Commun. Math. Phys. 147, 485-526 (1992) Commurucations in
Mathemati
Physics

© Springer-Verlag 1992

Determinants, Finite-Difference Operators
and Boundary Value Problems*

Robin Forman
Department of Mathematics, Rice University, Houston, TX 77251, USA

Received October 10, 1991

Abstract. We relate the determinants of differential and difference operators to the
boundary values of solutions of the operators. Previous proofs of related results
have involved considering one-parameter families of such operators, showing the
desired quantities are equal up to a constant, and then calculating the constant. We
take a more direct approach. For a fixed operator, we prove immediately that the
two sides of our formulas are equal by using the following simple observation
(Proposition 1.3): Let UeSU(n, C). Write U in block form

Uy Uz
U= ( ,
Uz1 Uzz
where u,, and u,, are square matrices. Then

detull = detuzz .

0. Introduction

Motivated by questions in quantum field theory, there has been much recent
interest in the problem of calculating the determinant of differential operators (see,
for example, [Ra] chapter I1I). Suppose L is a positive elliptic differential operator
acting on sections of a vector bundle over a compact manifold. Then L has
a discrete spectrum

MEA S >0,
Various methods have been used to make sense of
detL “=1A" .

Perhaps the most common method is the zeta-function regularization of Ray and
Singer [R-S], in which one defines log det L by analytically continuing the function

Y A log
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from Re(s) large to s = 0. There are few general methods for evaluating such
determinants. In [Fol] we investigated one method of studying operators on
manifolds with boundary, based on a reduction of calculations to the boundary
of M.

A precursor to this general theory was the following example. Consider the
operators

d? d?
_EE"'RI(X), L,= T2

acting on functions f on the interval [0, 1] which satisfy f(0) =f(1) = 0. The
operator L, L;! is of the form (Identity) + T where T is trace class, and hence
L,L;! has a well-defined determinant (that is, without any regularization, see
[G-K1). In fact ([D-D], [L-S])

Ll = + RZ(X)

- 1)
det Ly Ly (1170 =1y =0} = iizl) 0.1)

where, for i = 1, 2, y;(x) is the unique solution to
Liy;=0
satisfying
yi(0)=0, yi(0)=1.
Note that y;(1) “lives” on the boundary of [0, 1].
Once we know that, defining det L; via zeta-function regularization,
det L,

_ -1
detL2 det(Lle )

([Fol] Corollary 1.2) we can then reformulate (0.1) as

dz
det(— e R(x))

where y is the unique solution of

=cy(l),
(150 =f(1) =0}

d2
(- £, o=

y@ =0, y©0=1,

and c is a constant independent of R(x).
Another example of the general theory in [Fol], also considered in [B-F-K7, is
2
the example of the above operator L = — e + R(x) acting on functions on S!.
This problem can be identified with L acting on functions f on [0, 1] satisfying

fO =), fO)=f(1).
We then have

10 z(1)  y(1)
detL|{f|f<0)=f(1>,f'<0>=f'<1>}=Cdet[<0 1)—<Z,(1) )|
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where y(x) and z(x) satisfy
Ly=Lz=0,
YO =0  yO=1,
z(0) =1 Z(0)=0,

and c is independent of R. (The constant ¢ is studied in [B-F-K 7).

What these formulae have in common is that the determinant of L, an operator
acting on an oo dimensional space of functions is equated with the determinant of
a finite dimensional (1 x 1 or 2 x 2) matrix whose entries are constructed from the
boundary values of functions in the kernel of L. This may appear somewhat
mysterious. The existing proofs offer little insight.

One type of proof, seen in [D-D] and [B-F-K], involves varying the operator
analytically in a parameter z and observing that both sides of (0.1) are analytic in
z with the same zeros. Moreover, they have exponential growth order less than 1.
Thus, their ratio must be constant. This method exhibits a few disadvantages. First,
although it is clear that the two sides of (0.1) are zero at the same values of z, the
proof that the zeros have the same order is surprisingly difficult (although a some-
what simpler topological proofis offered in [Fo2] Lemma 1.2). Second, the method
gives no information about the constant of proportionality.

Another method, seen in [L-S] and [Fol], involves proving that the two sides
of (0.1) have the same logarithmic derivative. This involves using detailed informa-
tion about the resolvents of the differential operators. This method has the
advantage of being better suited to generalization ([Fol]), but again gives no
information about the constant of proportionality.

The goal of this paper is to “demystify” these results by presenting greatly
simplified proofs. The simplifications occur in two ways. First, we “generalize” the
above results to operators on finite dimensional spaces (formula (0.1) is then
derived by replacing the differential operators L; by suitable finite dimensional
approximations). Second, the proof uses no analysis, neither analytic functions nor
resolvents. Instead, we reduce the theorem to the following simple fact.

Proposition 1.3. Let UeSU(n, C). Write U in block form

Uir Ugz
U =< ,
Uzp Uzz

where uy, and u,, are square matrices. Then

det Uy = detuZz .

Note that this proposition does indeed relate the determinant of an operator on
one space to the determinant of an operator on another space. Using Proposition
1.3 we prove directly that the two sides of (0.1) are equal. That is, unlike earlier
proofs, we do not vary the two sides at all. This new proof has the benefit of yielding
immediately, with no extra effort, the precise value of the constant of propor-
tionality.

Our general setting is the following. Suppose V is a finite dimensional vector
space equipped with an inner product, and

L:V->V
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is a linear map. For 4 < V satisfying
dim A = dim V' — dim(kernel L)
we consider
Ly=n4Lny:A—> A,

where m, denotes orthogonal projection onto A. Our main object of study is
det L. In this vein, we factor L, into simpler operators. Suppose C is any space
transverse to kernel L. Then we can write

K T4

Li= A% -2 Image(L) = 4,

where p¥ is the projection onto C determined by the decomposition
V=kernelL + C. 0.2)
Thus
det L, = (det p&: A — C)(det L: C — Image(L))(det n4: Image(L) — A) .

The right-hand side is expressed in terms of determinants of operators taking one
space to another. To make sense of these determinants we must choose volume
forms for these spaces. (This is explained more precisely in Sect. 1). The term

detm,: Image(L) - A 0.3)
is simple to compute. In addition, we can choose C so that

det L: C — Image(L) 0.4)
can be identified. We then apply Proposition 1.3 to prove

(det A 5 €) = (det C* 25 kernel L =2 44y, (0.5)

where p§ denotes the projection onto kernel L induced by (0.2). Combining
(0.3), (0.4) and (0.5), evaluating det L, is reduced to calculating the determinant
of a map which factors through kernel L, a space which in our examples has
dimension 1 or 2.

Most of the results in the above mentioned papers follow immediately from this
formula. To indicate how this works, in Sect. 2 we present some examples. We
begin in part I with the simple application of the Laplacian L on a graph G. That is

V = {f:(Nodes of G) > C}
and
L:V->V.

Furthermore, L is hermitian and the kernel of L consists of the constant functions.
Since

dimkernel L =1
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the formula (0.5) is particularly easy to apply. A beautiful theorem of Kirchhoff
[Ki] (see also [B-D], [Fo2] and [Fr]) states

det Lixernel L)L[= n i:] = #(Nodes of G)# (Spanning Trees in G) . (0.6)
Aespec(L)
A£0
If
M = N = {Nodes of G}
is any subset, we define

wa=0}

neM

AM={f€V

(so that Ay = (kernel L)*). Then (0.5) easily generalizes (0.6) to yield
det Ly, = #M - #(Spanning Trees in G) .

