Commun. Math. Phys. 136, 607-623 (1991) Communications in
themal
Ph

© Springer-Verlag 1991

Cyclic L-Operator Related with a 3-State R-Matrix

V.V.Bazhanov and R. M. Kashaev
Institute for High Energy Physics, Protvino, Moscow Region, USSR

Received May 29, 1990; in revised form July 15, 1990

Abstract. We consider the problem of constructing a cyclic L-operator associated
with a 3-state R-matrix related to the U,(sl(3)) algebra at q" = 1. This problem
is reduced to the construction of a cyclic (i.e. with no highest weight vector)
representation of some twelve generating element algebra, which generalizes
the U,(sI(3)) algebra. We found such representation acting in CV ® C¥ ® CV.
The necessary conditions of the existence of the intertwining operator for two
representations are also discussed.

0. Introduction

Recently, it was observed [1] that the chiral Potts model [2-4] can be considered
as a part of some new algebraic structure related to the six-vertex R-matrix. In
particular, the high genus algebraic relations between the Boltzmann weights of
the chiral Potts model arise as a condition of the existence of an intertwining
operator for two different representations of some quadratic Hopf algebra [5-7],
which generalizes the U,(sl(2)) algebra. This structure leads to various functional
relations [1, 8], which completely determine the spectrum of the chiral Potts
model transfer matrix. In fact, the largest eigenvalue was very recently calculated
[9] using these functional relations.

It is natural to make an attempt to find new solvable lattice models whose
Boltzmann weights obey high genus algebraic relations generalizing the results
of [1] for the case of other R-matrices.

As a simplest possibility, one can replace the six-vertex R-matrix by the
eight-vertex one. In this way one can discover [10] two cases of the integrable
deformation of the chiral Potts model. The first case is, in fact, the deformation
of Fateev-Zamolodchikov model [11] into the “broken Zy-model” of [12]. The
second case is an integrable deformation of the super-integrable chiral Potts
model [13]. Incidentally, the former case was recently studied in [14].

In the present paper we consider the case of the three-state R-matrix of [15,
16, 20], which is related to the U,(sl(3)) algebra with ¢¥ = 1. As in the case
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of [1], the problem of the construction of a cyclic L-operator is reduced to
the construction of the cyclic (i.e. with no highest weight vector) representation
of some quadratic Hopf algebra containing twelve generating elements. We
found an N3-dimensional representation of this algebra parametrized by twelve
complex parameters. The condition of the existence of the intertwining operator
for two such representations leads to a set of high degree algebraic relations in
the parameter space, which, however, leave two “spectral variable” degrees of
freedom just as in the case of [1].

Up to the moment we have not yet generalized the whole program of [1] for
our case. We hope to consider this in subsequent publications.

The organization of the paper is as follows. In Sect. 1 we start from the R-
matrix (1.1) and the Yang-Baxter equation (1.5) for an L-operator of the form
(1.6). This equation is reduced to the algebra (1.10) for the elements L?;L Then we
introduce an equivalent algebra (1.16). For this algebra we have two non-trivial
Casimir elements given by (1.17). In Sect.2 first we consider the subalgebra of
(1.16) defined by Egs. (2.1) because the above mentioned Casimir elements (1.17)
are expressed entirely in terms of it. Using a special choice for the generating
elements of this subalgebra [Egs. (2.11), (2.12), (2.15)] we realize them by explicit
expressions through simple matrices X;, Z; in (2.23), (2.24). In Sect. 3 we restore
the rest of the algebra (1.16) by introducing three more elements L; having simple
commutation relations (2.2) with other elements. Substituting these results into
(1.15) we obtain the representation of (1.10). This ends the construction of the
solution of the Yang-Baxter Eq. (1.5). In Sect.4 we consider the specialization
of our main algebra (1.10) to the U,(s/(3)) algebra. In Sect.5 we discuss the
necessary conditions for the intertwining of two L-operators (1.5).

