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Abstract. The approach to isospectral Hamiltonian flow introduced in part I is
further developed to include integration of flows with singular spectral curves. The
flow on finite dimensional Ad*-invariant Poisson submanifolds of the dual (g(r) " )*
of the positive part of the loop algebra gl(r) is obtained through a generalization
of the standard method of linearization on the Jacobi variety of the invariant
spectral curve S. These curves are embedded in the total space of a line bundle
T —1P,(C), allowing an explicit analysis of singularities arising from the structure
of the image of a moment map J,: My, x My, - —(gl(r)*)* from the space of rank-r
deformations of a fixed N x N matrix A. It is shown how the linear flow of line
bundles E, — S over a suitably desingularized curve S may be used to determine
both the ﬂow of matricial polynomials L(4) and the Hamiltonian flow in the space
My, x My . in terms of 0-functions. The resulting flows are proved to be completely
integrable. The reductions to subalgebras developed in part I are shown to
correspond to invariance of the spectral curves and line bundles E, — S under
certain linear or anti-linear involutions. The integration of two cxamples from
part I is given to illustrate the method: the Rosochatius system, and the CNLS
(coupled non-linear Schrodinger) equation.

Introduction

In [1] it was shown how isospectral Hamiltonian flows in the space of rank r
perturbations, .#,, of an N x N matrix A4 can be derived from the Adler—Kostant—
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Symes (AKS) theorem through the use of a moment map from .#, into the dual,

(;l (r)")*, of the positive part of the loop algebra g~l (r) (cf. [13] for the rank 2 case).
These systems were shown to be completely integrable under special assumptions
on the spectrum of A and the resulting matricial polynomial L(A)e(gl(r)*)*. For
these cases, standard linearization methods ([3,4, 5, 11, 12, 15, 17]) yield solutions
in terms of f-functions for the associated spectral curves S. To treat the general
case these methods must be extended to allow for singularities occurring in S when
the assumptions on A and L(4) are removed. The purpose of this paper is to
provide a more unified, streamlined formulation allowing A and L(4) to have more
general spectra. Such a generalization is necessary in order to cover important
examples of integrable systems, e.g. the coupled nonlinear Schrodinger equation,
discussed in [1]. The construction we consider expands on work of Hitchin [9].

Since this work is a sequel to [1], we shall adopt the same notational
conventions, which are briefly summarized, together with some of the main results,
in Sect. 1. In Sect. 2 we describe an embedding of the spectral curve S into the
line bundle O(n)— IP,(C) which is used to integrate the flows on the Jacobian of
an appropriate desingularization of S. The geometry of Sect. 2, along with a simple
dimension count, is used in Sect. 3 to prove complete integrability in the generic
case. In Sect. 4 we obtain the explicit realization of the geometric solutions from
Sect. 2 in terms of f-functions. In Sect. 5 we derive the properties of S, and the
restriction to special classes of line bundles in the Jacobian of S, following from
the reductions of the generic system to flows in (gl(r)* )* which are invariant under
finite automorphism groups as introduced in [1]. Finally, in Sect. 6 we illustrate
the general constructions in this paper by explicitly solving two examples
introduced in [1]; the Rosochatius system, and the coupled nonlinear Schrodinger
equation (CNLS).

1. Notation and Summary

Following [1], we let .#, = My, x My, denote the open, dense submanifold of
pairs (F,G) of N x r complex matrices, F, Ge My ,, defined by

My={(F,G)eMy, x My ,|F and G have rank r}. (1.1
This space inherits the natural symplectic structure on My, x My ,:
o = tr(dF A dGT). (1.2
For a fixed N x N matrix 4, let
My={A+ FG"|(F,G)eM,y} (1.3

denote the space of rank r perturbations of 4. The group GL(r, C) acts freely and
properly on .#, by

g9-(F,G)=(Fg~*,Gg"), (1.4)
which preserves the symplectic structure (1.2). Therefore one has a natural Poisson
manifold structure on the quotient space .#,/GL(r,C), with Poisson bracket

given by
{f.9} = {n*f,n*g}, (1.5)
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where 7n: My— My/GL(r,C) is the natural projection. Since the projection from

My to M 4 has as its fibers the GL(r, €C) orbits, we may identify .4, with .#,/GL(r, C).
Let 51 (N =gl(r, )® C[4, A '] be the loop algebra of semi-infinite formal

Laurent series in A with coefficients in gi(r, C); i.e. with elements of the form

XM=Y ai, aegl(r,C).

Let gﬁ (r)* denote the subalgebra of g~l(r) given by the matricial polynomials in 4

and g;l (r)” the subalgebra whose elements are sums of terms involving only strictly
negative powers of A. Then gl(r) is the vector space direct sum

gl =gl(n* @glr)". (1.6)

The algebra g;l (r) has a nondegenerate, ad-invariant, inner product given by
CX(A), Y(2)) = tr((X(A) Y(D)o)s (1.7)

where (X(1)Y(4)), denotes the constant term in the formal series X(1)Y(A). This
pairing gives the identification

(gl(")*)* ~(gl(n ") =gl (5, (18)
where gl(r)g = Agl(r)”.
Assuming A to be diagonal, with eigenvalues {o;};~ _, of multiplicity
{ki};=1. . write F, GeMy, in block form

F, G,
F=|F,|, G=|G,|,
F G

where F;, G; are k; x r matrices. Define the map

T My, x My, ~(@10)*)* ~gi()g
by
» AG!F,

J(F,G)= .
(F,G) Y

(1.9)

Theorem 1.1 ([1], Ch. 2). f, defines an equivariant moment map for an infinitesimal
gl(n)* action on My, x My,.

Let I (gﬁ (r)*) denote the ring of coadjoint-invariant functions on g~l(r)* and let
&, be the ring of functions on (g~l (r)*)* given by restricting I (g~l (r)*). More
generally, if aeGL(r,C), Y =a"' — I, and d;eC""(gNl(r)*), we define (ﬁyeC""(gNI(r)*)
by

by(X(1) = (X (2) + 1Y) (1.10)
and set
FL = {¢reC (@) )by = By ligirer SEIGI*)}. (1.11)
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The generalization of the AKS theorem given in [18] implies that the functions

in #* Poisson commute in the Lie- Poisson structure of (gl (" *)*. Let ¥ denote
the pullback of F% to My, x My, by J.. The functions in #Y are invariant under
the stabilizer subgroup GL(r,T), of a in GL(r, ).

Theorem 1.2 ([1], Thm 3.6). The functions in F* Poisson commute on My, X My ,.
Moreover, the Hamiltonian flows are isospectral for A+ FaG7, ie., if (F(t),G(t))
describes the Hamiltonian flow of he F”, then spec(A + F(t)aG(t)") is independent
of t.

Remark. In the case that Y=0, a=1, GL(r,C),= GL(r,C) so the functions in
F = F° reduce to functions on .#,, ie. we can consider the flows on .#, as
Hamiltonian with respect to the natural Poisson structure there.

In [1] it was shown that when k; =r — 1 for all i then # = #° is a completely
integrable ring of functions. One of the purposes of the present paper is to generalize
this result to Y # 0 and more general {k;}. In [1] the problem was reduced to one
on (gl(r)*)* symplectic leaves by quotienting My , x My , by the natural symplectic
action of the subgroup H of GL(N, €) stabilizing A under conjugation.

Let .#* denote the open dense submanifold of My, x My, on which F;, G,
have rank k;. The group H acts freely and properly on .#¥, again preserving the
symplectic structure, so #*/H is a Poisson manifold.

Theorem 1.3 ([1], Corollary 2.5). .7, is invariant under the H action on M, hence
it reduces to an equivariant moment map

T, o0 M*/H - (gl (1) *)*

for an infinitesimal gl(r)+ action on M*/H. The map Jr o is one-to-one and maps
symplectic leaves of M*/H onto symplectic leaves in (gl(r)*)*.

Now let M = M* My, ie. (F,G)eM if F and G have rank r and F, and G,
have rank k;, all i. .# is invariant under the actions of H and GL(r,C),, and
the functions in #” are invariant under both of these actions. Hence we may
consider #7 as a ring of functions on the Poisson manifold .#/(H x GL(r,C),) =
A [(H x SL(r,C),) and it is this ring of functions on .#/(H x GL(r,C),) which will
be proved to be completely integrable. It then follows that the ring of functions
F7Y extends to a completely integrable ring on an open dense subset of .# by the
arguments of Theorem 4.2 in [1], (cf. [8]).

Because of Theorem 1.3, in order to study the ring of functions #* reduced
to .4 /H it suffices to consider the functions #, on finite dimensional symplectlc
leaves of (gl(r) )*. There is a natural GL(r, (E) action on (gl(r) )¥, given by
conjugation, which corresponds to the GL(r,C) action on .#/H, i.e. the actions
are intertwined by J, o- To study the rmg of functions ZY reduced to
M/(H x GL(r,T),) it suffices to con~s1der the ring of functions #* on certain finite
dimensional symplectic leaves of (gl (r) )* reduced by the GL(r, (E)a action.