In part II we consider general finite difference operators on an interval. As an
example, let

Divide the interval [0, 1] into d equal segments and approximate L by the standard
finite difference approximation

L=—-V*+R V-V,

V={ﬁ{Q}.“J}aC}

and V denotes the finite difference approximation for d/dx. We then restrict L to
various subspaces of V (corresponding to boundary conditions). Three special
cases of the general boundary conditions considered in this section are:

Dirichlet Boundary conditions = A, = {fe V|f(0) =f(1) = 0} ,

Neumann Boundary Conditions = 4, = {fe V1£(0) =f<$>,f<%> =f(1)} ,

where

Periodic Boundary Conditions = B; = {fe V1f(0) =f<d—;—1>,f<$> =f(1)} .

Formula (0.5) yields

Theorem 2.2. det L, = d**~'y(1), where y is the unique element in kernel L satisfy-
ing
y©0)=0, WO)=1.

dZd—-S d—1
Corollary 2.5. det L, = 7 Vz <T>’ where zekernel L satisfies

z0)=1, Vz(0)=0.
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d—1 d—1
- <1 0>_ Z( d ) y( d )
4 0 1 Vz<d—1> Vy(d—l)
a a

Note that in each case the left-hand side is the determinant of an operator on

a d — 1 dimensional space, since

dim A, = dim Ay = dim B; = dim(kernel L)}* =d — 1.

Theorem 2.6.

det LBI =

As our approximations become finer, that is as d — oo, this dimension goes to co.
On the other hand, the right-hand side does not become more complicated as
d — oo. This is due to the fact that

dim AL = dim A3 = dim BT = dimkernel L = 2

does not grow with d. Note also that there are no unknown constants.

We investigate the effect of adding a first order term to the operator L in Sect.
2(II), observation 4.

In Sect. 3 we provide the analysis which allows us to deduce formula (0.1) for
differential operators from the corresponding formula for finite difference oper-
ators. Unlike Sects. 1 and 2, this section is very technical. The reader willing to
believe some technical results may skip this section without detriment.

The results in this paper may have relevance for the attempts to study quantum
field theory via finite dimensional approximations.

1. The Main Theorem
Let ¥ be a finite dimensional vector space defined over R or C, with a (Euclidean or
Hermitian, respectively) inner product, which we denote by {, . Let

L:V->V

be any hermitian map (this restriction will be removed later). Then for any
subspace

AcV
we define
L,= TEALTL'A:A—*A s

where n, denotes the orthogonal projection onto A. Our goal is to study det L,.
As an example, let K denote the kernel of L, and K* the orthogonal com-
plement. Then
det LKJ- = l_[ A .
leip*eco(L)
where spec(L) denotes the set of eigenvalues of L taken with their appropriate
multiplicity.
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In fact, for any A4, L, factors through Lg::
LA ki K4

Thus, it follows that if dim 4 = dim K+,
det L,
det LKl

Note that the right-hand side depends only on the metric and the spaces 4 and K*.
It is convenient at this point to be able to speak of the determinant of a map

between two different spaces. Suppose X and Y are two spaces of the same

dimension, each equipped with an inner product. Then, for any linear map

H:X->Y
we cannot define det H, but we set
|det H| = (detH*H: X - X)*, (1.2)
where H* denotes the adjoint of H with respect to the inner products. The
following 2 properties are immediate:
(i) |detH| = |det H*|, (1.3)

(i) Suppose X, Y, Z are 3 spaces of the same dimension, each equipped with an
inner product. Then, for any maps

=detn g A—> K> 4. (1.1)

H:X-Y
Hy,: Y- Z
we have
|det Hy°oH,| = |det H,||det H,]| . (1.4)
We note that for any two subspaces X and Y of V, the adjoint of the map
ny: X > Y
is
nx: Y- X. (1.5)
Thus, if
dmX =dimY
we have
|detny: X — Y| = (detmymy: X » Y= X)% . (1.6)
Together, (1.1) and (1.6) yield
Theorem 1.1. If
dim 4 = dimK*
then
det L = |detngi: A - K*|? = |detn,: K+ — A]%. (1.7)

det LKl



492 R. Forman

In examples, K = kernel(L) tends to be much smaller than K+*. Thus, our next
goal is to restate the right-hand side of (1.7) in terms of K, rather than K*.

Before proceeding, for future reference it will be useful to broaden our perspec-
tive. Suppose

H:X-Y

is linear, where X and Y are two spaces of the same dimension, each equipped with
an inner product. Rather than dealing only with

|det H|eR™ ,
if we have volume forms for X and Y we can define a value for
detHeC.
That is, suppose
X=x1NA" " Ax,cA"X,
Y=y, A Ay, A"Y (1.8)

(n = dim X = dim Y) are unit length volume forms (for example, if {x;} and {y;}
are orthonormal bases). Then we can define det H with respect to & and % by

Hx; A+ A Hx,=(detH)% . (1.9

The forms 2 and % are determined up to multiplication by complex numbers of
norm 1. Varying our choice of & and % may vary the phase of det H (although (1.9)
gives a well-defined value for |det H| which, as we will see below, agrees with our
previous definition). Defining all determinants with respect to fixed volume forms
Z and % we have the following refinements of (1.3) and (1.4).

() detH = det H* . (1.10)

(Note that this implies that the definition of det H is compatible with our
previous definition (1.2) of |det H|).

Proof. If & and % have unit length, then 2 and % are of the form (1.8) for some
orthonormal bases {x;} and {y;}. Define an n x n matrix # by

Hij= (Hx;, y;)
Then, it follows immediately from (1.9) that
det H = det £ .
Furthermore
CH*yi, x> = (i Hxp) = oy = (),
so that

detH* =det#* =det# =detH. O

(i) Suppose X, Y and Z are three spaces of the same dimension with volume
forms &, % and Z, respectively. If

H1:X—)K Hz:Y'—’Z
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are linear, then, defining all determinants with respect to %, % and &, we have
detH2°H1 = detszetH1 .

The main tool in all of our future work is the following lemma, which will
enable us to relate the determinants of operators between different pairs of spaces.

Lemma 1.2. Let
V=X+X"=Y+7Y*
be two orthogonal decompositions satisfying
dmX =dimY.

Suppose further that X, X*, Y and Y* are equipped with unit length volume forms %,
X+, % and Y+, respectively, which satisfy

XANEr=9 nTt. (1.11)
Then, defining all determinants with respect to &, X+, % and ¥+
detny: X » Y =detmy:: Y+ - X+,
(From (1.5) and (1.10), the right-hand side is equal to

detmy: X+ - Y1),

We will reduce this lemma to a statement about special unitary matrices.
Let

{x1a~">xk}’ {xi_,""xll}a {yla--'7yk}7 {Yf>,Ytl}
be orthonormal bases of X, X*, Y and Y, respectively. Then
(X1, X XTe e X (Vi e s Vi Vi e - 5 Vi) (1.12)

are orthonormal bases of V. Let U denote the matrix corresponding to the change
of basis

{X1s. . s xi} = {y1, . i}

That is
X Vi 1<i, jsk
Gy 1Sishk k+1<j<k+]
(X Y0 k+1<jsk+L1<5j<k
i Vi) k+ 156 jSk+1.
Then, from (1.12), U is unitary. From (1.11), det U = 1, so that

UeSUKk+1,C).

