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Abstract. The problem of determining the physically relevant states acquires a
new dimension in curved spacetime where there is, in general, no natural definition
of a vacuum state. It is argued that there is a unique local quasiequivalence class
of physically relevant states and it is shown how this class can be specified for the
free Klein—Gordon field on a Robertson-Walker spacetime by using the concept
of an adiabatic vacuum state. Any two adiabatic vacuum states of order two are
locally quasiequivalent.

1. Introduction

In quantum field theory on Minkowski space the vacuum state is of primary
importance. It is a state which is invariant under the group of isometries of
Minkowski space time, the Poincaré group. Furthermore it is a ground state, i.e.
a state of lowest energy in the corresponding vacuum representation. On an
arbitrary Lorentzian spacetime there are in general no isometries so that there is no
corresponding way of trying to define a “vacuum” state. Much work has been
devoted to the problem of developing other criteria leading to a suitable definition
of a vacuum state. It seems probable that there is no unique natural state for a
quantum field theory on an arbitrary Lorentz spacetime which deserves the epithet
“vacuum state” but at best some class of states which might represent local
equilibrium states.

In view of this situation, it is worth reexamining the reasons which lead one
to ask for such a vacuum state. The original motivation was undoubtedly to be
able to define a suitable notion of particle. The notion of particle even in a
Minkowski quantum field theory is a complex one with several facets which we
do not wish to examine in detail here. For our purposes, it will be enough to adopt
what is for practical purposes by far the most important notion of particle, namely
that which underlies scattering theory. Roughly speaking, a particle is an excitation
of the vacuum which is relatively well localized in space and time and moves on
a straight line path. The importance of the concept of particle is that it allows one
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to analyse scattering experiments. This is best expressed as the postulate of
asymptotic completeness. Every state of relevance to elementary particle physics
admits an asymptotic interpretation for t - + oo in terms of a finite set of particles
which are well separated from one another and are moving away from each other
on straight line paths. The point we wish to make here is that the concept of
particle is an asymptotic one which reflects the tendency of localized concentrations
of energy to split up asymptotically into a finite number of localized fragments
with a simple asymptotic motion and no interaction in the future. The question
of whether such a concept is useful in a curved space time is therefore primarily
a question of whether we can expect such a similar behaviour in a curved spacetime.
In regions of high curvature one would not expect such behaviour because the
presence of the gravitating matter needed to produce this high curvature means
that the system still has an appreciable interaction. Thus we can only expect to
apply the concepts of scattering theory successfully if the spacetime in question is
asymptotically flat. As is well known under these circumstances we have no difficulty
in defining an asymptotic out vacuum or the associated asymptotic particle states.
Hence the importance of the particle concept in physics in no way suggests that
one should even try to define a vacuum state in curved spacetime different from
the above asymptotic out or in vacuum.

This does not mean that we should conclude that, since we do not need to
specify a vacuum state, all states should be treated as equally relevant to a
description of the physical world. It is well known that systems with an infinite
number of degrees of freedom possess a myriad of states which have not been
classified in any sensible manner and that it would be unwise to regard more than
a small fraction of these as being relevant to physics. Indeed our experience with
quantum field theory in Minkowski space suggests that as far as measurements in
some fixed bounded region @ go the situation is extremely simple. It is enough to
know one physical state w of our system, construct the corresponding GNS-
representation n,, on the Hilbert space 5, and look at the set of expectation values
for observables which can be measured in @ given by density matrices on #,,.
This set of expectation values is independent of the choice of the physical state w.

It has been suggested by Haag, Narnhofer and Stein [1] that this should be
true of a quantum field theory in a curved spacetime too and they have called this
the principle of local definiteness' and have used this principle to derive the value
of the Hawking temperature. If one accepts this principle then it is an important
task to specify the class of physical local states for each bounded open set ¢, and
to do so it is enough to specify a single (global) physical state. Alternatively, we
can specify some family of physical states, but we then have the task of verifying
that the family is consistent with the principle of local definiteness.

In this paper, we examine the free Klein—-Gordon field on Robertson-Walker
spacetimes and find that we can indeed specify a family of quasifree Fock states
which is consistent with the principle of local definiteness. Our scheme is based
on a precise version of the notion of adiabatic vacuum. We work in the algebraic

! There has been an unfortunate tendency in the literature to equate the criteria of [1] with the
existence of the massless free field scaling limit used in the derivation of the Hawking temperature.
The principle of local definiteness does not merely have implications for the scaling limit but
restricts the physical states of the full theory
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formulation of quantum field theory [2] and construct following Dimock [3] a
net O — A(0O) of C*-algebras defined on a suitable class #~ of open sets with compact
closure associated with a free Klein—-Gordon field on a Lorentzian spacetime.
Given any state @ on the net 2, the GNS-construction gives us a representation
n,, of the net on a Hilbert space #,,. The restriction of this representation to the
algebra A(0O) will be denoted =, [ 0. Two states @ and o’ are said to be locally
quasiequivalent if the representations 7, [@ and 7, [ @ are quasiequivalent for
each Oe A . Equivalently w and o’ are locally quasiequivalent if the density matrices
in #, and . define the same set of states of A(O) for each OeA". The principle
of local definiteness holds if any two physical states of U are locally quasiequivalent.
Our task is therefore to use geometric data to specify a local quasiequivalence
class of states on .

To fix our notation we sketch the construction of the net U for the
Klein—Gordon field ¢ in a globally hyperbolic manifold .# with Lorentzian metric
g. The natural choice of test functions for ¢ is the set of complex-valued odd
smooth 4-forms with compact support which we denote by 2(.#). The com-
mutation relations are determined by the Green’s function

G(x,y):= —ilo(x), 0(y)] (L.1)

which is obtained as follows [3]: there are unique operators E*:9(.4)— C®(4)
with the property that

(O+m)E* =EX(OQ+m?)=#, (1.2)
supp E* f = J*(supp f), (1.3)

where # denotes the Hodge #-operation and J*(supp f) denotes the set of points
which can be reached from supp f by a future or past directed causal curve,
respectively. Setting E:=E* —E~, we have ((J+m?)E=E(0+m?) =0 and
fgAEf=—[fnAEgand G is given by

G(f.9)=—[f AEg, [,9eD(M). (1.4)

