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Abstract. We study the geometry of high genus curves of rapidity variables in
chiral Potts model. In terms of symmetries, we characterize these Rieman surfaces
and derive their period matrices. By the theory of prime forms, the temperature-
like parameter is expressed by hyperelliptic theta functions.

Introduction

Nowadays much attention is paid to the exactly solvable models of statistical
mechanics. The integrable N-state chiral Potts model is the first solvable model
where the Boltzmann weights lie on a complex curve of genus greater than one. It
contains the natural generalization of Ising model and many of the remarkable
properties known for the Ising model (N = 2) can be extended to the cases N = 3
(seerefs.[1, 5,8, 15] and references therein). This model gives the solution of Yang-
Baxter equation (or the star-triangle equation) which has a very simple product
form for the Boltzmann weights

W) & db,—a,c,0’
I/qu(()) Y bpdq — Cpdq o'’

Jj=1

W, () 11[ wa,d, — d,a,0’
W,,(0) j=1 cpby — byc 00’ 7
depending on the two “rapidities” p, g and a parameter k', where
2ni

w=e", j integer mod. N.

The “rapidity” variables p, ¢q are represented by the ratio of 4-vectors [a, b, ¢, d]
satisfying
ka" + k'cN =dV,

kbN + k'dV =V,
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with
kK2+k?2=1, k?*%0,1.

These equations describe a complex curve of genus N> —2N2+1 as the
intersection of two “Fermat surfaces’ in IP3, or as the fiber product of two Fermat
curves over the rational curve. It has a group of automorphisms of order 4 N3 and
the quotient of some N2 automorphisms gives a genus (N — 1) hyperelliptic curve
which is represented by

N A=k =K1Y
= 2

Wiy ,  (LA)eC>?.

(The integer N shall always be assumed to be = 3 unless otherwise specified.) The
transfer matrix 7'(u) of the classical statistical mechanical model now depends on
the variables lying on Riemann surface Wy ,., and it satisfies the commutating
relation for different u, . However this is not sufficient to solve the eigenvalue
problem of the quantum chiral Potts spin chain associated to 7 (x). One needs a
functional equation for the transfer matrix 7 (1) which was obtained by [1, 2, 11,
13]. For the superintegrable case, when the “vertical rapidity” p has a special
value, some simplifications occur and the eigenvalue problem for T (u) are solved
in[1,2,9]. For the general case, one can explicitly solve the functional equation for
the largest eigenvalue in the large-lattice limit [10, 11], and compute the spectrum
of low-lying excitations to discuss the phenomena of level crossing transition to a
new ground state [16] from the physical consideration. Here no uniformizing
substitutions are used to obtain all those results. It is the belief that these results
should be Abelian integrals over the Riemann surface. One difficulty is that it
lacks the “different property” as in the eight-vertex model solved by Baxter, where
the uniformizing parametrization leads to the elliptic functions. However in [6, 7],
the significance of the Abelian functions was indicated in the computation of
single-spin expectation values of the general chiral Potts N-state model. Hence the
theory of prime form of hyperelliptic curves [17] is expected to immerse into the
computation of the interesting physical quantities.

This note deals with two mathematical problems arisen from the above
rational family Wy ,. of hyperelliptic curves. In this paper, we shall call Wy ;. a
chiral Potts N-state curve, or simply a CP N-curve. The first problem is to give a
geometrical characterization of this family of CP N-curves among the hyperellip-
tic curves and compare them with the case of elliptic curves. The other is to
describe the relationship between the symmetries of a CP N-curve and its
Jacobian, in particular how the general prime form of Riemann surfaces can be
applied to the expression of k" in terms of the period of Wy . which was obtained
by Baxter in [6].

First we note that Wy ;. for N = 2is the algebraic form of an elliptic curve with
a spin 1/2 structure. As an 1-dimension complex torus, the fixed part of the
canonical involution § of an elliptic curve E consists of 4 elements. It is in one-one
correspondence with the branched loci S under the natural projection from E to
P! (= E/{B)). The order 2 translation of E corresponding to the spin 1/2 structure
induces an automorphism of IP*, and its orbits in S form a partition of it with each
member having 2 elements. Such partition of S naturally leads to the algebraic
expression of Wy . for N = 2, also in the same process to the general N = 3. The
original Boltzmann weights a, b, ¢, d are closely connected to the elements in S.
The derivation and their relationship will be given in Sect. 2 and 4. In Sect. 1, we
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discuss the parametrization of these partitions of S for a subset S of P! with 4
elements. The formulation is guided by the intent of finding the geometrical
meaning of the relations between different variables which appeared in the
physical literatures [1, 6, 10]. In Sect.3, we shall derive the original “product
Fermat” curve of the variable [a, b, c, d] from the curve Wy ;. and the other two
related ones, Wy y, Wy, In Sect.5, we shall discuss the uniformizing
parametrization of a chiral Potts N-state curve. The special form of the period
obtained by Baxter [6] is discussed from the geometrical point of view, that is how
does it reflect the symmetries of the Riemann surface. We apply the theory of
prime form to obtain the explicit expression of the parameter k' in terms of the
hyperelliptic theta functions.

I am much indebted to Prof. B. M. McCoy for the invaluable help for learning
the integrable chiral Potts model. Through my collaboration with him, we found
the mathematical structure involved in this subject revealed a surprising similarity
from the physical and mathematical considerations. This strongly indicates the
promising role of complex geometry on exactly solvable models. It is in this belief
that this note began with. I also wish to thank Prof. R.J. Baxter for his beautiful
preprint [6], in which the relation between Boltzmann weights and hyperelliptic
theta functions are found via the classical work of Sonya Kowalevski [14]. One of
the purposes of this paper is to understand the qualitative feature of the identities
of different quantities in [6] from the symmetries of “rapidity” curves. I am most
grateful to Prof. F. Hirzebruch for his kind invitation and the hospitality of Max-
Planck-Institut fiir Mathematik where this work was completed.

1. Parametrization of 4 Points in IP!

Let E be a 1-torus (= 1-dimension complex torus), 7 be the subgroup of Aut(F)
consisting of all translations of E, i.e. the automorphisms ¢,: E—E, x~»Xx + a,
xe E. T is isomorphic to E. Denote T (2) = the 2-torsion subgroup of 7.

Let §: E — E be an involution with 4 fixed points.

Lemmal. T7(2) = {teT|t0=01t}.

Proof. Write E = C/L, and ¢: [z] - [—2z + ¢] for some lattice L, and ce C. Then
the conclusion follows easily from the definition of 7. q.e.d.

