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Abstract. We apply a modified Yang-Mills-Higgs functional to unitary bundles
over closed Kahler manifolds and study the equations which govern the global
minima. The solutions represent vortices in holomorphic bundles and are direct
analogs of the vortices over R2. We obtain a complete description of the moduli
space of these new vortices where the bundle is of rank one. The description is in
terms of a class of divisors in the base manifold. There is also a dependence on a
real valued parameter which can be attributed to the compactness of the base
manifold.

Introduction

Many interesting equations in gauge theory arise as minimizing conditions for
gauge invariant functionals. The self- and anti-self dual Yang-Mills equations, the
Hermitian-Einstein equation, the Bogomoln'yi monopole equations and the vortex
equations are all equations of this sort (cf. [A-H-S], [F-U], [J-T]). Much of the
interest in such equations lies in the conditions for existence of solutions and
in the moduli space of gauge equivalence classes of solutions (cf. [A-H-D-M],
[Dl],[D2],[Hi],[H-M],[T]). In this paper we describe anew addition to this
collection of "minimizing equations" and address the question concerning the
moduli space of its solutions.

In the case of the self- and anti-self dual equations, the functional being
minimized is the Yang-Mills functional over R4. The solutions to these equations
form a special class of connections on principal bundles over R4. All such solutions
have associated to them an integer valued "quantum number" known as the
instanton number. Both the existence of the special equations for the extrema and
the explanation of the instanton numbers can be attributed to the same thing; the
key point is that in four dimensions the Yang-Mills functional can be split as a
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sum of a non-negative term and a term which is essentially topological (it is in
fact related to the topology of a bundle over S4). The vanishing of the non-negative
term leads to the equations for the minima and the instanton number is related
to the topological term. The mechanism used to achieve this is the splitting, via
the Hodge star operator, of 2-forms on R 4 into its self-dual and anti-self-dual
components.

A similar splitting of the Yang-Mills functional is possible if one replaces R 4

by a closed Kahler manifold and considers unitary connections on a complex
bundle. In this case however it is the Kahler geometry which enables one to rewrite
the functional. The topological part of the functional is clearly seen to be determined
by the first and second Chern classes of the bundle and the equations for the
minima are now the Hermitian-Einstein equations. In this setting these equations
can be interpreted as a constraint on the curvature of a metric connection on a
holomorphic bundle. It is an important theorem of Uhlenbeck and Yau [U-Y]
that the conditions for the existence of solutions to these equations can be related
to the stability (in the sense of Mumford) of the holomorphic bundle.

Taking a slightly different approach, one can view the Yang-Mills functional
as a special case of the more general Yang-Mills-Higgs functional. Such a
functional is defined whenever one has a vector bundle with compact Lie group
as structure group over Rd. If £ is a vector bundle with structure group G over
Rd, si the space of G-connections on £, and Ω°(Rd, E) the space of sections of £,
then the Yang-Mills-Higgs functional

is defined by

YMH(D,φ)=\\FD\\l2+\\Dφ\\l+^Jd(\φ\2-l)2dvol

Here λ ^ 0 is a constant, FD is the curvature of D and Dφ is the covariant derivative
[J-T]. Of course all vector bundles over Rd are trivializable. One can thus treat
the variables as connection 1-forms and functions on Rd. The 1-forms take values
in the Lie algebra of the bundle structure group and the functions take their values
in a vector space on which the structure group acts as a transformation group.
This is the description frequently used in physics. The connection 1-form is
known as a gauge potential, the vector valued function is called a Higgs field and
the vector space in which it takes its values represents a space of internal symmetries
for some physical particle (cf. [P], [Bl]).

There are certain special cases, other than that of the pure Yang-Mills functional
over R4, in which the absolute minima can be described separately from the other
critical points. When d = 3 and λ = 0 one obtains the Bogomoln'yi monopole
equations. In dimension two the case where λ = 1 and the vector bundle is a
complex line bundle is the special case. This is the so-called Abelian Yang-Mills-
Higgs model and the corresponding functional is the Abelian Yang-Mills-Higgs
functional. Historically, a functional of this type appeared in the theory of
superconductivity [G-L]. There D is taken to represent an electromagnetic
potential and φ to represent a quantum mechanical wave function of an ensemble
of Cooper pairs of electrons. YMH(D, φ) measures the thermodynamic free energy
and the physical configurations are those which minimize the functional.