1. The Main Algebra

Define a trigonometric R-matrix acting in C* ® C* with the following matrix
elements (the indices run over three values 1,2, 3) [15, 16, 20]:

R(X)ijki = 01j0udi(xq — x7'q7") + 6ijdmon(x — x7') + dudpoiy,  (1.1)

where §;; is the Kroneker symbol,

0, i=j;

=4 A (1)) = (12),(23),(31); (1.2)
AN (i) = (21),(32), (13),
0, i=J;

gi=1 (@—q x i<j; (1.3)

@—qHx™ i>j
Here x is a variable, while ¢, 4 are considered as constants. The R(x) satisfies the
Yang-Baxter equation (Fig. 1)

Z R(x)itrjjr ROY) gt RO prjserie = D RO ik ROy )i g R oy . (1.4)
i//’jl/,k// i//’j//’k//
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L(X)ii', af =

Fig. 2. Graphical representation of Eq. (1.5)

Let L(x) be an operator in C* ® CM, M > 3, satisfying the following equation
(Fig.2):

z R(X)iin jjr L(xY)inr ap L(Y) jr j1.y = Z L(y)jj ap L(xy)iir gy R(X)inz jrjr ,  (1.5)
i//’j//,ﬂ i”,j”,ﬂ
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where L(x)ij.p,5,j = 1,2,3;0, = 1,..., M denote the matrix elements of L(x).
Such an operator is called a quantum L-operator related to a given R-matrix.
Let us search for an L-operator of the form

L(x) = xL* 4+ x7'L7, (1.6)

where L*(L™) is independent of x and has an upper(lower) triangular form in
3. The most obvious non-trivial solution of this form for M = 3 is the R-matrix
itself. From (1.1) it follows that

R(x) = xRT +x7 'R, (1.7)

where RT and R~ satisfy the above requirements and

RLPORYG = =Py, (1.8)
Rh+R,=(q—q")Pn (1.9)

with Pyj. = 630 being the permutation matrix in C3®C?. By using of (1.6)—(1.9)
Eq. (1.5) reduces to the following relations:

RLLILy = LyL{R, (1.10a)
RGLTLY = LTLTRy,. (1.10b)
Explicitly we have
LiLiyj=q o LyLy, i+# ], (1.11b)
LiLj=qoully, i#], (1.11¢)
LiLy = A *LyLs, (1.11d)
LijLix = A°q Ly Lyj , (1.11¢)
LiLji = A*q°LjiLy, (1.11£)
[Lii Lij] = —e(g — ¢~ )4 *LiLy;, (L1lg)
LijLjioij — LiLijeji = (¢ —q ") (LjLi —LjLy), i#j.  (L11h)
where (i, j, k) in (1.11d)—(1.11g) is any permutation of (1,2,3) and ¢ denotes its
sign;
Ly, i<j;
Ly=1" ') (1.12)
Lz, i>].

Ij’
These relations can be considered as the defining ones for some quadratic Hopf
algebra [5-7] with twelve generating elements and co-multiplication AL% =

Z L,k ® Lk which generalizes the U,(s/(3)) algebra [6, 7].

We are interested in the most general irreducible finite dimensional represen-
tations of the algebra (1.10) satisfying the requirements

det L #0, ij=1,23. (1.13)
From the relations (1.11b)—(1.11f) it follows that this is possible provided that

gMi™ = M = 1| (1.14)
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where M is the dimension of representation. It will be more convenient to deal
with some other relations instead of (1.10). For this let us introduce a matrix S*
in C3 ® CM defined by

> SpLE Z LiSg =6y, (1.15)
k

where in the right-hand side of (1.15) the identity matrix in CM is implied. Solving
Eq. (1.15) with respect fo Lt we rewrite (1.10) as:

RpLTL; = LyLTR;;, (1.16a)
RS} S = SHSFR, (1.16b)
S§RpLT = LTRSS (1.16¢)

One can show that the operators of the form
Oy =tr{QL=SHY), N=12,..., (1.17)
where the trace is taken in C3 and
Q = diag(¢*, 1,479, (1.18)

are Casimir elements of algebra (1.16). Only two of them Q; and Q; are inde-
pendent.

2. The Subalgebra

There is a subalgebra of (1.16) being generated by seven elements L3;, L3, S5, S5,
A; = L;SF,i=1,2,3 with the following defining relations:

[Al'aA ] [LZI’S 3] - [L3_25 Slz] = [L2_17 A3]

= [L3, A1] = [S;5, A3] =[S, A1] = 0; (2.1a)
Ly, S5l =(1— A1 — Ay),
[ 2_1 f] ( ) (41 2) (2.1b)
[L35,85] = (1 — w)(42 — 43) ;
L3 (L3)* — (1 + w)Ly Ly, Ly, + w(L5;)?L;, =0,
(L3)’Ly = (1 + @)LypLy Ly + oLy (Ly)* =0, 210
S5(855)? — (1 + w)S581585; + (S5:)%S;, =0,
(S5)*SH; — (1 + w)SHSHSH + wSH(Sh)* =0
LAy = wAy) L3, Ly Ay =" A2L2_1 S
Stdr =0 4,85, ShAr = 048, 2.14)