We equip 2(.#) with the antilinear involution I given by I'f = f and an Hermitian
form y given by y(f,g) = iG(f,g). The triple (2(.#),T,y) is a phase space in the
sense of [4] and there is an associated self-dual CCR-algebra. This algebra
has two drawbacks, its representations are by unbounded operators and the
corresponding fields do not necessarily satisfy the Klein—Gordon equation.
The second problem is cured by replacing 2(#) by its quotient space
(M) +m?)D(M):= K and the induced phase space (K, I', y) has the additional
merit of being non-degenerate. We denote the element of the self-dual CCR-algebra
UK, I',y) corresponding to feD(#) by ¢(f). The first problem is cured by
passing to the associated Weyl algebra defined over the real linear space
Re K:= {keK:I'k = k} equipped with the symplectic form induced on Re K by
—iy. Since the symplectic form is non-degenerate the Weyl algebra is a simple
C*-algebra. If W(f) denotes the Weyl operator corresponding to fe2(.#) then
we have the commutation relations

W(f)W(g)= W(f +g)e” /219, (1.5)
We get our net U of C*-algebras associated with the Klein—Gordon field over .#
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by taking () to be the C*-subalgebra of our Weyl algebra generated by the
W(f) with supp f = 0.

There is a good reason to be dissatisfied with taking any net U of Weyl algebras
as the observable net of a quantum field theory since there are representations n
for which A—n(W(if)) is not a strongly continuous 1-parameter unitary group
and it is usual to restrict oneselves to representations, known as regular repre-
sentations, where this does not happen. However, once one has determined the
appropriate local quasiequivalence class of states, one can redefine the net to be
the associated net of local von Neumann algebras and A n(W(Af)) will be strongly
continuous in any locally normal representation.

In the case of free fields in curved spacetime, the quasifree states form a
distinguished and simple class of states so that it is natural to try and specify the
local quasiequivalence class of physical states by singling out a special class of
quasifree states. This special class will be the adiabatic vacuum states introduced
in Sect. 3.

A quasifree state wy is specified by its 2-point function which is a scalar product
on the test function space 2(.#) or, more precisely on K,

5(f,9):= ws(e()* ¢(9)). (1.6)
In terms of the Weyl operators we have
ws(W(f))=e WD, (1.7)

In the terminology of [4], the 2-point function S of a quasifree state wg is a
polarization of the phase space (K, I', ), i.e. a positive Hermitian form on K such
that

S(f,9)—S(I'g, I'f)=y(f.9). (1.8)
Given S one defines a scalar product (-,")s on K by
(f,9)s=S8(f,9)+S(I'g, IT'f) (1.9)
and we have [4]
IS(f, 91> <(f, f)s(9, s (1.10)

so that we have an operator S defined on the Hilbert space completion K of K
determined by (;,°)s and satisfying

(f.89)s = 5(f, 9). (1.11)

ws is a Fock state if and only if § is a projection.
Araki and Yamagami [4] proved the following result:

Theorem 1.1. The GNS-representations of the Weyl algebra over a phase space
(K, I',y) induced by quasifree states ws and ws. are quasiequivalent if and only if the
following conditions are satisfied:

(A1) (,)s and (-,")s induce the same topology on K,

(A2) §V2 - §V2e %K),

where £*(K) denotes the set of Hilbert—Schmidt operators on Kg and S is the
operator on K representing the polarization §',

(.5 9)s=S(f,9). (1.12)
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Of course, when wg and wg are pure states and hence Fock states, quasi-
equivalence implies unitary equivalence. The above result will be applied in Sect.
4 not only to the adiabatic vacuum states themselves in the case of a Robertson—
Walker spacetime with spherical spatial sections but also in the case of open
Robertson-Walker spacetimes to the restrictions of the adiabatic vacuum states to
the local algebras A(0), Ve A" which are also quasifree states over a Weyl algebra.

Now if we take a state @ and restrict it to a state w [ @ of () and then apply
the GNS-construction we obtain a representation n,,,, which is a subrepresentation
of n, [ 0. Hence the above theorem, when applicable, does not automatically lead
tolocal quasiequivalence. We therefore complete the proof of local quasiequivalence
in Sect. 5 by proving that =, [ ¢ is factorial and hence quasiequivalent to =,,,,.

We also prove in Sect. 5 that duality holds in the Fock representation =,
constructed from an adiabatic vacuum state w. In Minkowski space duality has
had important consequences for the superselection structure of the theory and it
is gratifying to see that this property holds in curved space time, too.

The conclusions of this paper are that, for Robertson—-Walker spacetimes, the
concept of adiabatic vacuum states leads to a class of states compatible with the
principle of local definiteness. We therefore propose, as a necessary condition, that
any physical state of the free Klein—Gordon field on such spacetimes should be
locally quasiequivalent to an adiabatic vacuum state. We comment briefly on the
relation of the adiabatic vacuum states to the Hadamard form. Najmi and Ottewill
[5] show that a Hadamard vacuum state wg for the Klein—Gordon field over a
Robertson—Walker spacetime with flat spatial section, i.e. a Fock state with
anticommutator function (-,7)s (cf. (1.9)) of the Hadamard form, is, in their
terminology, an adiabatic vacuum state of order two2. Hence, we would get the
same class of states compatible with the principle of local definiteness if we insisted
on the Hadamard form. Bernard [6] considers Hadamard vacuum states over a
Bianchi type I spacetime® and a computation again shows that the high energy
behaviour of such a state agrees with that of an adiabatic vacuum state of order
two*. Further computations relating the Hadamard form and the adiabatic vacuum
can be found in [ 7]. Thus we tentatively conclude that the approach using adiabatic
vacuum states and the approach using Hadamard vacuum states are equivalent
and viable methods for fixing the local states as required by the principle of local
definiteness. It should be noted that the problem of renormalizing the energy-
momentum tensor, which motivatives the Hadamard form [5], is well posed once
the local states are determined.

Although the adiabatic vacuum states and the Hadamard vacuum states seem
to be equivalent methods of fixing the local states, the approach here using adiabatic
vacuum states has some definite advantages. One needs a definition of the
Hadamard condition which avoids convergence problems but guarantees the
symmetry condition as well as the positivity condition (cf. (1.9)). Fulling et al. [8]
give a definition of the Hadamard condition which meets these requirements. They

2 This corresponds to a single iteration in the terminology of Sect. 3

3 There are no obvious obstacles to extending our analysis to this class of spacetimes

4 It must be pointed out that (2.8) of [6] does not imply unitary equivalence of the Fock
representations (cf. Sect. 4). It is conceivable that it implies local quasiequivalence, cf. the discussion
in Sect. 3
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also show that there is a large class of Hadamard states for an arbitrary globally
hyperbolic manifold. It nevertheless remains difficult to exhibit an explicit example
of a Hadamard vacuum state for a general Robertson-Walker spacetime. Further-
more, even if one just wishes to fix the terms as far as is needed to guarantee local
quasiequivalence, the necessary computations are more easily performed using the
adiabatic states.