With the identification (gl " )* ~ gl (r)y, if pel (gl (r)*), the Hamiltonian flow
for pyeF* on gl(r)0 is described in the AKS theorem as given by

%X(l):[d$((X(l)+).Y)")+,X(/l)+lY], (1.12)

where X(l)egﬁ(r)g , (X(A)+ AY)® is the element of a(r)* corresponding to
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X(A) + AYegl(r), ~(?(j)((X (&) + 1Y)") is the differential of ¢ at (X (1) + AY)’ considered
as an element of gl (r) ~ gl (r)**, and the subscript + denotes the projection to gl (r)*
along gl(r)~.

Since we are interested in these flows only on the finite dimensional orbits in
the image of J we can mampulate Eq. (1.12) to a more convenient form. First
recall the expression for J, given in (1.9). We multiply away the poles at the «;’s
to convert this to a matricial polynomial, i.e. let

L(A) = A~ Ya(A)(J(F, G) + AY), (1.13)

where a()= Y (A—a;). We can thus rewrite (1.12) as a flow of matricial poly-
nomials by !

iL(i) = [dG((X () +AY)),, L] (1.14)

Finally, since we are working on finite dimensional orbits in gl(r)0 , it is enough
to consider the case when (see Proposmon 3.1) dp(X (1) + 1Y) can be written in
the form P(L(4), A~ ') where P(z, 4™ ') is a complex polynomial in A~ ! and z. Thus
we have reduced our study of the flows on orbits in .#/H to the study of the flows

%L(l) =[P(L(A), 2™ ")+, L(A)], (1.15)

where P(z,A™!) is an arbitrary complex polynomial in A~ ! and z. In the next
section we study these flows.

2. Geometric Solutions of Matricial Polynomial Lax Equations

In this section we derive geometric solutions to Lax equations of the form

%L(A; 0= [P, A~")s, LD, @.1)

where
LAst)=L(A) = LA™+ L A" 1+ ... 4+ L, 2.2)

is a matricial polynomial in 4, ie. L;egl(r,C), P(z,A™!) is an arbitrary complex
polynomial in ™" and z, and the subscript_+ denotes taking the positive part
with respect to the splitting gl(r) = gl(r)* ®gl(r)".

Define the spectral curve S, = €2 by

So = {(4 2)|det(zId — L(%; 1)) = 0}, 2.3)

It follows from (2.1) that S, is independent of t. On S, the value z =z(1) is an
eigenvalue of the matrix L(4;¢).

According to the techniques of [5, 12,11, 15,4, 3, 17], one defines, for generic
L(4;1), a line bundle (or its associated divisor class) over a compactification S of
So, with fibre at (4,z) the z-eigenspace of L(4;t), and one obtains from the flow
L(4;t) a linear flow in the Jacobian of S.

The approach in terms of line bundles must be generalized if the eigenspaces
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over the points (4,z)eS, = €2 are not everywhere one-dimensional. This is the
case at the points (4,z) = (a;,0) for L(4;¢) of the form (1.13) arising from rank-r
perturbations of A if the multiplicity k; of its eigenvalues a; is less than r — 1. To
handle such cases, we adopt a construction of Hitchin [9] and consider the sheaf
E? over €2, with support S, = C* defined by the exact sequence:

zId — L(4;t)

002 271, 08 E0 -0,

which is well defined for any L(4;t). In the case when the eigenspaces of L"(4;0)
remain of dimension one, E? is just the sheaf of sections of the dual of the eigenvector
bundle of LT(4; ).

In subsections (a)-(d), the corresponding sheaves E, and E, will be constructed
on a compactified curve S and its desingularization n: S -3S. A key feature of the
construction (cf. [10, 9]) is an embedding of S into a surface T which is a partial
compactification of €2. (T is just the total space of the m’h power of the hyperplane
section bundle of IP, (€).) The flow of line bundles over § is then seen to be induced
by a flow of line bundles over T which, in turn, is linked explicitly to the Lax pair
flow. If the Lax equation is of the form (2.1) the flow of line bundles over T
corresponds to a flow of transition functions 4™ ") over T.

a) The Embedding. To describe the embedding, consider P, (€) with the standard
coordinate charts (V,,4) and (V;,4 =(1/4)). We consider the line bundle
n: T—IP,(C) which is the m™ power of the hyperplane line bundle over IP,(C).
The transition function from V,, to V, for T is 1/4™, thus T can be covered by
two coordinate patches U;=n"'(V;) with coordinates (4,z) on U, and
A,2)y=(1/4,z/A™) on U,.

The equation

0=det(L(A) —zId)=(—1)2"+a (A" "' + - +a,(A) (2.4

embeds S, into U,. From (2.2) we see that g;(4) is a polynomial of degree im.
Therefore, by switching to (4, z') coordinates, Eq. (2.4) becomes (away from A = 0)

0=(=-1yEYyY+a,A)zy '+ - +a,(), (2.5

where d;(1') is a polynomial of degree im. From this it follows that S, extends to
a (possibly singular) compact curve S in T. Via the map n: T—P,(C), S is an
r-fold branched cover of P,(C). The adjunction formula ([6], p. 146) gives the
virtual genus of S to be

=1r—1)(m-2). (2.6)

When L(4) arises from a rank r perturbation, and hence has the form given
by Eq. (1.13), the curve S has specific geometric features. In this case the degree
m is either n, if Y #0, or n— 1, if Y =0. Evaluating (1.13) at 4 =q; yields

L(w;) = — < [T~ “j)) G/F. @7
FE]

Hence, generically (i.e. on #* = M N X My,) L(o;) has rank k;. Thus the character-

istic polynomial of L(«;) vanishes at least to order r — k; at z=0. (It may vanish

to higher order if the Jordan form of L(x;) is not diagonal.) It follows that the
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curve S has at least an (r — k;)-fold intersection at the point (4, z) = («;,0). In the
generic situation L(w;) is diagonalizable and S has exactly an ordinary (r — k;)-fold
intersection at (a;, 0).

One can now see geometrically that the flow (2.1) preserves the spectrum of
an element A+ FG” of .#,. The spectrum {q;} of A+ FGT is given by the
A-coordinates of the intersection of S with the rational curve z = a(1), away from
A=uo;. This follows from the general formula

det(A + FG™ — Aldy) = det(A — Aldy)det(Id, — GT(Aldy — A)"'F).  (2.8)

Finally, note that the nonzero z-coordinates p;;, j=1,...,k;, of the points in
S over A =o; are determined by

0= det(z1d, — L(e,)) = ( f‘[ z—p; ,.)> 7k 2.9)
j=1

Hence, by (2.7) the p;;’s are given (up to constant factor — [] («; —oc,-)) by the
j#i

eigenvalues of the k; x k; diagonal block F;GT of FG”. These eigenvalues are

therefore also constants of the motion.

b) Line Bundles. One can describe the line bundles on S using the embedding of
Sinto T.

Proposition 2.1. The line bundles of degree zero on S are all given by restrictions
of line bundles on T with first Chern class ¢, =0.

Proof. Since T is simply connected it follows from the exponential exact sequence
that the line bundles with ¢, = 0 on T are given by the cohomology group H(T, 0;),
where O; denotes the sheaf of holomorphic functions on T. Likewise the degree
zero line bundles on S are given by H'(S, Os)/H'(S, Z). Thus it suffices to prove
that H'(T, Op) surjects onto H'(S, 0).

Let O(i) denote the i™ power of the hyperplane bundle on IP,(C) and 0;(i) the
pull back of 0(i) to T via n: T —IP,(C). By considering transition functions, it is
easy to see that, for i>0, in the U, trivialization H°(T, ©,(i)) is generated by
monomials z*A', k 2 0,1 >0 and km + [ < i. From this and Eq. (2.4) it follows that
S is the divisor of a section of Or(rm), thus we have the exact sequence

0 Op(—rm)— Op — Og— 0, (2.10)

where, by the standard abuse of notation, we have let O;(i) denote both the line
bundle and its sheaf of local sections.

From the long exact sequence for (2.10) it follows that H!(T, ;) surjects onto
H(S, O5) as long as H*(T, O;(—rm)) = 0. But this is the case since T has a Leray
open cover by the two open sets U,, U,. [

To make use of Proposition 2.1 we need to study the line bundles on T. As
mentioned in the above proof, the line bundles on T with ¢, =0 are given by
HY(T, 0r). Since Uy, U, is a Leray cover of T we can compute H(T, 0r) by

H\(T, Or) = HO(Uom U,, (OT)/(rO(HO(UO’ (OT)®r1(HO(U1’ Or)),

where r; is the restriction map from U; to UynU,.
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Proposition 2.2. H'(T, Or) is generated by monomials of the form z'3’, i>0,
—im <j < 0. The corresponding line bundles have transition functions exp(z'37) from
Uyto U,.

From Propositions 2.1 and 2.2, along with the equation for S, we conclude

Corollary 2.3. H'(S,05) is generated by the monomials z'AJ, 0<i<r—1,
—im<j<0.

¢) The Desingularization. In subsection e) we describe how to pass from a linear
flow of line bundles to a matricial polynomial satisfying a Lax pair equation. In
order to arrive at a matricial polynomial with the required behavior at the «;’s
we will have to consider line bundles on a partial desingularization of S.