<U11 “12)
b
Uy Uzz

Uij =

Write U in the block form
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where
uys = U zij<k U = Uiigkjzk+1
s =(Uijlizk+1,j=k U = Ui+ 1=ij<k+1-
Then

detny: X —» Y = detuy,
detmy: X+ - Y* = detu,, .
Thus, the lemma follows from the following proposition
Proposition 1.3. Let UeSU(n, C) be expressed in block form
U= <u11 u12>
Uzy Uzz

so that u;, and u,, are square matrices. Then

detu,; = detu,, .

Proof. Since Ue SU(n, C) we have
—_— (m u12><ui‘1 uiy) _ <1 o> |
Upy Uz ) \UTy ud, 0 1
Thus, using the second column of (1.14), we find
(“11 ”12)(1 ufl) _ <”11 0)
Uy Uz J\O ufy upy 1/)°

Taking determinants yields

detu?, = detu,,
as desired. O

Substituting Lemma 1.2 into Theorem 1.1 yields
Corollary 1.4. (i) If

dimA = dimK* .
Then
;;tLLI: —|detm e K —» A2
(i) If
dim A = dim B = dimK*
and
detLg+0

then

detL, |detmqi:K—A*|?

det Lg N |det mg.: K — Bt|? = |det @ 5. B* - K — 44)?,

R. Forman

(1.14)

(1.15)
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where

¢AB=BL£K—E—>AL.

(This is a matrix version of Theorem 1 of [Fol].)

The value of formula (1.15) largely rests on our ability to choose a space B for
which we can calculate det Lg. In what follows, it will help us greatly to be able to
consider slightly more general operators for our denominator.

From this point on, we will no longer assume that

L.V->V
is hermitian. Let C = V' be any linear subspace such that
dim C = dim V — dim(K = kernel(L)) (1.16)
and
CnK={0}. (1.17)
Then we can write
V=C+K, (1.18)

although this decomposition is not necessarily orthogonal. Let
p&V-C

denote the projection onto C induced by (1.18). The symbol 7 will be reserved for
orthogonal projections, so that, for example, for any space A

Ty = Pfl .
Now, for any ve V
v=p&w) +k
for some ke K, so that
Lv = Lp¥@v) .

This implies that for every A satisfying
dim 4 = dim V' — dim K (1.19)
L, factors through Lp&. Namely

(where Im(L) = Image(L)). Thus
det L, = (detp&: A —» C)(det L: C —» Im(L))(detm4: Im(L) —> A) . (1.20)

Our last simplification is to note that p& factors through K*. Namely

Tkt p&
p&:4A— K+—C
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so that
(detp&: A — C) = (detng: A — K*)(det p&: K+ - C) . (1.21)
From Lemma 1.2, with appropriately chosen volume forms
detngi: A —» K+ =detmy: K> A+ . (1.22)
Moreover
NIy SN
so that

det p&: K+ —» C = (detng:: C > K*+)™! = (detnce: K- CH™t (1.23)
by Corollary 1.4. Now, using that
K Tics CL=K (pk)~ CJ'
we find that (1.23) is equal to
detp§: C+t - K. (1.24)
Combining (1.21), (1.22) and (1.24) we see that

Cc
detpé‘:AeC:detClﬂ»K—m—»Al.

Substituting into (1.20) we find

Theorem 1.5. Let C be any linear subspace of V satisfying (1.16) and (1.17) and A any
subspace satisfying (1.19). Then, with respect to appropriate volume forms on A, A*,
C, C* and Im(L) we have

det L, = (det C* 255 K ™5 A)(det L: C - Im(L))(det 7, Tm(L) —> A) .

The significance of Theorem 1.5 is demonstrated in Sect. 2(II), in which, for
a large class of finite difference operators L, we find a space C (in the examples
C = Cauchy data) such that

detL: C - Im(L)
can be readily calculated. The space Im(L) is easily identifiable and hence
detny:Im(L)—> A4

can be calculated. Thus, Theorem 1.5 relates det L, to det m e p§: C+ — A+, This
has the primary advantage that dim A+ = dim C* is much smaller than dim A.
Moreover, we identify m4: pg: C+ — A+ with a classical analytic operator.

2. Applications

I. Laplacians on Graphs. Let G be a connected graph consisting of a finite set of
nodes N and a finite set of edges E. We allow multiple edges between vertices. Let
V = N* be the space of maps

fiN->C.
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Define a Laplacian
L:V->V
by setting, for fe V, ne N
(Lf)(n) = d(n) f(n) — %( )f(é) , 2.1)

where E(n) is the set of edges attached to n,
d(n) = #E(n)

and, for ee E(n), € denotes the other endpoint of e.
There is a canonical basis of V given by { f,},.n, Where, for n,me N

1 if m=n

f"(m):{O if m=%n.

We define an inner product ¢, ) on ¥ by declaring { £, } to be an orthonormal basis.
The Laplacian L is hermitian with respect to ¢, ).

It can be seen directly from (2.1) that the kernel of L is 1-dimensional, consisting
of the constant functions.

The operator L plays a crucial role in electrical network theory. It is in this
context that Krichhoff proved his beautiful theorem [Ki] (see also [B-D, Fr, and
Fo3]) that

det LKL[= I1 /l:l = #N - #{maximal trees in G}, (2.2)
Aespec(L)
A£0

where a tree is a subgraph of G containing no cycles.
For any subset M = N we define a space Ay, = V by

2 f(m)=0}.

meM

AM={feV

Then, if M = N we have Ay = K+, where K = kernel(L). If M = {n} then
Ay ={feV|f(n)=0}.

If G represents an electrical circuit, then A, corresponds to the possible potentials
on the vertices if {n} is grounded.
Applying Corollary 1.4 we learn

Theorem 2.1. For any M = N
detL,, = #M - # {maximal trees in G} .
Proof. From Corollary 1.4 and (2.2)
det Ly, = #N - #{maximal trees in G} |detm,: K — Ajy|*. (2.3)

An orthonormal basis for K is given by fx where

1
n)=——— for every neN .
Jx(n) (#N)* y
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An orthonormal basis for Aj; is given by fy; where

0 néM
Sulr) = m neM .
Thus
Ta(fx) = {fx> fue) fue
so that
det(maz: K - Ang) = { fic, fu) = Efo(n)fM(n)

_y 1 _(#M)?
neM(#Nv)%(#M)é (#I\I)é

Substituting (2.4) into (2.3) yields Theorem 2.1. [

(2.4

11. Boundary Value Problems on an Interval. We approximate the unit interval by
d + 1 nodes

O=ny ny ny ... mg—y ng=1,
where n; = i/d. Let
N={ng,...,na} .
We approximate C" valued functions on the interval by
V=N*={f:N->C}.