2. Homogeneous Isotropic Quasifree States

In this paper, we consider only homogeneous isotropic spacetimes where it is
natural to try and specify the local quasiequivalence class of physical states by
singling out a special class of homogeneous isotropic quasifree states. This section
is devoted to describing the structure of the homogeneous isotropic quasifree states
and showing that their 2-point functions depend only on the magnitude of the
“3-momentum.” We also characterize the homogeneous isotropic Fock states and
show that any such state can be obtained in the usual fashion using separated
mode solutions of the Klein—-Gordon equation. Although these results are hardly
surprising there does not appear to be any proof given in the literature. Readers
not interested in the proof of these results might turn straight to the final result
to familiarize themselves with the notation and pass on to Sect. 3.

The homogeneous isotropic spacetimes have the form .# =R x &, where &
is a homogeneous Riemannian manifold and with respect to this decomposition the
metric takes on the Robertson—Walker form:

ds? = dt* — a(t)*h;(y)dy'dy’, (2.1

where h is the metric on &. We will assume that a is a strictly positive smooth
function. There are three possibilities for % corresponding to constant positive,
zero and negative curvature which we denote by % ee{+,0,—} and it is
convenient to regard #* as being embedded in R*:

3
Fr ={erR4:x°2+ Y x* = 1}, (2.2)
i=1
&L= {xeR*:x° =0}, (23)
3
s~ ={xelR4:x°2—— Y x'= 1,x°>0}. (2.4)
i=1

The metric h° is that induced on ¥* by the Euclidean metric on R* for e = +,0
and the Minkowski metric for e = —. These spaces are homogeneous spaces for
groups G°, which are the rotation group SO(4), the Euclidean group E(3) and the
Lorentz group £, (4) respectively. The group G* also acts as a group of isometries
of the manifold #*:=IR x %%, ¢(t, x) = (t,gx). In what follows we will omit the
symbol ¢ unless it is necessary to specify one of its values.

Now the mapping E:9(M)— C®(MH), defined in Sect. 1, commutes with the
natural action of G being a group of isometries so that G acts as a group of
Bogoliubov transformations of the phase space (K, I', y) and hence induces a group
of Bogoliubov automorphisms of the self-dual CCR-algebra and of the Weyl
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algebra:
a (@) =0@f), aW(f))=Wf) geGC. (2.5)

A state o is said to be homogeneous and isotropic if wea, =w, geG. Since a
quasifree state wg is uniquely determined by its 2-point function S, it will be
homogeneous and isotropic if and only if

Sgf.9f)=8(/.f), g€G. (2.6)

To be able to analyse this condition effectively some continuity conditions on the
2-point function S are necessary and indeed physically desirable. It would be natural
for example to demand that S be separately continuous in f and f” relative to the
usual topology on 2(.#). We shall impose a stronger, but still rather weak,
continuity condition. To formulate this, we first need to describe our phase space
(K, I',y) in terms of Cauchy data on a Cauchy surface &,:=t x <.

A smooth 3-manifold such as & has a phase space (L, I',y) corresponding to
the canonical commutation relations. An element of L is a pair F = (f, h), where
f€2(¥), the set of complex-valued odd smooth 3-forms with compact support
and he CJ (%), the set of complex-valued smooth functions with compact support.
I' corresponds to complex conjugation whilst the Hermitian form y is given by

WEFY=i[(f AR =R A [). 2.7)

We now let j,:& — .# denote the (oriented) embedding mapping j,(y) = (¢, y), then
we have an isomorphism of phase spaces p,:(K, I',y)— (L, I',y), defined by

p(f):=(J}#dES, — j¥Ef), (2.8)

where d denotes the exterior derivative. This isomorphism describes the passage
from the field ¢ on . to its Cauchy data on the Cauchy surface &, in terms of
test functions. It is clearly compatible with the natural action of G so we may use
(L, I',y) to investigate the structure of the homogeneous isotropic quasifree states.

We now describe the continuity condition imposed on the 2-point function S.
By virtue of the Riemannian metric on & we have a scalar product on L,

(F,F):= [(F A#f + T A #H). 2.9)

We let the Laplacian A act componentwise and give L the topology defined by
the norms ||-{,, where

|Fl|2:=(F,(— A+ m*)*F), veN,, (2.10)

and require S:L x L— € to be jointly continuous with respect to this topology.
Thus there is an integer v and a constant C > 0 such that

[S(F,F)| = CI|FI,IIF|,. (2.11)

But this means by the Riesz Representation Theorem that there is a bounded
operator S on the Hilbert space H, obtained by completing L in the norm |-,
such that

S(F,F')=(F,SF"),. (2.12)

The natural action of G on L is isometric for each of the norms |- |, and thus
extends to a unitary representation in each H, so that S is invariant under G if
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and only if § is in the commutant of this representation. There is a unitary mapping
V from H, to [}(¥)® [*(¥) defined by

V(F)=#(— A+ m*)’f@®(— A+m?)’h, Fel, (2.13)

since (— A+ m?)” is essentially self-adjoint on C¥(¥) and strictly positive, velN,
[9]. Here [*(&) is, of course, defined using the invariant measure derived from
the Riemannian metric on &. V intertwines the representation of G on H, with
the unitary representation U@ U on [*(¥)@® L*(¥) given by

U(g)(h)=hog™', he%(¥). (2.14)

Hence we shall be able to analyse the G-invariance of the 2-point functions by
computing the commutant of U.

The representation theory of G is treated in [10, 11] and the relevant facts are
summarized in an appendix. The representation U, known as the quasiregular
representation, is decomposed into irreducible representations by what amounts
to a Fourier transformation. The simplest case is that of G* = SO(4), where the
eigenspaces of the Laplace operator A give a decomposition into a direct sum of
inequivalent irreducible representations. If k = (k,1,m), where keN,, 1 =0,1,...,k,

m=—1 —1+1,...,1, then there is a conventional orthonormal basis @— of
eigenvectors of Ain X&),
AY; = —k(k+2)%, (2.15)
and the Fourier transformation
h(k):= (¥, h) (2.16)

gives a unitary transformation of I2(&*) onto I2(#*), where #* denotes the
momentum space associated with &% *, i.e. the range of values of k equipped with
the counting measure. A bounded operator on I*(¥*) commuting with U
corresponds to multiplication by a bounded function of k on I2(£*).

