In the case where (g, g*) is a triangular Lie bialgebra, it is easy to see
that ry =r_ and f, = f_; therefore k. = k_. So, x . is an abelian ideal. This is
false in general, since [&, n] # ady, o1 — ad), ()<

We now turn our attention to groups.

Definition 2.8. A Poisson Lie group G is called quasitriangular if its corresponding
Lie bialgebra (g, g*) is quasitriangular and if the Lie algebra homomorphisms r .. and
r_ from g* to g lift to Lie group homomorphisms R, and R_ from G* to G.

If G is quasitriangular, we define maps ¢ and ¥ from G* to G by
d(x) =R, (x~ 1), Y(x) = R_(x~1), for any xe G*.

Proposition 2.9. Both ¢ and  are Poisson morphisms.
In fact, we have the following general result.

Proposition 2.10. Suppose that G and H are Poisson Lie groups, and p: G — H is
a group homomorphism (or anti-homomorphism). Let dp: g — b be the corresponding
Lie algebra homomorphism (or anti-homomorphism). p is a Poisson map if and only if
(dp)*: b* — g* is a Lie algebra homomorphism.

One can prove this proposition directly by using coisotropic calculus, i.e., by
showing that the graph of the map is a coisotropic submanifold in G x H™. The
following proof, using a cocycle argument, was pointed out to us by J.-H. Lu.

Proof. Let ng and my be the Poisson tensors on G and H respectively, and let
Kg(g) = ry-176(g) and Ky (h) = r,- 175 (h) be the corresponding group 1-cocycles
on G and H. Consider the two maps K; and K, from Gto § A b, given respectively
by the compositions G-Iifeg A gﬂb A b and GLHﬁ—»b A b.

It is easy to see that both K; and K, are group 1-cocycles on G with values in
b A . The corresponding Lie algebra 1-cocycles are given, respectively, by the
compositions of the following maps: gﬁ g A gﬁb A b and gﬁbﬁb A D,
where d, and dy are, respectively, the Lie algebra 1-cocycles defining the cocommu-
tator on g and . It is obvious that dp o d, = dy~ dp, since (dp)*: h* — g* is a Lie
algebra homomorphism. Hence K,(g) = K,(g). That is, (Tp)ng = ng. a
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Applying the exponential map and using the definitions of ¢ and i, we have the
following immediate corollary.

Corollary 2.11. For any &, neg*,

r(Adjuwé) = Adi-:(ri d) ,
and

r_(Ad%w &) = AdE1(r-0).

Suppose that G is a complete quasitriangular Poisson Lie group with the Lie
bialgebra (g, g*). Let G* be its dual Poisson Lie group, and D = G x G* the simply
connected double group corresponding to the Poisson group pair (G, G¥)
[LW2,STS]. By F., we denote the Lie group homomorphisms from D to G
corresponding to the Lie algebra homomorphisms f.. , and K, their kernels. For
any d = gu = ugeD with g, ge G and u, e G*, F. are given, respectively, by

Fi(d)=gopw ') =¢@ g,
and
F_(d)=gy ) =y@ )g.
An immediate consequence of Theorem 2.6 is the following:

Theorem 2.12. K, and K_ commute with each other with respect to the group
structure of the double group D. In particular, for any u, ve G¥,

ugp() Y@ =y@o-ud,
and
w(u) p)v = p)v-uy (),

where the dot means the multiplication in the double group D.

3. Symplectic Groupoids of Quasitriangular Poisson Lie Groups

In this section, we will study some basic properties of the symplectic groupoids of
quasitriangular Poisson Lie groups. Besides their important role in the discussions
of the next section, these properties may be quite interesting themselves. First of all,
we need to recall some basic notions.

Suppose that G is a complete quasitriangular Poisson Lie group and D its
corresponding double group. There is a natural symplectic structure =, on D,
which makes D into a symplectic double groupoid. That is, D with the symplectic
structure 7, becomes a symplectic groupoid over G, and D with — 7, is a sym-
plectic groupoid over G*. These two groupoid structures are compatible with each
other to make D into a double groupoid. We refer the reader to [LW1] for more
details. Note that in the rest of this paper, we always use o; and §; to denote the
source and target maps of the first groupoid structure on D, that is, the one over G,
and use a, and f, to denote the source and target maps of the second
groupoid structure of D. We also use the notations (D 3 G, o, ;) and
(D™ 3 G* «a,, B,) to denote these two groupoid structures on D. In order to
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distinguisﬁ the multiplications of these two groupoid structures on D, we shall use
x * y to denote the product of x and y € D in the first groupoid structure, and simply
xy in the second. Also, we shall use the following conventions for dressing
transformations: the left and right dressing transformations of G on G* are given,
respectively, by A,u = o, (gu) and p,(u) = B, (ug), for any g € G and u € G*; similarly,
by left and right dressing transformations of G* on G, we mean the actions of G* on
G given respectively by 4,9 = a;(ug) and p,g = B (gu).

The following lemma from [LW1] gives explicit formulas for 7., which are
essential to our computations in the sequel.

Lemma 3.1. Ifde D can be factored as d = gu for some g€ G and ue G*, then n,. is
given explicitly by

(lg“ru‘1n+(d))(él + X1, 8+ X,) =X, &) —<(X2, 810 + (lg-lﬂG(g))(fb ¢2)
+(ru“nG*(u))(X1’X2)9 VXDXZEQ
and &;,8,€9™,

where ng and ng* are the Poisson structures on G and G*, respectively.
Similarly, if d = ug for some ue G* and ge G, then

(Li-1rg-1mye (@) (X1 + &1, X + &) = X1, 80 =KX, &) + (ry-176(9)) (81, &)
+ (lu’lnG*(”))(Xla XZ)) VXI’ XZEQ
and &,,¢,eg* .

It is standard in Poisson geometry that, associated to any 1-form 6 on a Poisson
manifold P, there is a vector field X, on P, the contraction of 8 with the Poisson
tensor of P.

The following proposition describes such vector fields on (D, 7, ) associated to
certain special 1-forms.

Proposition 3.2. (1) If d = gue D = G x G*, then for any 0 Q'(G) ,
Xuto(d) = (Xo(g), —r.(1570)eTuD = T,GD T,G* .

Here, 130 is considered as an element in g*, the Lie algebra of G*, and r,(1;0) is the
right invariant vector field on G* corresponding to 160 € g*.

(2) Similarly, if d = uge D = G* x G, then for any ne Q*(G*),
Xa‘;‘n (d) = (_ Xn(u)a Vg(l:fﬂ))e T;iD = Tt'JG* ® T,a']G .

Proof. Let us assume that (/;-17,-1) X,y = X + 5, for some X e g and ne g*. Then,
for any £, eg* and X, eg, we have

(g-1ru-1me @)I50, &0 + X5) =<X +1,& + Xo)
Lemma 3.1 implies that
= (X5, 15600 + (-1me ()50, &) =<X + 1, S + X0

By letting &, = 0, one gets immediately that n = — [¥6. On the other hand, since
(Toy) X oo = Xy, we have X =1,-1X,(g).
The second part can be proved similarly. O
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We can express the vector field X,, explicitly under the factorization
D = G x G* as well.

Proposition 3.3. If d = gue D = G x G*, then for any ne Q'(G*),

Xy (d) = (ry(r¥ (1)), 00€ T,G @ T,G*, VneQ'(G*), ()
where ti = o,(d), and r¥(n) is considered as an element in the Lie algebra g, as usual.

Proof. It suffices to prove this proposition for any right invariant one-form y = Z*
on G*, where Z e g. According to Corollary 3.6 in [Lu2], the morphism g - Z'(D)
given by Z — X .-, for any Z € g, defines an infinitesimal left g-action on D (note
that «, is an anti-Poisson map from (D, ) to G*). On the other hand, let ¢,
denote the family of automorphisms of D defined by ¢,(d) = [(exptZ)g]u, for any
d = gueD. Obviously, ¢, is a flow on D. In order to prove Eq. (5) for #n = Z", it is
sufficient to show that ¢, is the flow generated by X .. For this purpose, below we
will compute explicitly the derivative of ¢, at t = 0 under the decomposition
D = G*G, since we already know the expression of X .- under such a decomposi-
tion of D by Proposition 3.2. Assume that d = gu = #g. Then, under the decompo-
sition D = G*G, we can write ¢,(d) = (exptZ)ig = [Aexprz#][r;p:(exptZ)]. Now

d
clearly, i (Aexprztt) = — Xz-(), and —| [rpa(exptZ)] =r;Ad¥Z. So
dt),=¢ dtl,=o
7 ¢:(d) = (— Xz-(0), r;AdF Z)e T;D =~ T,G* ® T;G, which exactly equals
t=0

X2z according to Proposition 3.2 (2). This completes the proof. O
The following theorem is an immediate consequence of the proposition above.

Theorem 3.4. For any Eeg*, let 0 = I¥-:£€ Q' (G) be the corresponding left invariant
1-form on G. If d = gue G x G*, the vector fields X s4v and X+ on D can be
explicitly expressed by:

Xosga(d) = (ry(r-£), 0 T,D = T,G ® T,G* ,
and
Xuyrod) = (ry(r:&),0eT,D = T,G® T,G* .

We end this section with an interesting by-product of Proposition 3.3, which
reveals the relation between two expressions for certain 1-forms on D using the two
decompositions D = G*G and D = GG*.