Denote H = (T'(2) x {0))/{0>.1dentifying E/<0) with P!, H can be considered
as a subgroup of Aut (IP') through its action on E/{6). The branched locus S of
the double cover

¥ (=¥y): E - E| 5, = P! (1)

forms a H-orbit with 4 elements. As any two such involutions 8 of E are conjugate
by a translation, the subset S of IP! is uniquely determined up to the action of
Aut (IPY). It is well-known that every 1-torus can be obtained as a double cover of
P! with 4 branched points, hence we have the one-one correspondence between
the following sets:

{isomorphic class of 1-torus} < {S|S < P!, | S| =4}/Aut(P"). )

Definition. For a subset S of P! consisting of 4 elements, a partition of S with 2
elements in each of its member is called a (2,2)-partition of S.
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We are going to characterize the data of S with a (2,2)-partition. First we notice
that the above group H is determined by the set S via (i) of the following lemma.

Lemma 2. (i) For each subset S of P* with | S| = 4, there exists an unique subgroup
H of Aut (P?) such that H ~ (Z/2Z)? and S = a H-orbit.

(ii) Let H beé a subgroup of Aut (IP*) with H ~ (Z/2Z)*. Then (P*)", he H — {id.},
are mutually disjoint.

Proof. (i) Let H be a subgroup of Aut(IP') satisfying the condition. The {/)-
orbits in S forms a (2,2)-partition of S for a given non-trivial element 4 of H. Then
his uniquely determined by its values on S. Since S has exact three (2,2)-partitions,
His unique. It remains to show that for any (2,2)-partition of S, there always exists
an automorphism % of IP* such that the (h)-orbits in S form the given (2,2)-
partition. By conjugating some element in Aut(PP'), we may assume
S = {0, 0,1, a} and the partition = {0, oo} Ls {1,a}. Then % is defined by z — o/z,
ze(C.

(ii) If H has a common fixed point x in P!, the homomorphism which assigns
each element of H to its differential at x is an injective map. Since the linear
transformation group of the tangent at x is isomorphic to €*, H is cyclic. This
contradicts the assumption of the structure of H. q.e.d.

Proposition 1. {isomorphic class of (E, t)| E: 1-torus, t€ T'(2)-{id.}} is in one-one
correspondence with each of the following sets:

(1) {(S with a (2,2)-partition)| S = IP** | S| = 4}/Aut (IP*).

(ii) {n:IP'—>IP', a degree 2 morphism with critical value not equal t0 0, 00}/ ~ , here
my ~ 1, iff for some f, f'e Aut (P*) with f({0,0}) = {0, 00},

P! S P!

IIL S I|Pl.

(i) {(o,p)|peP! — {0} o: a degree 2 endomorphism of P* with critical value not
equal to p, oo}/~, here 9, =, iff for some f, ge Aut(P') with g(p)=p,
g(OO) = 00,

P! f P!

T

P £ P!,

Proof. For S = P! with | S| =4, let E be the corresponding 1-torus of (2). The
group H in Lemma?2 (i) corresponding to the set S can be identified with
(T'(2) x<a))/{e). For tin T(2)-{id.}, let & be the coset of 7 in H. Then the {A)-
orbits in S forms a (2,2)-partition of S. In this way we define a map from
{isomorphism class of (E, ¢)| 1€ T'(2)-{id.}} to (i), which is bijective by Lemma 2.

For the above automorphism 4 of P!, the degree 2 morphism
n:P' > P!'/<h) = P! has the critical points disjoint with S. By a suitable
coordinate of P, we may assume that S = 7~ * ({0, 00}). In this way, we have the
one-one correspondence between (i) and (ii).
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The projection
o:P'/Khy > PYH,

can be considered as a degree 2 endomorphism of IP*. The H-orbit S corresponds
to a point of IP!/H = IP!, which equals to oo by a suitable coordinate of IP!/H. The
fixed point set of 4 corresponds to another H-orbit p. Then p is not equal to co and
the critical values of ¢ can not be p or co. This gives the correspondence between
(i) and (iii)). q.e.d.

Then by (2), the following correspondence can easily be obtained.

Proposition 2. {isomorphic class of 1-torus} is in one-one correspondence with each
of the following sets:

(@) {S|S < P | S| = 4}/Aut (PY).

(i) {m:P'—>TP! degree 2 morphism with critical value not equal to 0,00}/, here
ny ~ 7, iff for some " in Aut(IP?), f sends ny ' {0,00} to 5 ' {0, 00}.

(iii) {(¢,p)|peP' — {0}, 0: a degree 2 morphism of P onto itself with critical
value not equal to p,o0}/=, here (91,p1) = (04, p,) iff there exists some g in
Aut (IP') such that g(oo) = 00, and g({p,, critical values of ¢.}) = {p,, critical
values of @,}.

We are going to parametrize the data in Proposition 1 and 2. The following easy
lemma is useful for our derivation, and its proof is omitted.

Lemma 3. For 4 distinct elements x, y, z, w in P, there exists an automorphism g of
P! withg(x) =0,g(») = 00,g(z) = a,g(w) = a~ ! for someinC — {0, + 1}. And o
is unique up to sign.

Define

1—al) (1 —al™h)

1 —o? ’

P P,  Awr,(l)=
here o is a constant in C-{0, +1},

(+¢t
2 b
o =C—{0,+1}/=, here a=fiff o= p*2.

Qo:]Pl—)lpl, C"N‘)

Proposition 3. .7 is in one-one correspondence with the data in Proposition 1. In
fact, for an element [o] of o/ determined by a complex number o, the elements of (1),
(ii), (iii) in Proposition 1 corresponding to [a] are as follows:

(i) the class of {0, 00,0, 0~ '} with the partition {0, 00} L1 {o, ™ }.

(ii) the class of m,. ,
(iif) the class of <go, F—;—Z)

Proof. By Lemma 3, every element in (i) of Proposition 1 is represented by
{0, 00, a, ™1} with the partition {0, o0} L {o, 0} for some e € — {0, 4+ 1}. This
corresponds to an element of (ii) in Proposition 1, which is represented by
n:IP' - P'. Choose the coordinate 2 of €(<P!) such that 7~ *(00) = {0, 0},
7~ 1(0) = {a, " '}. Then 7 is equivalent to x,. Since the critical values of 7, are
1—a 14«

e 1= the element in Proposition1 (iii) is represented by (¢,p) with
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—o 1+«
14+a’1—

0 H(0)=1{0,0},0" (p) = { } So g is equivalent to (go, i—+oi—> It
1+p2

remains to show that if <QO, #) is equivalent to (go, . ﬂ2> then [«] = [B],
i.e. p? = a*2. Let f, g be the elements of Aut (IP') w1thfg0 =008, and g(0) =

gG -i__Zz> = i +§2 Then f{0,00} = {0, 00} andf({i —1})={1,-1}, hencef
is defined by f({) = +{*!. Therefore g is defined by g({) = +{, which implies

B*=0a*? qed.