The case G® = E(3) is very familiar since the representation U is decomposed
into a direct integral of irreducible representations using the usual Fourier
transform. The Laplace operator now has no eigenvectors in I2(&#°) but we use
the generalized eigenvectors

Y (X):=n)*2e*F, AW = —K*¥-, 2.17)
which we treat as generalized functions on %°. The Fourier transform
h(K):= @z, h), heCg(S°), (2.18)

extends to a unitary operator from I2(%°) to I*(#°). A bounded operator on
I*(£°) commuting with the translation subgroup of G° corresponds to multi-
plication by an essentially bounded measurable function of  in [*(#°). Hence a
bounded operator commuting with U will correspond to multiplication by an
essentially bounded measurable function of k = |k|.

The case G~ = £, (4) is similar since the representation U is decomposed into
a direct integral of irreducible representations using a suitable modification of the
Fourier transform. We again use the generalized eigenvectors of the Laplace
operator

Yr(x)=2r) ") 1tk k=kEeR3, k=|k|, AY;=—(k*+1)%;.
(2.19)
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Here &~ is regarded as being embedded in R*, & = (1, £)elR* and x-¢ refers to
the Minkowski scalar product. Regarding #; as a generalized function we have
an analogue of the Fourier transform defined by

h(k):= (@, h), heCP(F ), (2.20)

and extending to a unitary operator from I2(% ~) to I*(¥ ~):= I*(R?). A bounded
operator commuting with the representation U again corresponds to multiplication
with an essentially bounded measurable function of k = | k|. Our proof of this result
is relatively technical since it relies on [ 12; Proposition 8.6.4] and we have relegated
it to the appendix.

To have a uniform notation for the eigenvalues of the Laplacian we write

AY; = — E(K)W; 2.21)

in each of the above three cases.

From the above computation of the commutant of U and the fact that the
Fourier transform of the Laplace operator is just multiplication by a function of
k, we see that the 2-point function S of a homogeneous isotropic quasifree state
satisfying the continuity condition (2.11) has the following form:

S(F,F')=[dk{F(k),S(k)F'(k)), F,FeL, (2.22)
where
CF(K), S(k)F/(K)y = io F(K)S (k) Fy(K), (2.23)

ki S;(k) is measurable and polynomially bounded and if F = (f, h)eL then
Fo(R)=%f%) and F,(K)="h(). (2.24)

Of course, when ¢ = + then dec' is just a summation over k and S, ;is automatically
measurable.

Now to be the 2-point function of a quasifree state S must be a polarization
of the phase space (L, I,y). It is thus a positive Hermitian form satisfying the
analogue of (1.8). Using the unitarity of the Fourier transform and Eq. (A.7) we have

y(F, F') = [ dk CF(k), 9F (k) (229)
S(I'F, I'F) = [dk < F(k), S'(k)F'(k)», (2.26)
where S*(k) is the transposed matrix and )5:=< 0, l). Thus we get conditions
. —i 0
on the entries of S(k).

Lemma 2.1. The Hermitian form S(-,-) defined by (2.22) is a polarization if and only
if the following conditions on the entries S;;(k) of the matrix S(k) hold almost everywhere
(ae) in k:

a) So1(k) = S10(k) =1; (2.27)

b) S01(k)=S10(k); Sook) Z0; Soo(k)S;1(k)—[So1(K)|* Z0. (2.28)

Proof. For technical reasons it is advantageous to write S(-,-) in the form
S(F,F'y=(VF,TVF), F,FeL, (2.29)

where V:H,— I3(#)@LA¥) denotes the unitary operator arising from the
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composition of V of (2.13) with the Fourier transformation. Te#(L3(¥)® LX(&))
corresponds to multiplication by a matrix T(k) whose entries T;;(k) are measurable,
essentially bounded and uniquely determined up to a set of measure zero. The
T;;(k) are related to the entries of S(k) by

S;(k) = (m? + ER)>T;(k), ae.. (2.30)

It is now clear that (1.8) is equivalent to (2.27). Since S(-,*) is positive, T must be
a positive operator and hence the square of its positive square root. Thus, bearing
(2.30) in mind, we see that the positivity of S(:,") is equivalent to (2.28)._

The next lemma characterizes the Fock states where the operator § of (1.11)
is a projection.

Lemma 2.2. A4 homogeneous, isotropic, quasifree state wg is a Fock state if and only if

Soo(k)S; (k) — lsm(k)lz =0, ae. (2.31)
Proof. 1t follows from (1.9), (2.26) and (2.30) that
(F,F)s=(VF,(T + TYVF'), F, FeL, (2.32)

where T is defined by multiplication with the transpose of the matrix T(k). Let
W be the unique positive square root of T + T'. W.is defined by the matrix
W(k) = [T(k) + T'(k)]"/* whose entries W;;(k) are essentially bounded, measurable,
real functions and W = W*. Let

A(k):= det W(k) = [det (T(k) + T'(k))]'?,
then, since by (2.27), (2.28) and (2.30) Im Ty, (k) = 3(m* + E(k))~*" ae.,

Ak) = 2[ Too(k) Ty 1 (k) — (Re Ty, (k))2]11/? = 2 [det T(k) + (Im T, (k))*]'2 >0 a.e..
(2.33)

Thus W has an inverse W ™! given by the matrix

( Wik) - W01(k)>

N
WoO=Z0\ = Wortk)  Wooth)

A(k)

whose entries are measurable and essentially polynomially bounded. If we write

T =47 + T®) + I Toud ] ()

then a computation shows that W™ 'TW ™! is given by multiplication with the
matrix

110\ ImTo@)/ 0 i

2\0 1 A(k) —-i 0

Im Ty, (k)
W é 2 a.c., (234)

W~ 'TW ™! extends to a bounded operator which is a projection if and only if

and, since by (2.33)
1
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equality holds in (2.34), i.e. by (2.33) if and only if
TOO(k)Tl 1(k) - t Tox(k)QZ =0 a.e.

Since, by (2.30), this is equivalent to (2.31) we may complete the proof by showing
that the bounded operator extending W~ !TW ! is unitarily equivalent to S. To
this end, we note that there is a unique isometry U:Lg— L*(¥) @ L*(¥) defined by

UF =WVF, FelL.

