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Abstract. For a given braid group representation (BGR), a process of the Yang-
Baxterization is formulated to generate solutions of the Yang-Baxter equation
(YBE). When a BGR admits the Birman-Wenzl (BW) algebraic structure, this
process can be explicitly passed through and two types of trigonometric solutions
of YBE are generated from such a BGR. These two solutions have the essential
difference to each other and both of them preserve the crossing symmetry property
if the given BGR has. By taking certain reduction on the BW algebra, the rational
solution is also generated. A practical condition to judge whether a BGR satisfies
the BW algebra is given, from which one finds that not only the familiar BGRs of
[5,7,9], but also some new ones obtained recently in [12] have the BW structure.
Thus they can be explicitly Yang-Baxterized to solutions of the YBE.

1. Introduction

It is known, nowadays, that the Yang-Baxter equation (YBE) plays a central
role in the study of integrable models in statistical mechanics and quantum field
theory, and is also closely related to some other fields, such as the quantum
group, knot theory and conformal field theory etc., in both mathematics and
physics [1-4].

Based on the theory of quantum group, or the ^-analogues of the universal
enveloping Lie algebras, Jimbo [5] constructed a family of trigonometric solutions
of the YBE associated with the fundamental representations of the Kac-Moody
algebras, and they possess the classical limits of Belavin and Drinfeld [6]. By
letting the spectral parameter be zero (or infinity in a different choice) on the
other hand, these solutions give rise to the braid group representations (BGRs)
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which satisfy the Jones, or cubic reduction relations [7, 8]. The BGRs obtained
in this way can also be derived directly from the quantum group of the classical
simple Lie algebras [9]. Recently, some nonstandard BGRs have been found by
directly solving the braid relation (i.e., the parameter independent YBE) under
the constraints of the weight conservations [10-12]. We call them nonstandard
BGRs because of the nonexistence of the classical limits in the sense of [9].
For some of them, the eigenvalues have the essential multiplicity two and the
correspondent Markov traces cannot be defined properly in the usual way [11,

17].
The intention of this paper is as follows: starting from a given BGR, how

to recover the solution of YBE which takes the given BGR as its suitable limit
when the installed spectral parameter goes to zero. The process of answering
this question is, now, called the Yang-Baxterization [13, 14]. We find that for a
BGR S, the Yang-Baxterized S denoted by R(x) solves the YBE if and only if
S satisfies an identity and a sufficient condition such that S satisfies this identity
is that S admits additional relations in the Birman-Wenzl (BW) algebra besides
the braid relation.

As is known, the so-called BW algebra is a complex algebra with unit
depending on two complex parameters [15]. It was designed partially to help
understand Kaufϊman's polynomial in knot theory. In a recent paper, Jones [13]
briefly gives a beautiful theorem of Yang-Baxterizing the BW algebra. In this
paper, however, we would like to discuss the Yang-Baxterization prescription
from a slightly different viewpoint and its further properties. We find that 1) the
structure of the BW algebra exists for many of the BGRs, not only for the known
standard ones of [5, 9] but also for the nonstandard ones of [11, 12, 14] which
are not necessarily to be related to the usual link polynomials. For later use, a
practical condition to judge whether BGRs have the BW structure is given. 2) For
a given BGR satisfying the BW algebra, the trigonometric Yang-Baxterization is
formulated, which gives rise to two independent types of trigonometric solutions
of the YBE. In particular, for the BGR of [5, 9] besides the solution in the form
of [13], there is another one corresponding to the Kac-Moody algebras. 3) The
process of Yang-Baxterization preserves the crossing symmetry property which is
in the sense of [8, 16], i.e., if the given BGR has the crossing symmetry property,
so do its Yang-Baxterized solutions of YBE. 4) If the generators and parameters
of the BW algebra depend on a ^-parameter, by taking a certain limit, the BW
algebra reduces to the "rational" one which in turn gives rise to the rational
solutions of the YBE through the rational Yang-Baxterization. We find that the
BW algebras associated with all BGRs of [5, 9] and the nonstandard ones of [10,
12] have the rational reductions. Thus, the correspondent rational solutions (and
furthermore the S-matrices) can be constructed explicitly.

