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Abstract. We consider a class of indecomposable modules over the Virasoro Lie
algebra that we call bounded admissible modules. We get results concerning the
center and the dimensions of the weight spaces. We prove that these modules
always contain a submodule with one-dimensional weight spaces. From this follows
the proof of a conjecture of V. Kac concerning the classification of simple admissible
modules.

Introduction

The Virasoro algebra ¥ is the universal central extension of the complex Lie
algebra W of polynomial vector fields on the circle [1]. W is also the Lie algebra
of the group of difftomorphisms of the circle. The Virasoro algebra plays a
fundamental role in two dimensional conformal quantum field theory [2-5].
Therefore, the unitarizable ¥"-modules with highest or lowest weight have been
extensively studied by many authors [5-8]. For the same reason it was of interest
to determine whether the Verma modules are irreducible or not irreducible [9].
We can also notice that indecomposable Verma ¥ -modules occur in two
dimensional conformal degenerate quantum field theory [4]. Besides highest or
lowest weight #"-modules, another class of ¥"-modules was exhaustively classified
by Kaplansky—Santharoubane [10]. These are the indecomposable ¥ -modules,
where x, the rotation generator acts semisimply with one-dimensional eigenspaces.
Such ¥"-modules have been previously introduced by Feigin—Fuchs [11]. The
existence of the last type of ¥"-modules permits to confirm that the result of
Kostrikin [12] concerning the simple Z-graduate Lie algebras of Cartan type other
than W, (the algebra of the derivations of the polynomial ring €[X]) is indeed
false for W, as W, is a subalgebra of ¥". Thus Victor Kac [13] conjectured the
following theorem:
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Theorem. Let o/ be an irreducible ¥"-module satisfying

a) x, acts semisimply,
b) The eigenspaces of x, are finite dimensional.

Then either .o/ is a highest or lowest weight ¥ -module or </ has all its weight
spaces of dimension less than or equal to one.

This theorem has been proved by Pressley—Chari [14] for the unitarizable
irreducible ¥ -modules.

Many reasons incite to study indecomposable ¥"-modules and not only
irreducible ones: the distinguished role of ¥~ among the infinite Z-graduate Lie
algebras, its connexion with physics and the emergence of indecomposable modules
particularly in gauge theories.

In this paper, we are interested in indecomposable ¥"-modules satisfying the
above conditions a) and b) and the additional following condition:

¢) The dimensions of the eigenspaces of x, are uniformly bounded.

We give here complete proofs of results announced in [15]. The additional
hypothesis c) clearly sets up a natural generalization of the class of ¥ -modules
classified by Kaplansky and Santharoubane [10]. All extensions of these ¥ -
modules by themselves are actually indecomposable ¥"-modules satisfying our
hypotheses. More, all these extensions appear to be indecomposable representations
in which the eigenspaces of x, have a dimension less than or equal to two. And
our methods enable us to give an explicit construction of these ¥"-modules. We
shall draw up this construction in a forthcoming paper.

Our main result is the following: any ¥ -module satisfying a) b) c) contains a
submodule where all the eigenspaces of x, have a dimension less than or equal to 1.
Thus we get the proof of the conjecture of V. Kac for simple ¥ -modules satisfying
a), b) and c). Actually it gives the proof of the conjecture in the general case in
view of the lemma (2.7) in [16]. In this preprint, O. Mathieu also gives a completely
different proof of the conjecture in the general case. His method involves representa-
tions of finite dimensional restricted Lie algebras on finite fields. He does not give
results concerning indecomposable ¥ -modules.

Let us give now a brief survey of this paper. We recall that the Virasoro algebra
is the complex Lie algebra with basis {c, x,,neZ} and commutation relations:

-3 .
Dxox] = (G — )%ie + 8-, 12’ ¢ [6x]=0 VivVjez.
We consider an indecomposable ¥"-module satisfying the properties a), b) and c).
The basic idea is to give a minimal condition on a given ¥ -module implying the
existence of a submodule with one-dimensional weight spaces (eigenspaces of x,).
Then we show that this condition is generally verified in most of the cases. This
minimal condition is the hypothesis of Theorem (I1.10): there exists a common
eigenvector v of both x, and the Casimir Q, of the si(2)-algebra generated by
{x0,X_1,%,} such that {x}v, x,v} is a dependent system. First we prove (Theorem
(IT.10)) that the ¥"-submodule generated by such a vector v has one-dimensional
weight spaces for enough high weights. This result and the fact that the only
eigenvalue of the central element c is zero are the essential points of Sect. II. In
the case where Kerx_, + Kerx, =0, it is quite clear that the ¥ -submodule
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generated by v has all its weight spaces of dimension one. In the case where
Kerx_, + Kerx; #0 we clearly need a careful study of the dimensions of weight
spaces. This is the object of Sect. III. It can be easily seen (Sect. I) that the dimensions
of weight spaces are constant for enough high or enough low weights. By Theorem
(IIL.2) these two constants, called asymptotic dimensions of the #"-module, are
shown to be equal. Then we prove more precisely that all the weight spaces have
the same dimension maybe except one which is necessarily of zero weight. We also
prove that the corresponding ¥"-module can never be simple when the zero weight
space has a dimension higher than the dimension of all other weight spaces. These
results are given by Theorem (IIL.5). From (IIL.5) and (I1.10) follows immediately
the existence of a 7"-submodule with one-dimensional weight spaces for ¥"-modules
such that Ker x_, + Ker x, # {0}. Then, the aim of Sect. IV is to find in most cases
a vector v satisfying the hypothesis of Theorem (IL.10) in ¥ -modules such that
Kerx_, + Ker x, = {0}. First we give necessary conditions for a representation
where Kerx_, + Kerx; ={0} to be indecomposable (Proposition (IV.5)) or
irreducible (Theorem (IV.6)). Up to this point, we only need inducing arguments
relative to generating commutation relations and an asymptotic analysis of the
relation [x_,x,,]=4x, +4c on a “good” basis. But here an exact analysis of this
last relation is necessary to get more precise information. As this relation appears
to be a rational expression of the integer n indexing the weight spaces, we may
consider some well chosen residue. Thus we get new relations which permit us
either to get directly a proper ¥ -submodule or to obtain a vector v satisfying the
conditions of Theorem (I1.10). In all cases the conjecture of V. Kac is proved.
Finally, all indecomposable ¥ "-modules satisfying a), b) and c) are finite length
extensions of such simple ¥ -modules with one-dimensional weight spaces.

L. Basic Properties

1. Notations — Definitions

We recall that the Virasoro algebra ¥~ is the complex Lie algebra with basis
{¢,x,,neZ} and commutation relations:
.3 _ .
[xiaxj] =(j— i)xi+j +]T15i,—j0,
[C, xi] = 0.
We also recall that {x,,x;,X_,X,,X_,,c} is a finite system of Lie generators of ¥".
We call {x,y,h} a standard basis of sI(2) when it satisfies the commutation

relations:
Doyl=h [hx]=2x, [hyl=—2y.
We denote ¥; the subalgebra of ¥~ isomorphic to sl(2) with standard basis

ﬁ_x‘ilz +i2—1
I R TR I 6

Its Casimir operator Q; is given by:

P2Qi=—x;x_;+ x+i2_1 .- +i2—1
i= iX—i 0 24 4 Il Xo 2% c).
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Finally, we denote ¥"; the subalgebra of ¥ isomorphic to ¥~ generated by
{c, Xy, keZ}.
Let us introduce the following definitions:

Definition (I.1.1). A ¥ -module </ is said to be admissible if :
— X acts semisimply on </ and
— the eigenspaces of x, are finite-dimensional.
The eigenspaces of x, will be also called the weight spaces of .