LAy = w_1A3L3‘2, LA = wA Ly,
SHAs = wA;S5, ShAr = 0 4SS,

where @ = ¢%. Note that this algebra does not depend on A. Moreover, if one
adds three more elements, e.g. L, i = 1,2,3 with the relations

i >

[Lu P ] [LIT’ Aj] =0, (223)
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LypLy = 477Ly Ly, LypLy =q 'ALyLy,
SHELT = AL S5, SELy = qA ' LS5,
Ly Ly, = qAL; Ly, Ly Ly; = A7 L3;L5,, (22b)
ShHLy =q 7L S, ShLy = A2L3S),
LypLy, = qALy Ly, LyLy =q '2LyLy,
SHLy =q 'ATLySS,  SHLy =qi ' LypSh,
then the resulting algebra is equivalent to the whole one (1.16) with
Sf= ALy (2.3a)
A
Ly =——— L5, L L) s 2.3b
31 (q ) 21> Ll (L ( )
St = ———[SH, SIS~ (2.3¢)
13 q— q“) 1259231192

First, we shall construct the representation of algebra (2.1). Let us introduce the
new notations:
Hi=L;, G =85,

= (2.4)
H3 = L21’ G3 = SI-E

After some tedious manipulations one can rewrite Q; and Q, from (1.17) in terms
of generators of the algebra (2.1):

1— ¥
HINJG: = a5 (00 = 02) + 15 (NN + NaNy) = Ny + By, (250)
(1 —w) ) w? ) ,
GiNjH,' = Sijm)—z (COQI — Qz) + 1 +o (N1N3 + N3N1) — O(ij + ﬁj 5 (25b)
where
Ni=HGi + 0% A; + 0% Ay = GiH; + 0% 4; + 0% Ay; (2.6)
J J
o = (0 4 + 0 4y), 2.7)
o = o (0% A; + 0% A) ; )
pi= & ( ©) As(A4; _wsu(A +01)),
(1 to . 2.8)
i = ejiw——- o A (Ai — 0" (Aj + Q1))

In these formulae the indiuces i, j run over two values 1,3 and not coincide. The
symbols 0;;, &;; mean the following:

1’
QijE { 0

8,‘j = 0,‘]' — Gji~

L> (2.9)
i< j, '

(2.10)
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Define four operators

1 _
K1 = S (wH3Ni(H3)™' = Ny), (2.11a)

1 _
K3 = A= w)pdi5 (@G1N3(G))™' — N3), (2.11b)

1 1 .
¢i=WAi(Ki+(1—_'WNi)9 i=13, (2.12)
with

4= A1A2A3 (213)

being the Casimir element. From (2.1), (2.5) it follows that they form the closed
algebra

[k1, k3] = ¢1 — &3, (2.14a)
(1, ¢3] = k1 — K3, (2.14b)
wdik; — Kipi = l_i)w_’ i=13, (2.14¢)
WKipj — PjK; = Ti)—w’ iFj. (2.14d)

Let us take them together with Hs, Gi, A1, A3 as a generating set of operators in
(2.1). Apart from (2.14) we have
[H3, G1] = [H3, ki]= [H3, ¢i] = [H3, A3]
= [Gy,xi] = [G1, i] = [G1, 41]
= [4},xi] = [4}, ¢i] = [41,43] =0, (2.152)
H3A1 = (DA1H3, GlAg, = COA3G1 . (215b)

Then relations (2.14a) and (2.14b) can be replaced by their resolved form with
two Casimir elements g, o,

i + 0o; .
Kin =0 d)ll _ 0)¢ > 1 5& J> (2.163)

Ki + 0K; C
bipj =0 — T—o L, i#]. (2.16b)

-
To satisfy (2.5) the relations
2 _

w01 — Q) _ 0@y 2.17)

Q=(1+a))(1—w)2A2/3’ o (1 — )24/

must be valid. So, if we know a representation of the algebra (2.14), then solving
(2.12) with respect to N;:

Ni=(1—w)d P43 4) ¢ — k), i=1,3, (2.18)

we know the representation of (2.6).
To construct a representation of (2.14) let us choose any relation from (2.14c),
(2.14d), which has the following form:

wAB —BA= -2 (2.19)
1—w



614 V. V. Bazhanov and R. M. Kashaev

where A, B denote any pair of operators from (2.14c), (2.14d). Introduce an
operator

CEAB+ﬁ=w—IBA+ (1——1(0—)2 (2.20)
One can show that it satisfies the simple commutation relations
AC=w'C4, BC=wCB, (2.21)
which can be realized explicitly as (in the case of nongenerate A)
A =aXy,
¢ =ch, (2.22)

1 W
B =-X;'"cZy— —-—
g o <CO (1_0))2>,

where a, ¢ are arbitrary parameters. Here the matrices Z;, X; have the following
properties:
[XDX]] = [ZI)ZJ] = 07

ZiX;=0"X;Z, ij=013, @23

and can be realized explicitly as
(n1Xim) = Spmrs, (2.24a)
(n|Zi|m) = 0" 0ppm . (2.24b)

We use Dirac’s notations for bra- and ket-vectors with three component indices
(n = (no, ny,n3)) running over N values, where N is a minimal number such that

oN=1: (2.25)
- I, n=m (modN);
Opum = 2.26
w { 0, otherwise, 226
and J; means the addition of unity modulo N to the i-the component of the
index. The two pairs of matrices Z;, X; with i = 1,3 will be used below. Let us
choose
A=xk3,
3 2.27)
B = (1)1 .

Then by means of (2.16) we have (the case ¢ # 0):

) o) w?

6_(1—00

- 1 —1 1

0=z (gqsl— g ; m), (2.283)
1 o 5, 1 1

== 2 (m + R st i T ¢1>. (2.28b)

l—w

Taking into account (2.15) the operators Hi, G;, A;, A3 can be realized in
terms of Z;, X; by the formulae

Hy =z, G =gZs,

(2.29)
Ar=a1 Xy, Az=a3X3,
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where h3, g1, a1, a3 are arbitrary parameters. For the remaining operators in (2.1)
we have

Ay = aX7X51 (2.30a)

with the parameter a; being such that 4 = ajayas,

2/3
H, = g [(1 — ) A—X"ld)l -1 - a))Al/3K1 —wazXl—IX;l — a3X3}

X z3 , (2.30b)
A2 /3
G; = [(1 —w)—— X3‘1¢>3 — (1 — )43 — wa X7 X3! —ale]
X z1 . (2.30c)

Thus, we have constructed the representation of the subalgebra (2.1). The ex-
pressions of the generating elements are given by Egs. (2.4), (2.29), (2.30). This
representation contains nine complex parameters a;, ay, a3, g1, h3, 4, ¢, 0, O

It is interesting to note that four-element algebra (2.14) at w # —1 contains
a central extension of the algebra recently introduced in [19] as a new possible
quantum deformation of the si(2) algebra. Define

1 .
eiE_—(éid)i_éi_lki)s l=1537

(2.31)
e=— (€2¢3 &K1 + E3&7 [rer, dal)
with &; being arbitrary complex parameters with one constraint
$16283=1. (2.32)
Then from (2.14) and (2.16) it follows that
weej —eje; = ex + (i, (2.33)

where (i, j, k) is any even permutation of (1,2, 3) and the central elements {; have
the following explicit form:

w —

-1
Ci ( _I_ 1)2 (Qfl + O’é )
@ —1 -1 L :

Note that the parameters &; can be chosen so that the elements e;, i = 1,3 will be
proportional to N;. The algebra (2.33) with {; = 0 was introduced in [19], where
some plausible arguments in favour of the existence of co-multiplication in this
case were also given. There is a Casimir element generalizing that of ref. [19]:

(2 + 0?)(e1e2e3 + ereze; + eseqer)

3
— 2w + (1)_1)(626163 + ejeser + esezer) + 3 Z Lie;. (2.35)
i=1

A question about the explicit formula for the co-multiplication law in this
algebra is obscure until now.
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3. Representation of the Main Algebra

To write down the L, S;f, L3;, S, in terms of X; and Z; let us define the integer

i i

numbers si, s, S3 by
GH =", gil=0% I =o0%, (3.1)
where w = exp(2zni/N). From (3.1) and (2.25) it follows that equations
51+ 53+ s3 =0 (mod N),
sp — sy =1 (mod N)
are valid. By use of (1.16), (3.1), (3.2), and (3.3) we come to
Ly =b X" XY, S =a/biXPX5%,
Ly =bX{2X5, S =a /b X' X7, (3.3)
Ly = b X[ X?,  S§;=a3/bsXPX5",