Corollary 3.5. Assume that d = ug = gue D for some g, g€ G and u, ue G*. For any
given cotangent vector ne T ¥ G*, we assume, under the decomposition D = G x G*
that, IXr¥[(a3n)(d)] = & + X, for some X e g and &€ g*. Then,

Ady(X + (l-1m6(9)*&) = r¥(meg
or, equivalently,
Ady(X — 14 () + re(AdF- Q) =ri(n),

where (1,-1m(g))* & denotes the element in g obtained by contracting l,-1ms(g)€
g ® g with £eg*.
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Proof. For any ¢,eg* and X, €gq,
111X g3y (d), &5 + X3 ) = { Xy (@), 15-175-1(E2 + X2))
= (@3, IJ-rid- (& + X2))
= (lg-ru-1m (@))€ + X, & + X5)
(by Lemma 3.1)
=<X, &) — X5, & + (I4-1m6(9)) (G, &2)
+ (ru-1m6* W) (X, X2) .
By letting X, = 0 and using Proposition 3.3, we have
(Adg-1(ri M), &20 = <X, &) + (lg-1m6(9)) (&, &2) -
Hence,
X+ (l-1m6(9))*E = Adg-1rF ()

which implies the desired identities. O

4. The Global 2-Matrix

In this section, which is the main part of this paper, we will demonstrate how to lift
the Poisson morphism ¢ (or ¥) induced from a classical quasitriangular r-matrix to
the groupoid level to obtain a lagrangian bisection called the global #-matrix
which retains, in a formal way, many important properties of the quantum
R-matrix.

In order to explain the meaning of this global #-matrix, we start with the
simplest case where both ¢ and y are assumed to be diffeomorphisms. Also, as in
the last two sections, both Poisson groups G and G* are assumed to be simply
connected and complete. It is known [CDW] that the a-simply connected symplec-
tic groupoid for a given Poisson manifold is unique if it exists. Since, by assump-
tion, ¢: G* - G is a Poisson diffeomorphism, it is lifted to a symplectic groupoid
isomorphism % from the groupoid (D~ 3 G*, «,, 8,) to (D 3 G, aq, B1):

D~ L D
“21]/32 “11151
G* ___?__., G

Furthermore, we know that D is a double groupoid, with the second groupoid
structure being induced from the group structure of the base space [LW1]. Since
¢ is a group anti-homomorphism, & is a symplectic groupoid anti-homomor-
phism with respect to the second groupoid structures. The restriction of & to the
identity space of the second groupoid structure is an anti-Poisson diffeomorphism
from G to G*, which is given by ¢ ~ ! oi. Here i: G — G is the inversion of G. In other
words, we have the following diagram of symplectic groupoid anti-homomor-
phisms:
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D —L D~
“1ljﬁ1 0‘2“ﬁ2
¢ U

We denote by # the graph of #, ie., # = {(d, # (d))|deD}. For any de D, we
assume that 8,(d) = u and f,(Z (d)) = v. It follows from the above discussion that

a1 (F(d)) = ¢(x2(d)) , (6)
and
B2(F (d)) = (p ™ oi) (21 (d)) = ¥~ [(ea(d)) '] ()

Equation (7) implies that a,(d) = y(v™!). Hence d = y(v™*)u and Z (d) = ¢ (@)v,
where @ = o,(d) = A,(,-1)u. Hence, we have the following.

Proposition 4.1. & consists of all elements of the form (v~ *)u, ¢(ii))eD, with
u and v being any elements of G*, and @i equal to Ay,-1)u.

A Poisson morphism which is not a diffeomorphism may not be liftable to
a symplectic groupoid homomorphism. However, by the method of characteristics
a general Poisson morphism may be lifted to a canonical relation between symplec-
tic groupoids. First, we let D = G x G*; then D x D = G x G* x G x G*. We denote
by p; the projection from D onto its i® factor, and we denote by p the natural
projection of D onto G*x G*. Let E be the graph of ¢, sitting in D x D, ie.,
E = {(e, u, d(u), e)lue G*}, and let

K,= {(dudz)ldl,dzeD satisfy ¢(xz(dy)) = 0‘1(d2)} >
= {(dy,d2)|dy, d, €D satisfy ¢(B2(d1)) = B1(d2)} -

According to Theorem 1.3 of Chapter 3 in [CDW], there exists a unique maximal
lagrangian immersion %, containing E and contained in K,.

Theorem 4.2. Suppose that G is a simply connected complete quasitriangular Poisson
Lie group, G* its simply connected dual. Then & is a lagrangian submanifold. In fact,
it is a graph over G* x G* with respect to the projection p, and has the following
explicit form £ = {(y(v™'), u, ¢(ii), v)e D x D|Vu, ve G*}.

Proof. 1t is known that K, = (D~)~ x D = D x D is a coisotropic submanifold. Its
characteristic flow is given by (X g4+, X¢) for all 1-forms 6 € Q'(G), where X 44 is
the vector field on D obtained by contracting the 1-form o ¢*0 with the opposite
symplectic structure — m, on D, i€, Xyge9 = — Xusgeo-

By 7.(d) and A,(d), we denote the flow of X g0 and X« respectively. For any
ue G*, consider the map p4: p; '(u) » G*. Since p,: £ —>G*is a projection,
dim p; }(u) = dim G* by dimension counting. We shall prove that p, has the path
lifting property. To show this, it is sufficient to consider a path in G* of the form
{,(e), which starts from the identity ee G* and is a product of flows generated by
right invariant vector fields £; € g*. For this purpose, we let 6, = — I5-: ;€ QY(G) be
the corresponding left invariant 1-forms en G, and let 7(u) and /1 (¢ (u)) be the
correspondmg products of flows on D generated respectively by X s s+, and Xoyro, It
is clear that (Z,(w), A,(¢(u))€ps ' (u).
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Since for d = gv, X +4,(d) = (Xy,(9), 7, ;) according to Proposition 3.2, it is clear
that (4,(u), 4, (¢ (u)) is a lift of {,(e).

It follows immediately from the path lifting property that p,: p; *(u) > G* is
a submersion. Furthermore, since dim p; *(4) = dim G*, p, is a local diffeomor-
phism; therefore a covering map. However G* is simply connected, so p, is
a diffeomorphism. Hence & is a graph over G* x G*.

In order to express % explicitly, we first note that according to Theorem 3.4,

X@fﬁ*oi(d) = (_ rg(r—ii)a O)E T_;]G &) T:FG*
for any d = gu; and therefore its flow at d = gu is given by:
Ti(gu) = (R_(expt&)g, u) = (Y(exp — t&;)g, u)e Gx G* =D .

Thus, it is not hard to see that p; o p; *: G* - G is a group homomorphism, which
is in fact ¥ o i, the composition of y with the inversion map i of the group G*. Thus,
for any ve G*, if (d,,d,)ep; *(u) such that p,(d,d,)=v, then d; = y(v™")u
Furthermore, according to the construction of K,, o;(d;) = ¢(x2(d)) = ¢ (i), with
il being equal to A,,-1,u. Hence, (d1, d,) = (Y (v™ 1), u, ¢(i), v).

If the Poisson groups G and G* are complete but are not assumed to be simply
connected, the submanifold £ of D x D consisting of all elements of the form
(W(v™1Y), u, ¢(#), v) is still contained in &, hence it is still a lagrangian submanifold
of D x D ( may not be equal to .#). It is such a lagrangian submanifold £ that will
become the major object of our study in this paper.

Definition 4.3. For a complete quasitriangular Poisson group G, the lagrangian
submanifold # = {(Y (v~ 1), u, P(@1), v)|ii = Ay-1,u, Yu, ve G*} of D x D is called its
global #-matrix.

Similarly, the submanifold {(¢(v™"), u, Y(i), v)|il = Age-1 4, Yu, ve G*} is also
a lagrangian submanifold of D x D, which we will denote by #_.

We end this section with the following very useful formulas about dressing
transformations, as a consequence of the discussion above.

Corollary 4.4. For any u, ve G¥,
qs('lll/(v)u) = pv¢(u)

and

Y(Zpwtt) = potp(u) .
Similarly,

(Pywu) = L u) ,
and

Y(pyw) = Aoty (u) .

Proof. According to Theorem 1.3 of Chap. 3 in [CDW], & is automatically
contained in Ky, so is # < . Hence, for any (d,, d,)e %,

B1(d2) = ¢(B2(dy)) - )

Therefore,

Bi(d(@)v) = (B (W (™)) = dp(u) -
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That is, ¢(#i)v =u,;¢(u) for some u,;eG* Hence, ui (@)= du)o~t. So,
¢ (@) = p,-1¢(u). This proves the first identity. The second one is proved similarly.

As for the third identity, we assume that w; = py,u and wy(v) = hyw, for
certain h; € G. Hence, Y (v)wy ' = u™ 'hy. In other words, u™" = A;,wi *. It follows
from the first identity that ¢(u~!) = p,¢(wi!). That is, there is some h, € G such
that ¢(wi!)v = hyp(u™'). Therefore, ve(u) = ¢p(w;)h,. The third identity thus
follows immediately. The last one can be proved in the same way. O

5. Properties of the global 22-matrix

As a continuation of the last section, we shall study here some important properties
of the global #-matrix. Readers familiar with quantum group theory will find many
similarities between the properties listed here and those of a quasitriangular
quantum R-matrix.

The following theorem shows that the action of # on G* x G* intertwines the
group multiplication and its opposite.