Definition (I.1.2). An admissible ¥ -module </ is said to be bounded if the dimensions
of weight spaces are uniformly bounded.

Definition (I.1.3). A ¥ -module </ is indecomposable if a decomposition of & in a
direct sum of non-trivial ¥ -submodules does not exist.

Proposition (I.1.4). Let of be an admissible indecomposable ¥ -module. Then, there
exists a decomposition o4 = @ A+, such that x,(v) =(a+ n)o Yvest, ,, where a

neZ
is a fixed complex number which is unique when the condition 0 < Re a < 1 is imposed

and s, , can be eventually trivial.

This is a direct consequence of the commutation relations [x,, x;] = ix; which
imply xi(y44) © Lo nti-

Remark (1.1.5). For a non-trivial bounded admissible indecomposable ¥ -module,
we shall see in part III that the only subspace </, ., which may be {0} is such that
a+n=0.

2. Standard Basis for a Bounded Admissible Indecomposable ¥ -Module

Let o/ be such a ¥"-module. By Proposition (I.1.4) we have a decomposition

o =PA,,,, where o,,, are finite dimensional invariant by Q, with bounded
neZ
dimensions. Thus, each subspace %7, ., can be decomposed into the direct sum of

characteristic subspaces of Q,. From this, we deduce a decomposition &/ = @ N;
into characteristic subspaces of 9, which are invariant by ¢,.

Lemma (L.2.1). On each characteristic subspace N;= P N;n s, ., there exists at
neZ

most four subspaces N;n <A, ., on which x, or x_, has a non-trivial kernel.
Indeed, a vector v such that x,v =0 or x_,v =0 is an eigenvector of @, so that
we get:
Q=44 ;—=@+n+1)a+np ifxp=0,

Q=4 —v=@+n—1@a+np ifx_p=0.
Each of these equations furnishes at most two solutions for the integer n.

Proposition (1.2.2). Let o =@ ,,, bé a bounded admissible indecomposable

neZ
¥ -module. Then, there exists at most a finite number of weight spaces <, ., on

which x, or x_, has a non-trivial kernel.

Proof. If there exists an infinite number of characteristic subspaces N,, we can sup-
pose that an infinite number of them is intersecting the subspace P ., where

n2ng
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Re(a + ng) > 0. Among them, as {N,/N;n o, ,,, # {0} } is a finite set, there exists
an infinite number of N, such that x_, has a non-trivial kernel in N;n P o, 4,.

nZno

Setting g =sup {dim </, , ., ne Z}, there exists g+ 1 integers n; <n, <---<n,,, and
q + 1 vectors {vy ---v,,, } such that v,e,,,,AN; and x_,v,=0,1=1,2,...,g+ 1.
The vectors v, are eigenvectors of Q, with different eigenvalues so that the set
{v4,...,0,4, } isindependent. As Re (a + no) > 0, we deduce that the set {xj2** ~"p,,
X}9*17"p,,...,0,,1} is independent in o, , ,_, ,, a contradiction with the definition
of g. Thus the characteristic subspaces N; are of a finite number and by Lemma
(I.2.1) we deduce the proposition.

In the rest of this paper, p will be the number of characteristic subspaces N;.
Proposition (1.2.2) implies that any bounded admissible indecomposable ¥"-module
is such that:

dim«,,,=q Vnz=n, n, €N,
dime,, ,=r Yn<-—n, n,eN.

Definition (1.2.3). q and r are said to be the asymptotic dimensions of the bounded
admissible indecomposable ¥ -module <.

From now on, we shall use the following definition (I.2.4) for integers k and k'

o If x, or x_, has a non-trivial kernel in <,

k= Inf{neZ such that Ker x, n@P o, ,;=Kerx_, nP o, = {0} },
izn izn

k' =Sup {neZ such that Kerx,m@.d”, =Kerx_ 10@4&/‘”, = {0}} (1.2.4)

o If Kerx; =Kerx_; ={0}:k=k'=0

We can notice that dim«/,,,=¢g Vn=k and dim o/, ,,=r Yn <Kk'.

Proposition (1.2.5). Let </ be a bounded admissible indecomposable ¥"-module. Then,
there exists a basis {v; ,,1 < i< q,n 2 k} of the subspace @ '+ SUch that for any
nz=k:

o the matrix of x, from L, , to L, .1 IS (a+n)l+ A+ An)
o the matrix of x_ from S, .1 to Ly, is(@a+n+1)I—A,

where A is a diagonal matrix equal to A1 when restricted to N;n<,,, and
(a+n+1—A) A(n)=(a+k+1—A) A(k) is the opposite of the nilpotent part of a
Jordan matrix of Q, on oA, ,.

Proof. Let {v;;,1<i<q} a Jordan basis of Q; in o, ,, = @(N N, .,). For

any nz k,x_, is one to one from N;n.of, ., to N;nsl, ., so that we can define
a Jordan basis {vixs11=5iZq} of Q1 on o, i1 such that:

x_lvi,k+1 =(a+k+1—/1])vi,k fOl‘ Ui,kGNjﬁda.'_k.

Then by induction we get a Jordan basis {v;,1 <i<gq} of Q, on ., ,for alln=k.
On this basis, the Jordan matrix of @, on <7, , ,is A(A—1)+J, where J is a constant
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nilpotent matrix for all n=k and the matrix of x_, from &/, ,,,, to &, is
(@+n+1I— A. We define g x g matrices A(n) such that, with respect to the chosen
basm we have: xlld”,, =(a+n)l + A+ A(n). Then the relation Q, = —x_;x, +
x3 + x, gives us:

[@a+n+ D) —A)] Am)=—-J Vn=k
3. Elementary Properties of the Central Element ¢ for an Admissible ¥ -Module
Proposition (1.3.1).

a) In an irreducible admissible ¥ "-module, ¢ acts by a scalar.
b) In an indecomposable admissible ¥ "-module, ¢ has at most one eigenvalue.

In both cases, ¢ and x, commutes so that <7, . , is invariant by c¢. Thus, the ¥ -module
o/ can be decomposed into a direct, at most countable sum of characteristic
subspaces of ¢, each of them being invariant by ¥". In case of an indecomposable
¥ -module </, ¢ has at most one characteristic subspace. In case of an irreducible
7 -module «, the eigenspace of ¢ is invariant by ¥~ and we get the first part of
Proposition (1.3.1).

Proposition (1.3.2). Let & =@ ,,, be a bounded admissible indecomposable

neZ

¥ -module. Then the restriction c(n) of ¢ on <4, , is such that c(n)=c(k) Vn=k,
where k is defined by (1.2.4).

For such a 7"-module, we can consider the basis defined by Proposition (1.2.5).
On this basis, the commutation relation [¢,x_,] =0 applied to %, ., leads to:

cm)a+n+1—A)=(a+n+1—A)c(n+1).

As ¢ commutes with Q,, c(n) commutes with (a+n+ 1 — A)Id which is an invertible
matrix for all n=k and we deduce the result (1.3.2).

Remark (1.3.3). Analogously to the basis defined by (I.2.5) we can define a basis
on @ o, ., (k' defined by (1.2.4)) and we can show also that c(n) =c(k') Yn < k'.

nk’

II. General Theorems for Admissible ¥ -Modules

This part is mainly devoted to the proof of Theorem (II.10). It gives conditions on
a bounded admissible ¥"-module asserting the existence of a submodule having,
one-side, one dimensional asymptotic weight spaces. This theorem will be the main
tool in Parts III and IV to get the proof of the conjecture of Victor Kac. It is also
of crucial importance to get the general properties of bounded admissible
¥ -modules that we establish in Part III. Another result in this part is to prove
that ¢=0 for any bounded admissible irreducible ¥"-module.