Further UL is dense in Lz(ﬁ’)@ LX(P)since (G, UF) =0, Fe L, implies (WG, VF ) =0,
FelL, and hence G =W~ 'WG =0. Thus U is unitary and

(UF,USU"'UF')y=(F,SF')s=S(F,F')=(VF,TVF)=(UF,W 'TW 'UF)

completing the proof.
With the help of Lemmas 2.1 and 2.2, we may summarize our results in the
following theorem.

Theorem 2.3. The homogeneous, isotropic Fock states for the free Klein—Gordon
field in a Robertson—Walker spacetime satisfying the continuity condition (2.11) are
given by 2-point functions of the form (2.22). The entries of the matrix S(k) can be
expressed in the form

Soo(k) =14(0)1%  S11(k)=p(K)I%,  So,(k) = q(k)p(k), (235)
where p and q are essentially polynomially bounded measurable functions satisfying
q(k)p(k) — q(p(k) = i (2.36)

Conversely, every pair of essentially polynomially bounded measurable functions
satisfying (2.36) yields via (2.35) and (2.22) the 2-point function of a homogeneous,
isotropic Fock state satisfying the continuity condition (2.11).

Proof. Using the notation of Lemmas 2.1 and 2.2, we see that T,,(k) #0 a.e. and
we define a bounded measurable function ¢ by setting

Ty, (k)

otherwise.
[ To1 (k)|

ol)=1, if To(k)=0 and o(k)=
We now set, for example,

Q(k):=(Too(k)'2,  P(k) = (T, (k) *e(k),
then Q and P are measurable and essentially bounded and we get from (2.31)

(Too(k)T,, (k)2

0P = Toy (B

=Ty, (k) ae.
so that
Q(k)P(K) — Q(K)P(k) = 2 Im Ty, (k) = i(m? + E(k)) 2"
Thus, by (2.30), if we set g(k):= (m? + E(k))*Q(k) and p(k):=(m? + E(k))*P(k), we

obtain functions with the desired properties. Conversely, given p and g as in the
statement of the theorem, then for v sufficiently large the matrix T(k) given by
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(2.35) and (2.30) defines a bounded operator and we see from (2.22) that the 2-point
function S(-,-) satisfies the required continuity condition (2.11).

Remark. 1f we replace g(k) and p(k) by e¥®g(k) and e¥®p(k), where, y(k) is a real
measurable function, we obtain the same 2-point function and hence the same
quasifree state.

With the help of p and g, we may realize the quasifree Fock state with 2-point
function S(-,-) on a Bosonic Fock space with 1-particle space L*(&)and annihilation
and creation operators a and a*,

[a(h), a*(®)] = (A, }'), h, K eLl¥(ZP). (2.37)

In terms of a field 3 on the Cauchy surface %, and its canonical conjugate
momentum 7, we take

95(f) = alah]) + a* @) k)= alph) + a*(pRy F=(fih)eL.  (238)

From this, we get, as in [3], the corresponding representation of the field ¢ by
setting

os(f) =Gt #AEf) —ns(jFES), feD(M). (2.39)
In order to express this representation of the field in the more usual fashion in
terms of mode solutions of the Klein—-Gordon equation, we give an explicit
expression for the operator E in terms of such modes. An expression of the form
T (x°)%#(X) will be a solution of the Klein-Gordon equation if T} satisfies the
differential equation

. a. E(k
Tk+3§Tk+w£Tk=0; w§=#+ (2.40)

We demand in addition that T, satisfy, at time ¢, the equation
Tka_ ’i‘ka::ia—:;. (2.41)

Since T, satisfies (2.40), (2.41) is then satisfied at all times.
We now define a generalized function by

G(x,y):= jdﬁGk(xo, yo)gr(i)w, (2.42)
G(x°, y%):= i(Tx°) T(y°) — Telx) Tu(y%)), (2.43)
and use it to define an operator E": Q(M)— C*(H):
(E'N)():= = Glx, f):= [ dy® [ dkY(X)G,(x y°) f(°, k), (2.44)
[, K):= @y jr# ). (2.45)

Remark. G,(-,y°) satisfies, for each fixed y°, the differential equation (2.40) with
initial conditions Gy(y°, y°) =0, G,(3°, y°) = —a~3(y°). G, is therefore independent
of the particular solution T, chosen.

The following lemma allows us to prove that E' agrees with the operator E of
(2.39).

Lemma 24. Let feD(M) then E'f satisfies the Klein—Gordon equation. If u is a
solution of the Klein—Gordon equation whose initial data u,,u, are C* with compact
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support,
uo =jiu, uy=jt#du, (2.46)
then
i unf= i (uo A JjFHAE' f) —uy AJFE'f). (247)

Proof. Differentiating under the integral sign in (2.44) using (2.21) and the fact
that the T, satisfy (2.40), leads to ([J + m?)E’f = 0. The justification for this step
involves properties of the solutions of (2.40) and of the Fourier transform and will
be relegated to Appendix C. Using (2.44), (2.45) and (A.7) we conclude that

f(uo AJEHAE f) —uy AJEE'S)

=

=[dy° Idk{uo k)a3(t) (t ¥°) — #u, (K)Gy(t, y )}f(yo k)
=—f dy°du(y)a3(y°)(#f YWu(y) = f ru

Here p(y) denotes the measure derived from the Riemannian metric on & and

u(y =—jdk03/k(y){u0(k)a3(t) £(t,y°) — #u,(K)Gult, y°)}

is the (unique) solution of the Klein—-Gordon equation with (2.46) as initial
conditions. This can be seen by differentiating the integral sign and will be justified
in Appendix C.

Now E also satisfies (2.47) (cf. [3; Lemma A.1]) so

JI#HAE—-E)f =0, jHE—E)f =0, fed(AH).

But the solutions of the Klein—-Gordon equation are uniquely determined by their
initial data and we conclude that E = E'.