Theorem 5.1. For any (d,, d;)€ &, we have
ax(dy)az(d;) = Ba(d2)Ba2(dy) -
Or equivalently, we have the following identity for any u, ve G*,
(Apw-vyw(dg@v) = vu ,
where, again, @i denotes Ay,-1)u.
Proof. Assume that d; = y/(v™!)u and d, = ¢(#i)v for some u, ve G*. Hence,
Y@ Y)u=1iig, forsome g,eG. )

Assume further that ¢(ii)v = u,g,, for some u, e G* and g,€G. It follows from
Corollary 4.4 that g, = p,¢ (%) = p,(p,-1¢ () = ¢(u). Hence

uy = ¢(@)vg; ' (10)
= p(vp™"). (11)

From Eq. (9), it follows, by applying the morphism F., that Yy (v~ ')¢pu™?!)
= ¢~ 1)g,. Hence,

¢(@) = g1 oW (v) . (12)
Therefore,
iiu, = ap@@vpu="') (by Eq. (12))
= g1 Wy ©)vpu=") (by Eq. (9))
=y Hupwyy@)vdm-') (by using Theorem 2.12)
Y™ LW O0)udw)I1dw™?)
=vu. O

Before we go into more detailed properties of the #-matrix, we need to recall
some conventions related to symplectic groupoids.
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Let (' P, «, ) be a symplectic groupoid. A lagrangian submanifold of I" for
which the restrictions of « and f§ are diffeomorphisms onto P is called a lagrangian
bisection. The lagrangian bisections form a Lie group U(I") under the multiplica-
tion of subsets induced from the product on I'. In fact, the Lie algebra of U(I") can
be identified in a natural way with the space Z!(P) of closed 1-forms on P, with the
bracket induced from the Poisson bracket on C®(P). Any lagrangian bisection
£ e U(I') induces an automorphism Ad of the symplectic groupoid I', by sending
eachyel'to #yZ "~ ! Its restriction to P is a Poisson diffeomorphism which sends
each pe P to &(f~1(p)), where & and B are the restrictions of « and f to .Z.

When I' = D7, regarded as the symplectic groupoid of the Poisson Lie group
G*, the global #-matrix £ belongs to U(D™ x D~) = U(D x D), where D™ x D~ is
considered as the symplectic groupoid product. Now, let 4 =« D x D x D~ be the
graph of multiplication of the groupoid (D 3 G, o, 1), and let A" = P,(4)

< D x D x D™, where P, is the permutation which exchanges the first and second
coordinates. It is clear that A’ is still a lagrangian submanifold in Dx D x D™,

The following theorem is the global classical analogue of the exchange condi-
tion (1).

Theorem 5.2.
A, = Adgl—zlA s
where 1, = Zx G* < Dx D x D is considered as an element of U(D x D x D).

Proof. For any given x,yeD such that f;(y)=a;(x), we let (x,)')=
Adg(x, y)e D x D. It suffices to show that x’ « y' = y*x. In this proof, by y ! for any
ye D, we mean the inverse of y with respect to the groupoid (D~ 33 G*, a,, f£,).
Assume that f,(y) = a,(x) =g,

X =gu=ug; (13)
and

y=vg = hyv, (14)
for some u, v, u;, v; € G* and g,, h, € G. By definition,

(¥, ) = Ada(x, ) = (@1, d2)(x, )1 1, d5 1),

for some (d,,d,;)e# and (d~1, Jz)e,%, which are composable with (x, y). Then,
we have f,(d,) =0oy(y)=v and f,(d;) = ay(x) = u;. Therefore, (d;,d,;)=
W (™ ")uy, ¢(i;)v), where @; = Ay-1yu;. Hence there is h, € G such that

l//(v_l)ul = h, . (15)
On the other hand, we know that
Ba(d)) = ar(di ) = Bo(x) = u (16)
and
B2(d2) = a2(d3 ") = Ba(y) = vs . (17)
Therefore, (d;, dy) = (W(v7 V)u, $(@)vy) with & = Lyr 1 1, ic.,
Y(vy Yu = dih, for some heG . (18)

We shall divide the rest of the proof into two steps.
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Step 1. First of all, we need to show that f§;(x) = oy (¥).

It is noted that B;(x') = Bl(dlxgl—j) = B1(d;)B: (x)B1(d;)"* = hyg;h™", and
?115()))111= al(dzydz_l) = 0‘1(‘12)0‘1(J’)°‘1(d2)_1 = ¢(ﬁ1)h1¢(ﬂ_1)- It follows from Eq.
that

d1hygy =Y uygr =y~ x =y Hgu. (19)
From Egq. (14), it follows, by applying the map F_, that
Y g =hyr?). (20)

Hence,
fiyhagr = (W™ Hg)u (by Eq. (20))
= hyy(vr Y)u  (by Eq. (18))

Therefore, hyg;h™! = iy *h, @, from which by applying F,, we have hyg;h~!
= ¢(d;)h, ¢(@™ ). Hence, f;1(x') = a1 (y').

Step 2. A direct computation yields that
oy (x"* ) = oy (x)

= o‘1(d1)051(x)0‘1(‘71)_1

=y gy~ (by Eq. (20)

= hr DY)

=h,

=o;(y*x).
Moreover, since

Ba(x"*y") = B2(x) B2(¥')
= Bo(d;xd; ") Ba(d2ydy )

= 052(31)0‘2((72) >
and
B2(y*x) = P2(y)B2(x) (by Egs. (16) and (17))
= ﬁz(gz)ﬂz(ﬂil) >
we have f,(x'*y') = B,(y*x) according to Theorem 5.1. Therefore, x' )" = y*x.
This completes our pr-oof. g

For any lagrangian bisection % € U(D x D), we define (4 ® id).¥ <« DxDx D
to be the composition L o4" of ¥ <« DxD with A« DxDxD~. Here, 4’ is
considered as a canonical relation from D x D to D, % as a canonical relation from
D to D™. Therefore, the resulting composition is a canonical relation (under the
assumption of clean intersection) from D x D to D~. That is, (4 ® id).¥ is the
subset of D x D x D consisting of all elements (dy, d,, d3) such that (d, *d,, d3)e Z.
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Similarly, by (id ® 4).#, we denote the composition A" % of A" = P,3(4) =
D™ x D x D with & < D x D, where P,; is the permutation of the first and third
coordinates. Namely, (id ® 4).% consists of all elements (d;,d,,d3;)eDxDxD
such that (d{, d3;*d,)e &.

Proposition 5.3. Both (4 ® id).¥ and (id ® 4).% for any ¥ e U(D x D) are well-
defined lagrangian bisections in U(D x D x D).

Proof. In order to show that they are well-defined bisections, we assume that
g = {(¢1(u, U), u, ¢2(u’ U)’ D)|Vu, UGG*} s

with ¢, and ¢, being some smooth maps from G* x G* to G x G. Suppose that
(dy,d,,ds) is any element in (4 ®id)#. Assume that d; = g u,d, = g,v and
d; = gswfior g, g,,93€G and uq, u,, uz € G*. Then, a(d,*d,) = a;(d,) = g, and
Ba(dyxdy) = B2(dy)B2(dy) = vu. From the definition of %, it follows that
g2 = ¢1(vu, w) and gs = ¢, (vu, w). Finally, g, = a1(d1) = B1(d;) = p,(¢1(vu, w)).
Conversely, for any u, v, we G*, the element (dy,d,,d;)eD xD x D with
di,92,gs being given by the above formulas belong to (4 ® id).#. Hence,
(A ®id)& is a well-defined bisection, so is (id ® 4).%#. Finally, by lagrangian
calculus, it is simple to see that both of them are lagrangian submanifolds. [

For the global #-matrix £ e U(D x D), we have the following analogue of the
compeatibility condition (2).

Theorem 5.4. Suppose that G is a complete quasitriangular Poisson Lie group, and
ReU(D x D) is its global #-matrix. Then,

(A ® id)@ = @13@23 (21)
and
(A MNR = Ri3R12 (22)

where, as usual, B, = R x G*¥ = D x D x D, with G* being identified with the base
space of the symplectic groupoid (D™ 33 G*, a5, ), Z23 = G* xR = D x D x D, and
R13 = P23(Z1,)

Before we prove this theorem, we need the following
Lemma 5.5. If (d,,d,)e R, then
ay(dy) = Y(a(dr)) ™",
Bi(dy) = Y(az(d2)) ™" ;

ay(dz) = ¢(az(dy)) ,
ﬂl(dz) = ¢(ﬁz(d1)) .

Proof. The last two identities follow directly from the construction of £, and the
first one is quite obvious.

For the second identity, we assume that (dy, d,) = (W (v~ Y)u, ¢(&)v) for some
u,ve G*, and

and

Y~ Yu = dhy, (23)
d(@)v = uyhy , (24)

for certain hy, h, €G.
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Equation (23) implies that (v~ ")y (u™") = (@@~ ')h,. Hence,
Bi(dy) =hy =y @y @™ ™)
= Y((vu)~*#) (by Theorem 5.1)
= Y((du,) ™ 1)
=Y(uz')
= Y(22(d2)) ™" . O

Proof of Theorem 5.4. Since both (4 ® id)# and #,3%,; are bisections of
D x D x D, it suffices to show that #,3%,; = (4 ® id)%. Assume that (x, y, z) is any
element in #,3%,3, then by definition, x = d}, y = dY, and z = d}d} for some
(d',d%)and (d7, d3)e A. So it is necessary that f,(d) = ay(dy). Therefore, accord-
ing to Lemma 5.5,

Bi(y) = B1(@1) = ¥(@2(d2)) ™" =¥ (B2(d2) ! = e (@1) = os(x) . (25)
Below, we shall show that (y*x, z)e £.

Assume that (d,d,) = (W(s™Yu, ¢@@)s) and (d7,d%) = Ww Yo, ¢@)w).
Then,

Ba(y*x) = f2(y)f2(x) = f2(d1)B2(d}) = vu,
and
ar(yxx) = (y) =0, (d)) =y (w™").
On the other hand, we know that
P2(2) = B2d2d3) = f2(d2) = w,
and
a1 (2) = a1 (d2d3) = ay(d2)a,(d3) = ¢(@) 9(3) = ¢ () .