2. Sufficient Conditions for the Birman-Wenzl Algebra

The BW algebra is generated by the unit /, the braid operators Sj and the monoid
operators Ej and depends on two independent parameters w and σ [15]. Since it
will be used to carry out the Yang-Baxterization in this section, we will discuss
sufficient conditions for a BGR having the BW algebraic structure and give some
typical examples of representations of BW algebra. Let us take the BW relations
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as follows.

Sj-S]-ι=w(I-Ej), (2.1.1)

SjSj±\Sj = Sj±\SjSj+ι, SjSk = SkSj, \j — k\ > 2, (2.1.2)

EjEj±1Ej = Ej9 EjEk = EkEj \j - k\ > 2, (2.1.3)

jL*j = ujtjj = OEJJ, (ZΛΛ)

EjSj±1Sj=EjEj±ι, (2.1.5)

= SJ-'EJ^S]-1, (2.1.6)
?—1 c c1 I? c—1 c (2.1.7)

= σ - χ £ , , (2.1.8)

σ-σ'1

w

therefore

^2

(2.1.9)

Sf = w(Sj-σEj) + l9 (2.10)

Sj5 = (w + σ)S7

2 + (1 - wσ)Sj -σ. (2.1.11)

If w = q — q"1, then (2.1.11) is the following cubic reduction relation

\- q~ι){Sj - σ) = 0. (2.2)

In a series papers of Wadati et al. (cf. [8]), the above BW algebra is derived
from the solution of YBE with the crossing symmetry property and the standard
initial condition. What we will show in this section is a sufficient condition such
that the BW algebra can be derived from a given BGR. We assume that the
given BGR S, S e End(CN ® CN) satisfies the cubic reduction relation (2.2) and

1. the charge (or spin) conservation condition:

S$ φ 0 only for a + b = c + d, (2.3)

2. the invariant conditions under the CPT transformation:

S ab cb'ci' /'*) Λ\

cd — ̂ d'c' 9 \^ V

where _
Q>b ( /-^ \ / ^ C\

zd v^ac ^csf tbd) ? \^'J)

and eab is the N x N matrix with (eab)ij = δ(a,ί)δ(b,j),δ(a,b) = 1 for a =
b,δ(a,b) = 0 for a φ b. The indices run over 1,2, ..., N and the notation d
is understood as the charge conjugation, i.e. a! = N + 1 — a. Define a matrix
E e End(CN ® CN) as follows:

E = I - - (S - S-1) = V E?d(eac ® ebd), (2.6)

then the sufficient conditions such that

S, = /<8> ® S ® - Θ J , (2.7)

£ 7 = / ® ® f ; ® ® / , (2.8)



198 Y. Cheng, M. L. Ge, and K. Xue

and w = q — q~ι, σ give rise to the representation of the BW algebra are

1) E$ = r(a)r(c)δ(a,b')δ(c9d')9 (2.9)

2) r(a)r(af) = U (2.10)

3) Σ S$r2(b) = σ~ι (independent of a), (2.11)
b

where / is the N x N unit matrix. The condition (2.9) implies that £ is a block
diagonal matrix with only the central N x N block being nontrivial. To check
the conditions are sufficient to imply the BW algebra, one first uses (2.9)—(2.11)
to get (2.1.3) and (2.1.8) simply by the direct calculation, then using the cubic
reduction relation (2.2) and (2.6), the relation (2.1.4) can be obtained. As a result

E2 = — (1 + wS - S2)E = (1 - σ ~ σ ^ E (2.12)
wσ \ w

which implies (2.1.9). The other relations in (2.1) can also be derived from the
well checked results. The following shows some examples of the BW algebra
representations.

Example 2.1. For the standard BGR of Cn and Dn.