(32)

' A2/3
St =" bags XX <(1 —w) T Xy — a)a2> Z:Z7\, (3.4a)
arhs as
— 1 h3 Sy S A2/3 ~1
Ly = 0" — X3 X7 [ (1 — 0) =— Xa¢1 — way ) Z1 25" (3.4b)
bzg ai

That ends our construction of the representation for the algebra (1.16). The
transition to that of (1.10) is straightforward. For completness we list the whole
set of formulae:

L?—l = bl/ale_SzX§3, Ll_l = lel—S’ng,
L;—z = bz/azXl_Sngz, Ly = bQXI_SZXgl, (3.5a)
L;} =b3/as X VX5, Ly = b3X1_S3X§2;

bib, , 423
L, = —o% X5X7 (1 —w) —X3 !
12 w draghy 173 [( ) PR ®3
— (1 — )4 Py — war X7 X3! —ale] z (3.5b)
bybyb
L= BL (1 — )4k + aX1)Z:Z;, (3.5¢)
wdhs
5, bab
L =— jmfl XPX39Za, (3.5)
Ly =hZy, (3.5¢)
hy A3 .
Ly = o bzg X)X ((1 —w) a_1 X3¢ — a)a2> YAVARR (3.59)

1 A3
Lyp=— [(1— )a—Xl_lqu (1 co)AI/3K1—cua2X1_1X3_l—a3X3]

2z (3.5¢)
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This representation is realized in CV ® C¥Y ® CV and is defined by twelve complex
parameters, namely. a;, b;, i = 1,2,3, g1, hs, a, ¢, 9, 0. For the meaning of the
other symbols in (3.5) refer to (2.22)—(2.28), (3.1), (3.2).

Consider now a simplest one-dimensional realization of (2.14) when all the
operators commute among themselves. In this case we have

w

oi=¢; Ki=k, Px=— - )2, (3.6)
0=x +i+—°"¢> o =¢?— 1+Zx, 3.7)

where ¢ and k are some parameters. One sees that there is a relation between
¢ and ¢ owing to (3.6), (3.7) and therefore by (2.17) so between Q;, O, and A4.
Let us consider more closely the structure of formulae (3.5) in that case. It is
not difficult to see that the long expressions in square brackets in (3.5b), (3.5g)
factorize leading to the formulae

bib, _ a)azX‘lX‘l _
= o S (14 ———L 3 ) (1 —w)a'? X0zt @
Li=o” X0 X; ( t 1= w)d (A=) 4 Pk +aX))Z;, (3.8)
_ (1 —w)dk waX1X5! A4%3 1
=_ 777 "1 X Z5 . 39
L3 s + a3 ) \ T o +a ) Z3 (3.9)

Introducing new matrices W; instead of Z;,

S 1 wa XX

) (1_< @& )N)I/N <1+(1—w)A1/3x
(0 —1)A3%

for which we have the same algebraic relations (2.23) where all Z; are replaced
by the W;, we rewrite the (3.5b)—(3.5g) in form

biby

)Z,.—l, i=1,3, (3.10)

L =" —— s XPX7 (1= )4k + a X)) Wi, (3.11a)
14
b2b3g1 52 y—S ;X X3
Lh=—o% 2280y xrs (14 201 23 )y _
3= P, + 1 —w)aiie ) " (3.11b)
Liy= ——blbzbs,gl (1 — )4k + a X)) W3 W, (3.11¢)
wAh;
- azXI_IX;I
Ly =hy (1 + 0 —w)4Px Wi, (3.11d)
(=) [ A3 B
Ly =— X W 11
2 axg} (1 — w)xay sta ) Ws (3-11¢)
L = —on 25 sy R +ay ) Wywi! (3.11)
31 = bzgi 1“3 (1 ""(L))Kal 3 2 1 5 .

where the symbols g{ and 4} mean the following:

N\ 1/N
g_h_(_ (@ . (.12)
g @ — 1A%
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Let us define the new parameters by formulae:

E=(o—=)2AY82 ) ym=b,  uf =b/a, i=1,23; (3.13)

1 uf 1 I 1 ujufg)
= —— = = = - = s =——=-f¢f=322> (3,14
12 o 4 W 23 = ¢ uzg, 3 - ol (3.14)

Then relations (3.11) take the following compact form:
Lij = cijuy E7 X —uf X700 WX, i, (3.15)
where L;; is defined in (1.12),
Win=Wrl Wpu=W, Wi=Woiw, Xo=X7'X;! (3.16)

and

o { 1, if (i, j, k) is even permutation of (1,2,3); (3.17)

0, otherwise.