It remains to show that i = 4,(,-1)(vu).

Now by definition, there are h; and h,eG, such that (s~ !)u = ith, and
Y(w™ v = Bh,. In fact, here h, = B1(d]) = a;(d}) = Y(s™ '), according to Eq. (25).
Therefore, y(w™!)ou = dhyu = 0y (s~ ")u = dithy, ie., 0 = Ayp-1yvu. This com-
pletes our proof of the first identity.

The second identity can be proved along the same lines. O

Remark 5.6. 1In the case where ¢ is an isomorphism, and hence £ is the graph of
the symplectic groupoid automorphism £, it is easy to see that £, 3%, consists of
all elements of the form (x, y, & (x) Z (y)) for any x, ye D such that f;(y) = o, (x),
and

Ri3R12 = {(xy, F (y), F (x))IVx, y s.t. f2(x) = ax(y)} .

Therefore, (4 ® id)%# = #,3R,3 i3 exactly equivalent to saying that & is
a groupoid antihomomorphism between (D 33 G, oy, f;) and (D™ 3 G*, ay, ),
and (id ® )2 = R,3#, amounts to say that & is a groupoid homomorphism
between (D~ 3 G*, a,, f,) and (D 3 G, a4, f;).

We conclude this section with the following analogue of (3).
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Theorem 5.7. % satisfies the “quantum Yang—Baxter equation”, i.e.,
R13R23R12 = R12R23 %13,
where the multiplication is understood as the multiplication in the group U(D x D x D).

Proof. It is not hard to see, as in the above, that Z,3;%,; = 4 - %, the composition
of the lagrangian 4 « D x D x D~ with # < D x D. According to Theorem 5.2,

R17 (R23R13)R12 = Aday (R23R13)
= Ady(40 )
= (Adg;; 4)° %
=AR
—(4®id2
=R13%23 ,

which implies the Yang—Baxter equation. O

6. Quasitensor “Categories” of Symplectic Realizations

Symplectic realizations play the role for Poisson manifolds which representations
do for noncommutative algebras. A symplectic realization of a Poisson manifold
P is defined to be a symplectic manifold S together with a Poisson map J: S — P.
The realization is said to be complete if J is a complete Poisson morphism in the
sense that the hamiltonian vector field of the pullback to S of every compactly
supported function on P is complete. For a given Poisson manifold P, complete
symplectic realizations of P become a “category” {(P), in which the objects are
complete symplectic realizations of P, the morphisms from a symplectic realization

S, LN P to a symplectic realization S, N P are lagrangian submanifolds con-
tained in the inverse image of the diagonal of P x P under the map J; x J,, (the bar
denotes reversing the sign of the symplectic structure), and the composition of
morphisms is set-theoretic composition of relations [X1, X2]. As is pointed out in
[X1], {(P) is not a true category, since a transversality assumption is required for
the composition of morphisms to be a morphism.

Suppose that P is an integrable Poisson manifold in the sense that P admits a
symplectic groupoid (I" 33 P, o, ). By a symplectic left '-module we mean a sym-
plectic realization J: S — P with a symplectic left I'-action. A theorem in [X1] asserts
that if I' is a-simply connected, then any complete symplectic realization of P be-
comes a left I'-module in a natural way. In other words, the “category” of complete
symplectic realizations of P is exactly isomorphic to the “category” of left I'-modules.

Recall that U(I') denotes the set of all lagrangian bisections of I'. U(I") becomes
an infinite dimensional Lie group with the multiplication being naturally induced
from that on I If S is a symplectic left I'-module, then the group U(I') acts
symplectically on S. We therefore have the following:

2 The “Lie algebra” of U(I") is isomorphic to the closed 1-forms on P. To form a group whose Lie
algebra is C*(P), we must extend I" by prequantization [WX]
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Proposition 6.1. Let I' be an a-simply connected symplectic groupoid over the
Poisson manifold P. Given a complete symplectic realization J: S — P there is
a canonical group homomorphism, denoted by pg, from U(I") to D(S), the group of all
symplectic automorphisms of S.

Remark 6.2. One can give the following quantum interpretation of the preceding
proposition. If the Poisson manifold P is a geometric model for some noncom-
mutative algebra, then the group U(I") models the unitary elements of that algebra.

When P = G*, the dual of a simply connected complete Poisson Lie group G, its
symplectic groupoid I« is diffeomorphic to the double group D = G o< G*. In this
case, symplectic left I'z»- modules (hence complete symplectic realizations of G¥)
can be described in terms of some familiar objects: the so-called Poisson G-spaces.
Recall that a Poisson manifold S with a left G-action is called a Poisson G-space if
the action map G x S — S is a Poisson map. A Poisson morphism J: S —» G* is said
to be a momentum mapping for the Poisson G-space, if

Xegr —nf (J*(X")eZ(S) (26)

is the infinitesimal generator of the G-action, where X" denotes the right-invariant
one form on G* with value X € g at the identity.> The following proposition reveals
the relation between symplectic left I';--modules and Poisson G-spaces.

Proposition 6.3. If J: S — G* is a symplectic left I'g--module, then S is a Poisson
G-space with the action being defined by

gx=(9,J(x))x, (27)

for any g€ G and x € S, where (g, J(x)) is considered as an element in ['g+ =~ G ><1G*
and the dot in the right-hand side refers to the groupoid I'g+-action on S. Moreover,
J is the momentum mapping of the induced Poisson G-action, in the sense described
above. Conversely, if a symplectic manifold S is a Poisson G-space with a momentum
mapping J: S — G*, Eq. (27) defines a symplectic left I'z+-action on G.

Proof. According to Theorem 3.1 in [X1], the Poisson morphism J:S — G*,
considered as a symplectic realization, induces a unique symplectic left I's«-action
on S. On the other hand, J induces a Poisson group G-action on S, with the
infinitesimal generators being given by Eq. (26) according to Corollary 3.6 in
[Lu2]. All we need to show is that these two actions are related by Eq. (27). For this
purpose, in the following, let us recall the explicit expression for the symplectic left
I'g+-action on S. For any X e g and any x €S, let ¢*(u), with u = J(x), be the flow
on I'g« generated by the Poisson vector field corresponding to the one-form o3 (X"),
and let ¢} (x) be the flow on S generated by the Poisson vector field corresponding
to the one-form J*(X"). According to Theorem 3.1 in [X1], ¢%(u)*x = ¢](x),
where the dot on the left-hand side denotes the symplectic groupoid I'g«-action on
S. Clearly, the right-hand side equals exp(— tX)- x, by the definition of momentum
mappings. Therefore, it suffices to show that ¢>(u) = (exp(— tX),u)e D = G x G*,
which is indeed true according to Proposition 3.3 (note that the Poisson structure
on I'geis —my). O

3 Our sign conventions for Poisson G-spaces and momentum mappings are differen't from the
usual ones in the literature [STS, Lu2]. We use them because they match those for groupoids.
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Remark 6.4. Returning to the quantum analogies in Remark 6.2, we see that when
S is a Poisson G-space, there is an induced action of U(I'z;+) on S. A partially
quantized version of this statement goes as follows. When G has the zero Poisson
structure, then U([4;+) is a model for the group % of unitary elements in the
universal enveloping algebra of g (or in a completion of this enveloping algebra
which is a convolution algebra of distributional densities on G). A linear repres-
entation of G induces in a natural way a linear representation of the group . In
fact, G can be identified with the subgroup of ¢ consisting of delta distributions at
the elements of G. In symplectic terms, I'¢+ in this case is just 7*G, and G is
embedded in U(I;+) as the set of fibres of the cotangent bundle.

Now if G has a nonzero Poisson structure, the only fibres of the projection from
G x G* to G which are lagrangian are those which lie over the subgroup G, of
G where the Poisson structure vanishes. As a result, there is no embedding of G in
U (I'4+), and hence no action of G on S by symplectic transformations. The only
“points” in G are the elements of G, and so the natural group of automorphisms of
S is not G but rather the “universal enveloping group” U (I'g«).

Analogously, when the quantization of a group G acts on a vector space, one
has a representation, not of the underlying classical group G, but rather of an
algebra which includes only part of G among its unitary elements.

Corresponding to the tensor product of representations of a Hopf algebra, we
can define a “tensor product” of symplectic realizations of a Poisson group.
Suppose that J;: S; - G* and J,: S, - G* are symplectic realizations of G*, then
JaxJ,: 8; xS, - G* x G* is a symplectic realization of G* x G*. Since the group

mo(J, xJ
multiplication m: G* x G* - G* is a Poisson map, S; xS, to G* is thus
a symplectic realization of G*. We write this realization as S; ® S,, and the
realization map mo(J,xJ,) as J, ® J,. Hence, we obtain a “tensor product”
operation on the set of all realizations of G*. The following proposition shows that
this “tensor product” operation is closed among complete realizations when the
Poisson group G itself is complete.

Proposition 6.5. Let G be a complete Poisson group. If both symplectic realizations
Ji:8S,—> G*and J,: S, > G* are complete, then their tensor product S; ® S, is also
complete.

This proposition is a direct consequence of the following:

Lemma 6.6. If G is a complete Poisson group, then the multiplication
m: G* x G* - G* is a complete Poisson map.

Proof. It suffices to show that the Poisson map m: G* x G* — G* induces a well-
defined Poisson G-action on G* x G*. In fact, we claim that m is the momentum
mapping of the following G-action:

g+, v) = (Agu, Ay, 40) .