Lemma 4. For a subset S of P! with 4 elements, let H be the subgroup of Aut (IP!)
associated to S in Lemma 2, and ®:P' — IP'/H be the natural projection. Then the
following data are in one-one correspondence:

{(2,2) — partition of S} & H — {id.} « {critical value of @}
A > h “ C
with the relation A = the {hY-orbits decomposition of S, (P*)"= @~ 1(c).
Proof. For a critical value ¢ of @, @ !(c) is the fixed point set of a non-trival

element of H, and vice versa. Then the conclusion follows immediately from
Lemma?2. q.e.d.

With the same convention as in [1, 6, 10], we shall always denote & the solution

of the equation
kK*+k'*=1

for a given k’e € — {0, 1}, and A(or 4;) the coordinate of the domain of 7,.
Proposition 4. (i) For [k']e o/, the elements of o/ having the same image as [k'] in

Proposition 2 are: [k'], [k], [lk}

(i) For S ={0,00,k’,k’' ™'}, the elements in (i) of Proposition I corresponding to
the above three elements of </ are as follows:

[k'] <~ S with the partition {0,00} Li{k',k' "'},
[%] < S with the partition {0,k' "'} L1 {o0,k'},
[k] <~ S with the partition {0,k'} Li{o0, k' "1} .

(i) Let{,{y,{, be the coordinates of the domains of g, in (iii) of Proposition 3 such
that:

k] e (go, 1 + ’;2> with the coordinate ¢,
ik’ . _
ya e (0o, 1 —2k'?) with the coordinate {,

2
[k] e (go, %t—;) with the coordinate {, .
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Then (, {,, {, are related by
LG+HG+2=k(C+71+2),

-1 k2 1
(+ 4 —2=—k7(C+C -2).

Proof. In this proof, we shall always denote k" an element in € — {0, +1},
S = {0, 00,k’,k' "'}, H = the order 4 subgroup of Aut (IP') associated to S in (i) of
Lemma?2, {, {;, {, = the three coordinates for IP' in the above (iii) of this
proposition. Let h, hy, h, be the non-trivial elements of H such that the
correspondence in Lemma4 are as follows:

hes{0,00} Li{k’,k'"1},

hy e {0,k' "1} Li{o0,k'},

hy e {0,k'} Li{c0, k' 1}.
Identify the projection P! — IP*/<h) with =, P'/<h) — IP'/H with g,, and &:

P! - IP'/H with g4 7. . Then {critical values of @} = {+ 1, 1 + ]/;2} and h, by, h,
are defined by

o 1—“ k’ p
W)=Y )=t ) =1

The correspondence between the critical values of @ and the elements of H — {id.}
in Lemma 4 is described as follows:

14k7
1—Kk'%’
Let [«] be an element of &/ having the same image as [k'] in Proposition 2, and
assume [o] % [k]. Then <Q0, i + i:z
relation & in (iii) of Proposmon 2, i.e. for some g in Aut(PP?!), g(00) = (),

2
g<{ +k +1}> {1 +oz2’ -H} By (iii) of Proposition 1, we may assume

h <~ hiewl, hyew —

2
> and <Q0, 1 s ) are equivalent under the

1—k? 1
1+k'? o .
<W> = +1. Then the g is uniquely determined by the value of 1. When
12 2
<g<_~_1 +k,2>,g(1)> = <1,_1+_°°2> or( 1, I+0 ) g(—1) = —1or1respectively.
1—-k 1—a 1-—
12 _ 2
It follows g(n) = +(k*n—k’?) which implies o= —z o %, hence

o] = |: ik ] In this cases, the (2,2)-partition of S'is given by the {4, >-orbits. When

2

LR

2

ot = we have

>

k2<6+24c_1>—k’2=€1 +2§1_1

hence
LA +2=K2C+C71+2).
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k'?
by the {h, y-orbits and g (57) = + (k?5 — 1)/k’%. This implies «* = k~? or k%, hence
[¢] = [k]. When «? = k?, we have

];T[—kz(c-i_zc—l)‘*‘q C2+2€2 ’

12
When <g G—J_r—k—) g(l)) — (1, —1) or (=1, 1), the (2,2)-partition of S is given

hence k2
L+ -2= _EW(C+C_1_2)-
This completes the proof of this proposition. q.e.d.

Remark.
(i) By Proposition1 (ii), there is an automorphism f’ of IP' which sends

{0,k' "1} Lu{o0,k'} to {0,00} L { ]I:,, %} In fact, f' is defined by

lkl
0=
And the f’ sending {O,k’}u{oo,k"l} to {0,00} Li{k,k™'} is defined by
1y =
-k _
(ii) By introducing the variables u, ¢, ¢
= eZiu, —{ = e2i¢, (= eZiq_S,

the relations of (iii) in the above proposition are equivalent to
sing = +ksinu, Kk'sing = +ikcosu,

which are the relations of the parameters for “p-variables” in [1, 5,6, 10]. The
variables e, ¢'®, ¢'% (as Im (1), Im (¢), Im (¢), Im (¢) - c0) can be considered as
the local coordmates of the 2-torsion points of the elliptic curve corresponding to
[£] in Proposition 2.

2. Chiral Potts N-State Curves

The algebraic curve where the “rapidity” variables of chiral Potts N-state model
(N = 3) lie is defined as follows:

Definition. The chiral Potts N-state curve (N = 3) is a genus (N — 1) hyperelliptic
curve W with an order N automorphism having exactly 4 fixed points. And we
shall call W a CP N-curve.

The order N automorphism of W in the above definition shall always be
denoted by 0 (=6y,), and the hyperelliptic involution be denoted by ¢ (=0y). By
the uniqueness of the hyperelliptic involution, § commutes with ¢. First we note
that the following properties hold for CP N-curves.

(I) <8 acts freely on W — W° and W/<0) ~ P'.

Let g, be the genus of W/{6}. By the Hurwitz theorem for the projection from
W to WKB>, 4 —2N=NQ2—-2g,) —4(N—1) — %, here * =the sum of
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ramification contribution of xe W — W® Hence 0 = 2Ng, + *,and g, = % = 0.
Then the conclusion follows immediately.
(I1) W is disjoint with W°.

By the commutativity of § and o, W is stable under . Hence | W W°| = 2
or 4 when it is non-zero. As {0 acts freely on W° — W?, the order of W° — W°,
(=2N-—2or2N —4),is divisible by N. By N = 3, this is only possible for N =4,
and | WnW?| = | W’| = 4. By Hurwitz’s Theorem, the sum of all the ramifi-
cation contribution of elements in W for the projection W— W/{0, 5> (=P") equal
to 20, which is greater than the contribution from the 4 elements in W°. This gives
a contradiction because the ramification contribution of each element in W%is 7.
Therefore Won we = {.