The global minima of the abelian Yang-Mills-Higgs functional are described
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by two coupled first order equations for the pair (D, φ). The first equation says
that φ is holomorphic with respect to the holomorphic structure on the line bundle.
The second equation is called the vortex equation and its solutions are called
vortices. Existence of such vortices was demonstrated by Taubes [T]. The basic
result is that solutions always exist and are characterized by the zero set of the
section φ and an integer called the vortex number. The vortex number does have
a topological origin, however since the manifold on which the functional is defined
is R2, this fact is somewhat obscured.

In the description of these vortices, the base is thought of as C rather than as
R2. It is therefore reasonable to ask whether one could replace R2 by a closed
Kahler manifold and then utilize the Kahler structure as was done in the case of
the pure Yang-Mills functional over R4.

In this paper we investigate a generalized Yang-Mills-Higgs functional of this
sort. In fact we go one step further and modify the Abelian Yang-Mills-Higgs
functional so that it is defined for holomorphic vector bundles of any rank over
closed Kahler manifolds of arbitrary dimension. The resulting functional still has
connections D and sections φ as its arguments. More importantly, it retains the
feature that it is bounded below by topological invariants of the bundle (specifically,
a combination of the first Chern class and the second Chern character). One
noteworthy difference between our new functional and the one for vortices over
R2 is the presence of an extra real parameter τ. The need for this parameter can
be attributed to the compactness of the base manifold and the fact that it has finite
volume.

It is not hard to identify the conditions for a pair (Z), φ) to minimize our
functional. These consist of an integrability condition on the connection, a
holomorphicity constraint on the section and an equation which is a direct
generalization of the vortex equation. We have attempted to answer two basic
questions concerning these equations:

(A) When do solutions exist?
(B) What can one say about the set of all solutions?

The answers to both questions turn out to be interesting.
Based on the results for the Hermitian-Einstein equation one might expect to

find a relation between solutions to our vortex equation and some type of stability
for holomorphic bundles. In [Brl] and [Br2] we studied question (A) and gave
the necessary and sufficient conditions for existence of solutions. We showed there
that these can indeed be linked to a stability property of a holomorphic bundle
with a prescribed holomorphic section. Given such a pair (£, φ\ the appropriate
notion of stability (which we call ^-stability) can be expressed in terms of the slopes
of subsheaves of E. The standard notion of stability involves a comparison of
slopes of subsheaves with the slope of E. In the presence of a holomorphic section
the correct notion of stability turns out to involve a comparison of slopes of
subsheaves with slopes of quotients of E by subsheaves which contain the section.
The results of [Brl] show that when the bundle (E,φ) is 0-stable there is a range
for the parameter τ within which the Yang-Mills-Higgs functional can attain its
absolute minimum, i.e. within which the vortex equation has a solution. Conversely,
when the vortex equation has a solution, the bundle must split as a direct sum of
a </>-stable component plus a sum of stable components.

In this paper we provide an answer to the second question in the case where
the bundle is a line bundle. Our main result shows that the moduli space of global
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minima depends on the value of the parameter τ in the functional. There is a critical
value determined by the first Chern class of the bundle and the volume of the base
manifold. For τ below the critical value the moduli space is empty. For τ above
the critical value it is in 1-1 correspondence with a certain subset of the set of
effective divisors on the base manifold. When τ is at the critical value the moduli
space is 1-1 correspondence with a certain subset of the set of linear equivalence
classes of all divisors on the base. In the case where the base is a compact Riemann
surface these results complement rather well the picture of classical vortices over R2.

1. Definition of the Functional

Let X be a closed Kahler manifold of complex dimension n. Fix a Kahler metric
on X and let ω be the associated Kahler form. Let £ be a rank R complex vector
bundle over X. We will usually consider the vector bundle E to be endowed with
a fixed hermitian metric H. Let Ω°(X, E) denote the smooth sections of E and let
jrf(H) denote connections on E that are unitary with respect to H. We will also
need to consider the spaces ΩPA(X, E) and Ωp'q(X, End E\ i.e. the spaces of forms
of holomorphic type (p, q) with values in E and in the endomorphism bundle of
E respectively. These spaces all carry hermitian metrics induced by the Kahler
metric on X and the metric on E. Using the metric on E we get identifications
E « E* and also E <g> E* « End E.

Definition 1.1. We define the Yang-Mills-Higgs functional

YMHτ:^(iί) x Ω°(X,E)-+R

by

Here FDeΩ2(X,EnάE) is the curvature of the connection D,DφeΩ1(X,E) is the
covariant derivative, leΩ°(X,EndE)&Ω°(X,E®E*) is the identity section and
τ is a real parameter. The adjoint of φ is taken with respect to H.

Remarks.