In order to express the representation ¢g of (2.39) in terms of mode solutions
of the Klein—-Gordon equation, we take initial conditions for T} at time ¢ given by

T(0)=q(k);  Ti(t) = a=O)p(k). (2.48)

We can now compute the test functions appearing in the expansion of ¢g in terms
of annihilation and creation operators using (2.38) and (2.39). Using (2.44) and the
Fourier inversion formula (A.8) we find that the Fourier transform of #;*#dEf is

(0] dy°G(t,°) (% k) and of JES is [dy°Gy(t, 1°)f (", k). Now
[dy°{ae’OGu(t,°) — PG, YO} F G0, ) = — [y T, ) J %, B)
= | TO5() A £0).
Thus g5(f) = [ @s(x) A f(x), where
05 = [ dK{Tyx)W5(Z)a(k) + Tx)3(F) alk)*) (249)

is the desired expression for the field in terms of mode solutions of the
Klein—-Gordon equation.
Conversely, starting from (2.49) we may define a representation of the field $
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on a Cauchy surface and its canonical conjugate momenta n by setting
3s(f)=[i*esn f; ms(h)=[j*#dos nb; F=(f h)eL. (2.50)

We may summarize the contents of this section by saying that a homogeneous,
isotropic Fock state satisfying the continuity condition (2.11) yields a representation
of the Klein—Gordon field of the form (2.49). The representation can be character-
ised either by the choice of the solutions T, of the differential equation (2.40)
satisfying the normalization condition (2.41) or in terms of the functions g(k), p(k)
which fix the initial conditions according to (2.48). In the next section we study a
special class of homogeneous isotropic Fock states, the adiabatic vacuum states.

3. Adiabatic Vacuum States

The concept of adiabatic vacuum state was first introduced by Parker [13]. It was
designed to provide an optimal definition of “physical particle” in an expanding
universe, optimal in the sense that the rate of production of these particles caused
by the expansion was to be minimal. Furthermore, in the limit where the rate of
expansion tends to zero, the notion of particle should reduce to the usual notion
in the corresponding static universe. We do not adopt this point of view and the
concept of “physical particle” plays no role here. Instead we extract from the
concept of an adiabatic vacuum a procedure for fixing the behaviour of our
parameters g(k) and p(k) in Theorem 2.3 for large values of k in such a way that
the corresponding family of Fock states is consistent with the principle of local
definiteness.

The starting point, which can be traced back to the work of Parker, is to make
an Ansatz of the WKB-type for the time-dependent part of the mode solutions
determining our Fock states. Thus we write

T(x°) = a™*2(x°)2Q2(x%)) "' exp (leo -Qk(t)dt>, G.1)

where the positive functions £2, have still to be determined. The T, automatically
satisfy (2.41) and if they are to satisfy the differential equation (2.40) we must have

3(a\* 3a 3(2\* 10 -
Q== ) —Z=+ =) -2k .
= O 4<a> 2a+4<n,,> 20, (3-2)
One could try to solve this equation iteratively:
3/a\* 3d 3/QM\* 10
m+in2 2 “(2) 2% O 2%k )\ _ 1%k
QY)Y = wi 4<a) 2a+4<05:'>> 700" (3.3)
. Ek
QO =w?= ——a(z) +m?. (34)

Now, as a is a completely arbitrary strictly positive smooth function, we can
never rule out the possibility that there will be values of k and x° where (3.3) yields
a negative value for (2®*1)2, The iteration procedure then breaks down so there
is certainly no hope, in general, of obtaining a solution T, of (2.40), and hence a
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state by iteration. However, we only need a class of states and we will use (3.1),
after a finite number of iterations, merely to determine suitable initial values for
the solution of (2.40). Moreover, provided we limit ourselves to a finite interval
I =R in time and k is chosen sufficiently large, there are no difficulties with the
iteration procedure. As will become clear shortly, the following result can be proved
by induction on n.

Lemma 3.1. Let I =R be a closed interval, then, for each nelN there is a »,(I) =0
so that, setting

R,(D):={(k,x%):x°€l, k = »,(I)},

QW is strictly positive on R,(I) and Q™ and all its derivatives with respect to time
are continuous on R,(I). Furthermore, there are constants A, B> 0 such that

Al + k) S QP(x°) < B(1+ k), (k,x°)eR,(I).

The 2™ obtained by iteration in Lemma 3.1 can be continued to strictly positive
functions on {(k,x°):k 20, x°el} so as to be continuous together with all their
derivatives with respect to time.

We now define for t,,tel,

W (t):= a~¥2(1)(2Q1) 1 exp (i i .Q}{"(t’)dt’) (3.5)

and call an adiabatic vacuum state a Fock state obtained from the solution of
(2.40) with initial conditions at time ¢ given by

Tt = W, Tut) = W), (36)
The adiabatic vacuum states therefore depends on

a) the initial time ¢ in (3.6),
b) the order of iteration n,
¢) the extrapolation of 2™ to small values of k.
Changing the limit of integration t, in (3.5) merely changes the initial conditions
(3.6) by a common phase and leaves the adiabatic vacuum state unchanged.

To be able to give conditions under which two adiabatic vacuum states lead
to locally quasiequivalent representations, we need information on the asymptotic
behaviour of 2™ and ¢, as k goes to infinity, where

QW = QU-1(1 ¢, (3.7)
A little manipulation leads to the following formulae
QW QO 1 g 1 3,
o O TS ¢:5)
1 1 100 ¢ +1 & &, N
Epy1 = 3 = =
LT QO 1 4e) (1 +e)\4QP 146, 8146, 14¢,
1 é_y & S5 & 1 g
§1+e,,_11+s,,+1~61+e,,‘11+e,,>’ (39)

To describe the asymptotic behaviour we work over a fixed but arbitrary closed



44 C. Liiders and J. E. Roberts

interval of time I = [t,,t,] and, given a function f(k,t) defined for k = k, and tel,
we write f €.2,(I) to mean that there exist constants ¢,,>0,m=0,1,2,...and b>0
such that

| Sk, )] < k" tel, k= b.

In other words, fe2,(I) if f and each of its derivatives with respect to t are O(k")
for k— oo uniformly in tel.

Lemma 3.2. We have 2™e2,(I) and ¢,€2_,,(I).

Proof. To simplify notation, we suppress the dependence on the interval I. Note
that fe2, and f'e2, implies ff'€2,,,. Now 2©’c2, and 2© *c2_, giving
o O o 0
‘Q—(O)-E‘QO and WEQO.
It now follows taking n =0 in (3.3) that 2", €2, and hence ¢,€2.,. We now
claim inductively that ¢,e2_,,. This implies (1 +¢,) '€ 4, and from (3.9) we get
€y+1€2_,,_, completing the induction step. It follows at once that 2™e2, as
required.