Now we are going to describe the algebraic form of CP N-curves. Let ¥, w, I1, n
be the morphisms defined by the following commutative diagram:

W_—>.II ]Pl = W/(e)

n " (©)
Wiiey = Pl P! = Wio.o> -

Let S be the branched locus of ¥, and / be the automorphism of P!(= W/{0))
induced by g. By the above (II), the orbits of the automorphism of W/{8> induced
by o form a (2,2)-partition of S. By Proposition 3, for some coordinate 4 of IP* and
some k'e C — {0, +1}, S = {0,00} L1 {k’, k' 1}, and 7 = m,, . Choose the coordi-
nate ¢ of P! (= W/{a)) such that y is defined by z~» ¢t". Then W is isomorphic to

A=K A—KiY

WN,k': tN = k2 (4)
In terms of the coordinate (¢, 1), # and ¢ are defined by
0: (t, 1)~ (wt, A), )
a: (t,A)~(t,A™Y), here w = 2™V,
Since the branched locus of I7 is equal to
1—k 14+Fk
N _ —_—
{blb - o 1_k,}. ©6)
Wy« is also birationally equivalent to the curve in €* defined by the equation:
1-k 1+k
2 _ N _ N _ 2
w _(z ———1+k’> (t ——1_k,), (t,w)e C2. )

The above coordinates 1, w are related by
k' 1
= (-3)

{K2w—t")+k'?+1}.

w

1

A=2—Iy
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For the rest of this note, (¢, 4) and (z, w) shall always denote the above coordinates
for the curve Wy ;.. In terms of the coordinate (¢, w),  and ¢ are defined by

0: (1, w)~» (wt,w),
a: (t,w)~(t,—w).

Let 1(=1y, ,.) be the order 2 automorphism of W} ;. defined by

Wy = Wy, (Lw)w (1, K/\/),

which is the same as
1 1-k'2
1. (t, /{)’W’ (7, m) (8)

by the equality

1<ﬂi_£ kf+L) _1=-K4

2\ TR ) T =T

Then 61 =10"", and (6,1) ~ the subgroup Dy of Aut(P') with the binary
dihedral group Dy as its double cover. Now we can described all the symmetries of
a CP N-curve.

Proposition 5. For a CP N-curve W, Aut(W) = <{0,0,1) ~ (Z|2Z) x Dy, and {6
is the unique order N cyclic subgroup of Aut (W) generated by an automorphism with
non-empty fixed point set.

Proof. Since 6 commutes with any automorphism of W, the group Aut (W)/{c)
acts on P! (= W/<a)) and preserves the branched locus (6). It is not hard to see
0,1y ~ Aut(W){a) ~ Dy, hence Aut(W) ~ (Z/2Z) x Dy . For an order N
automorphism ¢ of W with non-empty fixed part W, write ¢ = ¢™1"¢’, for some
integers0 < m,n <1,0 < j < (N —1). Weneed to showm =n = 0. Since1 - §/is of
order2,nhastobe 0.If ¢ = o - §/, jis greater than 0. The image of the fixed point
set of ¢ under the projection I7 in (3) is contained in the fixed part of the
automorphism of W/{c) induced by 6/. Hence W*is contained in W, then also in
W°. But the fixed parts of # and ¢ are disjoint. This contradicts the assumption of
the non-emptyness of the fixed point set of ¢. Therefore j=0, and

(P> =<6)>. q.ed.

Corollary. The morphism ¥: W — P! is the unique (up to isomorphism) order N
cyclic covering of W over P! with exactly 4 distinct critical values.

Proof. Let ¢ be an order N automorphism of W such that the projection
W — W/{¢)> = IP! has exactly 4 critical values. By Hurwitz’s Theorem, | W?¢| = 4.
Hence {¢)> = (0> by the above proposition, and the conclusion follows
immediately. q.e.d.

Corollary. The curves Wy , and Wy , are isomorphic as Riemann surfaces if and
only if [/] =[p] in o.
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Proof. Let ¢ be the biregular isomorphism from Wy , to Wy ,. Then

¢_10WN,B " ¢ = oy, , (by the uniqueness of hyperelliptic involution),

¢ 'Oy, - ¢ =0y, , (bythe above Corollary).

Hence the diagrams (3) for the curves Wy , and Wy ; are equivalent through the
morphisms induced by ¢. This is equivalent to [¢] = [f] in &/ because the (2,2)-
partition of the branched locus of ¥ for Wy , and Wy ; are equivalent in the
relation of Proposition1 (i). q.e.d.

3. Three Related Chiral Potts N-Curves

We continue to study the CP N-curves. By the Corollary of Proposition 5, the CP
N-curves are parametrized by /. For a given ke € — {0, +1}, the elements [k],

[i;—], [k] of «/ are related in the sense that they determine the same 1-torus in

Proposition 2 by the result of Proposition 4. For a given k'e € — {0, +1}, we are
going to study the relation between the three CP N-curves Wy ., Wy wops Wi -
The curve Wy, - is defined by the coordinate (z, 1) of (4). By (ii) of Proposition 3, we
have
W, aon = W
e 1—k'2

r =T_W’ (trax)equ’ (9)

and the automorphisms o, 1 for W, are defined by

1—k'2
O'Wr: ([r,i)""") ([r, m—),
10
s (11) "
W, ro tr,i .
Similarly, Wy , ~ W;:
r_ 911
w=E e, (1)
with the automorphisms
k'—2
O-Wl: (tlsi)w (tla 1—__~7>’
12)

11
s (8, 4) ~» (;l‘, z)

In this section, we shall write W = Wy, ;.. The morphisms ¥, ¥,, ¥, from W, W,,
W, to P! in (3) are now defined by ¥ (t,1) = 4, .(t,,1) = 4, ¥,(t;,,4) = A.
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Denote the fiber product W xp: W, of ¥ and ¥, by ¥,:
¥,

s r\
WO W, (13)
v\ <y,
Pt

and ¥, is defined by
v (1=K QA—-ki1h
= k?

N = ﬂ

L
The automorphisms 6y, 8y, of W, W, induce the automorphisms 6, 8, of ¥#,
which are described by

for (¢,1,,4)eC3.

O:(t,t,, )~ (wt, t,,4),
@r: (l9 t,.,/l)""”(l‘,a)t,,).) M
Then the group (@, 8, isomorphic to (Z/NZ)?, and acts freely on #, outside the

4 critical points of the projection from #, to the A-plane, which has the branched
locus {0, 00, k', k' ~'}. Consider the quotients:

V= Wé/(@@g B V,= Wé/(@@:w :

Then V,, V, are N-sheet cover of the A-plane IP* branched at {k’,0} and {7(1—,, oo}
respectively with the following coordinates:

N 112
) Y (L)

1 — k' 2)?

Vy: (tt)V = ( . (tt,,2)eC?.