1. This functional should be compared to the classical Yang-Mills-Higgs func-
tional over d-dimensional Euclidean space (cf. [J-T]). The major difference in the
form of the functional is the presence of the real parameter τ. We need to introduce
this extra parameter because, unlike Rd, our base space X is compact. This is
explained more fully later, in Sect. 5. We shall see that varying τ corresponds to
scaling the volume of X.

2. The functional YMHτ (D, φ) is invariant under the standard action of the unitary
gauge group ^ on <stf(H) x Ω°(X, E). The functional can thus be thought of as
being defined on @ = (J^(H) x Ω°(X,

2. A Lower Bound on YMHr and the Vortex Equation

Using the Kahler structure on X we can rewrite YMHτ in a form that gives explicit
information about its global minima. Recall (cf. [W]) that on a Kahler manifold
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with Kahler form ω we can define a map

L:Ωpq(X, C) -• Ωp+ Uq+1(X, <C)

by

L(α) = α Λ ω.

The L2-adjoint of this map is denoted by A. In general

A: Ωp>q(X9 <£)-+Ωp~Uq-1 (X, <C).

On (1,1) forms A is given by

/lα = (α,ω)ω.

Here (,)ω denotes the point wise inner product induced on (1,1) forms by the Kahler
metric on X. If d = 3 + d is the splittingof the exterior derivative according to
holomorphic type, then the operators 3,3, their L2 adjoints and Λ are related by
the Kahler identities. These extend to unitary connections on complex bundles
over X so that if D = D0Λ + D 1 > 0 is such a connection, then

)°> 1]=(D 1 ' 0)*, (2.1a)

)i,o]=(Z)o,i)* ( 2 1 b )

The splitting of D into D ^ + D 1 0 corresponds to the splitting Ω1(X,E) =
Ω0Λ(X,E)®Ω1'°(X,E) coming from the complex structure on X. The adjoints
are now with respect to the L2 inner product on Ωp'q(X, E) induced by the bundle
metric and the Kahler metric on X.

Proposition 2.1. The functional

can be written as

L2

+ τ J y^TTrίF^) Λ ω[n~1] + J Tr{FD A FD) A ω[n~2\ (2.2)
x x

of1

Here o)[m] = ——7 and F%2 is the component of FD of type (0,2).

Proof This follows from the identities

(J^\AFD,φ®φ*y=-\\D0>'φ\\l2+\\D^φ\\h, (2.3)

and

\FD\2ω[n] = \AFD\2ω[n] + ΎrFD AFDA ω[n~2] + 2( |F£ 2 | 2 + | F 2 0 | 2 ) . (2.4)

To get the first identity write

< y/—lAFD, φ ® φ* > = < χ / — lAFDφ, φ >
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and then apply the Kahler identities (2.1). The inner products here are the L2 inner
products induced on Ωp*q(X, End E) and ΩP«(X,E) respectively by the bundle
metric on E and the Kahler metric on X. The second identity is well known and
can be obtained by straightforward calculation in suitable local coordinates (cf.
for example [U]). In the case where D is a unitary connection we have
\F°D

2\2 = | F 2 0 | 2 so the last term in (2.4) is 4 |F£ 2 | 2 .
One can now expand

L2

and use the identities (2.3) and (2.4) to show that the expression in (2.2) is indeed
equivalent to the one in (1.1). Notice that by definition

The last two terms in (2.2) do not depend on the connection D. In fact
Chern-Weil formulae show that they are determined by the first Chern class and
second Chern character of E respectively:

Lemma 2.2. Let c^eH^X.R) and ch2(E)eH4(X,R) be the first Chern class and
second Chern character of E respectively. Then

Λω ["~1 ], (2.5a)
x tπ x

and

Ch2{E,ω) = \ch2(E) A ω[n~2]= - — ^ j T r ί F ^ Λ FD) A ω[n~2]. (2.5b)

Proof See for example [G].

Note. C^E.ω) is also known as deg(£,α>).
An immediate corollary is the following:

Corollary 2.3. The functional YMH τ is bounded below by

iπτCiiE, ω) - Sπ2Ch2(E, ω).

This (topological) lower bound is attained at (D, φ)estf(H) x Ω°(X, E) if and only if

F°D

2 = 0, (2.6a)

D°' 1 0 = O, (2.6b)

J~ίΛFD+X-φ®φ* = τ-l. (2.6c)

Remarks. The first equation is an integrability condition on D0Λ. By results of
Newlander-Nirenberg on integrable almost complex structures, this condition
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ensures that D0Λ determines a holomorphic structure on E (cf. [Ko]). The second
equation then says that φ is holomorphic with respect to this holomorphic structure.
The third equation generalises the Hermitian-Yang-Mills equation (which is
recovered by taking φ = 0) and is the analog of the classical Vortex Equation over
R2. For these reasons we refer to (2.6c) as either the Hermitian-Yang-Mills-Higgs
or the Vortex equation.