Let of = @M“,, be a bounded admissible indecomposable ¥ -module and k

the integer deﬁned by (1.2.4), then:
Proposition (IL1). Let o/ be a bounded admissible indecomposable ¥ -module and
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VE, 4 4o» o = k, an eigenvector of both Q, and c such that

a) xou=axiv  aeC,
b) x_,x}v=av o'eC,

then the submodule generated by v has one-dimensional weight spaces in <4, ., for
all n=n,.

Proof. Let o/’ be the submodule of &/ generated by v. By the Poincaré—Birkhoff-
Witt theorem, &7’ is generated as a vector space by the vectors x_, X _,, - X, Xp, -
Xm,0, Where n, and m;eIN. We can even assume that n,=1 or 2 and m;=1 or 2.

— First, we prove that x,xTve@-x7T*2v by induction on m. By hypothesis a) the
property is verified for m = 0. We can notice that for all m = 0 x7'v is an eigenvector
of Q, so that x_,x7*1veC-xTv. As x_, is injective on o/, ,,Vn = n,, we induce
the proof by use of the commutation relation [x_,x,] = 3x, applied to the vector
x7*1v. Hence we deduce that &’ is generated by the vectors x_, x_,,---x_, X7,
where ny,n,,...,n;e{1,2} and melN.

— It remains to prove that x_, x_,,---x_, xTveC-x} ™"t ~">"" ~"y for all m such that
m—n, —n,--- —n; = 0. We have already shown that x_, x"veC-x7? 'vforallm=1.
Thus, we have only to prove that x_,x7TveC-x7~?v for all m = 2. We also prove
this result by induction on m. By hypothesis b) we have x_,x2v=o’'v. Then we
induce the property by use of the commutation relation [x_,x,] = 3x_, applied
to the vector xTv. Thus we get Proposition (IL.1).

Now, in the conditions of Proposition (II.1), we want to prove that the
hypothesis b) is implied by the hypothesis a). For this, we need to generalize the
asymptotic study of the commutation relation [x_,x,] that V. Chari and
A. Pressley use in the unitary case [14]. Let {v;,i=1,...,q n=k} be a basis given
by Proposition (I.2.5). We define g x ¢ matrices A(n) and B(n+2) for all n=k such
that, with respect to this basis, (a+n+ 2A)+ A(n) is the matrix of x, on <, ,, and
(a+n+2—2A)+ B(n+2) is the matrix of x_, on «/,,,,,. The diagonal matrices
(@a+n+2A) and (a+n+2—2A) are defined as in Proposition (I.2.5).

‘The commutation relation [x_,x,] = 3x, applied to .7, , gives:

(a+n+2—A)A(n)— A(n—1)(a+n—A)=34(n),

where A(n) is given by Proposition (I.2.5).
This relation implies:
_T'(a+k+3-4)
I'la+n+3-A)

I'@+n+1-—A) 3n—k)a+k+1—A)
I'a+k+1—-A) (a+n+2—A)a+n+1-A)

A(n) A(k) Ak).

(I1.2)

The gamma functions here denote the obvious diagonal matrices. They are
invertible and commute with A(k). As x_, does not annihilate on 7, for all
n=k, we have —(a+n+1—4;,)¢N for all ie{l,...,p}. Thus the definition of I"
functions and the formula (IL.2) are quite clear.

Similarly, the commutation relation [x_,x;]=3x_, applied to .., for
n=k+ 2 gives:

Bn+1)(a+n+A+An)—(a+n—2+A+A(n—2))B(n) = F(n),
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where
_(a+k+1-A)a+n+1-34)
Fo =t 1= Narn—1-n) 2@
Hence, we deduce
n—2 n
Bn+1)=[] (a+i+A+A4@))Bk+2) [] (@+i+A+A@))!
i=k i=k+2

+[i=ki+2F(i)(a+i—1+A+A(i—1))]

‘(a+n—1+A+An—1)"Ya+n+A+An) L
Using the decomposition:
(@a+i—14+A+AG—1)F()

=(a+k+1—A)A(k)[1+ 2401 24(4-1) ]

a+i+1-A a+i—1-A
—-A 2A-1 1-A
A b

1— 2 2
Fatk+1-A7Ak) [a+i+1—A+a+i—A+a+i—1——
we get the following expression of B(n+ 1) for all n>k+2:
I'a+n—1+A)n=-2 A(i)
Tat+k+A) ll( tavica )P
14 Al \"'Ta+k+2+A)
2 at+i+A I'(a+n+1+A4)

20A=1)  2AA=1)  20A=1)  2A(A-1) J

Bn+1)=

]

a+n+1—-A a+n—A a+k+2—-A a+k+1—A
‘(a+k+1—A)A(k)

k
+{ n—k—1+

+ —A + A 4 A—1 _ A—1
a+n+1—-A a+k+2—A a+n—-A a+k+1—-A

-(a+k+1—A)2A(k)2}(a+n—l+A+A(n—1))"(a+n+A+A(n))'1.

(IL.3)
For n= k+3 we define unique By(n) and H(n) by the relations:
B(n) = By(n)+ H(n),
_TI'a+n—-2+A)"=3 A(D)
Botm) = T(a+k+A) .l:[k< arita)BE+D
n—1 i -1
‘ { A'(z) I'a+k+2+A) . (11.4)
i=k+2 a+i+A I'(a+n+A)

Then, the commutation relation [x_,x,] = 4x, + ¢ applied to <7, ., forn =k + 3
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gives:
—(a+n+2-2A)A(n)+ A(n—2)(a+n—2A)—Bn+2)(a+n+2A)

+(a+n—2+2A)B(n)= —3c(n)— A(n—2)B(n)+ B(n+2)A(n). (ILS)
Substituting from (IL2) and (I14) into (IL5), multiplying on the left by
I'(a+n+1-A4) I'a+k+1-4)
I'(a+k+3—-A4) I'l@a+n+1-A4)
the asymptotic behaviour of this equation, we need the following lemma [14,17
Sect. 12.33].

. I'(nta+wl (n+a—p)
L 1L.6). F R " 1 =1
emma (IL6). For any u,veC, we have lim Tntat)Tnta—y)

, on the right by , we get an equation (E). To study

In view of this lemma, the terms in equation (E) are O(1/n?) and O(1). We get
precisely:

'§%;E%$%553[‘W*”“+Z—L®Amy+Am-axa+n—2Au§%%$§$%E§3
~:_2|:2A(k)—6%]

;%%}%Eé{%%[—Bdn+2Xa+n+2Ayua+n_2+Z®B&m]§%£E§$%EE%
~£irw+k+Aﬂia+k+3—Jﬂii<1+a:?2A>Bw+2)

+ A(l) -1
: 1+—2 F(a+k+2+ A (a+k+1—A),
i=k+2 a+i+A

AG) (a+k+1-A)AK)

where infinite products converge since

a+i+A i? ’
T'(a+n+1-A4) I'(a+k+1—A)

5 1 2A(A—1) 2A(A-1)
a+k+2—A57[ Aw(;+k+1+a+k+2_A atkl=a
A A-1
[e— 2 -
+(a+k+1—-A)A(k) (a+k+2_A a+k+1—A):|
Ilat+k+1-4) 3 atk+1-4
Fa+n+1-4) n*a+k+2-A
Flat+k+1-A4) 3 atk+1-4
Ta+n+1-A) n’a+k+2-A
I'a+k+1-A)
T(a+n+1—A)

Ta+n+1-A)
Ta+k+3—A)
Ta+n+1-A)
Ta+k+3—A)
_ 1T@+n+1-4)

2T (a+k+3—A)

B(n+2)A(n) A(k)

A(n—2)B(n) A(k)?

c(n)
_ 1

o >
2a+k+2—-A)a+k+1-A) c(k) Vnzk.
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The last equality results from Proposition (1.3.2). Letting n— oo in equation (E)
therefore gives c(n) =0 Vn = k. In view of (I.3.1) and (1.3.3), we get:

Theorem (IL.7)

1. In an irreducible bounded admissible ¥ -module o/, c acts trivially.

2. Inanindecomposable bounded admissible ¥ -module 2/, ¢ has the only eigenvalue 0.
If o' is the eigenspace of c in A, then o/ /4" is a finite dimensional o/ -module.