They are obtained from [5,7,9] and have the form

s = 4 Σ e u ® e u + Σ βίJ ® e i [ + q ~ ι Σ β i v Θ en

¥j,f

+ w Σ f e ® β;7 ~ S£iZjql~Jefi Θ ejr), (2.13)

where the indices run from 1 to N — 2n, ϊ — N + 1 — U εi = 1 f ° r i < i\ &i = ε f ° r

Ϊ > i7, ε = —1 for CW5 ε = 1 for Dπ and

i + i e z < f,

. . (2-14)
i — j ε i > i .

S in (2.13) satisfies the cubic reduction relation [5, 9]

(S-q)(S + q~1)(S-εq-N+η=O. (2.15)

The matrix £ defined in (2.6) in this case has the form [5]

E = - ^ eεiBjj-ϊien ® eJf). (2.16)

By calculations, we have

Sfd = qδ(a,b) + wθ(a,b)[ί - &azbq
a-'bδ(a,b')}, (2.17)

E?d = -εεcεa.q
s-s'δ(a,b')δ(c,d')

= r(aMc)δ(a,b')δ(c,d'), (2.18)

with θ(a, b) = 1 for a < b, θ(a, b) = 0 for a > b and

[ 171 1 - N+l

— (1 — ε) εaq
a~^~,

4y }\ aH (2.19)
a = 1.2, ..., JV,
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here we have used a! = N + 1 — a and βfl> = εεa. One can then check that S and E
in (2.13) and (2.16) satisfy the conditions (2.9)-(2.11) with σ = εq~N+\ thus (2.7)
and (2.8) satisfy the BW relations. This fact has been indicated in [5, 9].

Example 2.2. For nonstandard BGRs of C2 and Z)2.

These BGRs are obtained by directly solving the braid relation under the
constraint of the weight conservations [10], they are in the form of block diagonal
matrix.

S = block diag. (Au A2, A3, A4, A3, A2, A{) (2.20)

with the block submatrices [11]

(2.21)

(2.22)

and

4 ~~

• o

0
0

for C 2, and
m

Aι

A3

1

0
0
0

= q,A2

Γ°
= o

U

0
0

—q (
—iw

0
0

-q
—iw

- l ϊ
0

0

0
-q

l+q2

ίq2w

0

-q
0

—iw

1
w

r
0
w_

>

5

)w

(1

^ - 1 "
—ίw
—ίw
2w

q 1

—ίw
iq2w
— q2)w _

for D2. These BGRs also satisfy the cubic reduction relation

for C2, and

(2.23)

(2.24)

(2.25)

for Z>2, but in both cases, there are only two distinct eigenvalues with one having
the essential multiplicity two. The matrix E defined in (2.6) for the present
example has exactly the form (2.9) with N = 4 and

r(l) = q - 1 r(2) = iq - 1 r(3) = -ig, r(4) =

for C2 and
r(l) = i, r(2) = 1, r(3) = 1, r(4) = - i

(2.26)

(2.27)

for D 2 . One can check that S in (2.20)-(2.23) and E in (2.6) with (2.26) and (2.27)
respectively, satisfy (2.9)—(2.11) with σ = q for C 2 and σ = — q~ι for D 2 . Thus in
both cases of C 2 and D 2 , the BGRs have the BW algebraic structures.

Remarks. 1) The standard B G R of Bn of [5, 9] and the nonstandard ones of Bm

Cn and Dn given in [12] have also the BW relations, however, to save space, we
omit them. 2) The BW algebra was designed to help understand Kauίfman's link
polynomial [15]. The example 2 here shows that there exist BGRs having BW
algebraic structure but the usual scheme of constructing the link polynomial is
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not valid for them, since the correspondent Markov traces cannot be defined in
the usual way [17].