3. Statement of Problem from Two Equivalent Points of View

In order to find the absolute minima characterized by Eqs. (2.6a), (2.6b) and (2.6c),
one may proceed as follows. Firstly, we consider only integrable unitary connec-
tions, i.e. those which belong to stfiΛ(H), where

s/1Λ(H) = {Destf(H)/F°D

2 = 0}. (3.1)

We then look for minimizing pairs (D9φ) in Sf a s/ίΛ{H) x Ω°(X,E), where

Sf = {{D,φ)es/ίΛ(H) x Ω°(X9E)/D0Λφ = 0}. (3.2)

The problem to be solved thus becomes:

Statement of Problem. Given a complex bundle E with fixed Hermitian metric //,
find all pairs (D,φ)e^ such that the Vortex equation (2.6c) is satisfied for a given
value of τ.

These pairs, which are the minima of the functional YMHτ on s/(H) x Ω°(X, £),
will be called τ-Vortex pairs. We can define the set of all such pairs as follows:

Definition 3.1. Let E be a complex line bundle over X. Let H be a fixed Hermitian
metric on E. Let YMHτ be given by (1.1). Define the space of τ-Vortex pairs on
(£,Jϊ)by

* t ( H ) = {{D9φ)es/{H) x Ω°{X,L)/YMHτ(D9φ) = 2πτC1{E9ω)-&π2Ch2{E,ω)}.

(3.3)

We have already noted that the Yang-Mills-Higgs functional is invariant
under the action of the unitary gauge group CS. This means that ^τ(H) is a
^-invariant set and that τ-vortices can be defined by equivalence classes in

Definition 3.2. We define the space of (unitary) gauge equivalence classes of τ-Vortex
pairs by

rτ(H) = {[D, (/>]E jyYMHτ(Z), φ) = iπτC^E, ω) - 8π2C/i2(£, ω)}. (3.4)

The problem as stated above is thus to understand i^τ(H). We do not however
attempt to solve the problem in this form. Our strategy is to make use of some
standard complex differential geometry in order to reformulate the problem in a
more tractable from. The basic fact that we use is that given a holomorphic structure
and a hermitian metric on a complex bundle, there is a unique complex connection
compatible with both. This means, on the one hand, that, given De<z/1Λ(H), D is
the unique metric connection compatible with the metric H and the holomorphic
structure determined by D o > 1. On the other hand, it allows us to treat Eqs. (2.6a),
(2.6b) and (2.6c) as conditions on
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(i) a holomorphic structure on E given by a δ-operator

dE:Ω°(X9E)-*ΩOΛ(X9E)9

(ii) a hermitian bundle metric H,
(iii) a section φeΩ°_(X,E).

In terms of the triple (dE, φ, H\ the equations can be expressed as

δEφ = 0, (3.5a)

-±τl = 0. (3.5b)

Here F^H is the curvature of the metric connection compatible with dE and H. The
notation φ*H emphasizes that the adjoint is taken with respect to the metric H. Let

Tτ = {(dE, φ9 Jf )/Eqs. (3.5a) and (3.5b) are satisfied}. (3.6)

One way we can look for solutions to these equations is by picking a pair (dE, φ)
which satisfies (3.5a) and then trying to solve (3.5b) for the metric H. We will call
such metrics τ-Hermitian-Yang-Mills-Higgs metrics. The problem to be solved
then becomes:

Restatement of Problem. Given (E, dE, φ\ i.e. a holomorphic bundle E with a prescribed
holomorphic section φ, determine whether the bundle supports τ-Hermitian-Yang-
Mills-Higgs metrics.

This is the approach taken in [Brl] and is the method we will use in Sect. 4
to study the set Tτ for a line bundle. What we have thus done is to transform the
problem of minimizing the functional YMHτ(D,φ) defined on (E,H), a complex
bundle with fixed metric, into the problem of finding a special metric on (E, dE, φ\
i.e. on a holomorphic bundle with a prescribed holomorphic section.

In fact these two problems are equivalent. However before we can see the
corespondence between them we must take into account an invariance in Tτ which
becomes from the action of the complex gauge group ^ c .