Here the matrices X;, Wj; satisfy the closed algebraic relations

X, Xil = (Wi, Wiyl =0, WyX, =X, W, i#j i#j (318
with additional constraints:
Wijoi = Wijokai = X1X2X3 = 1, i % ] 7é k 7é i. (319)

At last note that the parameters in (3.15) can be considered independently of
their definition (3.13), (3.14) if we impose on them the following constraints:

cijcii=—1, cjcixci =ew’EF, iFjFEkFD  e=20-—1. (3.20)

4. Specialization to the U,(s/(3)) Algebra

Let us make more transparent the connection of the algebra (1.10) with the
U,(sl(3)) announced in Sect. 1. Impose the following constraints:

A=1, (4.12)
LiLy = LLLLLE =1. (4.1b)
Then the algebra (1.10) as a Hopf algebra with co-multiplication ZIL%. = ZL;—’]
®L7, is equivalent to U,(s/(3)) by the following identification: k
—4/3,-2/3 43,273
Lil—l =k1 /kz /, Lll =k1/ k2/ ,
L} = kfﬂkz_ g L = kl'z/ 3 kg/ 3, (4.22)
2/3,4/3 /3,43
L;}:kl/kz/’ L33=k1/k2/,
g —1/3, — N B 5
Lh=(—a k"l e, Ly =—@—a K"K
Lh=a—a "k e, Ly=—@—a %" k"

Here we omitted the corresponding expressions for operators Lf; and L3, since
they are dependent ones by (1.11g). Hereafter, the commutation relations (1.11)

(4.2b)
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lead to the standard commutation relations of the U,(sl(3)) algebra [7]:

[ki,kj] =0, (4.3a)
kiej = q%%ejk;,  kifj = g~ f;k;, (4.3b)
I — k2
lei, fi] = 6ij — (I—F , (4.3c)
el — (g +q Vejee; + et =0, i j, (4.3d)
fifi —@+a Oififi+fifi=0,  i#j, (4.3¢)
where
ai=2, aj=-1, i#]}, 4.9
and the following co-multiplication law:
Ak) =k ®k;,
Ae)=k®e+e @k, 4.5)

Af)=k®fi+fi®k

Hence, any representation of (1.10) obeying the constraints (4.1) becomes the
representation of Uy(sl(3)). For example, let us rewrite (3.11) as a representation
of U,(sl(3)). The relations (4.1b) give

a;=b% i=123 bbbs=1. (4.6)
Expressing now k;, e;, f; from (4.2) and using (3.5a), (3.11) and (4.6) we obtain:
ki = /bi/ba X, P X34,k = /by b XA X

\V/bi/by¢ [21_X1/2 5X1—1/2] W1—1’

" (g—a K oy
_ /ba/bsg [b2 1/2 ¢ —1/2] -
- =X w
T @—ghHele by > 4.7
fi= ,/bz/lillh3 [bz 1/2_£X—1/2] W,
(@q—a ¢ b
frm V/b3/ba¢ [{7_3_ X2 _ 4 X—I/Z] W;l,
@—q g LET b3
X, =X7'X7!, &= (-1,
where . 1/2--1/4
Wi=X, "X: "W
=4 4 b 4.8)

Wi = q—le_l/4X3—1/2W3.

Note that Egs. (4.7) contain five independent parameters.

5. Necessary Conditions for S-Matrix Existence

Let L(x) and L(%X) be two solutions of Eq. (1.5) just constructed with two different
sets of parameters. Below the argument x(%) will be omitted since by redefinition
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Sococ’, B =

o B

Fig. 3. Graphical representation of Eq. (5.1)

of the parameters of the representation it can be absorbed into other parameters.
Let us find necessary conditions for the existence of an intertwining matrix S,
which satisfies the equation (Fig. 3)