Consider the degree 2 cover of the <t£>-plane,
1 1 ! 2
P'->P, xw T)=x"

The fiber product of x-plane with ¥, over the <t£>-plane is reducible with two

rational curves as its irreducible components. They are described by

— ’ - 1
XN = 13—%——, (x, ) e C2.
Let X be the component

L=k

T (x, ) e C2. (14)
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X is a N-fold cover of the A-plane IP* branched at {k’,0}. With the same discussion

for V,, we have a N-fold cover Y of the A-plane IP* branched at {%, oo} which is
defined by
v_1—KkA4
y - k ’
There are the morphisms from the fiber product of X and Y over the A-plane into
W, W, with the following commutative diagram:

(e, (15)

XX]p: Y
s N
w O v, (16)
qp\l '/‘I’r
P! ,
which are described by:
(xs %)
v N
(,2) = (0. .0 =(2.4)
N v
A

Similarly by replacing the above W, by W), we have the rational curves X’, Y’ with
the degree N morphisms over the A-plane:

X ->P, x-i, with x'N=l—%£, <X'2 =l£)’
’ (17)
1 1 ’ : 'N l— - k, 12
Y ->P . y ’W)/'L, with yh = 2 s (y — tt,),
and also the diagram:
X X p1 Y
s N
W, O w (18)
¥, N <y
P,
defined by
()", %)
' N
(E)=wh  @wH=@r2
N e
A

The coordinates of X, X' and ¥, Y’ are related by:

G- G
x Y
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It follows that under the base change
PP s d= g, (19)

we have . ) .
YX]P!]Pu ~Y XIPI]PM'

Xxpi P, ~ X' xp: PL,
In fact, these are the Fermat curves in IP?:
X=XxpuP,, ka"+k'cN=4d",
P=YxpP,, kb"+k'd"=c",
here[a, ¢, d], [b, ¢, d] are the homogenous coordinates of IP?, which are related with
x, ¥, X', y', p by
(32) = (1", (12 j) w, X' =xp, Y=yut. (0

Consider the fiber product of X and 9 over the y-plane
QB = xxlp&‘l) (=(X><Ip1 Y)X]PIIP‘IL).
Then 9B is is a curve of genus N — 2N? + 1, defined by

N r N _ N
: {Z)’Ni Z,dN; 4 for [a,b,c.d]eP?, @1)
which is also equal to
N N
{Z M f zN :dN for [a, b, c,d]eP. 22)
a

Then the curves W, W,, W, X, X', Y, Y are the quotients of 9B by various order N2
subgroups of Aut () which are described as follows:

X=”/<%Z’i’i’i‘2:’i hocd)
[a,b,c,d] ~ [a,wb,c,d] >
la,b,c,d] ~ [wa,b,wc,d]

rew( e o)

= [Z Z 2 Z [awczbbccwdc]i]>
Define
I W - W, la, b, c,d]~»[b,a,d,c],
3, W — W, [a,b,c,d]~»[w?c,d, a,w?b],
Fi: W — W, [a,b,c,d]~[w*d, wc, b, w?d], (23)
R: W — I, la,b,c,d]~»|wa,b,wc,d],
S:W->W, [a,b,c,dl~[wa,wb,c,d],
T W->W, [a,b,c,d]~[a,wb,we,d].
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Then it is easy to see
the order of R, S, T =N,
the order of 3,3, 3, = 2,
and
RI=JR"', ©3I=38, ITI=3T7,
®3, =3J R, ©3,=36, I3=33I7,
fRS,=3,€R"1, 631=316_1, 131‘—“311,
RII=3JJ, S33=33, TI3I=33.-

(24)

Hence (R, S, 3, J, J,, 3, is a group of automorphisms of W, and is also equal to
{3, 3,,3,>. It can be shown that the quotients of M by various normal subgroups
of <3, 3,, 3, also give the curves X xp: Y, X' xp: Y', W, W,, W:

X xp: Y =W/KIT),

X'xp: ¥ = W/CRY,

W =R, T, (25)
W, =WKES,T),
W, =W/KR, E).

By Hurwitz’s Theorem, 2 is the N2-fold unramified cover of W, W,, W,. This
implies that with the morphisms in (16) (or(18)), X xp: Y (or X' xp: Y’ respec-
tively) is the N-fold unramified cover of W, W, (or W, W, respectively). (We have
demonstrated here that the curves W, W,, W, can be constructed from the Fermat
curves X and 9). In fact, that is how the CP N-curves had originally been derived in
the physical literature [1, 12]. The variables, a, b, ¢, d are the Boltzmann weights of
the statistical model.)

The automorphism group <3, J,,J,> of W induces the groups of automor-
phisms of W, W,, W,. In fact, these are the group of all automorphisms for W, W,,
W, by the following result.

Proposition 6. (i) Under the canonical homomorphism {3, 3J,,J,> — Aut (W),
JIoy,  Jrlw, I Opiwoy.
(ii) Under the canonical homomorphism {3, J,,J,> — Aut (W),
Sr”v’aw,a SW’IW,, Sz““”’gw,’W,GW,~
(i) Under the canonical homomorphism {3, 3J,,J,> — Aut (W),

o~ —~1
31“’¢7W,, 3““’1W,a \Srw’gw, ly,Ow, -

N
Proof. By (16), (18), (19), (20), (21), t=£l—b, t,=2€', t,=ﬁ, A=<g>,
1—k'a b cd ac ad c

N
ey <E> . Then the results follows from the the definition of ¥, J,, I, and

(5), (8), (10), (12). q.e.d.



620 S.-S. Roan

When N is even, Wy ,./<6"'*) is the 1-torus, and it is the double cover of IP*
branched at {0, oo, k', k'~ '}. By Proposition4, the 1-tori determined by Wy .,
Wy, > Wy, are isomorphic. Hence we have the following diagram:

WN,k WN,k' WN,ik’/k
NV
1 — torus

!
IPI

4. N-Torsion Line Bundles of Chiral Potts N-Curves

As before, W= Wy, , W=the fiber product of Fermat curves with the
homogeneous coordinate [a,b,c,d] defined in (21), R, S, T, J, J, =the
automorphisms of 2B in (23). Let u, u’, v, v’ be the elements in W whose A-values

arc 0, oo, k', k'~ ! respectively, and
p: W W (=W (g ,)

be the unramified N 2-fold cover in (25). By (14), (15), (16), (19), (20), the divisors
for the sections a, b, c,d in 1B are

div(a) = p*(v), div(b) =p*(V), div(c) =p*’), div(d)=p*u).

For (m,n)e(Z/NZ)*, let Ky, (I, R)—>C* be the character with
K(m,n)(z) = wm, K(m,n)(m) = w". Then

WX C)/(w X {~ Wg X K, (8) ()

is a line bundle over W, and its associated () -sheaf is denoted by %, ,.

Proposition7. (i) p,0p= &P Limn-
(m,n)e(Z|NZ)?

(i) ZLq,00=OplV —ul, Lpo,1y= Oplv—u], £4,1)= Opu'—u].

Proof. For an open set U of W, any function f of p~!(U) can be uniquely written
as f= Z Jim.m» Where f,. . is an eigenfunction of (I, R) with eigenvalue

(m,n)

%\ m.my- Hence we obtain (i).