In most practical cases, the parameters w in the BW algebra have the form
w = q — q~x and σ is proportional to the (positive, or negative) power of q. Thus
we transform w, σ formally by

w = q-q-\ σ = ±qs (2.28)

to other parameters q and s, and assume the generators of the BW algebra
depend on q without singularity around q = 1. By defining

Tj = lim Sh Fj = lim E*, (2.29)

we find

Tf = l FJ = l ~ \ d(SJ " 5 ; r l ) / ^ l ^ i , (2.30.1)

from (2.1.10) and (2.1.1). The other relations in (2.1) are reduced to

TjTJ±{Tj = Tj^TjTjϊuTiTj = TjTl9 \ί-j\ > 2 , (2.30.2)

FjFj±]Fj = Fj^Fj = FjFi9 \i-j\>2, (2.30.3)

FjTj = TjFj = ±FJ9 (2.30.4)

TmTjFJ±1 = FjTj±iTj = FjFj±ι, (2.30.5)

Tj±1FjTj±ι = TjFj±ιTj9 (2.30.6)

Fj±ιFjTJ±1 = FJ±1 Tj, Tj±ιFjFj±1 = TjFj±1, (2.30.7)

FjTj±ιFj = ±Fj9FJ = (1 + s)Fj . (2.30.8)

It is easy to see that the examples of representations of the BW algebra in
this section admit this reduction and the "parameter" s in each case only takes
the fixed value of integer. Some other reduction of the BW algebra by taking
special value of one parameter and its mathematical significiences are discussed
in [18].

3. The Trigonometric Yang-Baxterization

In this section, we start from the given BGR to generate the trigonometric
solution of the YBE

R1(x)R2(χy)Ri(y) = R2(y)Rι(χy)R2(x) (3.1)

through the (trigonometric) Yang-Baxterization. The theorem of Jones [13] in-
dicates that the BGR satisfying the BW algebra can be Yang-Baxterized to the
solution of YBE (3.1). What we shall do here is to formulate this process from
other viewpoint and discuss the properties when the Yang-Baxterization is carried
out.

We will restrict our discussion on the BGR satisfying the following cubic
reduction relation

λ3) = 0, (3.2)

where A/, i = 1,2,3 are eigenvalues of S.
According to the analysis of [14], we assume that the solutions of YBE is in

the form
R(x) = A(x)S + B(x)I + C(x)S-K (3.3)
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By the requirement that (3.3) satisfies

1) the boundary condition: R(0) oc S, (3.4)

2) the initial condition: R(l) oc J , (3.5)

3) the unitarity condition: A f x ^ x " 1 ) = f(x)I, (3.6)

for some function f(x), then the coefficients A(x), B(x) and C(x) in (3.3) can be
chosen in the following ways:

Case (a), A(x) = - ^ ( x - 1), C(x) = λix(x - 1),

B(x) = 1 + — + — + ^- ) χ ;

V fa A3 λ3j
Case (b), A(x) = -λj1 (x - 1), C(x) = λ2x(x - 1),

( 1 8 )

Case (c), Λ(x) = -λ2\x - 1), C(x) = Aix(x - 1),

Notice that the functions A(x), B(x) and C(x) in case (b) and case (c) can be
obtained respectively from case (a) under the permutation

(λi,λ 2,λ 3)->(λ2,λi,λ 3), (3.10)

for case (b) and
(λuλ29λ3)^(λuλ39λ2)9 (3.11)

for case (c).
Corresponding to each case in (3.7), (3.8), and (3.9), R(x) in (3.3) solves the

YBE (3.1) if and only if the BGR S satisfies the following identity [14]

f+θf +/3-Θ3- + / 2 0 2 +/+Θ+ +fϊθγ = 0, (3.12)

where
n± _ o±l o+l o±l o±l rr + 1 o+l

3 — 1 2 1 2 1 2 '

θ2 = Srfϊ1 - S2S{-{ + S^Si - SΓιS2, (3.13)

and /j=, / 2 , /f are given by

h "If' h " " V
λx fa λΛ (3.14)

+ +

for case (a). For case (b) and case (c), they can be written down from (3.14) by
taking the transformation (3.10) and (3.11) respectively.