AL;S = SAL;;, (5.1)
where
ALj = z Lix ® Ly, (5.2a)
k
ALij=" Lij® Li. (5.2b)
k

From (5.1) it follows that the equations
(4L;))"S = S(AL;))" (5.3)

with n being an arbitrary positive integer must be valid too. From (5.3) it follows
that (if S~ does exist)

tr(AL;j)" = tr(4Ly)", (54)

where the trace is taken in CM (M = N?). Let us expand the operators AL;; in
the sum
ALij = AL} + ALY + 4Lj, (5.5)
where
AL =3 Lie L,
¢ (5.6)
ALY =Y Ly L+ Lge Ly
e
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By using (1.10) one can show that the individual terms in (5.5) are commutative
with each other (a similar expansion is valid for the AL;;). This means that they
are intertwined independently, i.e. the equations

tr(4LE)" = tr(AL)",

(5.7
tr(AL ) = tr(AL )"

should be valid. For the cyclic representations with o = 1, where N is a prime
number Egs. (5.7) at n < N are trivial (of the form 0 = 0). Calculating the traces
in the case when n = N and discarding the common factors N* we have the
following equations:

Z<L DN (L)Y = Z(L WL, (5.82)

D EDNEHN + LN L)Y = Z(Lk,-)N(L,-k)N + Ll LN (5.8b)
k k

Equations (5.8a) are equivalent to

(LY — LHY LN =@
T =, o = (5.9a)
LN - L)Y L)V —LRN _
_(L_)_N__ =, iy (5.9b)
LY () e (5.90)

ey (LN + (LHY 7 L3V + L)Y

where c?-L, i =1,2,3 are invariants (in the sense that they should be the same for
L;; i, and L;;). For the generic case, i.e., when there are no special relations between
(L )N Egs. (5.8) are equivalent to

LHY —@HY (TN - EHN
CHY T @Hy
(Lu)N — (iij)N
LN (EHN°

where the symbol L;; means as it stands in (1.12). Note that we have the eleven
free parameters excluding the common normalization factor listed after Egs.
(3.5) and the nine equations (5.10), which define the two-dimensional spectral
parameter surface just as in the case of [1]. However, we don’t know if is it
possible to factorize the two-dimensional complex surface defined by Egs. (5.10)
into a product of two complex curves.

A complete analysis of different particular cases with special relations between
(L+)N is too cumbersome and will not be presented here. Consider only one
spec1a1 case, when

s 1F ]
(5.10)

i F J,

LHY = LH)N, (5.11)
cdes =1, cfcg =cfe; +1, (5.12)
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where +\N +\N N _ .+ N
+_ (L)Y — 6 (L) & = (L3)" — 5 (Lyy)
¢ (LN ' (LN
In this case Egs. (5.8b) require only that ¢ should be the invariants.
For example, consider the representation in (3.11) with additional constraints
LV =@HY, i,j=123. (5.14)

In this case Egs. (5.12) are valid, and the invariants have the following explicit
form:

(5.13)

C

d=c=0, (5.15)

o (BT e (e (5.16)
3 alw—1x) °  * a3k 32 '

where we have used a; = ay = a3, by = by = bs.
To end this section let us list the formulae for (Lj; )N entering (5.8) for the
general case of our L-operator given by (3.5),

LHY = (bi/a)™, L7V =bY, (5.17a)
N biby N N (N/3. N
16213
2N/3
—(1—o)¥ = ¢§V+a§+a¥], (5.17b)
3
N
(LB)N = (%@) [(w — I)NAN/3K§V —al1, (5.17¢)
3
N
(L3N =—(bZ—l’flig—l> , (5.17d)
243
(L)Y = hY, (5.17¢)
_ hy )N [ A2N/3 ]
L)V = — 1—aw)N N_adYl, 5.17
) = () [a-or S o -l (5170

A2N /3

(L;Q)N=giN[<1—w)N oY + (0 — 1)NAN/3K{V—aéV—a3] (5.17g)

1

Ky =a¥, ¢V = (_a}v)N ((1 _lw)zN _CN)’ (5.182)
K = (;?N ((1 _160)2N —C{V>, (5.18b)
C = G 07 = oD62 = o103 - 1), (5.19)

1
G = A=)V ¥ () = =) =) = k5, (5.19b)
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where the v; are defined by the following system of equations:

vi+va+vy= (co‘1 — 1o,
1

Viva+ w3+ v = o, (5.20)
1
V1Vav3 = m >
while the y; are given by formulae:
()
=——  i=1,23. 5.21
=m0 ! (5:21)

Note, that expressions (5.17-5.19) are valid for any prime N > 2 and for any
choice of s1, 53, s3 satisfying (3.2).
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