Recall that we have assumed that S has an ordinary (r — k;)-fold intersection
at (a‘, 0),i=1,...,n. Desingularize S at these points to get a curve S with a mapping
y:5-8 whlch is an isomorphism away from ¥ ~'((«;,0)) and has the property
that ¥ ~((«;, 0)) consists of r — k; distinct points at which S is smooth. (Note: we

allow that S~may have singularities elsewhere.) In part e) we shall see that line
bundles on S correspond to matricial polynomials with the desired behavior at
A=0;.

The (virtual) genus § of S is given by the formula (see [6] p. 505, or [19])

g ki)(rz— ki—1)
i=1

=4[NQ@r—1) =Y kZ+r(r—1)(m—n)—2r+2], 2.11)

where m=nif Y#0and m=n—1if Y=0.

The meromorphic functions 4 and z on § lift via ¥ to S. Likewise the line
bundles on S lift to S. By standard results ([19]) H* (S, Os) surjects onto H* (S, 03),
hence, using Proposition 2.1, we conclude that all line bundles of degree zero on
S are lifts of line bundles on T with ¢, =0.

Recall that (i) denotes the pullback to T of the i'" power of the hyperplane
bundle on IP,(C). Pulling back by the maps §Lsh T, we may consider these to

be line bundles 0;(i) over S. Since § is an r-fold branched cover of IP,(€), it follows
that (3(i) has degree ri. If E is a line bundle on S, we denote E® 0;(i) by E(i).

Remark. In the case that Y #0, note that A™™L(J) equals Y at 1= o00. We will
assume that Y has r distinct eigenvalues, so the curve is nonsingular at A = co.
More general cases can be dealt with by appropriately desingularizing the curve
at = oo. (See Sect. 6.

d) From Matricial Polynomials to Line Bundles. The first step in the integration
of Lax pair equations of the form Eq. (2.1) consists of solving the “direct problem”;
namely, given a matricial polynomial L(4), as defined e.g. by Eq. (1.13), construct
a corresponding line bundle over S. The idea of this construction is by now quite
standard ([3,4,5,11,12,15,17]). The modification that we make is in principle
quite simple, and consists essentially in taking the dual approach. However, in the
cases when one has degenerate spectrum (e.g. when one has singular curves) it
provides a more transparent treatment of the different Jordan canonical forms
which can occur.
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We define a sheaf E over T by the exact sequence:

z2—L(3)

0— Op(—m)® =22, 0®-_, E0. 2.12)

This sheaf is supported over S. When § is reduced and when the kernel of L is
everywhere one dimensional over S, E is a line bundle of degree g — 1 + r (see e.g.
[17]). This is the case when S is smooth. At points where the kernel of (z — L(4))
is of dimension greater than one (which are of necessity singular points of S), E
may not be a line bundle. In fact, in the generic case for our problem, in which
there is an (r — k;) — fold ordinary point at A = «; with dim(ker(L(e;)) =r — k;, E is
just the pushdown y,(E) of a line bundle of degree §—1+r on S. Note that by
(2.12),

T ~ H°(S, 0®) = H°(S, E) = H°(S, E).

e) From Line Bundles to Matricial Polynomials. We now turn to the “inverse”
problem; namely given a line bundle E over S with degree § — 1 + r, to construct
the associated matricial polynomial L(A). The line bundle E(— 1) has degree § — 1
and hence, generically, has no sections. Throughout this paper we assume the line
bundles are generic in this sense, i.e.

HO(S,(E(—1))=0. (2.13)

In fact our solutions will have poles where this assumption fails. Assuming (2.13)
it follows (by Riemann—Roch) that H(S, E) has dimension r. We will make use
of the following specific isomorphism of H(S, E) with C".

For A,eC let D;, denote the zero divisor of the meromorphic function (4 — 4,)
on S, and let DY be the j* formal neighborhood of D, (cut out by (A— 1 ot h.
Since S is an r- fold cover D,  is a set of r points in S, counting multiplicity.

Proposition 2.4. Via the restriction map one has the isomorphism

H(S,E)~ H(D,,, E) = C
More generally
HO(S, E(j)) x HADY, E(j)) = CU*Y,

A0’

Proof. One has over S the exact sequence of sheaves
0= O5(=1)= G5(j) = Op(j) 0.

Tensormg with E and taking the long exact sequence yields the result as long as
H! (S E(—1))=0. But this follows from Riemann-Roch and the assumption
H°(S E(—1))=0. The dimensions of the spaces follows from the fact that the
DY”s are sets of points with multiplicity. [

Now recalling that the z coordinate corresponds to the eigenvalue of the
matricial polynomial we define a linear map

L(4): H°(S, E)—» H(S, E)
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by the commuting diagram
H°(S,E) —— H°(D;, E)

" 1 1 ; (2.14)

H°(S,E) —— H°(D,, E)

where Z denotes the map H°(D,, E)— H°(D,, E) given by multiplication by z. If
seH°(D,,E) and p is a point of D, with multiplicity one then (Zs)(p) = z(p)s(p).
At points p of higher multiplicity the section s is given by a truncated power series
in (z — z(p)), and Z gives the truncated series of zs.

To get the matrix_L(1) corresponding to the linear transformation L(A) we
choose a basis of H%(S, E). Fixing a basis for all A determines L(4) and a change
of basis changes L(4) by conjugation with an element of GL(r, C). If D, consists
of r distinct points D, = {p;;i=1,...,r}, then L(4) has the eigenvalues z(p;) with
a corresponding eigenvector given by the section of E which vanishes at p;, j # i.
This section naturally corresponds to the fiber of the dual bundle E* at p;. Thus
L(%) is diagonalizable with eigenvalues z(p;). In particular, since we have desingu-
larized at o;, L(a,) is diagonalizable, with rank k;. If D, does not consist of distinct
p01nts then L(A) is determined by multlphcatlon by z on truncated power series
in z. This gives a nilpotent part so that the Jordan form of L(l) will not be diagonal.
This fact explains why we have desingularized S at the «;’s. If we want to study
more general cases in which L(a;) has nondiagonal Jordan form we should
desingularize S only the appropriate amount.

We still need to check that L(4) is a matricial polynomial.

Proposition 2.5. L(1)= ). LA\, where L;: H(S, E)— H(S, E) is linear.

i=0

Proof. On U, the space H(S, O(m)) is generated by the m+ 2 sections 1,4,...,A™, z.
Hence, if we consider the Taylor expansion L(1) = Z L;A' + R(1), where R(4) has

order A™"*1, we see that Z L; A’ defines a map H°(S E)— H(S, E(m)). Likewise,
i=0

multiplication by z defines a map HO(S, E)—>H°(S E(m)). Composing these maps

with the restriction to D{" gives two maps H°(S, E) ~ H(D{™, E(m)). By deﬁmtxon

these two maps coincide. Applying Proposition 2.4, multiplication by z and Z LA
coincide over all of §. [ =0

Thus from a line bundle E of degree § — 1 + r we have constructed a matricial
polynomial L(4) with the desired Jordan form at i=«;. Comparing (2.14) and
(2.12) one sees that (2.12) with this definition gives back ¥, (E). Because the
construction depends on a choice of basis, L(J) is determined up to conjugation
by an element of GL(r, €). Recall however, that if we desire L(4) to come from a
shifted isospectral flow, then the value at 4 = oo of L(4) is fixed (i.e. L(c0) = Y). In
this case, the only allowed basis changes are those which leave Y fixed, i.e. L(4)
is determined up to conjugation by GL(r, C),.

f) F rom Linear Flows of Line Bundles to Lax Pairs. Finally, we need to see how
a linear flow of line bundles E, of degree § — 1 + r gives rise to a Lax equation of
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matricial polynomials. The bundle E, can be trivialized with respect to the covering
U,, U, with a transition function f(z, 4) from U, to U;. Also, E} ® E, has degree
zero so, by Corollary 2.3, its transition function from U, to U, can be given by
the exponential of a polynomial in z and 47 *. Since the flow is linear the transition
function must be of the form exp(tu(z, 4)), u(z, 4) a polynomial in z and 1~ *. Putting
this together, E, has transition functions f(z, A)exp(tu(z, A)) which we henceforth
use to fix trivializations of E,. -

From E,, we obtain a family V,= H°(S, E,) of vector spaces, which we will
think of as a vector bundle V over €, and a family of maps L(4; ). For fixed t we
can get a matrix L(4;t) for the map L(4;t) by choosing a basis for V,. However,
without some canonical choice of basis for V,, there is no hope that L(4;t) so
chosen will satisfy a Lax equation. We therefore define a connection
V,: HY(C, V) — H%C, V) which, by parallel translation, smoothly extends a choice
of basis at ¥, to all of V.