Returning to equation (E), we multiply both sides by n? and let n— oo. This gives:
A()
at+i+A

T(a+k+3—A)T(a+k+A)AK) + ﬁ(u )B(k+2)
i=k

1T (1429 N skt 24 AT @rk+1-4)
i=k+2 a+i+A)

24(A—1)  2A(A-1) > .

=F(a+k+A)F(a+k+2—A)[(4(a+k+1)+a+k+1_A T kT2-A

a+k+2—A+a+k+1—A

From this equation, we deduce the following:

+< -4 A-l )(a+k+ 1 —A)A(k)’]. (IL8)

Proposition (IL.9). Let </ be an indecomposable bounded admissible ¥ -module.
Let v be an eigenvector of Q, in &, ,.,no 2 k such that x,v=ox}v aeC. Then
cv=0and x_,x*v=av o’eC.

Proof. From (I.3.2) and (IL.7) v verifies cv =0. As v is an eigenvector of Q,, the
basis of @) .+, given by Proposition (1.2.3) can be chosen so that v is the first

n2k

vector of the basis in &/, ,,,:0 =, ,,. The hypothesis x,v=oax}v imply that all
terms of the first column in A(n,) are zero maybe except the first one. The first
column of A(n,), and hence of A(k) is zero. Thus from (I1.2), the same property is
valid for the first column of A(k). Moreover A(k) is a triangular nilpotent matrix.

. + o A(l)
Thus the matrices Dl 1+ atitA
results that all elements of the first column of B(k +2) are zero except maybe the
first one. From (I1.3), we get the same property for B(n, + 2). Finally, as x?v is a
non-zero multiple of v, , +,, We get x_,x}v=o'v. From Proposition (IL.1) and
(IL.9) we get the following:
Theorem (IL10). Let o = A,., be an indecomposable bounded admissible

neZ
¥ -module. Let veod, ., ny 2 k, be an eigenvector of Q, such that x,v = ax?v. Then

the ¥ -submodule of s/ generated by v has one-dimensional weight spaces in <, ,,
for all n=n,.

are unipotent for any [eIN. From (IL8), it

IIT Bounded Admissible ¥"-Modules where Ker x _; + Ker x; # {0}

As one of the aims of this paper is the proof of the conjecture of V. Kac for bounded
admissible ¥"-modules, in view of Theorem (IL.10), the study of asymptotic
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dimensions of these ¥ -modules appears to be quite natural. We shall here
precisely prove that asymptotic dimensions of indecomposable bounded admissible
¥ -modules are equal. As this result is evident when Kerx_, + Ker x, = {0}, we
have only to prove it when Ker x_; + Ker x; # {0}. It will be the first step to get the
proof of the conjecture for such ¥ -modules. First we need the following technical
property:

Proposition (IIL.1). Let </ be an indecomposable bounded admissible ¥ -module where
Kerx_,; #{0}. Let my=Sup{nelN/Kerx_,nsf,,,#{0}}. Let v be a vector
annihilated by x_, in o, ,,,. Assume v verify one of the following conditions:

a) xjv#0 VnelN,
b) Im,eN such that x7'*'v =0, xT'v #0 and Iv' €, 4y, +1 With x_ v/ = xT'0.

Then the ¥ -submodule generated by v has one-dimensional weight spaces for all
n =k (k defined by (1.2.4)).

Proof. Let
w = xk~moy if x2v#0 VnelN (case a))
w=xk"m"1y if xm*ly=0 and x_,v’=xTv (caseb)).

We want to show that w satisfies the hypothesis of Theorem (II.10). As w is an
eigenvector of Q,, we have only to prove that x,w = ax?w aeC. First we get that
for n=2, x,x7 " 2veC-x%v if x}v #0. Indeed, from the relation [x,x_;]= —3x,
we have x_,x,v=3x,v. If x}v#0,x_,x3v is a non-zero multiple of x,v. As x_,
is injective on &, ;. +,, We deduce that x,veC-x3v if x2v #0. Then we induce
the proof up to n if xjv #0. Thus we get

— under hypothesis a): x,x% "™ peC-x% "™ *2p that is x,weC-xIw

— under hypothesis b): If m; =2, x,x7~2ve@-x7'v. In this case, we apply the
relation [x_,x,]=3x, to x7* " !v,xT'v and v'. Using the injectivity of x_, on
Ay morm, +i (i=1,2,3) and the definition of v/, we get: X, xT1 " loe€C v, x,xT've
C-x,v, x,v'eC-x?v'.

By induction on n, then we get x,x7v'eC-x}"2v’ for all neN. Forn=k—m; —1,
this gives x,w = axw aeC.

If m; =0 or m, =1, first applying the relation [x_;x,]=3x; to v and then
iterating, the proof is similar.

We can now prove the following theorem:

Theorem (IIL.2). The asymptotic dimensions (q,r) of an indecomposable bounded
admissible ¥ -module are equal.

Proof. This result is clear when Kerx_, + Kerx; ={0}. Thus let us assume
Kerx_, + Kerx; # {0} and suppose that g #r. As we can consider the inverse
module, notation introduced in.[11], we may suppose g > r. If necessary, we can
also consider a subalgebra ¥ and a 7;-submodule for enough large i so that we
may suppose:

dims,,,=q Vnz0, dim</,,,=r VYn<0 and Rea>0.

Now we shall get a contradiction by induction on q.
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—If g=1, r=0: as Rea > 0, applying (1.2.5), we can choose a basis {v,,neIN} of
o =@ A, ., such that:

nelN
X0,=(2a+nv,., VnelN,

X_1U, =N0,_, VnelN.
From the relation [x_,x,] = 3x,, we get by induction:
X0, = Ba+n)v,,,.
As x_,vo=x_,v; =0, from the relation [x,x_,]= —3x_, we deduce

nin—1)Ba+n-2)
X2 = o n—@atn—1rr el
Then the. relation [x,x_,](v,) = —4x,0, (c=0 in view of (II.7)) leads to a
contradiction.

Suppose now that the case g =n, r <n is impossible.
—Ifg=n+1landr<n+1, Kerx_; N, is not trivial. We define m, as in (IIL.1).
There exists v annihilated by x_, in &/, ,,. As Re a >0 we have x]v #0 VnelN.
From Proposition (II1.1), there exists in o/ a ¥"-submodule &/’ with one-dimensional
weight spaces in o, ,, for all n = k. The asymptotic dimensions of &/’ are (1,#)
with 1 <r'<r. The asymptotic dimensions of the quotient module <//«/' are
(n,r —r’) with r — ' < n. Considering a suitable subalgebra ¥, and applying the
inductive hypothesis to a ¥ ;-submodule over o//</’, we get a contradiction.

Corollary (IIL3). All bounded admissible ¥ -modules with highest or lowest weight
are finite direct sums of trivial ¥ -modules.

Definition (IIL4). The integer q such that dim o/, ., =q Vn=k and Vn <k’ is said
to be the asymptotic dimension of the bounded admissible ¥ -module <.