Let L be a linear operator on V of the form
b

Y ¢j(i)f(mi+;) fagi<d—b
(L)) =1 =7° ’ 25

0 ifi<a or i>d-—0»>

where a and b are non-negative integers, not both zero, and each c;(i) is an r xr
matrix. L is a finite difference approximation of a differential operator of order
a + b. We require L to be elliptic. This is reflected in the condition

detc_,(i) £0, detc,(i)*+0
for all a £i < d — b. It follows directly from the definition of L that
dim(K = kernel L) =r(a + b) .
In particular, fe K is completely determined by
fo)f(m1), . s f (Masp-1) -
For example,

(Lf)(n) =0
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implies
b-1

f(nasp) = — [ep(@] 7! Z ci(@) f(na+) -

j=-a

The other values of f are determined inductively.
We define a space C = V by

C={feV|f(m)=0 i<a+b}.

Then
dimC=r(d+1—(a+b))=dimK*
and
CnK ={0}.

Thus

V=K+C
and we have a corresponding projection

p&V->C.

Let A be any linear subspace of V with
dimA=rd+1—(a+Db).

Then, applying Theorem 1.5 we have, with respect to appropriately chosen volume
forms

det L, = (detmysp%: Ct — At)(det L: C — Image(L))(det m: Image(L) —» A) .
Our goal is to identify the determinants on the right-hand side. We first note that
Image(L) = {feV|f(n)=0ifi<aori>d—b}.

Thus, once A4 is given
detn,: Image(L) > A4

can be explicitly calculated.
Let {el,. ..,e} denote the standard basis of C". Define a basis
{fiiYi=o,....aj=1,. ..,rof V by setting for n,e N

_ ej 1fl=k
fi’f'("")‘{o ifisk.

We define volume forms 7, % and ¥, for V, Image(L) and C, respectively, by

{he) () e
() i) ()
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Expressing
L: C - Image(L)

as a matrix with respect to the above bases, L is a (block) lower triangle matrix

cs(a) 0 0... 0
Cb—l(a+1) Cb(a+1) 0... 0
Co-20a+2) cp-1(@a+2) cla+?2)... 0

0 cy(d — b)

This follows by inverting (2.5) to find

min{d — b,k +a} r

L(fi,1) = Y Y. Le-ilie e) fi -

i=max{a, k—b} j=1
Thus, with respect to the volume forms & and
d—b

det(L: C > Image(L)) = [] detcy(i) .
Lastly, we consider the operator
napg:Ct—>K— AL,
We note that
Ct={flf(n)=0fori=a+b}
and
ps:Ct>K
is the solution of the initial value problem for the finite difference operator L.
Namely, for fe C*
pR(f) =TeK,

where fe K is the unique element in the kernel of L such that

f(m)=f(n;) fori<a+b.
Thus
pg:Ct->K

is the standard identification of an element in the kernel of L with its initial
conditions.

A Special Case: Hill’s Operator. We now specialize to the case of finite difference
approximations to Hill’s operator:

2

L=- % + R(x): ([0, 1], C") » C*([0,1],C"),

where R is a continuous one-parameter family of r x r matrices. Fiting d, the
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number of nodes, we place the node n; at the point i/d and approximate the
operators d/dx and d?/dx? by

ViV->V1,
ViV-V,
where
(V) =dlf(nie1) —f(n)],
(V2f) () = dL(Vf) () — VS (ni-1)]
= d’[f(nis1) = 2f () + f(mi-1)] -
Set

Then our finite approximation to L is
L=—-V*+RV->V.
That is, for fe V,

—d*f(ni—1) + [2d* + R(n;))]1 f(n;) — d*f (m; if0<i<d
(Lf)(ni)={0 fou-2) + D+ RO 00 = &) i0<i<d
or, in the notation of (2.5),a=b = 1,and for 0 <i < d,

—d? ifj=+1
cjiy={2d*+R(n;) j=0
0 jE—-10,1.

In this case
C={feVI|fno)=f(ny) =0},
Image(L) = { fe V|f(no) = f(ny) = 0},
and i1

d_
det L: C - Image(L) = Hl dete,(i) = [] (—d?) =(—d*y“ V. (26)
i=1

i=1

We now consider different “boundary conditions” A.
i) Dirichlet Boundary Conditions. Let

Ao = Image(L) = {f1f(no) = f(ns) = 0} .

This is the so-called Dirichlet boundary condition. (The notation A4, is chosen to
be consistent with the notation of part (ii).) Then

Image(L) i Ay

is the identity, so

(detmy :Image(L)— A,) =1
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as long as we take as our volume form 7, on A, the same form .% that we defined
for Image(L). Thus, from Theorem 1.5 and (2.6),

det L, =(—d?y@ D(detm p§: C* > AL). @.7)
Now, for simplicity, we set r = 1. Define a basis { f;}i—o,....4 of V' by setting
1 i=j
ﬁmﬂ'{0i¢p

Our volume forms ¥, &, o/, and € of V, Image(L), A, and C, respectively, reduce
to

d
v =N\Ff,
i=0
d-1
Ao =%= \fi>
i=1
d
€= \f
i=2
Let
%+ =fo A1

be a volume form for C+, and
A= (—1"""fo nfy

a volume form for A%.
The sign is chosen so that

C*ANC=ALNA, =Y.
The map
mas p§: C o> A3
takes foe C to
(ko(no)) fo + (ko(na)) fa = fo + (ko(na)) fa »
where ko = p% fo € K is determined by
ko(no) = fo(no) =1, ko(n1) = fo(ny) =0
and f; to
(k1(no)) fo + (k1(na)) fa = (k1(na)) fa
where k; = p§ f; €K is determined by
ki(no) = fi(no) =0, ky(ny)=fi(ny)=1.
Thus €+ =fy A fi goes to
[fo + ko(a) fad A ki(na) fa= (= 1)~ ky(na) [(— 1)~ " fo A fal
= (= D) ky(ng) 5 .
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Thus
(detmys pg: C— AL) = (— 1)* "1 ky(ny) . (2.8)
Recall that
ki(no) =0, ky(no) =1

so that
Vki(ng)=d.
Thus
1
y = Hk 1 29)
satisfies

y(no) =0, Vy(no)=1.
Combining (2.7) [setting r = 1], (2.8) and (2.9),
Theorem 2.2.
detL,, =d* " 'y(ny),
where y is the unique element in the kernel of L satisfying
y(ro) =0, Vy(no)=1.
For r > 1 the above analysis can be generalized to yield
Theorem 2.3. For general r
detLy =d? VdetY,

where Y is the r x r matrix whose i'® column is given by y;(ny), where y; is the unique
element in K such that

Yi(no) =0, Vyi(no) =e; .
Observations. 1) Note that as d — oo, det L4 — oo. This is appropriate since, as
d - o, L4 approaches
2 ~
Ly, =— Ec_z + R|pirichlet

©

which has oo many eigenvalues which tend to co.
2) Let
- >  ~ - 2
L, = —;i?'FRu L,= —d—x—§+R2

be Hill’s Operators associated to two different potentials. For fixed d, let L, L, be
the corresponding finite difference approximations. The relative version of
Theorem 2.2 is

detLy 4 (L 4) = y1(na) (2.10)

ya(na)’
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where y; is the unique element in the kernel of L; satisfying

ying) =0, Vyi(no)=1.