With the homogeneous coordinate [a, b, c, d] of 1B, the divisors of the rational
functions a/d, b/d, c/d of W equal to p* (v —u), p* (v — u), p* (u’ — u) respectively.
Since the rational function a/d(b/d, c¢/d) corresponds to a meromorphic section of
Zo0,1y (Z1,0)» L 1,1y respectively) over W, (ii) follows immediately. q.e.d.

By the same argument, we have the similar conclusions for the curves W,, W.

Proposition 8. Let

p I — W',(=QB/<6’1>)
and
W VV,(:QB/@L@)
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be the unramified N*-fold covers in (25). Let u,, w.v,, v., (,, u;, v,, v;), be the
elements of W,, (W, respectively), such that as the divisors of 18,

div(a) = pf(v,), div(h) =p}(w), div(c)=p7(,), div(d)=p’(u,),
div(a) = pf(w), div(b) =pi(v), div(c)=pf(v), div(d) = p/(u).

Denote
< = the Oy, -sheaf associated the character {&,T) — C*,

r(m,n) —
T ™ S a".
Lim.m) = the Oy -sheaf associated to the character (R, S) — C*,
R o™ S,
Then
(1) Pry O = @ Lemm> P1xOm = @ Zimum) -

(m,n)e(Z/NZ)? (m,n)e(Z/NZ)?
(i1) Over the curves W,, W, we have

L0 = Ow, [V, —u,], -gr(o,n = (9W,.[vr—ur]9 c-cfr(x,x) = @W,[u;—ur]’

$1(1,0) = @W,[V;—“z]» 31(0,1) = @WZ[VI— u), 31(1,1) = @W,[“;" ).

5. Jacobian Variety of a Chiral Potts N-Curve

. ; 1
Let r be an element in €-{0, +1}, 0 = ¢?™'V g = N — 1. Assume that i

NN LN
and denote <1_r> = 1=
14r 147

section, we shall denote

"<
r

l

1+7r

W=Wy,,
Y, y, Il, © = the morphisms of (3) for W,
{6,0,1} = the generators of Aut(#) in Proposition 5.

W is a genus g CP N-curve defined by the coordinate (¢, 2) of (4), or (¢, w) of (7).

Denot .
enote Jac (W) = the Jacobian variety of W.

The critical points of /I are the elements b;, b, 1 <j< N, of W with

LN — p\UN
H(b}.):w‘f<1-+f> and I1(b; =afj<1-~£) © We also denote o = by,

T—r 1+r
o' = by. The critical points of ¥ are the elements p, p’, q, ' of W with the 2-values
0, oo, r, r~ ! respectively. Then p and q are on the “same sheet” of the covering of
II. (Here we consider W as the double cover over the ¢-plane with cuts on the
NN ) 1/N

segments from w’ (%ﬁ) to w’(i i:) , 1<j< N. The value of the
coordinate w determine the “sheet’ of I7.) We are going to describe Jac (W) using
the data of {b;,b}|1 << N}, and then {p,p’, q.q'}.

It is well-known that the abelian differentials of first kind for W has the
following expression:
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Lemma 5. I"(W, Q") = the C-space consisting of

p(t) (T’;, p (1) = a polynomial of degree < (N —2).

a—1 ﬂ

Denote ¢, =1t
(W, QY with

Jor 1<a<g Then {p,, 1<a=<g} forms a base of

0*(¢a) = a)‘lgpa, a* (¢a) = 04> vt ((pa) = —ON-q- (26)

By a path in W we shall always mean an oriented one. It is easy to see the
following lemma holds.

Lemma 6. For apathyin W, | ¢,=o"[¢,.
0™ () b

We shall denote
j(”l
Y
f Y= .
! [,
Y

Let 4 and B be the g-invariant 1-cycles on W such that by the morphism /7,4

. 1—r\'™ 1+ r\'N .
lies over the segment from <m> to <1—_7> , and B lies over a path from

1—r\'™ 4 r\IN . . . . :
w < TF r) to ( T r> with A intersecting B only at o having the intersection

number /(4, B) = 1. Define

A;=077(4), B;=077(B) for integer .
C,= ) B, for 15a<g.
1<j<a
Then A;,y=4A;, Bjsy=Bj,and Y A;, Y B;are homologous to zero.
1<JEN 1STEN

(The cycles 4,, B,, C, are shown in Fig.1.)
The intersection numbers of the cycles 4,, B,, C,, 1 £ a < g, are given by

I(A,,Ap) =1(B,,B;) =0,
I(4,,B;) =0, except I(4,,B)=1, [I(4,,B,,;)=—1.

Hence
I(AaaAﬂ)zl(CanCﬂ)zoa I(Aancﬂ):éaﬂ‘

l, I
¢=<E>, l'=§¢=(i>- @7
ly ? Iy

Let

=
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v Clrves on
— upper sheet
Curves on
lower sheet

r

Fig. 1. The curves homologous to 4;, B;, C; for N=5

By Lemma 6,
(§res T0) = @l @)1 cupsy
(1;51 wr R BJ ¢) = (5aﬂl<;) (w—aﬁ)l <a,f=<g-"
Hence
<(:‘[ [ éf ¢> = (5aﬂlalz) (ka,zﬁ)léa,ﬁég .

here kyp= ) o™ ™ =ie"™(w ¥ —1)/2 sin™% |
1<msp N
Let ¢y, ..., ¢, the base of I'(W, Q") defined by
¢ ?1
p=\: =@ ) @ul) | ),

¢g (pg

623

(28)
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then
(16, 19)=Upnta).
Ao B,
Here
oo oy @=1) (-2
YN sin %~ &
N
ny@—p) />’y -
2 > cos———— N
N4 K2 Xy>
sin=>
N
with y, = [—

< The above w2y, for W = Wy 4 is equal to the % in [6].)

Hence the period of the Jacobian of W is equal to 7 = 't = (7,5); <4 p<, and
Jac (W) = the torus C°/(Z° + < Z°).

For a fixed base point % of W, we have the canonical embedding of W into

Jac(W):
) W - Jac (W),

w«m)[itb].

The period of Jac (W) is related to the elements b, b’ by the following proposition.

J* P

29)

Proposition 8. For 1 < < g, let

15 = the f™ column of (z,p),
ey = the p™ element of the standard base of Z°.

(1) For an element w of W, let [s], [z] be the images of W under the maps (29) for
* = 0,0 respectively. Then [s — 3] = [z].
(ii) Under the map (29) for % =0/,

B!
0~ _E:' .
1 1
by | 5T+ 5 ea],

g L2 P2 asg:— 1)
, 1 1
bj; ~»> 3Tt s ZeaJ, for 1<p<g.

a=p
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Proof. Let 00’ be the path from o to o’ along the curve 4. Then

00 00 -0 (00")
1 1 1
=2i=r ] 07
1sa=g

Hence

So we obtain (i), hence the first correspondence of (ii). Let B}_lbj, (ﬁ;),
1<j<N, be the path from bj_, to b;(b; to bj respectively) along B; (4;
respectively). Let o'by, 0'by, 1 < < g, be the curves from o’ to by, bj defined by

o'b, = Z bi_b; + Z b;b’,
1=j=p 1=j=(p-1)
o'b, = o'b, + b,bj
Then
f ¢=_1 j¢_:_1€
A 2
b,b, J
1 1 1
j = — ¢=4 (b:;z‘ﬂ,
o 2 s 24,0 2
15j= 1=j=p
1 1
fé=1m-13 3 e
o'bg JS(p-1)
1 1
$=>15—7
0{'5 2 / 2 JSB !