Now we shall improve the result of Theorem (IIL.2). Precisely, we want to show

that all the weight spaces of an indecomposable bounded admissible ¥ -module

have the same dimension maybe except one which is necessarily of zero-weight.
First we prove this result for the asymptotic dimension g = 1.

Theorem (IILS). Let o/ be an indecomposable bounded admissible </-module with
asymptotic dimension one. Then all the weight spaces are one-dimensional except
maybe the zero-weight space. Moreover, we have dim «/,,, <1 VneZ, if o is an
irreducible ¥ -module.

We need the two following lemmas.

Lemma (IIL6). Let o/ =@ o/,,, be a bounded admissible ¥ -module such that
neZ

dim«/,,,=1VneZ* and dim &/, > 1. Then a=0.

Proof. Setting ny=dim«/,, we have dim(Kerx_;ns/)=n,—1 and
dim (Ker x; neZ,) =ny — 1. If ny = 3 there exists obviously vye.oZ, annihilated by
x_q and x,. This gives a =0. For n, =2 two cases may occur:

o cither there exists voeKerx_; nKerx, N/, hence a=0.
o or there exists a basis {vy,'o} of o7, such that x_ v, =x,0',=0.
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This gives
0,00 = (a* — aJv,,
0,V =(a*+ ay,.
Assume a#0. As we can consider the inverse module [11] we may suppose

Re a > 0. Then for all nelN, x% v, is non-zero. By Proposition (I.2.5), we can choose
a basis {v,, neIN*} of P ,,, such that:

neN*
XoU, = (a+ nv,,
X_yv,=nv,_; VnelN,
X, 0,=Q2a+np,,,.
From the relation [x_,x,] = 3x; we deduce:
xv,=QBa+np,,, VnelN
Writing (I1.2) for k=1, we get A(1) =0. Then (IL.8) and (I1.4) gives:
X_,U,=(n—ay,_, Yn=3.
The relation [x_,x;Jv, =3x_, v, gives:
X_,0, =(2—a)vy + uv'y.
Hence from the relation [x_,x,]v, =4x,v, we get ux,v'o=0. As a#0, {v/o}
cannot be the trivial ¥"-module and x,v'y # 0. Thus we have yu=0. The relation
[x_,x,]vy =3x_, v, gives x;x_,v; =(a—1)(1 —2a)v,. {v'o} and d-l are eigen-

spaces of Q; with the same eigenvalue. Hence we have x,x_,v,eC-v'y, and we get:
xyx_,0,=0. If x_,v, #0, x; annihilates .«/_,. Then (—B &; is a 4;-submodule

of the ¢,-module generated by v'y. Thus the correspondmg %,-quotient module
would be trivial. An this is impossible since a #0. If x_,v; =0, the relation
[x_,x;]vo =0 gives x;x_,v=0. As a #0, in view of (III.3), the case x_,v, =0 is
impossible. Thus x, annihilates o/_,. From the relation [x;x_,]v'q = —3x_0
we get x_,v'o=0. And this is impossible since a # 0. Therefore the assumption
a #0 is rejected.

Lemma (IIL.7). Let o =@ A,., be a bounded admissible ¥ -module such that
neZ
dim«/,,,=1VneZ* and dim o/, =0. Then a=0.

Proof. x_, annihilates <7, ,, and x, annihilates o/, _,. Let us first show that they
don’t annihilate elsewhere.

Assume x; annihilates <7, , ,, no# — 1. If n, >0, then (—B &, +;1s a finite dimensional

% ,-module. This implies a + 1 £ 0. From the relatlon [x Xno + 1] =n¢X,, +, applied
to 7,1, we deduce that x, . , annihilates &, 1. Thus all x;,i = n, + 2, annihilates
o, ;. Considering the Virasoro subalgebra 77, , and applylng Corollary (I11.3),
we'get a — 1 =0. An this gives a contradiction. If n, < — 1, from the same relation
we deduce that x_; annihilates «/,_; so that a—1= 0. Applying the relation
[x-1x_;]= —x_; to &, , we prove that x_ annihilates </, ,,. Hence all x_;,
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i =3, annihilate <, ,,. Thus we get a+ 1=0. And this is also a contradiction.
Therefore x, only annihilates .7, _,. Similarly x_, only annihilates <7, ;.
From Proposition (I.2.5), there exists a basis {v,,nelN*} of @ &, such

nelN*

that:
XoU, =(a + nv,,
X0, =Q2a+n+1)v,,; VnelN*,
X_ 10y =(1—1)v,_y.
From the relation [x_;x,]=3x; we get:
x,0,=Ba+n+2w,,, Vn=1

Considering the formulas (I1.2) for k = 2, we deduce A(2) = 0. Then (I1.8) and (IL.4)
gives:

X_v,=(n—a—2w,., Vn=4.

As x_,v, =0 the relation [x;x_,]= —3x, applied to v, and v, gives:
a2a+1)=0.
For a= —1, we have [x,x_,]v, # —4x,v, so that necessarily a =0.

Proof of Theorem (II1.5): Let &/ be an indecomposable bounded admissible
¥ -module with asymptotic dimension one. Assume there exists one weight space
at least with a dimension different from one. We set:

ny = sup {n/dim o7, ,, # 1},
n, =Inf{n/dim o, , #1}.

Then (—Bdﬂmﬂ(m ~np+1y and @MH,,ZJ,,(,,I ~np+1) are modules over the Virasoro
ieZ
subalgebra 7, _,, . These modules satisfy the assumptions of Lemmas (IIL.6)

and (II1.7). Thus we deduce a + n; =a +n, =0, n, =n,. The first assertion of the
theorem is obtained by the preceding lemmas.
It remains to show that &/ cannot be irreducible when & =@ </ and

dim o/, 2 2. Let {v;, ieZ*} be a basis of P ;. iez
ieZ*
If x;v; and x_,v_, are both non-zero, from the relations [x_,x,Jv, =3x_,v,
and [x,x_,Jv_; = —3x,v_, we deduce that the subspace spanned by {x_v;,

X1U_q, v; i€Z*} is a ¥ "-submodule. In the case where </, is not spanned by
{x_,vs,x,v_,}, then & is not irreducible. Suppose now that {x_,v;,x,v_}isa
basis of o/y. Weset vy =x_,0,,0g=x,v_;. Wehave x,x_ vy =x_,x,0, =0. This
implies x v =x_,0,=0 and similarly x,v'q=x_,0'¢=0. From the relation
[x:x_,]vo =0, we get x;x_,v,=0. Assuming x_,v, #0, we deduce x;v_, =0,
hence x3v_, =[xyx,]v_, =0and x,v_, =0Vi2 3. Thus {v_,} would be the trivial
module over the subalgebra ¥, and this is impossible. We deduce x_,v, =0, then
{vo} is the trivial ¥"-module.

Ifx,v, =0,thenvy=x_,v, #0and x_,v, #0. As Q,v; = 2v,, we get Q,v, = 2v,
hence x;v, #0. Consequently there exists v'gesfynKerx, nKerx_,. From the
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relation [x_,x,Jv', =0, by the same arguments as in the previous case we get
X_,0'o=0. Thus, {v',} is the trivial ¥"-submodule.
If x_,v_, =0, the proof is similar.

Theorem (IIL.8). Let &/ be an indecomposable bounded admissible ¥ -module with
an asymptotic dimension q and such that Ker x, + Ker x_; # {0}. Then there exists
at most one weight space with a dimension different from q. Its weight is necessarily
zero. Moreover if dim o7, > q, geIN*, then there exists in </ a proper ¥ -submodule
with an asymptotic dimension 0 or 1.