Taking limits as d > oo we find

dz d2 - -1
det( I — + 1(X)><—EC—2+ Rz(x)>

where y; is the unique solution to

d2
( - 2+R(x))y,<x)
0 =0 O =1,

and the left-hand side of (2.11) is a well defined Fredholm (= perturbation)
determinant. The technical details required to justify this limiting process are
provided in Sect. 3. There is a corresponding formula for general r. The formula
(2.11) was first proved in [L-S].

3) The operator L,_ is hermitian, and hence has real eigenvalues.

Taking the sign of both sides of Theorem 2.2, using the fact that y(n,) is
positive, we find

_ J1(x)
Dirichtet ~ §2(X)

, 2.11)

[ #of negative eigenvalues of L,_] = [ # of sign changes of y(n;) as i goes from
1 to d] (mod 2).

This is a weak version of the Morse index theorem [ Mi] which states that in the
smooth case:
2
d 3.2
$(x) = the unique solution of I such that 5(0) = 0, 5" (0) = 1].

# of negative eigenvalues of L~Aoo + RIDmch,et] = [#of zeros of

4) We can also vary the first order term in L. That is, consider
~ d
L=—~—-—+ Q(x) + R(x) .

A complication arises in that there are 3 reasonable ways to approximate d/dx by
a finite difference operator, namely by the left, right or symmetric difference. That is

~ o d i
[Q (x) d—);f (x)] <E>
can be approximated by

o) ooy«
)15 ()

and we will label the resulting finite difference operators Ly, Lg and Lg, respec-
tively. In any case, the analysis goes through as before, except possibly for the
formula (2.6).
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In the'first case the formula is unchanged and we learn (in the case of Dirichlet
boundary conditions)

detL, =d* 'y, (n),
where y; is the unique solution of
Lyyr=0, y(0)=0, Vy (0)=1.
In the case of Lg we have
(i) = — d* + Q(é)d
so that (2.6) is replaced by

det Lg: C > Im(Lg) = d]:[l (-— az + Q<é>d>

i=1

()
i=1 d=\d))’
det Lgp = d?@-V |:d_1 <1 - 1Q<'i_>>:|yR(nd) .
i=1 d=\d

In the case of Lg we have

ci(i)= —d? +%Q~<£—>d

and we learn

so that (2.6) is replaced by

a-1 1 ~/i
det Ls: ¢ » Im(Ls) = [] <~d2 +§Q<Z)d>

i=1

2\d 1‘1_1 1 ~(i
=(— - 1-—0(-])].
o T (-50(3)
Proceeding as before, we learn

det Lg = d*~! [1:[1 <1 - 2—1dé<é>>:|ys("a) .

It is fascinating to note that as d — oo,

d-1 1 ~/i L.
1—= v —gQ(x)dx ,

1 (1-30()) -

d_

1 1 ~/i —E}Q(x)dx
I (1-50(g)) e at.

In fact, we proved in [Fol] (Corollary 3.5, suitably interpreted) that there is
a ¢ such that
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(where the left-hand side is defined via zeta function regularization). The constant
cis independent of Q and R. Thus, it appears that Lg is the appropriate approxima-
tion. However, it is not at all clear how to deduce the above formula for L from the
finite dlfference case. For example, if L, and L, have different first order terms, then
L,L;' does not have a well-defined Fredholm determinant. (The spectrum of

) 1
L, looks loosely like +; 0+ neZ} and thus, the product does not

converge absolutely). Hence, we cannot use det L; L7 ! as we did in Observation 2.
However, it follows from the above that, in fact

det LY a~w detl,
det LY detf,

A direct proof of this fact would be very interesting, and may shed some light on the
mysterious process of zeta function regularization.

(ii) General Local Boundary Conditions. Fix do,d;€R. In this section we
consider the operator I restricted to functions

f:[0,1]-C
which satisfy
S 0)+ 60 f0) =f"(1)+6: /(1) =0
Note that §, = d; = 0 corresponds to the Neumann boundary condition
S O=f1)=0

and, although here we require dy, §; < oo the case d, = d; = oo corresponds to the
Dirichlet boundary condition considered in (i). As before, after fixing d, the number
of nodes, L is replaced by L, and the boundary condition is replaced by

Vf(no) + dof(no) = Vf(na-1) + 61 f(ns) =0

ie.
flm) + <% - 1>f(no) — flray) + ( LI >f(nd) @.12)

Thus, we define
As, 5, = {fe V| [ satisfies (2.12)} .

Note that an orthonormal basis for 4;, 5, is provided by

o)) (1))

0‘0—-’ fo <——1>f1 <%—1)2,
1 1 o1 12
“fi+ ( 4 )J:, 1 +<7+ > .

where
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We definé a volume from /5, 5 for As, s by setting

A 5,5, = %1 < —fo+ < )fl)/\fz/\"'/\fa—z
i)

To find the determinant of the map
4. Image(L)— 4

we note that

Thus

det(n4: Image(L) —» 4) = , 1oc <% — 1)
0“1

-+ 1) . (2.13)
Combining Theorem 1.5, (2.6) and (2.13),

d (—dz)d_l o 01 C. 1L 1
etlLy =—————1]{=+1])-(detmy, pg:C~ > A45,5,). (2.14)
%0:01 o0y d d %0:01

(3o (o )e-se)y

We define a volume form /5, 5, by

_(=p 01
Aso8, = ot << )fo +f1> <<7 + l)ﬁi _fd—1> .

Again, the sign is chosen so that

dg:),ﬁl /\ﬂao,a,=(€l /\%:V:fo /\f1 FNRRE /\f;i-

Now

The map

C. i 1
T4, s, PK- C - Aéo,éx
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o ) (5 o)
(e i) (e )i,

where k, is the unique element in K satisfying
ko(no) =1, ko(ny) =0, (2.15)

(oo (5 pios)
o i) i-sc),

where k, € K is the unique element satisfying
ki(no) =0, ki(n;)=1. (2.16)

takes foe C* to

and fieC* to

Thus fo A f; goes to

(— 1! 9o 01
2o0ts [<k03< )fo +f1> <k1’<d >fd“ﬁi—1>
60 51
<k1’<d 1>fo +f1> <k0’<d + 1)fd f;i_1>j|°'dé;),51 . (2.17)

Define ze K by

<k0><50 )fo +f1> <k1,<%+ 1>f0 +f1>ko=<%— 1>k1—ko'

Then ze K is the unique element in K satisfying

=_1 =29_
z(no) o zm)=——1
or, equivalently
Z(no) = — 1, VZ(no) = 50 .

Moreover, from (2.17),

C. 1 1 (= l)d_l 51
detmqy , pk: Ct > Az 5, = 7 + 1) fa—fa-s

Aoy

-1 d—1
( dozh ((d + 1>Z(nd)—2("d 1))

(-1t
= Ao, (01 + d)z(ng) — dz(ns-1))
(_ l)d—l
= daoal (512(’1‘1) + VZ(nd_l)) . (218)

Combining (2.14) and (2.18) yields
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Theorem 2.4.

dZd—3 50 51
detLA%‘m:W —‘7*1 —‘7+ 1 (VZ(nd_1)+5lz(nd)),

2 2
SRC P

and z€ K is the unique element in the kernel of L satisfying
z(ng) = — 1, Vz(ng) =g .