The problem of demonstration that R(x) in (3.3) solves the YBE now becomes
to check whether the given BGR S satisfies the identity (3.12) for some of the
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cases. We find that a sufficient condition for S satisfying (3.12) is that S admits
the BW algebraic structure. Without losing the generality, we assume

σ = λ3, w = λ{+λ2, λ{λ2 = -l9 (3.15)

(λ\λ2 = — 1 can be realized by taking a normalization of S) and S and E defined
through (2.1.1) satisfy the BW relation (2.1). Then S satisfies (3.12) for case (a)
and case (b), therefore we have two solutions of the YBE (3.1) which are in the
form of (3.3) with coefficients given in (3.7) and (3.8) respectively.

In terms of the generators of the BW algebra (2.1), the solutions in (3.3) can
be expressed as

RΛx) = aa(x)S + K{x)E + cα(x)/, ot = a,b, (3.16)

with
αα(x) = (x - l)(x - xα), ba(x) = wx(x - 1),

c«M = —wx(x — xα), α = a,b,

and xa, xt are fixed points given by

xa = -q<?~\ *b = q~{σ~ι> (3.18)

here we have set λ\ = q, λ2 = —q~x since λ\λ2 — —1 was assumed before.
One can also check directly that both Ra(x) and Rb(x) satisfy the conditions

(3.4), (3.5) and (3.6), and solve the YBE (3.1). For instance, to check that Ra(x)9

a = a,b solve (3.1), one substitutes (3.16) into (3.1) and considers the difference
denoted by φ(x,y) between two sides of (3.1). For a fixed value of y, φ(x,y) is a
fourth order polynomial in x, it is sufficient to check that φ(x9y) vanishes at five
points. At x = 1, x = j / " 1 , φ(x,y) — 0 trivially. At x = 0 (similarly at x = oo),
φ(x,y) = 0 after using the BW relations (2.1.2), (2.1.3) and (2.1.5). At x = xα

φ{xa9y) - HxJlE&ix^Riiy) - R2(y)Rι(x,y)E2] (3.19)

which is the fourth order polynomial in y. In the similar way, (3.19) vanishes at
y = 0, 1, xα, x" 1 and y = oo.

The conclusion, now, becomes clear that each BGR satisfying the BW algebra
(2.1) gives rise to two solutions of YBE [i.e., (3.3) for case (a) and case (b),
or (3.16)]. In particular, the first solution Ra(x) coincides with that in Jones
theorem [13] by a suitable normalization. One explanation of this "one to two"
correspondence is in the sense that the BW algebra (2.1) admits the invariant
transformation of (3.10) (i.e., q —• —q~ι, σ —• σ) under the assumption (3.15),
however, it is by no means that the result is trivial. For the standard BGRs of
Bn and Dn in (2.13), the correspondent two solutions in (3.16) are Jimbo's [5]
solutions which are respectively associated with the quantum group picture of
B[l) and D^] (for α = a) and the Kac-Moody types A{£ and A^_{ (for α = b).
Corresponding to the BGR of Cn in (2.13), Rb(x) is Jimbo's of C^\ and Ra(x) is
a new one for which the Kac-Moody quantum group structure is not clear yet.
For the nonstandard case we also have "usual" solutions and "twisted" solutions
according to case (a) and case (b).

It should be emphasized that the BW algebra is only the sufficient condition
for the Yang-Baxterization since there exist some BGRs having no BW structure
but satisfy the identity (3.12) [19] and so for these BGRs, one can still have the
solution of YBE in the form of (3.3).



Yang-Baxterization of Braid Group Representations 203

Let us discuss some other properties of the solutions of YBE in (3.16).

Proposition 1. The solutions in (3.16) have the following fractional form:

iUx)=/a(x)^±J, xφ-U (3.20)

Rb(x) = h(x) q_]X*t xϊ-U (3.21)

where

fa(x) = q'Hx ~ <12)(X ~ xa), fb(x) = q(x - <Z~2)(* - Xb) (3.22)

The proof is simply the calculation by multiplying the both sides of (3.20) with
(q + xS) and (3.21) with {-q~ι + xS) and using the BW relations (2.1.4), (2.1.9),
and (2.1.10).