It is simple to check directly that the above formula indeed defines a group action
on G* x G*. Its infinitesimal generator is given by:

Xegr (" (X)), n* (Tp. X)) e ,G* ® T,G* .
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Below, we shall compute the infinitesimal g-action on G* x G* induced from
the multiplication map m: G* x G* - G* as a Poisson morphism. It is easy to see
that for any cotangent vector Oe T G*, m*0 =r¥0 + [0 T*G*® TFG*. In
particular, if  is equal to X", the right invariant one form with value X eg at the
identity, m*6|y,, =ra-1 X + ri-1(Ady X)eTh G* @ TF¥G* It thus remains to
show that Tp, X = Ad}X.

In order to show this identity, we assume that in the double group D,
(exptX)u = uh,, for some u,eG* and heG. It thus follows that

d
u”Y(exptX)u = (u” 'u,)h,. Hence Tp, X = E} h, = TPr,(Ad,-: X), where Pr, is
t=0
the natural projection from D to G under the decomposition D = G*>< G. Hence,
the conclusion follows immediately as a direct consequence of Proposition 2.34 (3)

in [Lull. O

In the rest of the paper, we will confine ourselves to complete symplectic
realizations of G*.

In general, the tensor product ®:S; xS, — S; ® S, is not commutative except
when G* is commutative, i.e. when the Poisson structure on G is zero and G* is the
usual Lie—Poisson space g* with multiplication being the usual addition as a vector
space. However, as is the case for quantum groups, if G is quasitriangular, an
isomorphism of realizations between S, ® S, and S, ® S, can be restored via the
global classical Z-matrix.

Ji J,
Theorem 6.7. Suppose that S, — G* and S, G* are complete symplectic
realizations; then
S, ®S, —2* S, ®S,;
J,®J, } J,®J;
G* id N G*

is an isomorphism of symplectic realizations. Here R;, = ps, s (R)o0, where
o: S;x8,—8,x8; is the exchange of components, and ps ,s: U([gexIg+)
— 2(S,%x8S,) is the group homomorphism of Proposition 6.1.

Proof. #,, is obviously a symplectic diffeomorphism from S; xS, to §,xS;. It
suffices to check the commutativity of the above diagram. For any (x, y)eS; ® S,,
Riy(x,y) = (dy, d3) (y, x) for some compatible (d,, d,)e %, where the dot stands
for the action of the groupoid I+ x I';+ on S, xS;. Hence (J, ® J;)%;,(x, y) =
#(d;)az(d2). On the other hand, (J; ® J,)(x,y) = J:(x)J,(y) = B2(d2)B2(d1),
where the second equality follows from the compatibility between (d;,d,) and
(y, x). Thus, the conclusion follows immediately from Theorem 5.1. O

Remark 6.8. It is simple to see that 2;,© R,; = ps,«s,(#12%21), which will be seen
in the next section not to be the identity in general.

It is also worth noting that the quantum Yang—Baxter equation for our classical
global #-matrix implies that the “category” of symplectic realizations of G*,
becomes a quasitensor “category,” exactly as in the case of a quasitriangular
quantum group [Drl]. We will end this section with some further remarks.
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Remark 6.9. When G is a zero Poisson Lie group, its dual is just the Lie Poisson
manifold g*. The tensor product of two realizations J,: §; - ¢* and J,: S, — g* is
formed by (J;, ® J,)(x, y) = J1(x) + J,(p). If both realizations are complete and
thus induce G-actions on S, and S; respectively, then the G-action on S; xS,
induced from the tensor product of realizations S; ® S, is exactly the diagonal
action. For a general Poisson group G, such an action is given by a twisted
diagonal action of the following form:

g 9 =g"x(psx9)"Y) >

where p; g is the right dressing action of J(x) on g. (It would be interesting to
know the quantum analogue of this twisted diagonal action.)

In the context of Poisson G-spaces, i.c., when both §;® S, and S, ® S, are
considered as Poisson G-spaces induced from the realization morphisms, Theorem
6.7 can be interpreted as saying that £%,, defines an isomorphism of Poisson
G-spaces S; ® S, and §,® S;.

Remark 6.10. When G is SU(n) with the standard Bruhat—Poisson structure
[LW2], its dual G* is SB(n, C), which has recently been shown to be Poisson
diffeomorphic to su*(n) [GW]. Hence, the “category” of symplectic realizations of
SB(n, €) is exactly isomorphic to the “category” of realizations of su*(n). It is
well-known that the latter consists of all hamiltonian SU (n)-spaces. In other words,
in the context of G-spaces, any Poisson SU (n)-space having a momentum mapping
arises from an ordinary hamiltonian SU (n)-space with the action being twisted in
a certain way. However, one should note that the tensor products of realizations
are quite different in these two situations.

7. Set-Theoretic Quantum Yang-Baxter Equation and Symplectic
Braid Group Actions

Finding solutions to the set-theoretic quantum Yang—Baxter equation is an open
problem in quantum group theory recently posed by Drinfel’d [Dr2]. By such
a solution, we mean a map R: SxS§ — S xS, where S is any set, satisfying the
quantum Yang—Baxter equation:

Ri3R3R 1, = R, R53R; 3,

where R;j: Sx S x S - §x S x § is the “implantation” of R on the i and j™ factors
of the cartesian product. Clearly, one can adapt this equation to various contexts.
In particular, when S is a symplectic manifold, R: S xS — S x S should be a sym-
plectic diffeomorphism. The following theorem indicates that the relation between
the global #-matrix and solutions to the set-theoretic Yang-Baxter equation is
similar to that between a universal R-matrix of a quantum group and solutions to
the quantum Yang-Baxter equation induced from particular representations.

Theorem 7.1. Let G be a complete quasitriangular Poisson Lie group and J: S — G*
any complete symplectic realization of G*. Then ps, s(#): SxS — S x S is a solution
to the set-theoretic quantum Yang—Baxter equation.

Proof. According to Theorem 5.7, £ satisfies the quantum Yang—Baxter equation
in the group of bisections of groupoids. The desired result then follows immediately
from the fact (Proposition 6.1) that the p’s are group homomorphisms. O
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An easy consequence is the following:

Corollary 7.2. If G is a complete quasitriangular group, then the map
Rorgr: GF X G* > G* x G*, (u, V) = (Ay-1)U Ppu-1)V) iS a solution to the set-
theoretic Yang—Baxter equation. Moreover, R g+« preserves the Poisson structure
and leaves O x O invariant for any symplectic leaf O = G*.

Proof. Let @i = Ay-1yu. Then Corollary 4.4 implies that ¢ (i) = ¢(Ay,-1)u)
= p,-1¢(u). Therefore, there is some weG* such that ¢u)v~' = we(), or
¢(ﬁ)v = W_l¢(u). ThlS lmplles that 2.45(‘;)17 = "V_1 = ()vdj(u)l)—l)_l = p¢(u~x)l). O

As in the case of quantum groups, solutions to the set-theoretic Yang-Baxter
equation are closely related to braid group actions. More precisely, suppose that
R: Sx§—8x8§ is a solution to the set-theoretic Yang-Baxter equation. Let
R = Rog with a: S x S — S x § being the exchange of  components, and let R, and
R? be the maps from S x S xS to itself defined by R, = Rxid and R, =id xR,
respectively.

Proposition 7.3. If R: S xS — S x S satisfies the set-theoretic quantum Yang—Baxter
equation, then R satisfies the braid relation:

RleRl = RzﬁlRAZ .
Proof. 1t can be checked directly that

and
p  _ 123 1
R; = 0313°Ry3°03
where ¢!/ denotes the transformation of S x S x S which maps (x;,, X;,, X;,) to
(%, Xj,, x;,)- Hence,

~

S3N5) _p 123 123
RiR,R; = Ry0313R13R;,3033%

= R12R13R230§%% .
Similarly, we have R,R,R, = Ry3R 3R;,0}3}. Thus the conclusion follows im-
mediately from the Yang-Baxter equation. O

Let R;(n) be the endomorphism of the cartesian power S" defined by:
Ri(m)(x1, -+ 5 Xn) = (%1 o oy Ximts R(Xis Xew 1)y Xiv2s - oo Xa) -

Proposition 7.3 implies that the assignment of R;(n) to the i** generator b; of the
braid group B, defines an action of B, on S" for each n. In particular, we have the
following

Theorem 74. If G is a complete quasitriangular Poisson Lie group and J: S — G*
any complete symplectic realization of G*, then the action of the classical # matrix on
S x S induces a symplectic action of the braid group B, on S".

In particular, if S is a symplectic leaf @ of G* (i.e., an orbit of the dressing action),
one has the following:

Theorem 7.5. If G is a complete quasitriangular Poisson Lie group, then (G*)" admits
an action of B, which preserves the Poisson structure and which leaves O" invariant
for any symplectic leaf O = G*.
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Remark 7.6. Given a quasitriangular Lie bialgebra (g, g*) with classical r-matrix r,
one can deform r in an obvious way to obtain a one parameter family of quasitrian-
gular r-matrices: r, = tr. The corresponding one parameter family of Lie bialgebras
is (g, g), where g is the ordinary dual Lie algebra g* with a deformed Lie bracket:
[& n]): = t[&, ). Let g, denote the deformed Lie algebra of g with the bracket given

1
by [X, Y], =¢[X, Y], and j,: g —» g the map given by j(X) =;X for all Xeg.
Then, j, is a Lie algebra isomorphism from g to g,. The dual of j,, given by
1 . . . . .
JjHE) = ;é, is easily seen to be a Lie algebra isomorphism from g* to g/, so (g, gi°) is

isomorphic to (g;, g*) as a Lie bialgebra. Globally, G} is isomorphic as a Poisson
group to G* with the deformed Poisson structure tz. In the cases, such as those in
[GW], where G* is linearizable, all the G for ¢ + 0 are Poisson diffeomorphic to
(G*, ); therefore they still have I';« as symplectic groupoid. The general construc-
tions in the previous sections thus give rise to a family of lagrangian bisections
R, € U([ g« x I'g+), which satisfy all the properties of £ in Sect. 5 and approach the
identity bisection as ¢ goes to zero. Hence, all the constructions in the section above
can be carried out for this one-parameter family of #-matrices. In particular, as in
Theorem 7.4 (or Theorem 7.5), one obtains a one-parameter family of braid group
actions on S" (or (G*)") and the actions reduce to the trivial symmetric group action
as t approaches zero. Perhaps some useful information can be extracted from the
derivative of this action with respect to ¢ at ¢t = 0.