Let ev;: HO(U;N S, E,) > U5y, be maps evaluating sections with respect to the
trivializations of E, over U,;. Set

P(L)(4) = p(L(2), 2), (2.15)
then, if y e H(S, E,) one has
evo(Ly) = zevo (), (2.16a)
evo(P(L)Y) = pu(z, A)evo(¥), (2.16b)
and also the relation linking the two trivializations:
evo() = f ~1(z, Ne™ " Vev, (). (2.17)

Differentiating (2.17), then using (2.16b), we obtain

d,(evol) + evo(P(L) ) = f ~'e™™(9,(evy ) — evy (P(L) - ), (2.18)
where P(L) = P(L), + P(L)_ and P(L), is the polynomial part of P(L). Therefore
(0,evq + evg P(L) )W, (0,ev, —ev; P(L)_)y are the evaluation of a section of
HO(S, E,) over U,, U, respectively; we use this to define a connection V, acting
on sections of V; it is given over U, by evy '(d,ev, + evo P(L), ).

Remark. As P(L), is of the form P(L), + AP(L), + A2P(L), + ---, Eq. (2.21) implies
that V, just corresponds to taking derivatives over 4 = co. Thus we have
Proposition 2.6. A basis e; of H(S, E,) satisfying V,e;=0 is given by choosing a
basis with constant values at the r points over A = c0.

Now assume that one has a basis of sections (trivialization) e; = e;(t) of V such
that V,e;=0. Let = y'e; be any section of V over C; let 3,y denote “naive”
differentiation: 8,y = (3,/')e;. Since V,e; = 0, V¥ = 0,4 Let L = L(4, t) be the matrix
of L with respect to this basis. Since Ly gives the components of a vector in the
e; basis we again have V,(Ly) = d,(Ly).

Theorem 2.7. L(/,t) satisfies the Lax equation 0,L = [P(L),,L].
Proof. Let  be a section of V; then
evo(V,Y) = 0,ev0(¥) + evo(P(L) + ¥) = evo(0,¥). (2.19)
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Applying (2.19), (2.16a) to ¥ and Ly and combining, we get
—evo(P(L) 4 L) + evo((0, L)Y + L(0§)) = — zevo(P(L)+ ) + zevo(0¥);  (2.20)
applying (2.16a) to 9, and P(L). ¥ instead of ¥, (2.20) becomes
evo((6,L —[P(L)+, L]Y)=0. 2.21)
Since ev, is injective and the above is true for all i, the theorem is proved. []

g) From Line Bundles to Rank r Perturbations. We can recover the N x r matrices
F and G (modulo the reduction by H) directly from the line bundle E on S.
Since the curve S is the desingularization of § over the points 4 = a;, we can write

Dy =Xi1 + -+ X (2.22)

where for j > k;, z(x; ;) =0 and for j = 1,...,k;, z(x; ;) = p;;, the eigenvalues of the
k; x k; block F,G]. _
Choose sections s;;€ H%(S, E) such that, in the U, trivialization,

Sij(xi ) =0 for k#j,

(2.23)
8ij(%; ) = — pij/( z];[ (o — 0‘1)>,

and define maps

F,:HS E)»Ck (2.24)
by
N (S(xi,l)’ R s(xi,kg))
and -
GT:C* - H°S,E) (2.25)
by

ki
(rl,..‘,r!(‘,)—' Z rjsi’j.
J=
Choosing a basis of H°(S , E) to determine the matricial polynomial L(4) from
the map L(4): H%(S, E) » H%(S, E) also yields matrices F; and G for the maps F;
and G]. Using F; and G,; as the k; x r blocks of N x r matrices F and G it is then
straightforward to check that

“(’D BN GTAI— A)'F + 1Y)

coincides with L(4) at 1 = «a;, and hence at all A.

Remark. By fixing the s;;’s we have fixed the value of the H moment map, namely
F,GT. The reduction by H still leaves an ambiguity in F; and G, up to an action
of the stabilizer group of F;GT in GL(k;,€). We have, in effect divided out this
ambiguity by our choice of deﬁnitions (2.24) and (2.25).

3. Integrability

In Sect. 1 we constructed a ring of functions &Y on .# which Poisson commute,
produce isospectral Hamiltonian flows through A4 4+ FaGT, and are invariant under



Isospectral Hamiltonian Flows 567

the action of H x SL(r €),. We now show that these functions are completely
integrable on generic leaves of the Poisson manifold .//(H_x SL(r ()

Since the symplectic leaf I" through N(1) = J.(F,G) in gl(r)0 is identified with
the symplectic leaf in #/H through the H orbit [(F, G)] of (F, G), it follows that
in order to prove complete integrability of the ring #¥ on symplectic leaves in
A (H x SL(r, ©),) it suffices to prove complete integrability of the ring of functions
F* on the symplectic leaves of I"/SL(r,T),.

In Sect. 2 we have seen that there is a one-to-one correspondence between
flows of matricial polynomials (modulo SL(r, €),) of the form (2.1) and linear flows
in the Jacobian of the desingularized spectral curve S. To relate the flows of
matricial polynomials to rank r isospectral perturbations we use the map given
in Eq. (1.13). A slight variation of the argument in [1], Proposition 4.9, shows that
the map - -

gl(r)g ~gl(*
given by
N(A)—= A" a(A)(N(A) + AY) (3.1
gives a correspondence between the flows of type (2.1) in gl (r)* and Hamiltonian
flows of shifted AKS type (1.12) through N(4) = J(F,G)in gl (r)g - Indeed consider
N@A) = J, (F, G)egl(r)0 and let
L) =A""a()(N(A) + AY)egl(r)*. (3.2)

Proposition 3.1. Let L(4;t) denote the flow through L(A) given by a Lax equation of
the form (2.1), i.e.

%L(l; t) = [(P(L(A 1), A7 1), LA 1)] (33)

and let N(4;t) = %L(i; t) — AY. Then there is a peF ", such that N(4;t) describes
a
the hamiltonian flow for ¢ on gl(r); ~ (gl(r)*)* through the point N(J).

Proof. It is enough to prove the proposition in the case that P(L(4;t),A"!)=
ATI(L(4; t))*. Multiplying (3.3) by A/a(4) we get

d )
d—t(N(/l; )+ AY) =LA 7L 1))+, N(k 1)+ AY]
or
d _.f1 k
— N4 )= A7 -aQ)(NA )+ AY) SN+ AY |
dt A "
Thus by (1.12), the proposition is true if we can find ¢eI(g~l (r)*) such that
dp(X(4) = A7/ a(R)) X (A"
for X(A)egl(r) ~ gl(r)*. Since ¢™"eI(gl(r)*) given by
P™(X(A)) = tr(A" X (A)")o
has derivative 1A"‘X (A", it follows that ¢ is given by a finite linear
n

combination of the ¢™™s. [
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From Proposition 3.1 it follows that the flows of type 2.1 from Chap. 2 give
a family of § =3[N(Qr—1)—Y kZ + r(r — 1)(m — n) — 2r + 2] independent hamil-
tonian flows on I'/SL(r,C),, (N =Y k;,and m=nif Y #0,m=n—1if Y=0). To
prove complete integrability we need only show that the generic leaf of I'/SL(r, C),
has twice this dimension, i.e.

NQ2r—1)—=YkZ+r@r—1)(m—n)—2r+2. 3.4)
Proposition 4.3 of [1] yields the fact that I" is given by
n g1
r= { Y, A% gieGL(r,(E)}, (3.5)
i=1 i

where y; = F;G is a fixed matrix of rank k;. Let us assume that , is diagonalizable
with k; distinct nonzero eigenvalues. From this it follows that the GL(r, C) orbit
through y; has dimensions

(r?—r)—[(r — k> — (r — k;)] = 2k;r — k; — k7.
Summing over i, we get
dimI' =2Nr— N =Y kZ. (3.6)
Finally, for the reduction by the SL(r, €), action we discuss two important cases:

i) Y=0,a=1.
i) a is diagonalizable with r distinct eigenvalues.

For case i) we compute the dimension of the generic symplectic leafin I'/SL(r, C)
by dim I" — dim(SL(r, €)) — rank(SL(r, C)),i.e. NQr — 1) = Yk} — (r* — 1) — (r — 1).
This agrees with 3.4 when m=n— 1.

For case ii) SL(r,C), is simply an (r — 1) dimensional abelian subgroup of
SL(r,C). Thus the dimension of the generic symplectic leaf in I'/SL(r, C), in this
case is dim I' — 2(r — 1) = N(2r — 1) — ) k? — 2r + 2 which agrees with (3.4) with
m=n.

Remarks. 1) More general y;’s can be considered. For instance we may allow
repetition of nonzero eigenvalues and also nontrivial Jordan block structure. In
this case the curve must be desingularized the appropriate amount so that L(x;)
has the correct Jordan structure. The genus of the desingularized curve can then
be compared to the dimensions of the symplectic leaves of I'/SL(r,C) to study
integrability.

2) Similarly, more general a’s may be considered. Here also, one must
desingularize the curve, at 1 = oo, so that L(co) = Y has the correct Jordan form.
(It is easy to check that when a is diagonalizable the dimension count still yields
complete integrability.)