It is well known that any two metrics H and K are related by K = Hh9 where
heΩ°(X,EndE) is positive and self adjoint with respect to H. Furthermore h can
be decomposed as h = g*g, where # e ^ c . Up to unitary gauge transformations this
splitting in unique (cf. [Ko], [D3]). The gauge transformation g is nothing more
than the change of basis from a unitary frame for H to a unitary frame for K.
Now consider the action of ^ c on Ω°(X9E) and on V9 the space of integrable
d-operators on E. The complex gauge group acts on both these spaces by
"pushforward," i.e.

godog-\ (3.7a)

g(φ) = gφ. (3.7b)

Proposition 3.3. Let (dE,φ,H)eTτ. Then for every # e ^ c , (g~1(dE),g~1φ,Hg*g) is
also in Tτ.

Before proving the proposition we first prove a lemma about the action of ̂ c on
st9 the space of connections. Of course ^ c has a simple pushforward action on
s/. However it has a second action on si defined by

g(D) = 0o|)O.i og-i+ig yioDWog*. (3.8)
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This action has the advantage of being compatible with the construction of metric
connections.

Lemma 3.4. Let Q^EH denote the metric connection compatible with dE and H. Let
&£ act on <£ and s/ by (3.7) and (3.8) respectively. Let # e ^ c and let h = g*g. Then

(i) Dg0E)H = g(D$ H), i.e. the set of metric connections is ̂ c invariant with respect
to the action of^^ given by (3.8),

Proof, (i) Splitting D^ H into its (0,1) and (1,0) parts we can write D$E H = dE + D'H,

where by the Kahler identities DJ? = y/—l[.Λ9dE']. Hence

g(DeE,H) = g°dE°g-1 +(g*rί°DΉ°g* (3.9)

On the other hand

^ (3.10)

where -v/^T[7l, g(dE)~] = (D'Hg)*. Now g(dE) = g°dE°g ~x so to prove (i) we need only
show that (g*Γι°D'Hog* = b'H,g.

But

^LAg(dEn = goy/~^ϊlΛ,dE-]og-\ (3.11)

since A and g commute. By the Kahler identities this is a equivalent to what we need,
(ii) A calculation (using a local holomorphic frame for E) shows that

DhM = DhJI + h~ ιD'H(h) = dE + h~'D'Hh. (3.12)

From (3.9) we see that g~log(D^H)°g = dE + (g*g)~1(>D'H°g*g. Hence if h = g*g
then (ii) follows.

(iii) For any DesrflΛ with curvature F(D) we have

-K (3.13)

Thus

Proof of Proposition 3.3. The proposition is equivalent to the statement that the
triple φE,φ,Hh) satisfies (3.5a) and (3.5b) if and only if (g(dE\gφ,H) does. Here
h = g*g. Now by Lemma 3.4,

Also, g(dE)(gφ) = gdE(φ). This proves the proposition.
As an immediate corollary we obtain the correspondence between the two

versions of our problem.

Corollary 3.5. Let h = g*g9 where g is an element of the complex gauge group ^ c .
Then the following are equivalent:

(1) The triple (dE,φ,Hh) satisfies Eqs (3.5a) and (3.5b).
(2) The pair (DgφE)Wgφ) is a τ-Vortex Pair on (E9H\ i.e. gives a minimum for

the functional YMH t :>(//) x Ω°(X,E)^R.
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Proof. By Proposition (3.3) (dE, φ, Hh)e Tτ if and only if {g{dE\ gφ, H)e Tτ. But the
latter condition is simply a restatement of (2).

We can rephrase this result in a somewhat more elegant fashion if we make
the following definition.

Definition 3.6. Define an equivalence relation on Tτ by

(dE9 φ, H) ~ (g-ψεlg-'φ, Hg*g) (3.14)

for any # e ^ c . Let $~τ = TJ~ be the set of equivalence classes of solutions to (3.5a)
and (3.5b).

Proposition 3.7. Let E be a complex bundle over the Kάhler manifold X. Fix a
hermitian metric H on E. Then there is a 1-1 correspondence between ^(H) and ZΓX.

Proof. The map from i^z(H) ZΓX is given by

U>9φ \^[p*\φ,ff\. (3.15)

The inverse map from ZΓτ to yτ(H) is defined as follows: Let \βE,φ,K] be an
element in βΓτ. Say K = Hg*g for some # e ^ c . The (dE,φ9K)~(g(dE),gφ,H) and
we can map

ίSE9 φ, K ] -* [D(g(dE)9 H\ gφl (3.16)

Using Lemma 3.4 it is straightforward to check that these maps are well defined
and are indeed inverse of one another.

4. Special Case of Rank E=l

The problem of finding Hermitian-Yang-Mills-Higgs metrics on holomorphic
bundles with prescribed holomorphic sections has been discussed in general in
[Brl]. It was shown there that the existence of such metrics corresponded to a
stability property for holomorphic bundles. In the special case of holomorphic line
bundles we can be more specific and can give a full description on the moduli
space of solutions to the Vortex (or Hermitian-Yang-Mills-Higgs) equation. In
addition we can analyse the equation in a much more direct fashion than was
necessary for the general case.