Recall that A, , denotes the Neumann boundary conditions. Theorem 2.4
provides the formula

Corollary 2.5.

where

2d-3
detLAM =

Vz(nd—l) s

where ze K satisfies
z(ng)=1, Vz(ng)=0.
If

- d2 - dz

L, = _W‘{'Rl(x)s L,= —(};5+R2(x)

are two operators, then the relative version of Theorem 2.4 yields, upon taking the
limit d — o0,

P 2oL\ 51(1) — 5,5, (1
det(—prRl(x))(—W—f-Rz(x)) _al=a4d)

Bs  2a(1)=8:2,(1)°

where
Asoo = {1 10,11 > CIf'(0) + 80/ (0) = f'(1) + 61 (1) = 0}
and Z;, i = 1, 2, is the unique solution to L; such that
Z0)=—1, Z/(0) =0, .

_ iii) Periodic Boundary Conditions. In this section we consider the operator
L acting on functions on the circle S!. We associate S' with [0, 1] under the
identification 0 = 1. Then, C! functions on S* can be identified with functions on
[0, 1] satisfying

O =71), fO)=,'71).

We think of a finite approximation of S* as given by the interval with d + 1
evenly spaced nodes under the identification

o =MNg—1, Ny =Ng.
Then, C! functions on S* are approximated by functions fe V satisfying

f(o) =f(na—1), Vf(no) = Vf(na-)
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or, equivalently,
fno) =f(na-1), f(ny) =f(na). (2.18)

Fixing 6 € C, we generalize (2.18) to the boundary condition
B; = {feV|f(no) = f(na-1), f(n1) = 6f(na)} .

An orthonormal basis for B; is provided by

S N VS S Sy N A A
NIEATE N W

Define a volume form %; by

Bo=sa @ +fort) A GR+f) Ao A A i

To find the determinant of the map
ng,: Image(L) — B;
we note that
ng(fi)=fi 22isd-2,

1 1
nB"(ﬁ)=<fl’\/__ﬁf( fl fd)>w( fl +f;i

1 + |5|2(5f1 +f;i)

1 1
1) = —1y d—1 _—’—_‘50 -1
np,(fa-1) <f.,1 PP )> e O )

1
= 1_+|5—|2(5f0 +fa-1) -

Thus
L=fiANfa A A faes
goes to
1)
m(@fl +f) A A A faa A (fo + fa-1))
=(—1)4"2 J 2.19
D C19)
Combining Theorem 1.5, (2.6) and (2.19),
22
detLBa=—1—_,__.’5—|2_-(detnBalpIC(: C'L—>B,§L) . (220)

Now

By = span{(f; — éfa) (fo — 0fa-1)} -
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We define a volume form %3 by

1
g«sl =1—m(fo —0fa-1) A (fi —01a)

so that
By AN Bs=V"=fo A ASy.
The map
ngspk: C* - By
takes f, to
g konfo = 8fam Do = 8fams) + s Ko = 353 = 06

where ko€ K satisfies (2.15), and f, to

1+|5|2<k1,fo 0fa-1)(fo—0fa- 1)+1+|5|2<k1,f1 ofay(fi —0fa)

where k; e K satisfies (2.16). Thus €+ = f, A f; goes to

1+15|2[< kosfo — 6fa-1><ki,fr — 6fa> — <ki,fo — 0fa-1><ko,f1 — 0fa)]1 B5

so that
det (npipk: C* - By)

1+|5|2[<k0,f0 0fa-1)<ki,fr = 0fa) — ki, fo — 0fa—1) <kosfy — a7 ]

1 n |5|2 [(1 — 6ko(ng—1))(1 — 0k (ng)) + (0ky(na—1))(— 0ko(ny))]

_ 1 1o . ko(na—1) ki(na-y)
_——1+|5,2det|:<0 1) 5( ko () ki (n,) ):l (2.21)

Thus, from (2.20) and (2.21), we have
Theorem 2.6.

d*=2s 1o ko(na-1) ki(na-y)
detLBd—m—)det[<0 1)—5( ko(nd) kl(nd) >:| (222)

Unfortunately, the formula (2.22) is not convenient for taking limits as d — oo,
but (2.22) is easily seen to be equivalent to

_ —d*7%5 1 0 z(ng-1)  y(a-1)
detLB*‘mdeetKo 1>_5<Vz<nd-1) Vy(nd_l)ﬂ’ (229

1
—-k; €K satisfy

wherez=ko+k1,y=d

z(ng) =1, Vz(ng) =0
y(o) =0, Vy(mo)=1.
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If

d? d?

L= —W_i'ﬁl(x)a L= —a?‘*‘ﬁz(x)

are two operators, then the relative version of (2.23) leads, upon letting d — oo, to
aafl %) a2 50)
_ 0 1 zi(1) y1(1)
B 1 0) (52(1) 2(1)> ’
*  det —of . -
(0 1 1) y2(1)

where Z;, j; are the unique solutions to I; on [0, 1] satisfying
Ji0)=0, yi0)=1.

< <=

d2 - dz - -1
det(— el + Rl(x)><— s + Rz(x)>

<

3. The Convergence as d — o0

In this section we prove that as d — oo the formula (2.10) converges to the formula
(2.11). More generally, we prove that for any boundary condition, the relevant data
from the finite difference operators converges, as the approximation becomes finer,
to the corresponding data for the limiting differential operator. Thus, each formula
in Sect. 2 for the determinant of a finite difference boundary value operator yields,
upon taking limits, a corresponding formula for the determinant of a differential
boundary value operator. Our analysis involves two steps. For the right-hand side
we must prove the convergence of solutions to the initial value problem. This type
of result is standard, but a proof is included for completeness. For the left-hand
side, we must prove the convergence of the ratio of determinants. The author has
been unable to locate the desired results in the literature, and thus we include
a complete proof. Although the results in this section hold for any ordinary
differential operator, for simplicity, we restrict attention to 2™ order operators of
the type considered in Sect. 2.

Convergence of Solutions of the Initial Value Problem. The right-hand side of (2.10)
is expressed in terms of the boundary values at x = 1 of solutions with prescribed
boundary values at x = 0. Fix a, beC. Let L denote the differential operator

2

L=——
dx2+R(x),

where
R:[0,1]->C
is continuous, and let f denote the unique solution to
Lf=0, fO)=a, f'(0)=5b. (3.1

Let L™ denote the finite difference approximation to L correspohding to
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a division of [0, 1] into d equal subintervals, and let f ¥ denote the unique solution
to

LOfD =0, fD0)=a, V 90 =b. (3.2)
Theorem 3.1. As d - ©
fOm-£1, (3.3)
Vf@ <%> -f'(1). (3.4)
Proof. Let
o))
Then (3.3) is equivalent to
lim e9(1)=0. (3.5)
d— o

From (3.1) we learn that fis twice continuously differentiable. Thus, in particular,

1y = d—1 1
f(l)—d[f(l)—f< 7 >J+0<d>.
d—1 ’ d—1
Vf(d) <T> = d[f( )(1) _f(d) (T)] ,

(3.4) is equivalent to
-1
lim d[e""(l) — e(‘”<d7>} =0. (3.6)
d— o0

From Taylor’s theorem, for any xe(0, 1),

Since

Fox = W) =09 — S G+ 3" G + 007,

fx+h)=f(x)+f'(x)h+ %f”(x)h2 + o(h?) .