The assertions of Lemma 3.1 follow simply from Lemma 3.2 and (3.7). Now
any two adiabatic vacuum states w and o’ differ by a Bogoliubov transformation
and if we parametrize these states using functions q(k), p(k) and q¢'(k), p'(k)
respectively, (cf. (2.48)), then we have the relations

q'(0) = akg(k) + pka(k),  p'(k) = o«()p(k) + B(k)p(K), (3.10)
where the Bogoliubov coefficients o and f satisfy
la(k)I? — [ Bk)I> = 1. (3.11)
Using (2.36), we may solve for f and get
B(k) = i(p'(k)q(k) — 4'(K)p(k)). (3.12)

It follows from Lemma 3.2 that for all adiabatic vacuum states g(k) = O(k~'/?)
and p(k) = O(k'?) as k— oo. For this reason, we obtain sufficient conditions for
global unitary equivalence or local quasiequivalence that can be expressed solely
in terms of the behaviour of § (k) as k — co. In the case of a closed Robertson—Walker
spacetime, ¢ = +, where k takes on discrete values, we show in Sect. 4 that we
have global unitary equivalence if B(k) = O(k~*/*~?) for some > 0. In the case
of an open Robertson—Walker spacetime, ¢ = 0, —, where k is continuous we show
that we have local quasiequivalence if B(k) = O(k~3~?) for some 6 > 0. The power
k™3 instead of the k~3/? one might expect may well prove to be an artefact of our
method of proof.

We now consider the various factors affecting the adiabatic vacuum states.
Extrapolating 2™ differently to small values of k corresponds to a Bogoliubov
transformation, where §(k) vanishes for sufficiently large k and poses no problems.
To assess the effects of the order of iteration we write 2:= Q2™ and Q":= Q"+
and compute f from (3.12) and find

B =%(m')-<1/2>[2(9—9')— l<% —g)]e“”ei‘”', (3.13)
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where, to be concise, we have omitted the variables. Introducing ¢, ; and using
Lemma 3.2 we see that B(k)=O0(k~2"~2). Thus for closed Robertson-Walker
spacetime the global unitary equivalence class is independent of the order of
iteration, for open Robertson—Walker spacetimes the local quasiequivalence class
becomes independent of the order of iteration after a single iteration. This leaves
open the question of the dependence on the intitial time ¢ in (3.6).

Suppose we have a solution T of our differential equation (2.40) with initial
conditions

T(t,) = W(ty), T(t,)=W(t,),

where we have suppressed the dependence on k and, cf. (3.5),

W(t) = a~3*1)(22(t)) " exp <i j .Q(t')dt’).

Then at time ¢ this solution has initial conditions T'(t) and T(@) differing, in general,
from W(t) and W(t) and derived from W(t) and W(t) by a Bogoliubov transformation
with coefficients given by

ot) = i) TOWEH) — TOW), BO)=idd)TOWE) - TOWE). (3.14)

Now, as was shown by Parker [13; Eq. (26)], « and g satisfy the following coupled
integral equations:

a(t)=1—i j' S(t’)[a(l’) + [i(t’)exp( —2i i[ .Q(t”)dt”>:|dt’, (3.15)

t t
Bty=i| S(t')[ B(t') + a(t') exp <2i ] .Q(t”)dt”)]dt’, (3.16)
t to
where the kernel S is defined by
3(0\* 10 3/a\* 3a
—0n2_-f>° 2z -z
28Q=Q 4<0> +20 ) +4<a> +2a. (3.17)

In particular, if we take Q=0 then we find from (3.3) and (3.7) that the
corresponding kernel S™ is given by

S0 = 1005 || (3.18)

It now follows from Lemma 3.2 that S™e2_,,_,(I).

Standard arguments from the theory of integral equations of Volterra type
sketched in an aPpendix then show that B(k) = O(k~ 2"~ ') uniformly for tel and
that « and § are continuous as functions of k uniformly in tel. From this result
we may, for example, conclude directly that, in a Robertson—Walker spacetime
with flat spatial sections, the initial time t in (3.6) does not, affect the local
quasiequivalence class for an iteration order =2. Since, however, the local
quasiequivalence class is anyway already known to be independent of the iteration
order after a single iteration, we conclude indirectly that the local quasiequivalence
class is independent of the initial time for an iteration order = 1. Similar remarks
hold in the other two cases. Hence our discussion may be summed up in the
following result.
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Theorem 3.3. The following statements hold for the free Klein—Gordon field.

a) Ina Robertson—W alker spacetime with spherical spatial sections any two adiabatic
vacuum states are unitarily equivalent.

b) In an open Robertson—Walker spacetime any two adiabatic vacuum states of
iteration order =1 are locally quasiequivalent.

A result in this direction is foreshadowed in Footnote 26 of a paper by Parker
and Fulling [14]. There are no obvious obstacles to extending this analysis to
cover the case of a Klein—Gordon field coupled to the scalar curvature, ie. to an
equation of the form

(O +m? + ER)p = 0.

4. Quasiequivalence of Quasifree States

In this section we derive conditions on the Bogoliubov coefficients f of (3.12) which,
together with the factoriality of n,, [ @ (for certain (), proved in Sect. 5, guarantee
that two homogeneous, isotropic Fock states w and «’, characterized by functions
p,q and p',q respectively, are locally quasiequivalent. If 7, [0 and =, [© are
quasiequivalent then so are their restrictions to some @; < 0. It therefore suffices
to verify the local quasiequivalence for a cofinal set of bounded open sets . For
this reason we can choose @ to have simple geometric properties which make it
easier to check the criterion of Araki and Yamagami (cf. Theorem 1.1) and to
demonstrate the factoriality of =, [ 0.

In the case of a closed universe (¢ = +), where the Cauchy surfaces ., are
compact, we can even choose () = .# and then give a necessary and sufficient
condition on f for the global unitary equivalence of the Fock states. For this
reason this case is much simpler than the case of an open universe where global
unitary equivalence is only possible when f = 0. We therefore begin by treating a
closed universe and we want to apply Theorem 1.1 to the Weyl algebra
corresponding to the phase space K = 2(.#)/((] + m?*)2(H). 1t is equivalent and
technically more convenient to work, as in Sect. 2, with the isomorphic phase space
of initial data L.

We begin with Condition (A1) of Theorem 1.1 and, with an eye to applications
in Sect. 5, give conditions for a scalar product (-, ")s defined by (1.9),(2.22),(2.23)
and (2.35) to be equivalent to the scalar product (-, ),, given by

. (a0
(F,G)M—jdk(F(k),M(k)G(k)), where M(k).—2< 0 Ip(k)}z)' 4.1)

Lemma 4.1. Given functions q and p satisfying (2.36) with q(k)= O(k~'/?) and
p(k) = O(k'’?), the scalar products (-,")s and (-,"), define the same topology on L, i.e.
there are positive constants A, B with

A(F, F)y = (F, F)s < B(F, F)y.