4. Theta Functions
In Sect. 2 we discussed the relation between linear flows of line bundles on S and

Lax pair flows of matricial polynomials given by Eq. (2.1). In this section we use
this relation to construct explicitly the flow of matricial polynomials satisfying
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(2.1) in terms of theta functions on the Jacobi variety of S. As in Sect. 2 we do this
in two steps; first for a fixed line bundle on § we describe the corresponding
matricial polynomial in terms of theta functions, then, using the connection of
Sect. 2f, we describe the dynamics in terms of generalized Baker—Akhiezer
functions. At the end of the chapter we also write the coefficients of the matrix
FGT in terms of theta functions. Throughout this section we assume that § is
smooth so that we may make use of the standard theta function theory.

a) We start by making more explicit the link between line bundles E on S, positive
divisors, and matricial polynomials L(4). In Sect. 2d we saw that E was defined
by the exact sequence (2.12). A positive divisor A representing E (i.e. the zeroes of
a section of E) could be obtained by fixing ve€” ~ H(S, 0®") and setting A to be
the sum of points p in S such that velm(z — L(4)) at p. From the relation
(z = L(4))9j(z — L(4)) = det(z — L(4))-Id (where (z — L(4)),q; represents the classical
adjoint matrix, i.e. the transposed matrix of cofactors) one sees that such points
are given over § by the condition (z — L(4)),q;v =0 away from the points in S
where corank(z — L(4)) = 2, i.e. the points where (z — L(4)),q; = 0.

Conversely, given a line bundle E, the discussion in Sect. 2 says that the matrix
L(4) can be found as follows: Choose a basis y/',...,y" of H(S, E). Choose A€
over which lies exactly r distinct points in S, and let Pis--sDy be an ordering of
these points (A(p;) = 4o). Let ¥(4,) be the r x r matrix given by

W (4o))i; =¥ (ps), “.1)

z(py)
L(4o) = ¥r(Ao) ™" . ¥ (4o)- 4.2
z(p,)

For A in a neighborhood of A, there are r distinct points in S mapping to 4. These
points may be ordered continuously in that neighborhood, so a choice of ordering
at A, gives L(4) on a neighborhood of 4,. But, since L(1) is a polynomial, its des-
cription on a neighborhood defines it globally.

To compute L(4) we need an explicit representation of sections of E, and an
explicit choice of the basis ¥, i=1,...,r of H%(S, E). We choose the following
representation of sections of E. Let E, be an “initial value” line bundle of the
appropriate degree (g +r—1). Let A be a positive divisor representing E,. (For
instance, 4 may be determined by the above prescription.) Sections of E, can be

represented as meromorphic functions ¥ on § with poles allowed at A, i.e.

W)z -4 (4.3)

Other line bundles E, of the same degree can be written as E,® F,, where
F,=E¥ ®E,is of degree zero. F, will be given the “exponential” transition function
considered in Sect. 2, and sections of E, will be meromorphic sections of F, whose
divisor D is greater than or equal to —A.

We next consider a basis of H(S,E,). By Proposition 2.6, the dynamical
problem will require that the §"’s be constant at 4 = co, and so we choose the ¥’
by fixing their values at co. Let D, = P! + --- 4+ P"_be an ordering of the r points
in D . It follows from the genericity assumption (2.13) that

dim(H(S,[A—D_ + P ]))=1 Vi (4.4)

then
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Here [A—D,+ P! ] denotes the line bundle represented by the divisor
A-D,+P. Global sections of this bundle may be represented as meromorphic
functlons on § with zeros at D — P! and poles allowed at A. By (4.4) such
functions also represent sections of E,. Equation (4.4) says that for each i, there
is a meromorphic function ¥ on § such that

WYz —-A+D,— P . 4.5)

Since A — D, is a divisor representing E,( — 1) it follows from (2.13) that y/(P* ) #0,
hence we may normalize by

PP, =1. (4.6)

Equatlons (4.5) and (4.6) determine ' uniquely, i=1,...,r, and these functions
clearly give a basis for HO(S, E,).

The final step to writing L(/) in terms of -functions is to write the y"s in
terms of f-functions (see [14]).

Fix a basis of a-cycles and b-cycles and let w, ..., w; be a basis of holomorphic
1-forms dual to the a-cycles of that homology bas1s Deﬁne A:§ x §-Jac(S) by

A(x,y)=<fw1,...,fw§) 47)

x

and let 6 be the theta-function defined by the b-period matrix of wy,...,w;.
Now ()= —A+D,— P!, thus (y')+A—D, + P’ is effective (and has
degree ). Thus

W)=Q! +-+Q{+D,~ P, —4, 4.8)

ie. (') has polar divisor 4 and zero divisor Q} + -+ Q9+ D, — P’ .
Let A be a sum of points A + - + AT+~ t One can find ee(Eg such that

Be)=0, O(e+ A(QL,y)#0 Vj,
Ble+ AP, y)#0 Vj, Oe+AA,y)#0 V| 4.9)
Fix xeS and set

g
o = Z A(x, A, o' = Z A(x, ATH), (4.10)
i=1 i=
p= z A(x,Pl), B;=A(x, P';O), 4.11)
ji=1
g )
= Z Alx, Q)). 4.12)
j=1
Abel’s theorem says that modulo periods
ypi=d+a" =+, (4.13)
since Q! + -+ Q¢+ D, — P‘ — Ais the divisor of a meromorphic function. Now,
if x,,...,x; are points on S and 0 denotes the Riemann constant, the function
y—>0<A(x,y)+5— Y A(x,xj)> 4.14)
j=1
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has zeros exactly at y=x;, j=1,...,4, (see e.g. [6]). In particular the functions
y=>0(A(x,y) + 6 — 7)), (4.15)
Yy 0(A(x,y)+ 6 —a) (4.15b)
have zeros at the Q7’s and the A”s, j=1,...,§, respectively. Using (4.14) it follows
that the function
yo0Ax, )+ 0—o —a" +B—B,) (4.16)

also vanishes exactly at the QJ’s, j=1,...,§. Hence, a single valued meromorphic
function with the correct poles and zeros is given by

0(A(x,y)+0—a —a"+ B—B) [] 6(A(PL, y) +e)

Fi(y) = P A , @.17)
0(A(x,y) + 0 —a') [] 0(A(47*,y) + )
j=1

and so

Fi(y)
Fi(P)
b) The Dynamics. We now consider a linear flow of line bundles E, on S with

initial value E, as above. To produce the flow of matricial polynomials L(4; t) we
must choose r independent sections

YieH(S,E,) 4.19)

Vi = (4.18)

for each t. By Proposition 2.6 and Theorem 2.7, if L(4;t) is to satisfy a Lax pair
equation, the /s must be chosen to be constant on D . If we simply use Eq. (4.17)
and (4.18) to describe ¥/, the time dependence appears extremely complicated since
it enters through the time dependence of A. However the time dependence of the
Y?’s can be made more transparent by considering the time dependence of the
transition functions for the line bundles. (See e.g. [14 16]).

Let F, denote the degree zero line bundle on § given by F,=E§®E,. Thus Ui
isa section of E, ® F,. Now, as we saw above, the section '’ of E, can be represented
by a meromorphic function with zeros at D, — P’ and poles permitted at A. Since
F, is defined by exponential transition functions between U, and U, (see Sect. 2b),
its sections in the U, trivialization are functions with an exponential singularity
at D,. Thus, the section ¥/ of E,® F, may be represented as a function with zeros
at D, — P!, poles permitted at 4, and an exponential singularity at D, i.e. §' is
represented by a generalized Baker—Akhiezer function.

To produce ¥ explicitly, let the transition function for F, from U, to U, be
given by exp tu(z, 1), where u(z, 4) is a polynomial in z and 1~ 1. Let # be the unique
differential of the second kind on S which is holomorphic away from D, has the
same polar part at D, as dyu, and is normalized by having zero a-cycle integrals.
Let Ue’ be given by

2n/~1U = < {n,.. > (4.20)



572 M. R. Adams, J. Harnad and J. Hurtubise

Fix xeS and set

y >B(A(x, Y +tU+3~7) (4.21)

hi(y)=exp(t§n A3 1 5—7)

where y; is given by (4.12). From (4.14) and the transformation properties of ¢
functions, we have that hi(y) is a single valued function on S with poles at the
Q7’s, defined by (4.8),and w1th the appropriate exponential singularity at D,. Thus

Wi F"i

i) {(WF() 422)

K (PL)F(PL)

has the desired properties.

¢) The Matrix FGT. We now turn to the problem of presenting the coefficients
of FGT in terms of theta functions. Recall from Sect. 2g that the ij coefficient

(F,GJ),; of the mk block F,,G] of FGT is given by:
(FmG{)ij = Ski(xmj)- (4.23)

Thus, in order to present the coefficients (F,,G/);; in terms of theta functions,
it suffices to describe the sections s;; in terms of theta functions. As above, s;; may
be represented by a meromorphic functlon on § which vanishes on D, x and
is allowed to have poles on A. Let o, «” be as in (4.10) and define {;; and C,- by

CijzA(xsxijs (i= ‘Z cij‘ (4.24)
j=1

Then proceeding as above, we define
, \ A ) +tU+0—o —a"+ (= () [T 0(ACxin, ) +€)
ﬁij=exp<tjn> - A (4.25)
* 0(A(x, y) +6—o) TT O(AAT*", y) +e)

n=1

and then,
sii(y,t) = - _fij(y,t—)
! I_[ (o — o) R;i(x;;,t)

n#i

(4.26)

5. Reduction to Subalgebras

In the prev1ous sections we have dealt only with the case that the loop algebra is
gl(r ©). This gives Hamiltonian isospectral flows in the space of complex rank r
perturbations of the complex N x N matrix A+ FG”. For many applications it
is necessary to repeat the above study for a subalgebra of gl(r, €). For instance,
if we wish to study real rank-r perturbations a study of g/(r,IR) is necessary.