Hence we obtain (ii). q.e.d.

We are going to express the period of Jac (W) in terms of the data {p,p’,q.q'}.
Define

&4 1

_ e 1|2
e= |7 =y |

£y g
Tlﬂ
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Consider the following paths in W:
oq’ (0'q’) = the path from o (o’ respectively) to q' with ¢-values in the segment

1N _ \1N
from ( i t:) ((%_!_—:) respectively) to 0,

po=1(—0q),

pp' =po—o(po), pq =po+oq .
Pa=po+aleq), pq =0(pqg.
(Then above paths are shown in Fig.2.) Then
67~ (p'q’) — 6(p'q) is homologous to —Ay_;,
0= 1 (pp) — 0~ (pp) = —A,_; + B;.
Lemma7. [ ¢ = —¢, Jo=cte [dp=0 [d=c
p'aqa’ pq’ Pq

pp’
Proof. For 0 <j< N — 1, we have

@) Gupl)™ | o= | ¢ =] o+ ) ¢,
07 (p’q") 67(p’q") pq z Am
(N-1)zm2(N-j)

@O ] w= [ b=+ | 4

8-9(pp") 0~ i(pp) PP’ S Am
G-Dzmz0
<here Co= Y B, which is homologous to O).
Nzmz1
By Lemma 6,
- 3 Jem e [ e|=Nis+ [ 4,
(N-1)zjz0 0/(p°a") e x o maAm
N-Dzmz1
0- (@) 64 | o
N-1zjz0 6= 1D
=Nj¢é- [ - | ¢
PP’ z C, z mAm
N-12jz1 WN-Dzmz1

which imply the first two equalities, then the rest follows immediately. q.e.d.

Proposition 9. Under the map (29) for % = o,
oG emae] welery)
p 2 Q 2 b p 2 Q bl

2
2 2 2 2
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s

4
/
/
’
/

q4

MV Curves on upper sheet x Points on upper sheet

----- Curves on lower sheet 4 Points on lower sheet

Fig. 2. The paths pq, pq’, pp’ for N = 5, r = ¢ (0eR)

Proof. We have

P —1
fo=5 g0+ [ o)
—1 —1
PR N

—1

1
=5 056 (by Lemma 7).

\
1
\
P A

627

Hence we obtain the value of p of the map (29) for % = 0. The other values of this

map follow from Lemma 7 and the following identities:

Jo=Te+1¢

If

O ey 2

b=16+ [0,

oe__ﬁ.ﬂ\
<
[

p

[+ ] 0.
o pa’
g.e.d.

Lemma 8. For a path y in W,

A =0,
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here
Ty = 0 except rg+1p = 11£4=9), Tyg = ~1(1=a<y).

Proof. By Lemma 6, we have
[ ¢=@ ) 0ul)™ [ ¢
9-1() 0710

= (@) Ol ™ O™ 0
= (@) 7 Buple) ™ Gap@™®) (Guple) (@) [ b

= (@ )7 O™ (@ ) [ ¢,

which implies the result. q.e.d.
The period of Jac(W) is expressed by the vector ¢ via the following
proposition.

Proposition 10. Define g, = 0. Then for a,f=1,...g,
Qu = ON-a>
Tap = Ca T Qp — Qla-p| -
Proof. Itiseasy to see that —1(A4) is homologous to 4. Hence the /,’s in (27) have

the relation:
l,=1Iy., for 12a=<g. 30)

By the definition of the paths,
—1(pq’) is homologous to pq’ .

Hence

e=Jo=— [ o=—]r®

pq 1(pq")

= @) Gl) ™t [ 1*(0)

rq’

(w—aﬂ)—l (5aﬂla)_1 (6a(N—a)) L(D

= (a)—aﬂ)— ! (5011310:)_ ! (501(1\1—&))((50!# [a) (w‘iﬁ) ‘ ¢

pq’

= (@ )7 (0upl) T (Ouply) Baiy—n) (@™ )0 (by (30))
= (w_aﬂ)—l (5a(N—a)) (w_aﬂ) (5a(1v—a))2 Q= (5a(N—a))Q s
which implies 9, = gy _, -
We have L o
07" (pq') — 077 (pq') = By,
pqd —07°(pq)=C,;, for1<p<g.
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Hence
[¢=1To6—- | ¢
Co Ty 0~ P(pa’)
=0—(ry)’0, (by Lemma 7),
which implies
Tap = Qa + ON-8 — Qla—p| = Qu + 28 — Qla-p)- qed
Remark. In [6], the g,’s are solved from the expression of 7,5, and described by
. (T ,
sin? (#) <w—v/2 &) .
/7

1
Qa=NZy‘,

Then the identities in the above proposition can be verified through the explicit
expressions of g, and 7,5. The proof we give here indicates these identities follow
from the symmetries of the CP N-curve W.

By the uniformizing coordinate of Jac (W),

the hyperelliptic theta function of Jac (W) is
@(S)(= S(S, ‘L')) — Z eZni‘ms+ni'mrm ,

meZ9

and by Proposition 10 it can also be written as

O = CXI?{Z?U'(’"“SJr > ma””ﬂQﬂ)—”i > maQIa-BImﬁ}'
1

meZ9 1=a,p=g Sa,f<g

Then @ (s) satisfies the quasi-periodicity and evenness relations

O(s+m)=0(s), for meZ?,
O(s+15) = e 2i6e*e) 9 (s), for 1<p<g,
O(—s) = 6(s).