Proaof. The first part of the theorem is given by Corollary (IIL.3) for ¢ =0. Let o
be a ¥"-module satisfying the assumptions of the theorem. Assume there exists, at
least, a weight space with a dimension different from q (geIN*). Set:

ny =Sup{n/dim o, ,, #q}, n,=Inf{n/dim<f,,, #q}.

First case: n; =n, =n,.

We shall prove by induction on q that a + ny =0. The case g =1 results from
Theorem (ITLS). As Ker x _ ; # {0}, we consider my = Sup {n/Kerx_, n s, ,, # {0}}
and ves, ; p, Such that x_,v=0.

— If the assumptions of (IIL.1) are satisfied by v, then from (IIL.1) and (IT1.2) there
exists a 7"-submodule &/’ with an asymptotic dimension one. If all the weight
spaces of &/’ are one-dimensional, then &/ /</’ verifies the induction hypothesis for
(g—1) and we conclude a + ny = 0. Assume now ./’ has a zero weight space with
a dimension different from one (necessarily ae Z). Suppose a +nq#0 and consider
the submodule (/" ), + g +k(la+no| + 1) OVET the subalgebra ¥, .o+ By (IIL5)

keZ
it satisfies the induction hypothesis for (3 — 1) and we get a + n, =0 which is a

contradiction. In this case, the existence of &/’ and the theorem (IIL.5) prove the
second part of the theorem for all geIN*.
—If v does not satisfy the assumptions of (IIL.1), then there exists m, N such that
XMty =0 et XT'0¢x_ | (Hy 4 mo+m; +1)- AS x_; is injective on Ay imo+n+1 VHEN,
we deduce dim ., 1 g+ n+ 1 <AIM 4 oy, Y12 my. Thus, &, ;o +m, is the only
weight space with a dimension strictly higher than g. Hence my, +m;, =n,. As
ny < my, we deduce ny = mg and m, =0. Thus we have x;v=0and a + n, =0. The
relation [x_;x,]v=3x,0=0 gives x,0=0. {v} is the trivial »/-module and this
proves in this case the second part of the theorem for geIN*.

Second case: n, <n,.

By the same arguments as in the proof of Theorem (II1.5) this case is impossible.

Theorem (I11.9). Let </ be an irreducible bounded admissible ¥ -module where
Kerx, + Kerx_; # {0}. Then all its weight spaces have a dimension less than or
equal to one.

Proof. Let o/ be an indecomposable bounded admissible ¥ "-module where
Kerx, + Kerx_, # {0}. Let g be its asymptotic dimension. Suppose g = 2. If there
exists in &/ a zero weight space with a dimension strictly higher than g, then by
(IT1.8), «/ is not irreducible. Otherwise, as we can consider the inverse module, we
may suppose Ker x_ ; # {0}. Then there exists v satisfying the assumptions of (IIL.1).
From (II1.1) and (111.2) we deduce that .o/ is not irreducible. Thus, if </ is irreducible,
we have g < 1. Then the result is given by (II1.3) for ¢ =0 and by (IIL5) for g = 1.
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IV. Bounded Admissible ¥"-Modules Where Ker x_, + Ker x, = {0}

In this case, writing the asymptotic relation (I1.8) for k =0, we relate A(0) to B(2).
From (I1.3), we deduce a relation between B(2) and B(0). Thus we get:

+eo A() A \!
r(a+3—A)r(a—2+A)A(0)+[_l(1+ e +A> 0)]1( m)

Ta+MAa+1—A)=T@a+2—AT@a-2+A)

'{[44"‘2"'2/1(/‘_1)((1—{/1 +a— 11—A>]A(O)

A A—1
—[a_A—a_l_A:l(a-i-l—A)Az(O)}. (Iv.1)

This equation has been obtained from the commutation relation [x_,x,]=4xq+3c
applied to «/,,, by letting n— co. Here we can also let n— — oo. This leads to:

AO (—a+1—-AT(—a+A)+ T (—a+3—A)(—a—-2+A)
AT VA A()
Il(”m) B“”“(” +z+A>

_ I(—a+1—A)I(—a+A) 1 1
- CaiAD {[4a+2+2A(A—1)<a_A+a_1_AﬂA(0)

ﬁ[ 4 __A-l ](a+1—A)A2(O)}. (Iv.2)

a—-A a—-1-—-A

Using the relation I'(&)I'(1 — &) = from Egs. (IV.1) and (IV.2) it follows:

( ¢y
A(0) ﬁ: (1 + %)sin (n(a + A))sin (n(—a + A))

+ o0 Al
—sin(n(a + A))sin (n(—a + A) 1_0[0 (1 + ET:%—A)A(O) =0. (IV.3)
The functions sin (n(a + A)) and sin (n(—a + A)) here denote the obvious diagonal
matrices.

+ o0 A i P
1. Elementary Properties About m= [] <1 +i) Let o = @ N; be the
“® a+i+A i=1

decomposition of &/, where N, is the characteristic subspace of Q, corresponding
to the eigenvalue A, (A, —1). Let us recall that (a + 1 — A;)A,(0) is the matrix of
the restriction to N, of the nilpotent part (a + 1 — A)A(0) of —Q; on the chosen
Jordan basis in o/, (1.2.5). The submatrix , of = restricted to N, can be developed
as follows:

n=Td+ 2: o (@ +1— A)A ),
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+

© 1
()= _Zw (a+i+1-A)a+i+A)

+ oo + oo 1 1
#(l)= ‘_Zw ,_Zw <(a+i+ 1 —A,)(a+i+A,)><(a+j+ 1-A)a+j+ A )
(a) Case A, ;éf.
%y(l) = 51— Lootg (t(a— Ay)) — cotg (n(a+ A) |

Thus we have:
o,(l) #0<>2A,¢Z.
For 2A,eZ, we get:

too 1 2 +© 1
2:0~( 3 e - o e AT

1 1
=%’ - 1- 2A)ZZ((a+z+1 A)? (a+i+A,)2)

+ o 1 + o 1
+ﬂ[_Z°:0 ati—A, _Zw a+i+A,]’

where
+ o 1 + o0 1
— =0.
_Z,:°a+i—A, —Zooa+i+Al
Thus:
1 )? -1 n?
250 = -Gz 2A)2_Z°:o<a+1) T (1=2A,) sin (na) for A€z,

1 2 -1 nz
)=~z 2A)2_Zw<a+z+;> SU2AY sml(ma+y) O AL

In both cases a,(l) #0.
(b) Case A,=1. Then

+ oo 1 2 ,n.Z
w0=2 <a+i+%) Sintaa+d)

2. Necessary Condition for Indecomposability of a Bounded Admissible ¥"-Module
o/ where Kerx_, +Kerx; ={0}. Let 4;;(n) (respectively B;j(n)), i<i<p, 1<j<p,
be the blocks of the matrices 4;;(n) (respectively B;(n)) relatlve to the decomposition

oA = 6—) N;. By considering the (i, j) entries of Eq. (IV.3) we get:
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A;(0) H (1 + +k(+)A >sin(n(a+Aj))sin(n(—a+Aj))

—sin(n(a+ A;)) sin(n(—a+ A}))
T Ay(k) _
11 <1 + m)Aij(O) =0. (Iv.4)

Assume the first column of A;;(0) is non-zero. Let b be the non-zero element of
this column with highest line index. Looking at the corresponding element in the
matrix equality (IV.4) we get:

b[sin (n(a+ A;))sin (n(— a+AJ)) sin(n(a+ A;))sin(z(—a+A;))]1=0.

We have:
cos (2mA;) = cos 2nA))<=A; £ AjeZ.

Thus, for A; + A;¢Z we deduce that the first column of 4;(0) is zero. Iterating the
proof on the next columns, we get 4;;(0) =0 for all i and j such that A, + A;¢Z.