In [1] a description of the appropriate finite rank perturbation spaces was

given for various subalgebras of g~l (r, ©). Here we wish to discuss the effect on the
linearization process (Sect. 2) when we reduce to a subalgebra of gl(r, €). In general,
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we will see that requiring the matricial polynomial L(4) to lie in a subalgebra of
gl (r,©) is equivalent to assuming various extra structures on the spectral curve,
det(L(4) — z) = 0, and on the eigenvector line bundle for L(4). The requirement that
the Lax pair flow (2.1) leave the subalgebra invariant is then translated into the
requirement that the flows in the Jacobi variety satisfy these extra conditions.

The simplest case is the reduction to sl(r C)c gl(r Q€). Requiring that L(4) is
traceless gives a condition on the curve (and its embedding). Namely, that for fixed
A, the sum of the z values must be zero. This is reflected in the equation for the
curve in that the coefficient a,(4) of z'~! must vanish, i.e.

det(L(A) —z)=2" + a,(Az" "2 + --- + a,(4). (5.1

Another situation we consider is given when the subalgebra is of the form
ke gl (r,©), where k c gl(r,€) is given by the fixed points of an involutive auto-
morphism ¢ on gl(r, €). (Thus k is the fixed point set of the automorphism 6 on
gl(r, ©) given by 6(X (1)) = Y.a(X;)4’, where X(4) =) X;1/.) Since the details differ
for each subalgebra, we shall demonstrate this situation only with the cases where
k is either gl(r,R), so(r, €), sp(r, ©), u(r), or u(p, q).

Let k* =§mgﬁ(r,(]3)+,~l~c‘ =§mg}~l(g,¢)’, and kg =%mgﬁ(r,(13)g. There is a
natural identification of (k*)* with k; (see [1], Chap.5). Also, for the real
subalgebras we assume that the polynomial d(4) is real, thus, as in Sect. 2, we may
consider the flows in (k *)* as flows through matricial polynomials

L(A)=LoA"+ L A" '+ .-+ L, with Lk (5.2

Case i). k=gl(r,IR). In this case, the spectral curve S, given by det(L(1) — z) =
is equipped with the involution (4, z)— (4, 2) since L(A)= L(1). This involution
lifts to the desingularized curve S. Furthermore, the eigenvector line bundle for
L(A) over S is invariant under this involution, i.e. *E = E.

Conversely, we claim that this invariance of the line bundle implies that the
induced matricial polynomial L(4) is in gl(r,IR). Indeed, assume that the curve S
is invariant under the involution 1: (4, z)——»(z Z) and that the line bundle E is also
invariant under this involution. Then H°(S,E) is equipped with a natural real
structure where se H%(S, E) is said to be real if i*s =s. Recall that for Ae@, L(4)
is given by the commuting diagram

H°S E) 2 @

L(4) 1

H°GS E) - @

diag(z;) (53)

where ev; evaluates a section of E at the points of D, and diag(z;) denotes multipli-
cation by z on D, (see Sect. 2¢). For real A, the involution on H°(S E) induces an
involution 1 on " satisfying

1odiag(z;) = diag(z;)ot (5.4)
Hence for real 4, it follows that

1oL(4) = L(A)°u. (5.5)
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Therefore, if we use a real basis of H °(§, E) to construct a matrix L(4) for L(4),
we have that L(4) = L(7). N

Thus, we see that in order to produce flows of type (2.1) with L(A)egl(r,IR)*
we must consider curves invariant under the involution : and restrict to the flows
of line bundles which are invariant under the involution. Concretely, this means
that the divisor A of E should be chosen to be i-invariant and the transition
functions, exp u(z, A), describing the flow must also be i-invariant.

Case ii). k= so(r,C) or sp(p,C), 2p =r. In this case, the matrix L(1) is required
to be compatible with a nondegenerate bilinear complex form {,), i.e.

0= {L(A)v,w) + (v, LAw), v,weC. (5.6)

To interpret the structure in terms of the data of Sect. 2 we require a form on
H°(S, E) which is compatible with the map L(1): H(S, E) > H°(S, E) in the sense
of (5.6). -

Assume AeC is such that L(4) has distinct eigenvalues z,,..., z,. Let ;e H%(S, E)
be the eigenvector of L(A) corresponding to z;. Then (5.6) implies

(z: +z;)<e;,e;) =0forall i, j. (5.7)
Since the bilinear form ¢,) is nondegenerate, the z,’s must either come in pairs,
or vanish. Thus we can order the e;’s so that z,;= —z,;_; and z, =0 if r is odd.

From this we conclude that the curve is fixed under the involution 2.z —» —z. (This
fact is also easily seen directly from the equation for the curve and the involution
which fixes L(4).) Furthermore, in the basis e, .. ., ¢,, the matrix for {, ) is given by

D1 0
0 +
0 P2 : (5.8)
12} 0
0 0

Using the isomorphism ev,: H%(S, E)— ", the bilinear form { > on H%(S, E)
induces a bilinear form ¢ ), on € which is given by (5.8) in the basis ev,(e;),
i=1,...,r, of €. Defining an involution 1: C"— C" by

ag,...,a,)=(a,,a,,a4,0as,...) (5.9)
(leaving a, fixed if r is odd) we see that
{a,b),=F,(acub)) for a,beC, (5.10)

where F,:C'>C is a linear map and o:C"®C —»C is the map given by
componentwise multiplication. Since the diagram

H°S,E)\® H'S,E) > C' @ C’

j (5.11)
H°S EQI*E) —>
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commutes when the map € ® € — C is given by (a, b) - aci(b), we may define a
linear map F: H(S, EQ 1*E) - C by

F(s) = F,(evy(s)), seH’S,E®*E) (5.12)
so that .
(a, B> =F(a®1*p) for a,PecH’(S,E). (5.13)

Since <, B) is independent of 4, it follows that F must also be. Notice that if
seHO(S, E®1*E) satisfies ev,(s) = 0 for any 4, then F(s) =

Now, as in Sect. 4, let D, denote the zero divisor of the meromorphlc function
A on S and let D, denote its polar divisor. By (5.12),

F(H(S,(E®*E)(—Dy)) + H*(S,(E® *E)(—D,,))) = 0. (5.14)

Using the Riemann—Roch theorem, and Serre duality, one can compute the
following dimensions:

RS, EQ*E)=§—1+2r,
RS, (E®*E)(— Do) =g — 1 +r, (5.15)
RS (EQ*E)N—D,)=§—1+r

and

§if (EQE)(— Do —D,,) ~ K3

: ,  (5.16)
g — 1 otherwise

h°(S,(EQ *E)(— Dy —D,,)) = {
where K3 denotes the canonical line bundle on S and & denotes linear equivalence.
Now F vanishes on H(S,(E ® 1*E)(— D)) + H%(S,(E® *E)(— D)) but must be
nonzero on HO(S, E® 1*E). Counting dimensions, it follows that the intersection,
H°(S,(E®1*E)(— Do — D)) must have dimension at least § for F to be nonzero.
Since D, and D, are both divisors representing the hyperplane bundle 0(1), we
conclude from (5.16) that

E®*E~K3(2) (5.17)

if we are to have a nondegenerate bilinear form given by (5.13).
To complete the discussion we shall

i) Describe the line bundles E satisfying (5.17).
ii) Describe the admissible maps F: HO(S KS(Z))—>(E
iti) Determine in which cases the form given is symmetric or anti-symmetric

To describe the line bundles satisfying (5.17) it is enough to display the existence
of one line bundle E,, with E,® 1*E, ~ K3(2) and then to describe the degree zero
line bundles X with X ® 1*X = 0, the trivial bundle. To find E,, we first need to
describe K3(2) more explicitly.

First, note that if the curve S in T were smooth, one could obtain the canonical
sheaf over S by Poincaré residues, i.e.

PR: K, [S]|s> K, (5.18)

which is given in local coordinates over S by

dz ndA dz dA
JA)——= —g(z,A) ——, 5.19
) —9g(z,4) op/di g(z, 4) ap)oz (5.19)

9(z,4)
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where p(z,4) =0 is a local equation for S. When § is singular K can be defined
as the sheaf of Poincaré residues. This gives rise to meromorphic 1-forms with
poles at the singularities of S. In our case, since K~ Or(—m—2) and S is the
divisor of a section of Or(rm) we conclude

Lemma 5.1. K;= Oy((r — 1)m — 2).