Let L be a holomorphic line bundle over X, with the holomorphic structure
being given by

dL:Ω°(X9L)-+Ω°-1(X,L).

Let φeΩ°(X,L) be a holomorphic section of L. Let H be a given background
hermitian metric on L. We have already noted that any other hermitian metric
on L is related to H by a positive, self-adjoint bundle endomorphism. Since L is
a line bundle, this means that the two metrics are related by a positive real valued
function heC^iX.R). Given a metric K, we may thus write K — He2u, where
ueC^iXiR). The factor 2 is purely for later convenience.

Lemma 4.1. If K = He2u then the vortex equation (3.5b), as an equation for w, is

Δu + \\φ \2

He2u + (J^ΪΛFH - ±τ) = 0. (4.1)
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Here A is the (positive definite) Laplacian on X.

Proof. If K = Hh then a straightforward calculation shows that

Here Fκ is the curvature of the connection determined by a fixed δ-operator dL

on L and the metric K. Also, D'H is the (1,0) part of the connection induced by
DH on End L. Since L is a line bundle, End L is a trivial bundle and DH = d on
End L. Hence if h = e2u then

'- \AFK = J-\AFH + 2 7 - lAdd{u). (4.2)

The Kahler identities give

Ϊ ( u ) = 2d*d(u) = 2A\u) = Δ(u). (4.3)

df
Here Δ = (d*d + dd*) which for functions on Euclidean n-space is A(f)= — Σ —^.

Finally, we note that using H to identify L* with L, we can write φ ® φ*H = | φ \jj.
Thus with K = He2u,

Φ®Φ*κ = \Φ\2κ = \Φ\2

He2u (4.4)

Equation (4.1) is almost in the form of a non-linear PDE analysed by Kazdan and
Warner [K-W] (WARNING: The Laplacian used by Kazdan and Warner is the
negative definite operator, i.e. it differs from the one defined here by a minus sign). Let

\J (4.5)
x

and choose veC^iX^R) to be a solution to

- Δ(v) = {y/=ΪΛFE - iτ) - \c. (4.6)

Define

w = 2(u- v). (4.7)

Then u is a solution to (5.3) iff w is a solution to

-A(w)-(±\φ\2

He2ηe»-c = 0. (4.8)

This equation is precisely of the form considered in [K-W]. The results of Kazdan
and Warner that we will need are collected together in the next theorem.

Theorem 4.2. [K-W]. Let M be any compact Riemannian manifold. Consider the
equation

eu-c = 0, (4.9)

where /zeC°°(M,R) is not identically zero and c is a real constant. Then
(i) ίfc = 0a necessary condition for existence O/WGC°°(M,R) satisfying (4.9) is that
h changes sign on M.
(ii) ifoOa necessary condition for existence O/MGC°°(M,R) satisfying (4.9) is that
h is strictly positive somewhere on M.
(iii) ifc<0 and h^O then there is a unique ueC°°(M9R) which satisfies (4.9).
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Proof, cf. Theorem 5.3, 7.2, 10.5(a) and Remark 10.2 in [K-W].

Theorem 4.3. Let L be a holomorphίc line bundle over an n-dimensional compact
Kάhler manifold X. Let φeΩ°(X, L) be a prescribed (non-trivial) holomorphic section
of L. Then there exists a hermitian metric K on L satisfying the vortex equation
(3.5b) if and only if

^ (4J0,

Here μ(L) = C^L, ω), i.e. μ(L) is the slope ofL with respect to the Kάhler form ω on X.

Proof. Fix a background metric H on L. Let K = He2u and define ceR as in (4.5)
and veCco(X,R) as in (4.6). The vortex equation then becomes

-Δ(w) + hew-c = 09

with

h=-Q\Φ2

Be2η.

By Theorem 4.2 this has a (unique) solution if and only if c < 0, i.e.

The result now follows from the Chern-Weil formula for C^L, ω) (cf. Lemma 2.2).
We can use Theorem 4.3 to get a complete description of the moduli space of

all vortices.