8. Properties of the Braid Group Actions

This section is devoted to a further study of properties of the global classical
Z#-matrix and its induced braid group actions as described in the last section. One
may find the prototypes from quantum group theory for these properties in various
references [Dr3, RT]. Since our braid group actions are closely related to the
classical #-matrix, many properties of such actions are deduced from the corres-
ponding properties of the classical #-matrix. The first question we are going to
investigate is how far away such a braid group action induced from a #Z-matrix is
from the trivial action of the symmetric group. In order to answer this question, it
suffices to compute the square of #,,, which is clearly equal to ps, .5, (#12%21).

Proposition 8.1. The lagrangian bisection R1,R,, < I'ge X I'g+ consists of all ele-
ments of the form (Y (i~ ) (@) v, ¢ )Y (v~ Y)u) for all u,ve G*, where @i and i, are
given by = /L//(v‘l)u and ﬁl = Zw(aﬂw(,;)v.

Proof. Let (ry,r,) be the element in #,,%,, such that ,(r;) = v and B,(r;) = u.
We assume that

(r1,72) = W1 uy, $lir)vr) = (P@)v, Y (0™ Hu)

for some compatible u;, v, € G*. Here, as usual, i = Ay ,-1yu and @i; = Ayep1yus.
Hence

uy = oz(Pp(@)v) = Ay v » (28)
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and
vy = az(lﬁ(v_l)u) ={= ).,,,(,,—n)u . (29)

So ay(ry) = (o1 ') @) = Y@~ ') ¢ (@), and o (r;) = (i)Y (v™1). It thus follows
that

iy = Ayorys = Ay ds@? = byane@? »
which yields the conclusion. O

The following corollary gives an explicit description of the action of a generator
of the braid group on G* x G*, and hence on the cartesian square of any of its
symplectic leaves.

Corollary 8.2. Let T denote the generating transformation of the B, action on G* x G*
induced from the &-matrix of a complete quasitriangular Poisson group G. Then t* is
given explicitly by:

2 ~ o~
©*(v, u) = (i, d; 'ou)
where ﬁ1 = /1./,(“—1)"5(,;)1), and i = lw(u—l)u.

Proof. Proposition 8.1 implies that t%(v, u) = p(R12%21)(®, u) = (Ay@emV>
Asaype-nH). So it remains to check that Agg,y-1yu = i 'vu.

To prove this, we let W= Ayay0-yU = Aga,)v1. Since (Y (vi )uy, ¢(ii;)vy)
belongs to %, we have ii;w=v,u; according to Theorem 5.1. Similarly,
W (™ Yu, ¢()v) e # implies that dA,uv = vu, or v;u; = vu by Egs. (29) and (28). It
thus follows immediately that w = @i; Lou. O

Remark 8.3. 1f G is a triangular Poisson Lie group, we know that ¢ = . Propos1-
tion 8.1 thus 1mp11es that @1 2%, is the identity lagrangian bisection, or equiva-
lently, #,, = #5,*. This is an analogue of the ordinary unitary condition on
a quantum R-matrix. Moreover, in this case, %7, is the identity map for any
realization S,, so the braid group action on S} introduced in the last section
reduces to the trivial action of symmetric group.

The following proposition describes a construction of a “central” lagrangian
section out of the classical #-matrix.

Let 4 cI'gsxI'gxITg be the graph of the groupoid multiplication of
(I'g» 3 G*, a,, ;). Consider A4 formally as a morphism from I'g« to I'g« X g« and
A as a morphism from I'g. X I'z+ to a point. We thus can form their composition
&L = Ro A, a morphism from I'; to a point, i.e. a lagrangian submanifold of I'«.
Below, we shall show that .# is a “central” bisection (see [Dr3] [RT] for a similar
construction for quasitriangular quantum groups).

Proposition 8.4. (1) £ is a well-defined lagrangian bisection of I'¢+ contained in the
isotropy groupoid of Igs. Moreover, £ can be written explicitly as
L ={Y@ HP)v|lveG*}. (2) &L commutes with any bisection of Igx.

The following lemma is crucial to the proof of this proposition.
Lemma 8.5. For any ue G*, we have A1)yt = U.
Proof. Assume that
Y™ owu =vihy, (30)

for some v, € G* and h, € G. It suffices to show that v, = u.
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It follows from Eq. (30) by applying the morphism %, that Y (u™1) = (v )h,,
that is, hy = ¢(v, )Y (u~'). Thus Eq. (30) becomes
Y HoWu = v,,)Y ") .

Multiplying both sides of the above equation by u~! from the left and using
Theorem 2.12, we have @)y (u™')=u"'v,¢(v,)Y(u""'), which implies that
u¢p(u) = v, (vy). It thus follows that u = v,. O

Proof of Proposition 8.4.

(1) Let de & be the element in & satisfying B,(d) = v. Assume that d = (v~ )u*
¢(it)v for some ue G*, where i = Ay(,-1 u as usual. It suffices to show that such
u exists uniquely for any given ve G* and that the resulting d is equal to
Y (v~ 1)@ w)v. According to Corollary 4.4, we have

Py @ (@) = ¢(/1¢(u)'7) = ¢()vw(v)lw(v-l)“) = ¢ .

On the other hand, it follows from the compatibility between (v~ *)u and
¢ (@)v that

u= az(d)(ﬁ)v) = ﬂ.d,(,;)v . (31)
Thus, we have ¢(ii)v = u¢(u), which implies that ¢ (i) = ¢(v), by applying the
morphism %, . Hence,
4= Aypytt = yo-yAp@? = Ayp-pw =0,

where the last step follows from Lemma 8.5. So there exists some he G such that
Y~ ')u = vh, which simply implies that h = (u"!). Therefore, we have
Y = up(u), ie., u= A,,v. Conversely, it is easy to check that the element
u defined by such an equation will satisfy our requirement. Moreover,
ai(d) =y~ 1)e@) = (v~ ') P(v). This completes the proof of Part 1.

(2) Suppose that " < I's. is an arbitrary bisection. Assume that »#” has the form
{k(v)v|Vve G*}, where k(v) is some smooth map from G* to G. In order to prove
that A = A+ &, it suffices to show that I(v,)k(v) = k(v,)l(v) in G, for any
ve G*, where

vy = oz (k(v)) = Ay v (32)
and

Uy, = 0(2(’(17)17) = }.l(v)v . (33)

According to Lemma 8.5, we have v, = v. We write g = k(v). It follows from Eq.
(32) that gv = v,h for some heG. Applying the morphisms &, and %_ to both
sides of this equation, one gets

gpw™") = vy Hh

and

g™ =yrHh.

By eliminating h from the two equations above, we obtain the following identity:

Vi Now)g =gy ),
that is, I(v{)g = gl(v), which is exactly the identity we desired. O
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The proposition above will be applied to the study of fixed point sets in Sect. 10.

The last property we will prove in this section is the commutativity of the
classical Z-matrix with certain diagonal constant lagrangian bisections. The cor-
responding commutativity of their induced actions on a particular symplectic
realization is obtained as a consequence.

Let aeG be any element of G, and let L, = I';« = G x G* be the constant
bisection corresponding to the element a, ie., L, = {(a, u)|Yue G*}. A simple
computation leads to the following:

Proposition 8.6. L, is a lagrangian bisection if and only if Ad, A = A, where, as usual,
A denotes the anti-symmetric part of the classical r-matrix 3(P(r) —r)eg A g.

We will denote by & the set of all elements in G satisfying the condition:
Ad,A = A. Tt is quite clear that € is a subgroup of G with its Lie algebra
characterized by the following condition: X is in the Lie algebra of ¥ if and only if
ady A = 0. An equivalent condition characterizing such a Lie subalgebra is that the
image of X under the cocommutator g —» g A g is zero. The dressing action of any
element in % has a very simple form. In fact, it coincides with the conjugation in the
double group D.

Proposition 8.7. If ac %, then J,u = aua™*, for all ue G*, where the multiplication
in the right side should be taken inside the double group D.

Proof. Assume that u; = A u. Thus, au = u, h, for some h; € G. So h is in fact equal
to p,a. Since Ad, A = A, it follows that ng(a) = 0, which simply implies that the
dressing vector field vanishes at the point a. Thus, h; = a. So A,u = u; = aua™ 1.0

Theorem 8.8. Suppose that G is a complete quasitriangular Poisson Lie group, and let
R e U(Lg« x I'g+) be its global classical R-matrix. Then # commutes with L, x L, in
U4« x I'g+) for any aeé.