Proposition 2. Suppose S and satisfy the BW algebra (2.1) and E has the form
(2.9) with r(a) satisfy (2.10). If R — PS satisfies the crossing symmetry property
[8, 16]

R = C2(RΓ1)t2Cϊ1

9 (3.23)

with
C2 = (I <S> C), C being an N x N matrix
C = (Cab\ Cab = r(a)δ(a,bf), ( * }

then

Ra(x) = PR(χ(x) also satisfies the crossing symmetry property

R*(x) = F ( ) C [ P Λ ( - 1 ) P ] t 2 C - 1

with Fa(x) = x^x2, oί = a9b. Here P is the permutation operator: P(x®y) = y®x
for any x ® y £ C^ ® C^, "ί2" means the transposition acting over the second
space when the matrix belongs to End(CN ® CN).

Proof First of all, according to the assumption, one calculates that

PE = C2P
t2C^\ (3.26)

C2(EP)t2Cϊι =P. (3.27)

Then using S~ι instead of S in (3.16) through (2.1.1) we find

Rtixax-1) = F~ι W k W Γ 1 + ca(x)E + K(x)I] (3.28)

with Fa(x) = x^ιx2, so

Raixax'1) = F^WlaaWPR^P + c«(x)PE + ba(x)P]. (3.29)

This immediately implies (3.25) because of (3.23), (3.26), and (3.27).
Proposition 2 indicates that the Yang-Baxterization procedure preserves the

crossing symmetry property. The crossing point of the solution (3.16) in each
case α = a, b is xa and xb respectively. The monoid operator E in the BW algebra
is proportional to the value of the Yang-Baxterized RΛ(x) at the crossing point
x = xα, α = a and b respectively. Note that in [8], starting from the solution of
YBE satisfying the crossing symmetry property, the representation of the BW
algebra is derived with the monoid operator being the value of the given solution
of YBE at the crossing point. Our Proposition 2 gives, in some sense, an invertible
process of the result of [8].
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4. Rational Yang-Baxterization

Let us start from the reduced BW algebra (2.30) to generate the rational solution
of the YBE

R](u)R2(uΛ-u/)Rι(u) = R2(u/)R1{u + uf)R2(u). (4.1)

Similar to the discussion of the trigonometric case, we suppose that the solution
of (4.1) has the form

R(u) = a(u) T + b(u)F + c(u)I, (4.2)

where T and E are N2 x N2 matrices and generate the reduced BW algebra
(2.30) through

Tj=I®' ®T®- ®I, (4.3)

F/ = J<g> <g>F<g> <g>/, (4.4)

and / is the N x N unit matrix. By requiring that

R(0)acI, (4.5)

R(ρ)κF, (4.6)

R(u)
— -̂f -> T as u -+ oc, (4.7)
a(u)

R(u)R(-u)=f(u)I, (4.8)

for some point ρ and function f(u). The simple choice of the coefficients of R(u)
in (4.2) such that it satisfies the first three conditions (4.5), (4.6) and (4.7) is

a(u) = u(u - ρ), b(u) = bou, c(u) = co(u — ρ). (4.9)

Then from the unitarity condition (4.8) and use of the relations (2.30.1), (2.30.4)
and (2.30.9), we find functions in (4.9) must satisfy

f(u)I = [a(u)a(-u) + c(u)c(-u)]I

+ [a(u)c(-u) + a(-u)c(u)]T

+ {[(l+s)b(u)+a(u)+c(u)]b(-u) + ί±a(-u) + c(-u)]b(u)}F. (4.10)

By comparing the coefficients of /, T, F, we have

±2ρ = 2co + ( l + s ) £ o , (4.Π)

f(u) = (u2-ρ2)(u2-c2), (4.12)

namely, when the coefficients in (4.2) are given by (4.9) with the constraint (4.11)
on the unknown quantities ρ, bo and Co, then R(u) in (4.2) satisfies all conditions
(4.5)-(4.8). Unlike the case of trigonometric Yang-Baxterization, the unknown
quantities cannot be fixed in the present case only by the conditions (4.5)-(4.8).
With these unknown quantities satisfying the constraint (4.11), we substitute (4.2)
into the YBE (4.1) and denote by φ(u,ur) as the difference between two sides of
(4.1). For the fixed uf