From Eq. (IV.1) it follows B;;(0) =0 for all i and j such that A; + A;¢Z. And
finally from (I1.2) and (I1.3), we get:

A;j(n)=B;j(n)=0 VneZ foralliand jsuchthat A,+A¢Z.

From this, it results that in a bounded admissible indecomposable ¥"-module the
eigenvalues A;(A; — 1) of Q, necessarily satisfy A; + A;eZ for all i and j. Further-
more, we know that we can change A; to (1 —A;) so that we get the following:

Proposition (IV.5). Let us consider an indecomposable bounded admissible ¥"-module
such that Kerx_, + Kerx; = {0}. Then, the eigenvalues A(A;—1) of Q, can be
chosen so that A;— A;eZ for all i and j.

3. Necessary Condition for Irreducibility of a Bounded Admissible ¥ -Module o/
where Ker x _; + Ker x; = {0}. In view of Proposition (IV.5), we can suppose that
the eigenvalues A, (A;—1), 1 i< p, of Q, satisfy A; — A;eZ Vi# j. We shall now
prove the following:

Theorem (IV.6). Let o/ be an indecomposable bounded admissible ¥ -module such
that Kerx_, + Kerx, = {0}. Then:

a) if 2A,¢Z, E}—) Ker[Q; — Aj(A; — 1)] is a ¥ -submodule of .

b) if 2A€Z, (—B Ker[Q, — A(A; — 1)]%, where q; =2 if 2A; # 1l and q; = 1 if 2A; =1
isa¥- submodule of A.

Equation (IV.3) here gives:

+ o0 A() + o A() B
A0) l_o[o (1 +a+i+A)— Ho (1 +a+i+A>A(0)_O'

From this, it results that the eigenspace of

_+ao A(l)
n—l_olo<1+a+i+/1>
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is invariant by A(0). As the characteristic subspaces N; are invariant by =, we only
need to determine the eigenspaces of the restrictions m,=my,. In case where
a,(l) #0, it is clear that the eigenvectors of x; are those of 4,(0), that is to say those
of Q,. In case where a,(I) =0, we have always a;(l) # 0 so that the eigenvectors of
n, are those of A2(0) which are also those of [Q; — A(A; — 1)]%. From our results
on a,(!) and a,(/), we get invariant subspaces by A(0):

D Ker [0, — A(A; — 1)] when 2A,¢Z Vi

i=1

J 4
@PKer[Q, —A(A,—1)]% with ¢q,=2 if 24;#1 and ¢;=1 if 2A,=1
i=1

when 2A;eZ Vi.

From Eq. (IV.1) relating A(0) and B(0), these subspaces are invariant by B(0).
Then from (I1.2) and (II.3) follows their invariance by A(n) and B(n) for all neZ.
Thus these subspaces are invariant by x_, and x, and hence by ¥".

4. Proof of the Conjecture of V-Kac for Bounded Admissible ¥ -Module where
Kerx_; + Kerx, = {0}. We need here to return to Eq. (IL.5). This equation comes
from the commutation relation [x_,x,] = 4x, + 3¢ applied to </, ,. The relation
(I1.2) gives:

I'(a+3-A) I'a+n+1-A)

A(n) = A(0)

“Tarn+3-0 O Trarioa HEO

where
E(n) = 3n(a+1—A)A(©0)
(n) T @a+n+2—A)a+n+1-A)

The relations (IL.3) and (IV.1) give:

Iv.7)

B()= — I'a+3— AT @a+n—-2+A) [] <1 +afi(2A>_1A(o)
n—2

T A®) 1 ,
H( +a+i+A)r(a+1—A)r(a+,,+A)+H(n),
where

Hm=(@+n-24+A+A4An-2))"Ya+n—14+A+A4An-1)!

-{[4a+2+n+2A(A—1) ; 2A4=D ](a+1-A)A(0)

at+tn—A a+n—-1-A

-A A-1
[a+n—A+a+n—1—A:|(a+1_A)zAz(0)}- (IV.8)

Substituting (IV.7) and (IV.8) in (IL.5), we get:

1 U
A(O)(a+n_A)(a+n_1_A)(a+n—2A+H(n))

1

(a+n+2—jA)(a+n+1—A)A(0)

—(@a+n+2-2A+H'(n+2))
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+F(a+n+1—A)F(a+n+A)ﬁ<1 +a4-Ai(:)-A)_1A(O) ﬁ <1 +afi(:)_/‘>
n n+2

1
I'a+n+1—-A)T'(a+n+2+A)

—(@+n—=24+2A+Emn-2))I (a+n+1—-A)T(a+n—-2+A)
R A@) \7! s A() 1
,.Uz(l +a+i+A> A(O)U<l +a+i+A)F(a+n+1—A)F(a+n+A)
0 A -1
= —F(a+n+1—A)F(a+n+A)]:[<1 +a+i(2/\> A(0)
© <1 A(i) ) (@a+2—A)a+1-A)

(a+n+2A+ E(n))

L\ i A ) Tains s Ararnr -0
+ A (@+n—1—A)T(a+n—2+A)a+2—A)a+1—A)

B A@) \7! @ A() 1
nUz<1+a+i+A> A(O)I..](l Jra+i+A>F(a+n+1—A)I“(a+n+A)
+(@+n+2-2A+H'(n+2))a+n+2A+E(n))
—(@a+n—242A+E(n—-2))a+n—2A+ H'(n))—4(a+n). (Iv.9)

A — Case where Q, is Diagonalizable

P
We always consider the decomposition o/ = (P N;. The eigenvalues A;(A; — 1) of
i=1

Q, are chosen such that A, — A;eZ for all i and j. Assume the indexes such that
ReA; <ReA, <--- <ReA,. Moreover in the case where 2A;€Z, as we can change
A; to (1—A;), we can suppose that Re A; <3 Vi.

Since Q, is diagonalizable A(n) = E(n) = H'(n) =0 Vn. By considering the (k, j)
entries of Eq. (IV.9), we get:

4,(0) a+n—2A; _ a+n+2-2A,

U\ (@+n—A)a+n—1-A) (a+n+2—A)(a+n+1-A,)
I'a+n+1—A)I (a+n+Ay)
I'a+n+1-A)I'(a+n+A))

) a+n+2A; _ a+n—2+2A,
(a+n+1+A)a+n+A;) (@+n—14+A)a+n-2+A4,)

>Akj(0)

_ P (a+2—A)a+1—-A)
=—Tla+tn+l A")r(a+"+A“)i=Zl I'a+n+2+A)(a+n+3—A)

1
I'a+n+1-A)I'(a+n+A;))

" A(0)4;;(0) +

@+2—A)a+1—A)(@a+n—1—A)(a+n—2+A)A.(0)4;0).
(IV.10)

M

]

i=1
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As (A; — Aj)eZ for all i and j, the matrices of this equation are rational functions.

By considering the (k, 1) entries and the residue at the pole (—a—2+A,) we get:
A1 (0A4,,(000=0 Vk>1.

By considering the same pole (—a—2+ A,) relative to the (1, j) entries for j> 1,
we are lead to the following discussion:

(a) A, #0 and 24, #1
(—a—2+A,) is a pole of order 1 in Eq. (IV.10) for all k and j. Thus we get:
24,24, -1 - 4A,)
(@+2—A))a+1-A))

In particular, from the relation

A11(0)4,;(0)= A0) Vjzl.