Adding these two equations yields
R2f"(x) = — 2f(x) + f(x + h) + f(x — h) + o(h?) .
Setting x = i/d and h = 1/d, we find that for 0 < i < d,

RO AZ) e
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On the other hand

{3
) )5

Therefore

d i i+ 1 i — 1 1
0 () roli) o om

Now we examine ¢’s initial conditions. From (3.1) and (3.2),
£9(0) =0 (39)

and
b= VfD0) = d(f“”(:—l> —f(0)> = df“”(é) —da

-r0=a(1(5) 1) +o(()=ar(3) - o(;)
“G)-ofe)

Choose M large enough so that

so that

1 M
e? <¢_l> < 7 for all d, (3.10)
|IR(x)| <=M forall xe[0,1]. (3.11)
Let a(d)/d* be an upper bound for the norm of the o(1/d?) term in (3.8), so that
lim a(d)=0.
d— o
We will see that for all d, and all i such that 0 <i £d,
w(P\| <M s o M+1Y
& <d)=de d+dl 1+ ¥ , (3.12)
@1\ _ ol )| < M( g ) M+ 1Y 1
e<d>8<d)|=dede d+d1+d . (3.13)

Setting i = d, and using
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we see thiat (3.12) implies (3.5), and (3.13) implies (3.6). We will prove (3.12) and
(3.13) by induction. From (3.9) and (3.10) both bounds are true for i = 1. Using (3.8)
we can write

. R 1)
o) 040

Thus, by induction and (3.11),

i+ 1 ‘ M(M b\ M -1
M M+1 M+1
+{F<§i<l+ ; >>+g<1+ ; )+%}=1+11.

Analysing the two terms separately,

i 1 i 1
I =%e\/"73<1 +2—f—e‘ﬂa> g%eﬂa<eﬁa— 1)

M i+1 i
=7<e MT—e/f‘_%).

Using that é <1 we have

) ) )
=i((+ 7)) §(1+M;1)f>

(] + M + 1)\*1

d d '

These inequalities combine to yield a proof of (3.13). The inequality (3.12) easily
follows from (3.8) and the inductive hypothesis. O

&.I~

Convergence of Determinants. Let R, and R; be continuous functions on [0, 1],
and

d2
Lo=—-=5+Ro(x),
dx?
d2
L1 = — W + Rl(x)

two differential operators acting on functions on [0, 1]. Let A be a boundary
condition given by

c11f0) + ¢12f'(0) + c13 f(1) + c1af'(1) =0
€21 f0) + 22 f'(0) + c23 f(1) + €24 f'(1) =0, (3.14)
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where
<C11 Ci2 Ci3 Cl4>
C21 Caz2 C23 Ca4
has rank 2.

Let LY and L denote the finite difference approximations of L, and
L, corresponding to the partition of [0, 1] into d equal subintervals. Approximate
A by the finite difference boundary condition

1O+ e 710 + e ) + ens V(L1 ) =0,

d—1
€21 f(0) + 22 V() + c23 f(1) + c24 Vf(—d—> =0. (3.15)
We will also denote the approximation by 4. We will prove that
. det L(lti’)A _
dlilg m = dCtLl‘A(LO,A) t . (316)

To describe our method of proof, for ueC, let
2

h=—ae

+ Ro(x) + u(R1(x) — Ro(x)) ,

and define
D(p)=detL, 4(Lo,4)"",

det LY,
@D(p) = 3o L@, L‘; %

Note that for each d
D) =DY0)=1. (3.17)

The function D(u) is holomorphic (see [G-K ]), and non-trivial, by (3.17), and thus
has isolated zeros. On the other hand, for each d, D)(p) is a polynomial, and hence
is holomorphic. The analysis of Sect. 2 shows that D () can be expressed in terms
of the boundary values of the solutions to the initial value problem for L@ (u).
Theorem 3.1 implies that as d — oo, the boundary values, and hence D“(u),
converge uniformly on compact sets in the u-plane. Thus

lim D@ (y) (3.18)

d—

is holomorphic, and, by (3.17), is non-trivial. Therefore, the zeros of (3.18) are
discrete. We prove (3.16) by proving that for each u such that

D(u) % 0 = lim D (y)

d—

we have the equality

d d
—log D(p) = —log lim DY (y) . 3.19
08 1) gy 108 im (w (3.19)
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We first examine the left-hand side of (3.19),
d d _ -
@log D(p)=tr <;1; Lu,A) (Ly,a) ™! = tr(Ry(x) = Ro(X) (L, a)™"  (3.20)

(see [G-K]). The operator (L, 4)~ ' has a continuous kernel G, 4(x, y), such that
for any continuous function fe A4,

(Lu,A)—1f= g Gu,A(xa y)f(y)dy .

Equivalently, G, 4(x, y) is uniquely determined by the fc;llowing 4 properties:
(i) Fix y€(0, 1). Then, as a function of x,
G, alx, y)eA.
(i) Forx+y
L,G,4x,y)=0

(where L, acts on G as a function of x).
(iii) The kernel G, 4(x, y) is continuous on [0, 1] x [0, 1].
(iv) For all ye(0, 1),

. d . d
hm_ d_xG“’A(x’ y) = xliril+ EGM‘A(x, y+1.

x—y
(Note that the kernel G is Lipschitz, which implies L, ' is a nuclear operator

([G-K]) and thus the discussion in [G-K ], Chap. IV, applies.)
Therefore,

(R1(x) = Ro(x)) (L, a)~*
has the continuous kernel
(R1(x) = Ro(x)) Gy, 4(x, y)

with trace

J (R1(x) = Ro(x)) Gy, 4(x;, y) dx
0

1 4zt i i i
=dhmd_——2._1 R1 2 _RO E G”,A E’E . (321)

Now we consider the right-hand side of (3.19). The uniform convergence of D@ (u)
implies

d:u d— d—

d
—~10g< lim D“"(u)) = lim (;;log D“”(u))

d
= lim tr <@L;g>,,> (LDt

d— o

The operator (L¥,)~! can be expressed as a matrix

M@ (fz ‘—’i> 0<ij<d. (3.22)
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This matrix is uniquely determined by the conditions:
(i) For every ve A4,
MveAd and L@ Mv=v.
(ii) For every ve A+,
Mv=0.
Now

d d
d_,u—L’(z)A = ERAL,(;‘” = 4R — Ro),

where R; — R, is the diagonal matrix with

P 0 i=0ord
Ry — R0)<—>”> = i i
d'd _gr (L <i<d—
0 () n(l) 1sizaet.

Lastly, we consider the matrix representing m,. Let

0
1) o b,
V1 (0) a, b,
= span ,
) as || bs
= Gsl \ba
d
denote the solution space to (3.15). Then (3.24) is equivalent to
f(O) ( a; b1 )
1 b
f<3> a+ = by + =
= span >
F(Q) as bs
d—1 a b
() “-) \o-i
\ J
ai by
a; bl 1
= span + +0(=
Pe as bs <d>
as b3

= span

O O = =
—_ = OO
+
-
N
=
N————

R. Forman

(3.23)

(3.24)
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as long a$

det <“1 bl) +0. (3.25)

az b,

We will now assume this. It is not true, the necessary modifications in the argument
are clear, and, in fact, lead to some simplification.