9 φ(u,uf) is a fourth order polynomial in u. It is easy to check
that the coefficient of the leading terms of φ(u,uf) is zero. At u = 0, u = —u\
φ(u,u') vanishes trivially, At u = ρ

φ(ρ,u!) = b(ρ)[F]R2(ρ + ι/)£i(κ') - R2(u')Rι(u' + ρ)F2], (4.13)
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and at u = —ur + ρ

φ(-uf + ρ) = b(Q)[Ri(Q - u')F2Rιψ) - R2W)FiR2(Q - u')]. (4.14)

For (4.13), we have

φ(ρ, ur) = b(ρ){[+a(ρ + u')b{u') + b(ρ + u')b{vί) + c(ρ + u')c(u')

± c(ρ + u')a{uf) - (1 + s)c(ρ + υf)b(i/)]Fι

+ [a(ρ + i / ) φ ' ) - b(ρ + i/)a(i/)]Fi T2} (4.15)

from which, one finds that the coefficients of F\ and F\ T2 are zero only when ρ,
bo, Co satisfy (4.6) and Co = —fto Thus we have

Co = -bo = η,ρ± = ~γ- η , (4.16)

where s is in (2.30), η is a free parameter and " + " corresponds to the sign in
(2.28) and (2.30). Similarly we find (4.14) to be zero if ρ, c0, b0 are given by (4.16).
Therefore the rational of the YBE (4.1) is constructed, which is

R±(u) = u(u - ρ±)T - ηuF + η(u - ρ±)I, (4.17)

with ρ+ given in (4.16). We emphasize that " + " in (4.17) correspond to the sign
in (2.28), namely, when a BGR satisfying the BW algebra (2.1) is given, then the
sign in (2.28) is fixed and the reduced BW (2.30) gives rise to the rational solution
of YBE in (4.17) with the same sign. The relation of the rational solution (4.17)
and the trigonometric ones in (3.16) is as follows, by letting

x = exp(Λκ)> q = Qxpf-^-Y (4.18)

in the trigonometric solutions (3.16), as h —• 0, one of the solutions in (3.16) takes
the rational one (4.17) as its limit while another one has no limit. More precisely,
if (2.28) takes the sign " + " (respectively " - " ) , R+(u) (respectively R-(u)) in (4.17)
is the limit of Rb(x) (respectively Ra(x)) and Ra(x) (respectively Rb(x)) has no
limit at the same time.

By a normalization and using u to replace uη~ι, (4.17) becomes

F. (4.19)

As is known, the matrix T in the representation of the reduced BW algebra
(2.30) satisfies T2 = /, it is an analogue of the permutation operator P and
in some cases T = P exactly. When T = P, the first two terms together are
the well-known iS-matrix of Yang [1, 20]. Thus the rational solution of YBE
in (4.19) is a generalized version of the S -matrix of Yang and Zamolodchikov's
factorization constraints [21].

Let us see some examples of the rational solution of YBE (4.1).

Example 4.1. Consider the BGRs of Cn and Dn in (2.13) and E in (2.16). The
parameters of the correspondent BW algebra are w = q — q~ι and σ = εq~N+ε.
As q —> 1, the BW relations in (2.1) are reduced to (2.30) with negative sign for
Cn and positive sign for Dn, s = —N + ε and

T = P, F = - ] £ εSiSjiefί ® ejV). (4.20)
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Thus the rational solutions are

Re(u) = J + MP - I / M + y - ε J F, (4.21)

where ε = — 1 for Cn and ε = 1 for Dπ.