To describe K3, let D; denote the r — k; points of S which project to the ordinary

(r — k;)-fold intersection of S at (x;,0). The forms on S pull back to forms on S
with poles at D where

D=Y(r—k— 1D, (5.20)

Thus we have an injective sheaf homomorphism
0-y*Ks— K3(D). (5.21)
Combining a degree computation with Lemma 5.1 we conclude
Proposition 5.2. K3(2) =~ Oz((r — 1)m)(D).
We are now ready to prove
Theorem 5.3. There exists a line bundle E,, over S, with E,®*E,~ K3(2).

Proof. To construct E,, we first find Eo with Eo®z*L~?0 =~ O;((r — 1)m). This
construction breaks into two cases:
i) If (r — 1)m is even, choose

By~ 0; ( U "21)'") (5.22)

Since the bundles U3(k) are invariant under the involution i, it follows that
Eo®1 Eo ~ O5((r — 1)m).

i) If (r — 1)m is odd let A = oo intersect S at the points +z;,i=1,...,r/2 and
let Q be the divisor z; +z, + -+ + z,;,. Set

- —1 1
E,= @s((’—);—'”—))(—g). (523)

Then since Q ® 1*Q ~ O(— 1) we have Eo®z*EO =~ O((r — D)m).
To construct E, we will find a divisor C with C® *C ~ D and then

Eq~ E(C). (5.24)

To find C note that if r — k; is even, the involution must pair up the points in
D;, thus we can find C; with C;®*C; ~ D;. In this case the contribution to C is
(r—k;— 1)C;. If r — k; is odd, the contribution to C is 3(r —k;— 1)D;. O

The next step is to study the line bundles X, of degree zero, satisfying
X®*X =0. (5.25)

Recall that the degree zero line bundles on § are isomorphic to H(S, 03)/H(S, Z)
and that there is a surjection H'(S, O5) - H' (S, ;). Hence from Corollary 2.3 we
conclude that H(S, %) is generated by the monomials z'A/, 0 <i<r, —im<j<0
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(modulo relations describing the kernel of the above surjection). The action of r*
splits H'(S, 0%) into + 1 eigenspaces

H\S,05)=H ® H., (5.26)

where H' is generated by the monomials z'A’ with i even, and H! is generated
by those w1th i odd.
Let I" ~ H'(S, Z) denote the lattice in H'(S, ;). For ZeI write

Z=2,+272_, (5.27)

where Z,eH,. Then *Z=Z, —Z_, and since *I" < T, letting 'y = ' nHY,
we conclude

F,+r_creil, +3ir., (5.28)

where addition of lattices denotes the lattice generated by the elements of the two
addends. Let n,: I" - H’ be the projection given by (5.26). From (5.28) we have

n.(I)cir,. (5.29)

Let A denote the set of degree zero line bundles X satisfying (5.25). Representing
X by an element X e H'(S, 05) we have

X +1*Xel. (5.30)
With the splitting (5.26) we write X = X, + X _ and conclude from (5.30) that
2X el (531
The lifting of X is defined only up to addition of an element of I". Thus the map
X->X,eil', (5.32)
induces a well defined map
p:A—> G )m. (). (5.33)

In conclusion, we have

Theorem 5.4. The map p gives a bijection between the connected components of A
and the elements of (3I".)/n,(I'). Each of these components lifts to an affine copy
of H' in H'(S, 05).

To give an explicit description of the map F: H(S, KS(2))—>C we recall from
(5.15) and (5.16) that F vanishes on a fixed hyperplane in H(S, K5(2)) so it is
unique up to a constant. Using Proposition 5.2 we see that a section of K3(2) is
uniquely expressible in the form

a(z,A)=apz" " ' +a,A "+ +a,_,(A), (5.34)

where deg(a;(4)) = im, and a(z, A) is required to vanish appropriately at the singular
points. If at A= 1,, the section vanishes at the r points of D, (counted with
multiplicity) then the polynomial a(z,1,) must vanish identically. In particular
ay =0. Thus from (5.14) we conclude

Proposition 5.5. Up to a constant multiple, the map

F:H°(S, 0((r — )m)(D)) > C
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is given by F(s) = a, in the above trivialization.

At this point we know that if E = E; ® X, X €A, then F induces a bilinear form
on H°(S, E) of the form (5.13). We now wish to determine in which cases this form
is symplectic, and in which cases it is orthogonal. To this end we define a signature
which is constant on the components of A.

For XeA we have i*X ® X ~ (0. The action of * on the sections of X induces
an involution * ® i* on the sections of ¢. There are exactly 2 involutions on the
sections of O, namely + I, where I is the identity. We define

+1 if *R*=1

: . (5.35)
1 if *@r=—1

Sign(X) = {

Since this depends only on X ,, it follows that this induces a homomorphism
o3, )/n (M) ~Z)2. (5.36)
A computation with respect to our local trivializations then yields:

Proposition 5.6. Let E=E,® X, XeA. For a,be H(S, E) we have

i) {a,b)={b,a)iff sign(X)=(—1y"1.
ii) {a,b) = —<b,a)iff sign(X)=(—1).

Proposition 5.7. Assume S is connected. If r is odd, the form constructed above is
symmetric and hence L(A) belongs to §6(r,C). If r is even and the involution has
fixed points, then the form is antisymmetric and L(1) belongs to §p (%, (E).

Proof. If the involution on § has a fixed point then sign(X)= + 1 for all XeA.
In this case the symmetry or antisymmetry of the form is determined by (—1)" 1.
When r is odd the involution always has fixed points. [

Case iil). k=u(p,q). The arguments here are more or less the same as those for
case ii) so we shall only state the results with a few brief remarks.

In this case, we require the coefficients of L(A) to be in u(p,q) so from the
equation for the spectral curve we find an antiholomorphic involution

1(z, )= (—2,4). (5.37)

This induces an involution on the line bundles, which at the level of transition
functions is given by

T(z,A)» T(—2z,A), (5.38)
and at the level of sections in our choice of trivialization is given v
sz, A) = s(—z, ). 15.39)

Furthermore, we require an hermitian inner product on the space H(S, E). As
above, this inner product is given by

{a,b) =F(a®1*b), (5.40)
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where, once more
E®I*E ~ K;5(2) = Oz((r — 1)m)(D). (5.41)

In this case, however, one can normalize the choice of F so that (a,b) =<{b,a).
The signature of the form is determined partly by the geometry of the curve and
partly by the line bundle.

For real A, the involution fixes the fiber over A, and hence we may label the
eigenvalues in such a way that

22i=—22i—1’ i=1,...,k (5‘42)
and
Zj=—’2j, ]=2k+1,,r (543)

Furthermore, we require that
V-lz;2 = 1z0,, j=2k+1,0r— 1 (5.44)

For our “standard” bundle E,, using the basis of sections determined by

si(4,2;) = 0y, (5.45)
one shows that the form is given (up to a constant multiple) by the matrix
[0 o
hb |
0 o,
B, 0
(5.46)
0 o
B O
Yak+1

where o;f; are real, positive numbers, and the y;’s alternate in sign. Thus the

r r)
r—1=1).
2 2

Now if L is a line bundle with L® 1*L ~ 0, one can repeat the analysis for the
form on H°(S,E,® L), comparing with the results for E,, we see that we get
signatures within the range (k,r — k) to (r — k, k). Since these bounds hold for all
real 4, the actual range possible is from (k,,, r — k,,) to (r — k,,, k,,), where k,, denotes
the maximum k given as A varies in R.

signature of the form is
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6. Examples

a) The Rosochatius System. The Rosochatius system is a Hamiltonian dynamical
system on T*S"~! which is most easily described by considering the Hamiltonian

1 2
= — y2 + Hl— + & a,‘x? (6'1)
2=t x? '

on T*R"=R" x R" and constraining the flow to the symplectic submanifold
T*S"~! = T*R" which is given by
Yx?=1 and Y x;y,=0. (6.2)
The constrained equations of motion are given by
Xi = Yi,

2u? u?

= —2e0,+ =5+ X; | 26) 0% Py vi=2y ). (6.3)
x3 x?
J

i

In [1] it was shown how to realize this system as a flow of rank 2 isospectral
perturbations generated by the Lax pair equation

d _ —2a(A) 0 1 0 1
d—N(/l)-[( I (N(/l)-i—s,l(o O>>>+,N(A)+sl<0 O):l, (6.4)
where

_i S A Xy — =) 3 H_f)(o 1)}
N(A)_Zigli—di{<xi2 —-xy‘> M( ) (,2 0o o/( (6.5)

Setting
1 01
L(A) = za(i)(N A+ si(o 0)) (6.6)

we have that L(4) is a matricial polynomial satisfying an equation of the form (2.1)
with

P(z,A"Y)= —2zA' ™", (6.7)

We shall now apply the tools developed in Sects. 2, 4 and 5, to explicitly solve this
system in terms of theta functions.

The spectral curve S for this system is hyperelliptic, has genus g =n— 1, and
is given by

z2+z(./—2a(,1)zL>+1<lseu)-a2(1)< JL)2>=0 (6.8)
2\2 y— ’

l—O(i

SEA) = az(,{){(z“;L i‘ O()(Z1 -& a) . (le:v;>

+2<Zl_i i)(z(’;/ >+2 T } (69)

where
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It is easily checked that for generic x, y the curve S is smooth, and so we need
not perform any desingularization, ie. S=S and §=g.