Thus, from (3.25),
SONe 1
e 0<3> 0o o (3

Ma= 0 I 0 . (3.26)

Combining (3.22), (3.23) and (3.26) we see

tr(iL(‘” )(L(d) )-1 = dil (R (l) — R (l))M(d) <i i)
dp A )eA 2 \\a °\d dd
+ > O<1>M<i i) , (3.27)
@hes \d d’ d
where

S= {(17 O)a (la 1)9 (1, d— 1)3 (la d)s (d - 15 0)’ (d - 17 1)5 (d - 13 d— 1), (d - 19 d)} .

Comparing (3.20) to (3.27) we see that the desired equality (3.19) follows from the
two lemmas:

Lemma 3.2. There is a constant c (independent of d) such that for i, je

{0,1,d—1,d},
) i i
o (ia)

Lemma 3.3. a) Forj=1,and d — 1,

i 1 i
w(ea)-i9(s)

b) For2<j<d-2

PP\ 1 (i
w(es)-a9(s)

where the above bounds are uniform in i and d.

<c.

)

We will see that Lemmas 3.2 and 3.3 reduce to

Lemma 3.4. If L, is invertible, then there is a constant ¢ > 0 (independent of d) such
that for all d large enough

1LY o = clivll, forall ve A

(a)l)

<where vl = sup

0<isd
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We assume Lemma 3.4 for the moment, and prove Lemmas 3.2 and 3.3.

Proof of Lemma 3.2. From (3.25) there are two vectors in A of the form

1 0
1 A
0 1 0 1

w=| o [+ 0<3> =l o |+ 0(2) (3.28)
: 1
0 1

1 0

0 01 0 O1 3.29)
V3 = 0 + E Uy = 0 + 6_1 . 3.

: 1

0 -1

Thus, from the definition of M@,
M@y ed, LO(MDv)=v,,
MPv,ed, LP(MPv,)=v,,
M9y, =0,
M9y, =0 . (3.30)
From (3.28) and Lemma 3.4, there is a ¢ such that
Moy, Moz =

Thus we have the following bound (uniformly in i and d)



Determinants of Differential Operators 521

From (3.28) and (3.29)

M, (i) M<

S = O =
o

which shows that
=0(1),

as desired. O

Proof of Lemma 3.3. a) We consider the case j = 1. Let

~ (. 1 1
M<l, —> = E(le — MU3) .

S()- () o)

From (3.28) and (3.29),
80 it is enough to prove

From (3.30),

~(. 1 ~ 1

€ A (as a function of x). That is,

1 1 d 1
x=oG<x’a)’G<1’z)’d—xHG<"’3>>

=
<)
o
=
]
=
Q
TN
Ral
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satisfies (3.14). In addition

d 1 1 1
_ _ | = y@ Z Z
il o(xg)=mos(0)+o(3).
d 1 d—11 1
— (d) —
., o(va)=o(a) wol)

(where the subscript 1 denotes the difference is taken with respect to the first
variable). Thus

(ofo) re(ni) o) wre(5) e o(a)

Moreover, as in (3.7),for2<i<d — 1,

i1 i1 i1
—_co(t 2 @
0=-G (d’d>+R< >G<d d) L”'AG<d d>+o(1)

From Taylor series

21 11\ 1. d N, t./ 1
o(o3)-olei) i m golvi) v ()
xd

(&3)
for some z; € .

dd
Thus
. d 1 11 1 1
lll'ln+d—xG<X,3)— VlG(E’Z> 2dR(Zl)G<Zl,d).
x=7
Similarly
. d 1 1 1 1
hrln_ EG (x, c_l> =V,.G (0, 2) + ZER(ZZ)G (zz, E)
x—'i
for some z, € <O, 3)'
Thus
d 1 . d 1
—-1= 1111n+‘-i;G( d)— lllin_aG(x,E)
X"d X-'

(1)) Hfso(end) o]
-l )]l )-+6):

(The error is o(1/d) since both R and G are continuous.)

_ ol 1
LAG(dd +0d'
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Therefore,

1 (i1 1
[C3) R — _
L [dc;(d,d)] 9 +o<d>. (3.32)
1 (il 1 (i1
) — _ )= @] = [
LM,AdG<d,d) maL [dc:(d,d)]

|
+ 0<3> : (3.33)

Let

i ~ (i1 1 i1
8(3)=M(3’z>‘3‘}(3’z>~

Then, from (3.31) and (3.33),
1
TCAL;(td)g = O<E>

<3(0), Ve(0), e(1), Ve <d ; 1)) + 0<d—12> (3.34)
satisfies (3.15).

Let &(i/d) denote the unique function which has boundary values equal to the
0O(1/d*) term in (3.34) and is linear in i for 1 £i <d — 1. Then

9-o5).

and

Thus,

and

naLP(e —8) = 0<$> .
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From Lemma 3.4
so that

as desired.

b) The case 2 <j <d — 2 is easier than j =1, d — 1. Following as above to

(3.32) we learn that
i i 1 i
8(3) = M(m) - 36(3’3>

satisfies
0
0
L@W¢ = : +o 1
# 1 d
0
so that
0
0
naLPe = . +o0 !
AT 1 d
0

as desired. O
We now complete this section with a proof of Lemma 3.4.

Proof of Lemma 3.4. Suppose the lemma is false. That is, suppose there is a
sequence

and
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such that
lofle= sup |ov; <'¢Jz—>l =1, (3.35)
0<j<d; i
L] = 0. (3.36)

Extend L@y, linearly between the nodes {]E} to a continuous function on [0, 17].

Then define a sequence of C? functions #; by
L, = L%y,
7;(0) = v:(0)
5;(0) = Vvi(0) .
Then a very slight modification of the proof of Theorem 3.1 yields

] . J
vi <dl> v <d,> 0 ’
D! L — . J_l —
Ui <di> Vv,( i > 0 (3.37)

uniformly in i and j. (For this conclusion, we need to know that v;(0) and Vv;(0) are
bounded uniformly in i. The bound on v;(0), as well as a bound on v;(1), follows
from (3.35). The bound on Vv;{0) follows from the bounds on v;(0) and v;(1), the fact
that v;€ 4, and our assumption (3.25).)

We note that, by definition,
L%yp,(0) = LY, (1) =0 .
Thus, as can be seen from the form of n, in (3.26), (3.36) implies
[ L], — 0
so that, in fact,
I L#;|| . = O . (3.38)

Since #;(0) and 9;(0) are bounded, we can find an a, b and a subsequence of the
7; such that

5(0)—>a, %i(0)—b.

Then (3.38) implies that these #; approach #, uniformly in C*[0, 1], where 7 is the
unique solution to

Li=0, #0)=a, 7'(0)=5b.
The uniformity of the convergence implies
7 () —»o(1), 71(1)->9'(1).
Comparing with (3.37) we learn
v(0) = 5(0)  Vu;(0)»5'(0) ,

() - 5(1) Vi <did_ 1) (1) .

i
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Since each v;€ A, we must have e A.
Lastly, we note that the uniform bound
il » 2 sup

o)
Jj d;

=1+ o(1)

= sup
j

implies
o+0.

Thus 7€ 4 is a non-trivial solution to L& = 0, which contradicts the hypothesis of
the lemma. O
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