Example 4.2. Corresponding to the nonstandard BGRs of C2 and D2 and their
representations of the BW algebra in Example 2.2 of Sect. 2. The reduced BW
relations, in (2.30) have the positive sign and s = 1 for C2, and negative sign and
s = — 1 for D2. The rational solutions of YBE (4.1) are

Re(u) =I + uT -u(u- ε)~ιFε, (4.22)

with ε = 1 for C2 and ε = — 1 for D2 in this case. The matrix T is

T = block diag (Tu Γ2, Γ3, Γ4, Γ3, T2, TO,

with
Γj = 1,

T2 = anti diag (1,1), ( 4 2 3 )

Γ3 - a n t i diag (1,-1,1), '

T4 = antidiag (1,-1,-1,1),

and the matrix FE is also a 16 x 16 block diagonal matrix, but only the central
4 x 4 block is nonzero. This central (Fε)^ is given by

ε iε —i 1
iε —ε 1 i

—i 1 —ε — iε
1 i — iε ε

with ε = 1 for C2 and ε = — 1 for D2 in the present example.
Using (4.17) we can determine the corresponding S-matrices up to the CDD

poles [21].

5. Conclusion and Discussion

In this paper, starting from the given BGR 5 satisfying the cubic reduction
relation, the process of the Yang-Baxterization is formulated to generate solutions
of the YBE. By the assumption that R(x) has the form in (3.3), the conditions (i.e.,
the boundary, initial and unitarity conditions) (3.4), (3.5) and (3.6) immediately
give rise to three kinds of explicit expressions of coefficients A(x), B(x) and C(x)
in (3.3) and R(x) in (3.3) solves the YBE if and only if the given BGR S satisfies
the identity (3.12) with /^, / 2 and ff corresponding to some of the cases (a),
(b), and (c). We find a sufficient condition such that the given BGR satisfies the
identity (3.12) is that S admits the BW algebraic structure.

The general theorem of Jones [13] has already indicated that the BGR
satisfying the BW algebra can be Yang-Baxterized to the solution of YBE. Our
analysis coincides with Jones theorem; however, we find that for a fixed BGR
S having BW structure (2.1), it satisfies the identity (3.12) for the case (a) and
case (b), namely S is Yang-Baxterized to two types of solutions of the YBE, and
both of them can be expressed in terms of the generators of the BW algebra

(4.24)
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[i.e., (3.16)], in particular, only one of them can be identified with Jones theorem
by a suitable normalization. The reason of the "one to two" correspondence is in
the sense that the BW algebra admits an obvious invariant transformation, but
these two solutions have really the essential difference. The example is for the
standard BGR of Dn(Bn) (i.e., in Example 2.1), the correspondent two solutions
of YBE are Jimbo's solutions [5] associated with D^(B^) and the Kac-Moody

algebra ^2n-i(^2n) respectively.
It is worth notice that there exists the concrete example that the given BGR

has no BW structure but satisfies the identity (3.12) corresponding to at least
one of case (a) and case (b) [19]. Thus this BGR also gives rise to the solution
of YBE in the form of (3.3). There, presumably, exists a more general theory to
prove, or classify whether a BGR satisfies the identity (3.12).

According to the prescription in Sect. 3, we find that the Yang-Baxterization
preserves the crossing symmetry property, namely if the given BGR satisfies the
crossing symmetry property in the sense of (3.23) and so do the Yang-Baxterized
solutions but in the sense of (3.25). Another property of the solutions in (3.16)
is that they have the fractional form in (3.20) and (3.21). The significance (for
example, the connection with Riemann-Hilbert transformation) of this fractional
form for the solutions of YBE is not clear yet.

In Sect. 4, we give a prescription of rational Yang-Baxterization, namely,
by using the reduced BW algebra (2.30), the rational solution of YBE can be
generated in a similar way to that in the trigonometric case. In terms of (4.18),
one of the trigonometric solutions in (3.16) goes to this rational solution, while
the other trigonometric solution has no such a rational limit at the same time.

Since the BW algebra plays an important role in the process of Yang-
Baxterization, in Sect. 2, we give a sufficient condition to check whether a BGR
admits the BW algebra and some examples which have BW algebra but the
correspondent trace functions cannot be defined in the sense of [5]. This may
also be interesting in the investigation of link polynomial and knot theory.
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