Proof. 1t is trivial to see that the bisection (L, x L,) Z has the form {(ay(v™")u,
ad(@)v)|Yu, ve G*, il = Ay,yu}. Let (ry, r,) be the element in £ * (L, x L,) such that
Ba(ri) = u and By(ry) = v. Then, ry = (Y(v1 uy)*(au) and r;, = (¢(#;)v, ) *(av),
where u; = ay(au) = aua™!, and v, = ay(av) = ava™'. It thus follows that
Y (1) =ay(v)a~'. Hence, Y(vi')u; =ay( ')ua~'. Therefore, @; = Ay, yu;
= Ay Ayo-yu = afia”'. Finally, using the identities above, we have a;(r;) = Y(vy ')a
=ay(v™1), and a(r,) = ¢(@i;)a = ag(@i). This completes the proof. O

An immediate consequence of this theorem is the following:
Corollary 8.9. Under the same assumption as in Theorem 7.4, the induced braid group

action on S}, commutes with the diagonal action of L, x - -+ x L, , for any ac®.

(G A

Remark 8.10. According to Drinfel’d [Dr3], the classical r-matrix of a quasi-
triangular Lie bialgebra naturally gives rise to a one-parameter subgroup of
& as follows. If r= Zai ®beg®g is a quasitriangular r-matrix, then
H =) [a;, b;] € g belongs to the Lie algebra of ¢. H thus defines a one parameter
subgroup of ¥. In fact, this one parameter subgroup induces an interesting
hamiltonian action on the symplectic double groupoid. Let ¢,(r) = Ad,_ ,r. Then
¢, defines a one parameter family of symplectic groupoid automorphisrrils of Iy,
with its action on the identity space being the dressing action Ae,,. However, it is
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not hard to check that ¢, is also a groupoid automorphism with respect to the
second groupoid structures I'g, and the action on the identity space G of the second
groupoid is exactly Ad.,.n- In fact, the one-parameter family of dressing trans-
formations A,y is a hamiltonian action with momentum mapping u: G* — R
being the character of G* corresponding to the Lie algebra homomorphism g* — R
defined by the linear function l;. Thus ¢, is also a hamiltonian action, whose

momentum mapping is p(ot5(x)) — u(f2(x)).

9. Factorizable Poisson Groups and Doubles

The doubles of Poisson Lie groups are examples of quasitriangular Poisson Lie
groups. In this section, we discuss doubles as examples of the smaller class of
factorizable Lie algebras and groups [Drl, RS].

Let reg® g be the r-matrix of a quasitriangular Lie bialgebra g. If the
symmetrization I = r + P(r) is nondegenerate, the bialgebra is called factorizable
[RS]. In this case, the corresponding linear mapping j p ry —r_:g¥ogis
bijective.

Now let G be a Poisson Lie group corresponding to the bialgebra above, and let
G* be its simply connected dual. The Lie algebra homomorphisms . : g* — g lift to
group homomorphisms R : G* - G, and we may therefore define the map J: G*
— G by J(u) = R, (u)R_(u)~ ', whose derivative at the identity element of G* is j.
(Neither j nor J is a homomorphism.) When J is a global diffeomorphism, we say
that the group G is factorizable, since we have for each element x in G the
factorization x = x, x_*, where x5 = R4 (J ~1(x)).

Proposition 9.1. Any simply connected factorizable Poisson Lie group is complete.

Proof. Suppose that G is a simply connected factorizable Poisson Lie group.
According to Proposition 1.5 [RS], the simply connected double group D of G is
isomorphic to G x G, where the embeddings ¢;: G* - Gx Gand ¢,: G —> G x G of
G* and G into D are given by w— (R.w, R_w) and x — (x, x), respectively.
According to Proposition 2.43 [Lul], in order to prove that G is complete, it
suffices to show that the map ¢, X ¢,: G* x G — G x G is a global diffeomorphism,
where ¢ x ¢, is given explicitly by (@1 x ¢2)(w, x) = ¢1(W)P2(x) = (R4 w)x,
(R-w)x). This is indeed true because G is factorizable. In fact, the map from G x G
to G* x G sending each (y,2)eGx G to (J " Y(yz™ 1), (yz~')3'y)eG* x G will be
such an inverse of ¢; x ¢,. This completes our proof. O

Factorizability enables us to describe the classical Z-matrix quite explicitly.

Theorem 9.2. (1) If G is a factorizable Poisson Lie group, under the identification of
G* with G via J, the classical R-matrix R = Gt G x Gr= G takes the form

R={(y-,x(y-xy=")3%, y)I¥x, yeG} .
(2) The map G x G — G x G given by:
(x5, y) > (r-xyl (y-xy- )3 y(y-xy=')+) (34)

is a Poisson diffeomorphism when G is equipped with the Poisson structure of G*, and
it satisfies the set-theoretic quantum Yang—Baxter equation.
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Now let (), h*) be an arbitrary Lie bialgebra, and let d = ) @ b* be its double. It
is well-known that both § and h* are Lie subalgebras of d and the natural pairing
X, 8, (Y,n)> =& Y)+<{n,X) is b-invariant. Let D be the simply connected Lie
group with Lie algebra b. Then D is in fact a quasitriangular Poisson Lie group,
where the r-matrix red ® D is described as follows (see [RS]). Suppose that P is the
canonical projection from d onto ) in the decomposition d = h @ h*; then P can be
considered as an element in d ® d which we will denote by r. It is simple to check
directly that r satisfies the classical Yang—Baxter equation and indeed gives rise to
the canonical Poisson structure on the double group D. Note that d* is isomorphic
to h @ (h*)° as a Lie algebra, where (h*)° means the Lie algebra with the opposite
Lie bracket.

It is trivial to see that the Lie algebra homomorphisms r ;. from d*( = h @ (h*)°)
tod(= h®bh*)are given by r (X, &) = (X, 0)and r_ (X, &) = (0, — &), respectively
for any £ebh* and X el). So J = r, — r_ is a linear isomorphism, which yields that
b is a factorizable Lie algebra.

Let H and H* be the simply connected Lie groups corresponding to fy and h*.
Suppose that H is complete. Then H* is also complete according to [Lul, Ma].
Then D = He< H*. According to the observation above, D*, the simply connected
dual of D, is isomorphic to the direct product H x (H*)° as a Lie group (the Poisson
structures are in general different).

Clearly, the lifts R, R_: D* > D of r, and r_ on the group level are given
respectively by R, (g, u) = g and R_(g,u) = u~ . The map J: D* — D is given by
J(x) = Ry (x)R_(x)~1. Then J is given by J(g, u) = gu, under the decomposition
D = He<H*. So J is a global difftomorphism. In other words, D is factorizable.

An immediate consequence of this proposition is the following:

Corollary 9.3. The double group of a complete Poisson Lie group is still complete.

It is well-known that the left dressing action of G on G*, for a factorizable Poisson
Lie group G, coincides with the conjugation action Ad, under the identification of
G* with G by J [RS, STS]. A routine computation using this observation leads to
the following:

Lemma 9.4. Suppose that H is any complete Poisson Lie group and D = H < H* its
double. For any (h,v)eD = He<H* and (g,u)eD* = H x (H*)°, assume that
(59 a) = l(h,v)(g> u)' Then g = hiv(g : Auv"h_ 1)'

Theorem 9.5. (1) Suppose that H is a complete Poisson Lie group. Let D = H>< H*
be its double group and D* = H x (H*)°. Then the classical R-matrix R < I'pe X I'ps
= D<D* x D<aD* has the form {(1g, v~ 1), (g, u); (Ay-19)" 1, 1g+), (b, v)lg, he H
and u, ve H*}.

(2) If D* is identified with D via J and I'y« is identified with the direct product D x D
as described before, & < I'p« x 'y« = D x D x D X D is thus given by

R={0v g 'u", g h,g" v !)|Vu,ve H*, g, he H} ,
where § = A,-1 9.

Example 9.6. Suppose that H is SU(2) with the standard Bruhat-Poisson struc-
ture [LW2]. Its dual is the “book group” SB(2, C) consisting of all upper
triangular matrices with positive diagonal and determinant 1. So its double
group D is factorizable and isomorphic to SL(2, C). Moreover D* = SU(2)
x SB(2, €)°. The factorization x = x, x_! for xeSL(2, €) is exactly the Gram-
Schmidt process with x,.eSU(2) and x_ € SB(2, C). Theorem 9.2 implies that
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the Poisson difftomorphism 1: SL(2, C)xSL(2, C)—> SL(2, C)x SL(2, ©),
(%, y) = (y-xy=t, (y—xy-)i*y(y-xy-1'),) satisfies the quantum Yang-Baxter
equation, and hence a braid group action on SL(2, €)" can be built up with the
generator b; acting on SL(2, C) x SL(2, C) by the map t-0.

Example 9.7. Let G = SL(2, C), and let H, X ., X _ be the standard generators of
sl(2,C). Then r=X"® X~ + H® Hesl(2, C) ®sl(2, €) is a quasitriangular
r-matrix, which defines a complex Poisson Lie group structure on SL(2, C). The
dual of G is B, * B_ which consists of all the elements of the form

Af PR ,
0 L) (2 0)|aeeicer]

and is considered as a subgroup of SL(2, C)xSL(2,C). R+:B,*B_ - SL(2,C)
are, respectively, the projection to the first and second factors. Let Ke SL(2, C) be
the image of the map J: B, * B_ — SL(2, €), J(x) = R, (x)R_(x)"*. Then K is an
open dense subset of SL(2, €). Note that the decomposition for xe K into x, x-* is
not unique. In fact there are two ways of decomposing x and the resulting x, and
x_ differ by a sign. So the map defined by Eq. (34) is still a well-defined map,
whenever its right-hand side is defined. However, we do not know the appropriate
domain for this map nor, more important, whether it still satisfies the quantum
Yang-Baxter equation.