The construction of Sect. 4 assumed that the points at A = co were distinct so
that the sections y/; of the bundle E could be determined by their values at these
points. That construction is easily generalized to the case that the divisor D, has
points with multiplicity by constraining not only the values of the y;’s at these
multiple points, but also the values of an appropriate number of derivatives.

Let E be the line bundle on S obtained, as in Sect. 2, from L(4,0). Assuming
that E is generic in the sense of (2.13) it follows that one can choose a section y*
of E which vanishes at the point co to precisely first order. (There are no sections
of E which vanish to second order at 00.) We normalize ' by fixing the values
of its derivatives in A7!/2 at oo in our chosen trivialization to be =+ (2¢)~ /2.
Similarly, we can choose y? which does not vanish at co. Normalizing we set
y2(0) = 1. There is an additional normalization of the derivative of 2 at co,
which is determined by the condition x-y =0 and is effected by the addition of a
suitable multiple of y/'; we omit it as it is of no importance in the final description
of the solution. Now ! and 2 form a basis for the sections of E so we may
proceed as in Sect. 4 with L(A) determined by (4.2).

The next step is to consider ! and 2 as generalized Baker—Akhiezer functions,
asin Sect. 4, and find expressions for them in terms of theta-functions. In particular,
recall that a divisor corresponding to the line bundle given by the initial conditions
is given by (L(4; 0) — zId),q;v = 0. Taking into account the normalizations at infinity
which determine the choice of v, the zero divisor I'(0) of y! is then q; + --- + g,
where

LZI()'(qj)) =0,

L,,(Ag;))=z(q;), j=1,....n—1 and gq,= 0. (6.10)
Similarly, the polar divisor 4 is p; + --- + p,, with
Li2(A(p))=0, Ly,(Ap))=2(py), j=1,...,n. (6.11)

The results of Sect.4 than give explicit formulae for the Baker—Akhiezer
function Y(t) = (A, t) in terms of theta-functions and the “initial divisors” I"(0)
and A, but the explicit determination of the x; flows is still rather cumbersome
since it requires the expansion of the /(t)’s in the local parameter A’ to high order.
The x; flows can, however, be derived implicitly. They are expressible in terms of
hyperelliptic integrals as follows. Let Q(r) = Y g;(¢) be the zero divisor of y/*(t) and
let a;(t) = A(q;(t)) be the corresponding set of A-coordinates. From (6.10), we have

n x_2 1 n=1 J
= o —ay), 6.12
i; A—oa; a(d) il:ll ( ) (6.12)
ie., the g;’s give hyperelliptic coordinates on the sphere. The form w=dIn(y!)

has simple poles at Q(t), 4 and a pole of the form d(;i) at oco. Applying the

reciprocity formula ([6], p. 240) for the periods of w and those of the regular
differentials z~ 14"~ ! ~/d1 we obtain

a() Jn=1=j -
A dl={2t+c’ j=1
i x 2(4)

(6.13)

cj, j>1’
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where c;, j=1,...,n—1 are constants. Up to normalization, this agrees with the
integration of this system given in [7].

b) The Coupled Nonlinear Schriodinger Equation (CNLS). We next consider a real
form of the coupled 2-mode nonlinear Schrédinger equation:

v T 1“! + Uyx = 2u(|u'2 + ’vlz)’
<o, +0,, =20(ul* +v]?).
As discussed in [1], Sect. 6F, this equation can be given as the commutation

relation for ¢ and x flows of matricial polynomials with coefficients in su(1,2).
Namely, let

(6.14)

LA)y=A""'Lo+A""2L;+--+L,_; (6.15)
with L,esu(1,2) and '
\/_—1 2 0 0
L0=T 0 -1 01, (6.16)
0 0 -1
0 un v
Li=fu 0 0} (6.17)
v 0 0
Defining x and ¢ flows by
iL=[)»L0+L1,L], (6.18)
dx
d 2
EL=[A Lo+ AL, +L,,L], (6.19)

the commutativity of these flows requires u and v satisfy (6.14) and determines
L,,...,L,_, in terms of u, v and their x derivatives, up to integration constants.
In [1] a space of rank 3 isospectral flows was related to CNLS as follows.
Choosing distinct_real numbers a,...,®,, a reduction of the moment map

J3:M, 3 x M, ;—>4gl(r)” gives a moment map J: C*"— §i(1,2)” by

. g [P e =G
Jn )=y ~1% o K1 —Inl* —ml |=NQ), (6.20)
i=1

o Lo =l =GP
where p; = y/ Inal? + 1812
1
With L(A)=1a(,1)N(/1) the flows (6.18) and (6.19) are equivalent to the

Hamiltonian flows on §%(1,2)” of the Poisson commuting functions,

_ 1] a(d) )
H, = 2[/1"_ tr(N(4) )]O, (6.21)

H,= 1[ ald) tr(N(A)Z:I . (6.22)
0
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The value (6.16) of L, determines the value of the su(1,2) moment map and is thus
an invariant of the flows. It gives the constraints

Yl =Y161P =35 (6.23)
Z"lipi =2Cipi =Zﬁi€i =0. (6.24)

Under these constraints, the form of L, is also invariant, yielding
Youlml? =Yl =5 0, Yuinli=0 (6.25)

and
u=—4 - lzaiﬁipi, V=— - lzaic_ipr (6.26)

The spectral curve S for this problem is given by

det(L(A) — z) = — 23 + za(A)Q(4) + a*()P(A) =0 6.27)

with
QM) =Qo+ QA+ +Q, "2, (6.28)
P(A)=Py+ P A+ -+ P,_ 3" 3 (6.29)

These 2n — 3 integrals Q; and P; give a completely integrable system on the 4n — 6
dimensional space given by C2" with the 6 real constraints (6.24). Imposing all the
constraints (6.23), (6.24) (i.e. assuming (6.16)) the curve has two points at 1 = oo,
2./ —1 - -1

3 3 Assuming

namely the regular point 7 = and the double point 7 =

also (6.17) and changing to coordinates Z = z/4" and 1= 1/4, an expansion near
- -1
3
locally given at this double point by
uw—v*)=0 (6.30)

and thus separates into two sheets in the desingularization. Furthermore L(4) is
generically of rank 1 at 4 = «; (the rank two case may also be considered but the
explicit computations are more complicated) and so the curve also has double
points when 4 = «;. Resolving all of these singularities (including the one at o),
the desingularized curve S will have genus

g=2m-8 (631)

The flows on the Jacobi variety of S linearize the Hamiltonian flows on the
4n — 16 dimensional manifold given by €2 with the 12 real constraints of (6.23),
(6.24), and (6.25), divided by the 4 dimensional stabilizer group of L, in su(1,2)
(i.e. the flows generated by the first class constraints).

To solve for u and v in terms of -functions we choose sections ¥, %, > of
the line bundle E on S such that

iy =i (00;) = dy;. (6.32)
Inserting into (4.2), expanding near 4 = 0, and discarding terms of order 42 yields

u=/—1% I=o<:/;—jz)’ (6.33a)

di

Z:

yields that the curve (after an appropriate change of coordinates) is
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4 «//31> 6.33b
i i- o<¢u (6330)

Applying the results of Sect. 4, we have, with the notation given there,

0(A(p, y) +tU +xV + 6 —7,)0(A(0, y) + e)
0(A(p, y) +tU + xV + 6 —y,)0(A(c0;, y) + e)

:/fl (y)=K;exp(ty; + xv;) (6.34)

where i=2,3 and pu; = f N, v;= f 7, with #, 7j being the forms corresponding as
in (4 20) to the ¢, x flows respectlveiy The K; are constants independent of x and
t; p is a base point. Differentiation yields

0(A(p, 0,) + 5+ tU + xV —7,)

0(A(p,0,)+ 6+ tU +xV —17,)

0(A(p,0()+ 0 +tU + xV —y3)
0(A(p,00,)+ 6+ tU +xV —7y,)

u(x, t) = K, exp(tp, + xv,)

, (6.35a)

v(x,t) = K, exp(tus + xvs3) (6.35b)

Another method of solution, analogous to that given in [7] for the Rosochatius
system may be used to obtain these solutions. This is based on finding a Liouville
generating function for canonical transformations to an appropriate linearizing
Darboux coordinate system. The general result integrating all isospectral flows
corresponding to rank-r perturbations via such a Liouville generating function
and details regarding these examples may be found in [2].
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Communicated by A. Jaffe

Note added in proof. The following ate errata for part I of this sequence [1].

On page 460, equation (2.40) the rank should be r.
In proposition 3.4, d¢(A") = (dp(A"))+ + (dp(A"))- and the N’s in equation (3.11) should be

script.

On page 468, the degree of the line bundle should be —g—r + 1.
On the line above equation (6.4), b — c =4A.
At the bottom of page 487 the subalgebras should be interchanged, so that (6.9a) corresponds

to su(1,1) and (6.9b) corresponds to su(2).