The theta function S[f] with rational characteristics o, v of Q¢ are defined by

S[i] (S, ‘L') — eZni‘&(s+v)+1ri‘6t6 9 (S + ’C5 + v, 1,') ,
with the quasi-periodicity relation

9[(3] (s +m, 1) = e?ri*om g [i] (s,7),

9 [ﬂ (s+1tm, 1) =™ 2rivm = 2niims = nitmem g [ﬂ (s,7), for meZ’.
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We are going to describe the prime form of the Riemann surface W. Consider the

divisor D = ) b,. Then the canonical bundle of W equals to (), [2D]. By
2=p=y

Riemann-Roch Theorem and Lemma 5, | D| = a single divisor D. By the general

theory of prime forms of Riemann surfaces (see e.g. [17]) implies the existence of a

non-singular, odd, theta characteristic 9 m] 0, ve (3 Z)?/Z¢, such that

5 w w/ =w,
9[17} <£,¢>_O©{w’ orw=b,, forsome 2<f<g’ 31)
Then 0
o)
= 09
] 15<g 05 !

is the unique holomorphic 1-form with ({) = 2D. So ]/E is the section of Oy, [D]
and the prime form is given by

i[lie)
Ve Viwo)

For a fixed point w, of W, E(w,,w) defines a global section of Oy [w,] of the
Riemann surface W. Therefore

5 w
E(p.w) ”‘M(W
Fow = [5m "W
o of5)e)
p
corresponds to a section of O, [p’ — p]. Consider the function of €?:
0 1 1
o5 (e =205

o 1 1\
o[2](s+ e+ vt

= f(s(w)), here s(w) = H). By the quasi-periodicity

E(wy,w) = for wy,weW. (32)

fls)=

E@',w)
7 E(p,w)

property of 9[(‘;} we have

By Proposition 9

fls+m) =f(s),
f(s+tm) = 2™'™e*d f(5)  for seC?,meZ’.
Since

. . 2 i
exp {% Y <sa + ) raﬂmﬁ>} — e2mme exp {_]g_ 1 y Sa}’
1<asg 1554 Sasg
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the function

satisfics the relation
fI.J"p(S +m) = e 2rimiN fp’.p(s) .

Jorp (s +Tm) = 27 £ (s)

for se €C?, meZ?; here 1ﬁ = ) e, The restriction of f, , on W [via (29) for
15f<yg

= 0] can be regarded as a section in I'(W, Oy (p'—p)) with the divisor
d1v (fy.p) = P' — p. Similarly, the functions of € defined by

fq,p(s) =

satisfy the relations

Jan(+m) =Jop(8),  fop(s+Tm) =" £ (s),
f«;l’,p(s+m) = e—ZEi‘mI/Nf“]l,p(s), f‘;"p(s+fm) =f(;|’,p(s)’

for se@’ meZ’. The restrictions of f, ,, fy,, On W are the section in
I'(W, 0w (@—=p)), I'(W, Oy (¢’ —p)) respectively, with div (f,,) =q—p,
div(f;.,) = ¢ — p. Note that the phase factors in the quasi-periodicity relations
of o ps fa.p» Jor.p aT€ the N roots of unity. These functions are closely connected
to the variables a, b, ¢, d of the N2-cover 2 of W in Sect. 4. Since the N'® power of
Jo.ps Ja.psSqr,p 81VEs the rational function on W, the situation is much simpler for
the purpose of the expression of the parameter r of W.

Consider first the case when r equals to k’. As before, let I8 be the curve defined
in (21) with the homogeneous coordinates a, b, ¢, d. The above p,p’,q,q’ are now
the w,u’,v,v’ in Proposition 7. As the rational functions of W, fN,, £V,

N N N
S, equal to d”’ PLk Z’N up to some constants, i.e.
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N

N bN CN dN AeanZSaS[é}(s+%g_%8’T>
) 0 1 1 N
.BS[ﬁjKS—EQ—I-EE,T)
. o 1 1 N
.C9[‘7]<s—59—§ e,r)

; 0 1 1 N
21 X s5q — _
ey 9[‘7]<S+2Q+28,T> s

here s is the uniformizing coordinate of elements of W, and A4, B, C are constants.
The hyperelliptic involution ¢ of W induces the automorphism J of 1B [defined in
(23)], which corresponds the map of €¢,s~» —s. The relations

@) DY (V) Y
SN\@)TF S\ T

imply B = AC, C* = 1. For s = the origin, it corresponds to the element o of W

with the coordinate (z, A) [defined in (4)] = ((1 + ]]i,> 1>. By (19) (20), the
constants 4, B, C must satisfy -

By (21), we have the relation

0 1 1 0 1 1 N
2sta 4 —0 — —
kAe 8[ ]( +ZQ 56 r) +k3[ﬁ}<s 50 28,‘[)

. 0 1 1
— ,2mi I s, - - N
=e™My 9[‘7}<S+29+28,T> .

Substituting s = 21 o+ 28 by (31) we obtain
__e—ni(gl+4.. +og) 9[5_] (8, ‘C)N
K= 5 Y . (33)
N
3[%) @
When r = llli , the CP N-curve is the curve W, of (9) in Sect. 3. Its hyperelliptic

involution is induced by the automorphism J, of M by Proposition 6 (ii). Let 7, be
the period for W,. By Proposition 8,

N N
av:bN.cN:dV= 4 e“‘““é)[ﬂ(s%—%g,—%a,rr) :B,8[§}<s—%gr—%s,‘c,>

. 5 1 1 N. 27i T sq 5_ 1 1 N
.C,S[\{'(s—zgd—ze,r,) ety 9[17]<S+§Q,,+§8,’[,> ,

with B, = 4,C,, (B,)* = —1. By the definition of the element o of W,, together
with the description of the function f” in the remark (i) of Proposition 4, the A-
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N -1 _ p
value of o equals to k&' + ik. By the relations (17) (20), cbz'_N = i—?—k—, hence
B, = (—1)%i. By (22),

; 0 1 1 N 0 1 1 N
27mi X sq - _ 'i(—1)9 N — —
A,e*™ 9[‘7:|<S+2Q,—28,T,> +k'i(—1) 9[17}<S > Or 23,1,)

. ) 1 1 N
. 27i X Sa _ _
=ke*™§ S[ﬁ]<s+zg,+28,r,> .

Hence

<! il

‘k/ (—I)N e~ni(e,1 + ...+ erg) 9 l: ] (8, .cr)N
1

k
JHE

For the case r = k, let 7, be the period of Wy, (~ W;in (11)). Similarly, we have

(34)

5 TN DR ARSI v » VAR B SR
av:bV: MgV = (“1)’]9[‘7](5*5&—58,71) :Be? E“S[ﬁ}(s+igl—§e,r,>

0 1 1 N ; 0 1 1 N
:(—1)9319[17]<s 50 + ze,r,) :e“'Es"S[V](s + 50 + 58,1’,) ,

el

=ke21ri§su'9|:

and
N

1 N ’ i Xs 5_ 1 1
Q,—ES,‘C1> + k' B, e*™ % “9[ﬁ]<s+§Q,—§s,r,>

Jo o)
s 2Ql 28’Tl >

(= 1"9[7] )"

R L

v

<1 Qi N =

hence

k= (35)

Using the identities obtained by Sonya Kowalevski [14], Baxter found the explicit
expression of the above &, 7, and they are given by

1 1

11° _ 1]
0 1

(Theabove 3 [g (s, 7)is the function O {s}, of [6].) Therefore we have obtained the
following conclusion.

Theorem. Let t,7,,7, be the period for the CP N-curves Wy, Wy > Wik
!

respectively. Then the relations between k', i—, k and t,7,,71, are given by (33),
(34), (35) and (36).
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