10. Fixed Point Sets

In this section, as a first step toward obtaining link invariants from the braid group
actions induced from Z-matrices, we will study fixed point sets and some other
related aspects of these actions.

It is well-known [B] that a braid can be closed in a standard way to form an
oriented link. Two braids give rise to equivalent links if and only if they are
equivalent under Markov moves. There are two types of Markov moves: one is by
conjugation 4 -» BAB™*; the other is by increasing the number of strands in
a braid by a simple twist: A » Ab?, for A€ B,, where b, is the n'? generator of B, ; .

Theorem 10.1. Suppose that G is a complete quasitriangular Poisson Lie group, and
0, = G* is any symplectic leaf of G*. Let B, act on O}, as defined in Theorem 7.4. If
A, Be|].B, define equivalent links, then the fixed point sets of A and B are
diffeomorphic.

Proof. 1t suffices to check this theorem for the second type of Markov move.

Suppose that (xy,. . ., X,+1)€ 0% is a fixed point of Ab,. Then, we have
(Axid)(x1, « .oy Xno 1y Ry (Xns Xnt1)) = (Xt e+ oy Xnt1) 5

that is,
(Axid)(xq,. . s Xno1,d1 Xnr1,d2°X0) = (X1, - o5 Xpt1) >

for some compatible (d,, d,)e . In other words, we have

A(x15~ . -’xn—l’dl.xn+1) = (x1a~ s Xp—1, X,,) s (35)
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and

dz'xn=xn+1 . (36)
From Egs. (35) and (36), it follows that A(xi,Xs,...,(d;*dy) Xx,)
= (X1, X2, . . -, Xu). Since d; *d, lies in &£, which acts trivially on G* according to

Proposition 8.4, (x;,...,x,) is a fixed point of A and moreover
Xpt+1 = da* X, = Ay %n. Conversely, it is simple to see that if (xy, . . . , x,) is a fixed
point of A, then (xy,. .., X,, A4n,%») Will be a fixed point of 4b,. O

Recall that a differentiable map 8: X — X is said to have clean fixed points if the
fixed point set X, of 6 is a submanifold of X whose tangent bundle is the fixed point
set of the bundle map T6: TX — TX. [GU2]. If a symplectic map has clean fixed
points, there is a canonical density on the fixed point submanifold, which is a key
ingredient in defining the symplectic trace [GU1, GU2].

As usual, we use @ to denote a symplectic leaf of G*. Then, according to
Theorem 7.5, 0" admits a symplectic B,-action.

Theorem 10.2. If the action of A€ B, on O" has clean fixed points, so does the action
of Ab, on O"*1,

Proof. Assume that (x9,...,x0) is any clean fixed point of A. Then
(X9, ... x0, X34 1), with X041 = A40)Xy, is a fixed point of Ab, according to
Theorem 10.1. In what follows, we will show that it is clean. By definition
(Ab,) (%1, .« o s Xpe1) =(A(X1s. .. d1Xp+1), d2X,), where (d;,d,) is the point in
R compatible with (x,+,X,) in the sense that f,(d;) = x,+; and f,(d,) = x,.

Therefore, (6,,,...,9,,,) is a fixed point of T(4b,) iff
(TA)(5x17 MR 5):,,_,5 5d‘x,,“) = (6x17 st 5x,,_l> 5.\‘,,) (37)
and
5Xn+l = 5d2xn' (38)

According to Corollary 7.2, d, X, = py:2,,Xs. Equation (38) leads to
51(.. = P 5ﬂ¢(x;+ll)x.. + 5"¢(X.,H)x'?+l

= Poixnen) 5Xnn + 5P¢(X"H)x3+1
=9

Pep(Xpry)Xnrt
That is, (d,,, J,,,) is tangent to the fixed point set of the action of b; on O x 0.
Therefore, d,,,,,, = 9, . It thus follows that (,,, . . . , d, ) is a fixed point of TA. The

conclusion thus follows immediately, since the fixed points of A4 are all clean. [J

In general, it is very hard to describe the fixed point set for the action of
a particular braid. However, for the action of the n'® power of the generator of B,,
one can obtain quite a neat answer.

Theorem 10.3. Suppose that G is a factorizable Poisson Lie group so that G* is
identified with G via J. Let b, be the braid group generator acting on G x G as in
Theorem 9.2 (2). For any u, ve G, assume that b (v, u) = (x, y). Then,

x = (Wawy) *wa(wowy)* if n =2k
B (waw1) ™ *wy(waw, ) ifn=2k+1

and J~Y(x)J " (y) = J " Xv)J ~*(u), where wy = v_uv_" and w, = v.
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Proof. We shall prove this by induction. Obviously, this theorem holds for n = 1
(Theorem 9.2). Suppose that it is true for n=2k. Let b,(v,u)= (v, ),
wy =v_u'(v-)"! and w, = v. We note that w} is in fact the first component of
by (v, W) = b3 (v, u). It thus follows from Corollary 8.2 that w; = wy *w,w;. Obvi-
ously, w, = v/ = w;. Let (x, y) = b%** (v, u) = b3*(v', w'). Thus, according to the
inductive assumption, x = (Whw}) *wh(Wowi)¥ = (Wowi) ¥wy(waw )%, On the
other hand, the relation J~1(x)J ~}(y) = J ~}(v)J ~ (u) follows directly from The-
orem 5.1. The other case (when n is odd) can be proved similarly. O

Corollary 10.4. (v, u)e G X G is a fixed point of b’} iff it satisfies the following “Artin
relation” [Br-S7:

Winy * " Wi WaWy = Wp—q) " " WaW Wy,

where both sides of the equation have n factors of alternating wy and w,, and wy, w,
are defined as in Theorem 10.3. Also, the symbol [n] denotes 1 if n is odd, and 2 if n is
even.

Although the corollary above gives a quite neat description for the fixed points
of b", it would be still hard (almost impossible) to find the fixed points explicitly
except in certain special examples (see Remark 10.7).

When a symplectic map 6 has clean fixed points, one can look at its induced
normal map, which is closely related to the symplectic trace. As the first step, we
shall look at the normal map of the single braid action.

Assume that O is a symplectic leaf of G*. Let f: © — O be the map defined by
Sf(v) = Apwyv. According to Theorem 10.1, the fixed point set X, of b; coincides with
the graph of f. We proceed, in the following, to calculate the normal map of b, . For
any given point (vy, uo) in the graph of f, the normal bundle N, ,,) of X}, at (vg, o)
is canonically identified with T, O via the correspondence @: N, .o, — T, © which
sends each class [0y, 0y ] 10 Ny ug) t0 04y — (If) 0y € T 0. Let by: T,, 0 — T,,0
denote the normal map of b; with respect to this correspondence @.

Theorem 10.5. by: 7,0 > T,, 0 is equal t0 — Ty )pius)-
Proof. To calculate b1, we fix vy, and let u be in a neighborhood of u,. Assume that
by(vo, u) = (s, ) . (39)

Then, s = Ay,;yu and t = Ayyvo. Now taking the derivative of the equation
f(s) = Aps at u = u, (then s = v,), one gets (If)d; = T'Ay,)0s + 05,0, Therefore,
0, — (Tf )05 = — TAywy0s = — TAppows0u- Taking the derivative of Eq. (39), we
have (7b,)(0, é,) = (s, J;). Since [0, d,] and [, d,] go to o, and J, — (Tf)J,,
respectively, under the correspondence @, by sends each 8, to — TAyupws)Ou-
Finally, it is easy to see that ¢(vo)y(vy ') = ¥(ug *)P(uo). This completes the
proof. O

When G is factorizable, A4:144, coincides with the adjoint action of
¥ (ug 1) @(uo). Thus we have,

Corollary 10.6. Suppose that G is a factorizable Poisson Lie group, O a conjugacy
class in G. The normal map of by at the fixed point (h, hZ*h,) is equivalent to
— T(Ady-1): T,0 > T,0, the negative of the tangent map of Ad,-., where
g=h>th,.
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Remark 10.7. Let @ be the conjugacy class of a generic element in SL(2, C) of the
form K = diag(k, 1/k) as in Example 9.6. For any ge 0, a group element P which
conjugates g to K determines an isomorphism from 7,0 to Ty 0, and the morphism
— T(Ad,-:): T,0 - T,0 becomes — T(Adg-1): TxO — Tx® under any such
isomorphism. The conjugacy class of K may be identified with the manifold of pairs
of independent lines in €2, which is an open set in CP* x CP*. The two coordinate
directions in CP! x CP! define transverse foliations on @, and these are the
eigenbundles of the normal map bt, with eigenvalues — k* and — 1/k% In other
words, when k # =+ i, bt — I is an invertible map. This fact implies that the fixed
point set of by, i.e., the graph of the map f(g) = g~'g , is a symplectic submanifold
in 0% 0.

As for b2, the fixed point of b?: O x O — O x O are defined by the equation:
wyw, = wow;, which has exactly two components of solutions: w; = w, and
wy = w; * (for SL(n, €), the number of solutions is the order of its Weyl group). The
first component is just the fixed point set of b,, a symplectic submanifold when
k + + i; the normal map is just (b1 )?. It is not hard to see that the other component
is indeed a lagrangian submanifold of @ x @. Therefore, the normal map is exactly
equal to the identity map. So coincidentally, these two components correspond to
the two extreme cases of fixed point sets of a symplectic diffeomorphism. It also can
be shown that these fixed points are clean as long as bf — I is invertible (i.e.,
k+ +i).

An essential next step in our program is to study the symplectic traces of the
braid group actions and in particular to determine how they change under Markov
moves. Work on this problem is now in progress.
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