24,24, -1 -A4,)
(@+2—A))(a+1-A,)
we deduce that the matrix A,,(0) is diagonalizable with only two possible
24,24, - 11 - Ay)

(@a+2—A)a+1-Ay)

A%1(0)= A11(O)

eigenvalues 0 and a(A,) = Let n, be the rank of the matrix

A11(0):

®) If n; =0, we obtain A4,;=0 V.
— For p> 1: the relation (IV.1) gives B,;(0) = 0 V. From relations (IV.7) and (IV.8)
B,j(n)=A,;(n)=0Vj and VneZ results. From this, we deduce that the subspace

)4
@ N; is invariant by x_, and x,, hence by the algebra ¥,
i=2

—For p=1: A(0)=0 and all vectors of o«/,nN, satisfy the conditions of Theorem
(I1.10). Thus, there exists a ¥ -submodule with an asymptotic dimension 1. Hence
all its weight spaces are one dimensional.

B) If n, #0, from relations 4,,(0)4,,(0) =0 Vk > 1, we deduce that the image of
A1,(0) is included in the kernel of A4,,(0) for all k> 1. From this, the existence in
N, N, of a common eigenvector v for both A,,(0) and A(0) results. Thus x,v is
a multiple of x?v and Theorem (I1.10) asserts the existence of a ¥ -submodule with
an asymptotic dimension 1. Hence, all its weight-spaces are one-dimensional.

A (A, — 1) is here the only eigenvalue of Q, and &/ = N;.

For A; =0, the pole (—a—2+A,) only appears in the second member of
Eq. (IV.10) and we get 42,(0) = 0. For 2A, = 1,(—a—2+A,;) is a pole of order 2 in
the second member of (IV.10) and we also get A%,(0) = 0. In both cases there exists
an eigenvector of 4(0)= A,,(0) and we apply Theorem (II.10).

B — Case where Q, is not Diagonalizable

Assume here & is an irreducible bounded admissible ¥"-module such that
Kerx, + Kerx_, = {0} and at least one characteristic subspace of Q, is of order
2. From Theorem (IV.6), it results that 2A;€ Z Vi and all the characteristic subspaces
of Q, are of order less than or equal to 2 so that A%(0) =0. We suppose always
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A; < A;y, £4 Vi. By considering the decomposition o = (—B N,, the (k,]) entries
of Eq. (IV.9) give:
1
(@a+n—A)a+n—1-A)
1 I'a+n+1—-A)I (a+n+Ay)

(atn+2—A)a+n+1-Ay) Au(0) + Ta+n+1—-A)C(a+n+2+A)

Al a0\ A0
l:[(l +m> Akl(o)"l:IZ <1 +m>(a+n+2Al+Eu(i’l))

(@a+n—-2A;+ Hy(n)—(a+n+2-2A,+ Hy(n+2))

Au(0)

I'a@+n+1-A)I(a+n—-2+A))
I'a+n+1—-A)I'(a+n+A)

. = Ak(l) -t L A[(l)

nl:l2<1 +a+i+Ak> Ak'(O)EI(l +a+i+A >
AU

st 5 A0

4 A(i) 4,0) (a+2—-Apa+1-A)
a+i+A;) " Fa+n+2+A)T(a+n+3—A)

= —F(a+n+1—Ak)F(a+n+Ak)H(1 +

I

n+2

P
+ Y Fa+n—1—A)Fa+n—2+A)a+2—A)@a+1-A;)4,0)
=1

e A0 \! = A(i) 1
n<1+a+i+Aj> Aj'(O)U<1+a+i+A,>r(a+n+1—A,)F(a+n+A,)

n—2

+(@+n+2-2A)E, (n)+H ,(n+2)(a+n+2A,)—(a+n—2+2A)H ,(n)

— E (n—2)(a+n—2A), (Iv.11)
where

Ek’(n) = H'k,(n) = 0 vk # l.

The infinite products here are rational expressions of n. Indeed, for 2A, # 1, we have:

= (a+1-4,)4,(0)
l:[<1 (a+i+1—Ak)(a+i+Ak)>

=14+(a+1-A;)A4,(0) Z

na+i+1—A)a+i+AY)

1 2 1 1
=1 1-A,)A —
tat1=4)A0 73 —lz[a+i+1—Ak a+i+Ak:|

a+1-A, 24
=12 "%y
2Ak_1 k(O 'Zn a+l+Ak

For 2A, = 1, A,(0) = 0 and the infinite products are the identity. All terms of (IV.11)
are rational expressions of n. Let j, be the smallest index such that the corresponding

characteristic subspace is of order 2.
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In view of (IV.6) this imposes 2A;  # 1. Then for all k,(—a—2+ A ) is a pole
of order 2 for the unique following term in the second member of equality (IV.11):

ati=f gl
21‘k - 1 n ‘l‘k i‘F /‘k

a+1—A;, nt2224, 1
(1-2 0 A0
( 24;,—1 ,,;2 ati+ A o )>

0) (a+2—-A;)a+1-A;)

Ajo ‘Ta+n+2+A,) (a+n+3—A;)

And for k= j,,(—a—24A;,) is also a pole of order 2 in one term of the first
member of (IV.11):

—H ;i (n+2)

—F(a+n+1—Ak)F(a+n+Ak)<1 + Ak(0)>Ak,~o(0)

1
(@a+n+2—A)a+n+1-A,) Ajo

By considering this pole of order 2 and multiplying on left by 4,(0), we get first:
4(0)4,;,(0)4;,(0)4;,(00=0 Vk VI

0).

Then this gives:
Akjo(O)Ajo(O)Ajol(O) =0 Vk# jo,

Ajo24;, = DU = A4;)
( Y2- AJO)(a+1—A )

Assume, at first, there exists [ such that A4,(0)4,,(0)#0. Then the image of
4;,(0)4;,,(0) is included in the kernels of A, for all k # j, and also in the eigenspace

2A;,24A;,—D(1 —
of 4, ;,(0) relative to the eigenvalue @ +’3(_ /JCO)( a)-(i- 1— AJ:)

v of A(0) exists in N; n[Q; — A;(A;, — 1)1(N;,). Thus x,v is a multiple of x}v and
Theorem (I1.10) asserts the existence of a ¥ -submodule with an asymptotic
dimension 1. Hence all its weight spaces are one dimensional. Assume now:
A4;,(0)4;,,(0) =0 VL. It means that the images by A(0) of all the vectors of .2, have
components in N, which are eigenvectors of Q,. Let us introduce the decomposition
N;,=N';;®N";,-N'y, is the eigenspace of @, in N;-N”; is the subspace of N,
spanned by the characteristic vectors of Q, which are not eigenvectors in the given
basisin N ,. In view of relations (IV.7) and (IV.8), from the condition 4;,(0)4;,,(0)=0
V1 we deduce A; (n)A;,,(n) =0 and A; (n)B;,(n) =0 VI and Vn. From this it results
that the subspace N'=N,®@N,®---® N, ;®N';; ® N, ®---@ N, is invariant
by x_, and x, and hence by ¥". As N’; # {0} and N”; # {0}, N’ is a non-zero
proper ¥ -submodule.
In all cases we get a contradiction with the irreducibility hypothesis. Then:

(0)4;,(0)4;,,(0) = 4;,(0)A;,,(0).

JOJO

jojo Thus an eigenvector

Proposition (IV.12). Let us cousider an irreducible bounded admissible ¥ -module
such that Ker x_, + Ker x, = {0}. Then the Casimir Q, of 9, is diagonalizable.

From this proposition and the diagonalizable case, we get:

Theorem (IV.13). Let be an irreducible bounded admissible ¥ -module such that
Kerx_, + Kerx, = {0}. Then the weight spaces are of dimension 1.
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Theorems (IV.13) and (II1.9) prove the conjecture of V. Kac for bounded

admissible ¥"-modules: an irreducible bounded admissible ¥ -module has all its
weight spaces of dimension less or equal to one.
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