Definition 4.4. Let L be a complex line bundle over X with CX(E, ω) = N and with
a fixed Hermitian metric H. Let the functional YMHτ be as in Definition 1.1. Define

r»(H) = {[D9φ]e<%/YMHτ(D,φ) = 2πNτ}. (4.11)

The set Ψ** is the set of τ-Vortex Pairs on the Hermitian Line Bundle (L,H).
The first thing to observe is that each vortex pair [D, φ~\ in ^(H) determines

an effective divisor of X, namely the zero set of the (holomorphic) section φ.
Conversely, an effective divisor determines a holomorphic line bundle together
with a holomorphic section (cf. [G-H]). If Q) is the effective divisor, L9 the line
bundle, and φ9 the holomorphic section, then the zero set of φ9 is precisely 0 .
Furthermore, 2 determines an element of H2n - 2(X> <C) and thus by Poincare duality
an element η9eH2(X,<E). The first Chern class c^Lgj) is represented by η9.
It follows that

C,(L9M = ί cx(L9) Λ ω*-" = #(29[ωi"-1']), (4.12)

where [ω[n~1]] is the 2-cycle dual to ω[n~1] and #(,) denotes the intersection pairing.

Definition 4.5. Let

Div (X)Ί = {effective divisors on (X, ω) with #{β, [ω [ π " 1 ] ] ) = N}. (4.13)

It follows from the above discussion that given 3) in Div (X)%, one obtains a line
bundle topologically equivalent to L, together with a holomorphic structure and
a holomorphic section. We denote these by (L9,d^φ9).
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By Theorem 4.3, when τ > , we can solve the vortex equation (3.5b) to
Vol \X)

obtain a metric H9 on L9 such that (L9,d^φ9) satisfy the vortex equation.
What we want though is a vortex pair on our original bundle (L, H). To obtain this
we must make use of the (smooth) bundle isomorphism which relates L9 and L.
This allows us to pull back the metric H t o a metric H1 on L9, thereby turning
the bundle equivalence into an isometry between (L9,H

f) and (L,H). The trans-
formation between the two bundles is thus via an element of the unitary gauge
group ^. Furthermore, if H9 and H' are related by the element getf^ then (cf.
Proposition 3.3) we can conclude that {Dg{^)H,, gφ9) is a τ-Vortex Pair on (L99H

f).
That is, it represents a (unitary) gauge equivalence class of vortex pairs on (L, H).
We have thus proven:

Theorem 4.6. For every τ>—-——- there is a 1-1 corresponding between "K^ and
Vol (X)

Ώiv(X)N

+. When τ is less than ΛT 1 / v . , ΊT^ is empty.
Vol (X)

4πN
The only remaining case to consider is when τ is equal to . In this case,

VOl yJί.)

integrating the vortex equation and using the Chern-Weil formula for C^L^ω)
yields

2πN + \\\φ\2

H = 2πN. (4.14)
2χ

Hence the only solution possible has φ = 0 and Des/1Λ(H) a solution to the
Hermitian-Yang-Mills equation.

If we fix a ^-operator on L and treat (4.15) as an equation for the metric H' = Heu,
we get

This elliptic equation has a solution which is unique up to an arbitrary constant.
Furthermore, if u satisfies (4.16) and eu = g*g, then D(gφ\H) satisfies (4.15). Notice
that scaling H' by an arbitrary constant has no effect on D{g(d\H). Hence for each
choice of ^-operator on L we get a unique solution in srf1Λ(H). Changing the
^-operator by the action of an element of ^ c changes the corresponding
Hermitian-Yang-Mills connection by at most a unitary gauge transformation.
/ 4 π N \
This follows from Proposition 3.7 with φ = 0 and τ = We thus have a

\ Vol^) //
correspondence between solutions to (4.15) and ^ c equivalence classes of d-operators
on L. But these are precisely the equivalence classes of holomorphic line bundles

4πN
with C1(L,ω) = iV. We see therefore that when τ is equal to — — — there is a

Vol (X)
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1-lcorrespondence between i^*{H) and the holomorphic line bundles of degree N
over X. In the special case where X is algebraic, all holomorphic line bundles are
of the form L9 for some divisor 3f (cf. [G-H]). Also, two linearly equivalent divisors
yield the same holomorphic line bundle. We have thus proved:

AπN
Theorem 4.7. / / τ = — — — then ^{H) is in 1-1 correspondence with the holo

VOI(Λ)

morphic lines bundles over X satisfying C^L.ω) = N. IfX is algebraic and
denotes the set of all divisors on (X,ω) with #(β, [ω [ n = 1 ] ] ) = N, then there is a 1-1
correspondence between f f(i/) and the linear equivalence classes in Όi\(X)N.

Remark. If X is a Riemann surface, then an element of Div (X) + is given by a
collection of N (not necessarily distinct) points on X. The ordering of the collection

AπN
is not significant. Hence in this case when τ > Λr .. r., ^(H) is in 1-1 correspond-

Vol (Λ)
ence with the AΓ-fold symmetric product Sym* (X). This can be compared to the
case of classical abelian vortices over R2. In that case the space of vortices with
vortex number N is in 1-1 correspondence with SymN(R2).

5 The Parameter τ

The results of the previous section show how the behaviour of the functional
changes depending on the value of the parameter τ. This parameter is, as we
remarked earlier, a feature which has no counterpart in the theory of classical
Abelian vortices over R2. It is natural to try to understand how the parameter
enters into the description of vortices over closed Kahler manifolds.

One can clearly define the Yang-Mills-Higgs functional with τ fixed at 1.
Proposition 2.1 and Corollary 2.3 still hold with τ = 1 and in that case the vortex
equation is

y/^ΪΛFD + ̂ φ®φ*-^l = 0. (5.1)

There is however an obvious obstruction to solving this equation. This can be
seen by integrating the trace of the equation. X is compact so the first term is

2πC1(£,ω) and the last term is — - — . One gets

2πC1(E, ω) + ±\\Φ\\h= i * Vol (X). (5.2)

Thus solutions cannot exist unless

V o l ( Z ) > ^ ^ . (5.3)

This obstruction can be removed by rescaling the metric on X. Suppose we
rescale the metric by a constant factor so that the new Kahler form is

ωt = t2ω. (5.4)

The Hodge inner product on Ωp q(X,1E) gets rescaled by a factor t~2(p+q\ Hence
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if Yo\t(X) and CΊ(/i,ωf) are calculated with the rescaled metric then

(5.5)

C1(£,ω f) = ί 2"~ 2C 1(£,ω). (5.6)

Hence, with large enough ί2, the condition

4πC ι(E,ωt)\o\t{X)>
R

can be satisfied. With the parameter τ in the functional, the corresponding condition
to be satisfied is

4 ^f^. (5.7)

This condition is precisely the condition in Theorem 4.3 governing the existence
of τ-Hermitian-Yang-Mills-Higgs metrics on line bundles. The point we wish to
make is that the necessity of this condition can be attributed to the compactness
of X. Furthermore this condition can be met either by rescaling the Kahler metric
or by adjusting the parameter τ. Since we wish to keep the Kahler metric fixed we
are forced to include the parameter τ in our functional. The next proposition shows
that there is in fact an exact correspondence between these two options.

Proposition 5.1. (i) Let E and X be as before. For given Kahler form ω and real
number τ let YMH(D, φ; τ, ώ) denote the functional defined in Sect. 1. Suppose the
Kahler metric is rescaled by a constant factor so that the new Kahler form is ωt = t2ω.
Then

J ^ \ (5.8)

(ii) Furthermore {D,φ,τ,ω} satisfies the vortex equation iff \D,— ,-y,ω,
does, i.e. I t t

if and only if

\φ φ* 1 τ

Proof (i) This is an immediate consequence of the way that the Hodge metric on
(/?, q) forms rescales under rescaling of the Kahler metric,

(ii) All we have to show is that

Λt = ^Λ, (5.9)

where Λt is the adjoint of wedging with ωt. Let <xeΩp'q(X9 C) and βeΩp~Uq~1(X, <C).
Let (,)f denote the Hodge metric with respect to the metric corresponding to ωt.
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Then

= Γ2(ΛaJ)t.

If we choose ί such that t2 = τ we get the required correspondence between

,0;τ,ω) and

We end by noting that τ gives an upper bound on \φ\2 for those φeΩ°(X,E)
which belong to τ-vortex pairs:

Proposition 5.2. Let (D9 φ) be a τ-vortex pair on the complex bundle E with Hermitian
metric H. Then.

\φ\2

Hίτ. (5.10)

Proof. Since D is unitary with respect to H and D0Λφ = 0, we have

dd\Φ\2π = (DO'W-Oφ, φ)H - (D^φ, D^°φ)H.

But D is also integrable, so FD = D0ΛD10 + D1 °D0Λ. It follows (again using the
holomorphicity of φ) that

φ9D^oφ)H. (5.11)

We now use the Kahler identities on X and get

f^1*
Here A is the positive definite Laplacian. Hence, if the vortex equation is satisfied,
then

\2

H = (τ-\φ\2

H)\φ\2

H-2J-lΛ(D1>°φ,D1>°φ)H. (5.12)

This can be written as

(-Δ-\φ\2

H)(τ-\φ\2

H)=-2^Λ(D1>°φ,D1>°φ)H. (5.13)

The right-hand side of (5.13) is less than or equal to zero (as a calculation in local
coordinates will show). We can thus apply the maximum principle to the elliptic
operator ( — A — | </>!#). This yields the required result, namely
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