Proof. The second inequality is satisfied if BM (k) — (S(k) + S'(k)) is a positive matrix
and using (2.36) this is easily seen to be the case when B = 2. Similarly, the first
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inequality is satisfied when

0<A<1—./1—1/c, where ¢ =max{l, sup 4|q(k)|2|p(k)|2}.

keNg

Remark. Lemma 4.1 is also valid when ¢ =0, — provided one requires q and p to
be, for example, continuous in k.

It is now clear that if we have a second Fock state wg. corresponding to functions
g and p’ given by (3.10), where the Bogoliubov coefficient § is bounded, then (-, )¢
and (-,")s. define the same topology. - -

We now turn to Condition (A2) and let U:Lg— [*(¥)@® [*(¥) be the unitary
operator such that

(B (aRpk) . (]
UF*N(E>, N(k).—<m—)5(—k)>, F—(h)eL. 4.2)

A computation shows that

00

where S here denotes multiplication with the matrix S(k) of (2.22). We would get
the same result if we were to compute N'"'*S'N' !, where

(0 06 2 D
qg 7 B a)\qa )

2 -
USU* =N~ 1*§' N~ =(1;L I;’;). (44)

(A2)is then equivalent to A:= (US' U*)!/? — (USU*)'/? being Hilbert—Schmidt. The
square roots can be easily computed since the second term is a projection whilst
the first term is just a multiple of a projection. Using |a|? —|B|?> = 1, we obtain

(1= +21B11)211817 +1BI o?ﬁ/lﬁl)

USU*=N"1*SN™! =(1 0), 43)

Thus

A=|B|A, where A=(1+2] lz)“1/2< =

d “B/\p| 161
Provided f is bounded, 4 is a bounded operator with bounded inverse and A is
Hilbert—Schmidt if and only if

l

,i > B? = ZkSO (k + 12| B(k)|? < + 0.

==

Tr|pP? =2

k=0
Thus for the closed universe we get global unitary equivalence, and hence also
local quasiequivalence if

1Blk)| < C(1 +k)~BD=8 550, 4.5)

The case of an open universe, ¢ = 0, —, is more complicated. The multiplication
operator § has a continuous spectrum for f#0 and is not a Hilbert—Schmidt
operator. Hence the corresponding Fock states are not unitarily equivalent. We
shall therefore need to apply Theorem 1.1 to the Weyl algebra over the phase space
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(K(0), I',), where K(0) denotes the image of 2(0) in K = 2(4)/[([1 + m*)D(M).
To be able to identify K(¢) in a simple manner with a subspace of Lg we choose
@ to be the causal closure of a subset ¥ of a Cauchy surface &,. Thus
O =D(®)=D*(¥)uD (¥), where D*(¥) and D (%) are the set of points xe.#
such that each past or each future inextendible causal curve respectively intersects
%. We shall further assume that € is an open bounded subset of &, with smooth
boundary since we shall need these properties in Sect. 5.

We next need to establish the relationship between K(0),0 = D(%), and
L(%):= {(f,h)eL:supp f < €,supph = ¥} and we show that the closure Lg(%) of
L(%) in Ly is just the image of the closure K4(0) of K(0) in K under the extension
of p, to K, a unitary operator which we continue to denote by p,.

Lemma 4.2. Let O = D(%), then p,K(0) = Lg(%).

Proof. The propagation properties of solutions of the Klein—Gordon equation [3]
show that p, K(0) = L(%). Hence p,K 4(0) = Lg(%) and it suffices to show that p, K(0)
is dense in Lg(%). To this end, given F = (f, h)e L(¥), we consider a sequence f, of
elements of 2(#), where

#)X) = — a7 () {d,(x° — DH/)(F) — d,(x° — Dh()a (1)}

and deCy(R), [d(r)dt =1, d,(t) = nd(nt). By writing E in the form given in (2.44)
we show that p, f, = F as n— oo in Lg(%). With the help of the Fourier inversion
formula (A.8) we get

— (FEf)(R) = [dy° Gy(t, y°) {d,(° — )T )(K) — do(v° — )a(th(K) }

= [dy° {Gk<t t+=— )(#f)(k)+03(t)(ﬁsz)<t t+£>7t(?)}d(y°),

n

(#j*H#dES,) (k)= — [dy° { 3(t)aka<t t+ )#f)(

+ as(t)(0, 6sz)<t t+— >h(k)}d(y°)

where 0; denotes differentiation with rcspect to the j*™ variable. Since G,(x°, y°) is
polynomxally bounded in k uniformly for x ,¥° in a compact interval (cf. Appendlx
C) and hence in particular bounded in y° on the support of d for fixed x° and k,
the dominated converges theorem together with (2.43) and (2.41) show that p, f,
tends to (f, h) in Lg(%) as required. Furthermore, f, has support in ¢ for n sufficiently
large, completing the proof.

Lemma 4.2 could also be deduced from Lemma A.3 of [3]. We are now in a
position to investigate local quasiequivalence using the phase space of initial data.
As in Lemma 4.1, one may can show that continuous functions g, p and ¢’, p’ with
p(k) = O(k?), q(k) = O(k~/?), p'(k) = O(k''?), q'(k) = O(k~/?) yield polarizations S
and §’ satisfy (A1). To demonstrate the quasiequivalence of the restrictions of wg
and wg to the Weyl algebra over L(%) we must consider the operators ESE, and
ES'E, where E denotes the projection in Lg onto the closed subspace Lg(#) and
verify that

(ESE)\2 — (ES'E)"2e #*(Ly). (4.6)
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Since the square roots cannot now be computed explicitly, we fall back on a
sufficient condition for (4.6) to hold given in [15]. To this end, we pick yeC(¥)
with y =20 and x [ € = 1. As we shall show in Sect. 5, there is a bounded operator
x on Lg such that yF = (3 f, xh) and obviously yE = E. We now have

Lemma 4.3 [15]. If z*(S— S')ye £ (Ls) then (4.6) holds.

Here #*(Ls) denotes the set of trace class s operators on L.
We shall actually show that T:= q;g*(S S’)xU* is trace class, where U is the
unitary operator U: Lg— [*(#)@® I*(#) defined by (4.2). Now using |«|2 — |B|*> = 1

we get
< o Iﬁ[z dﬂ)
S~ *=| = 4.7
U@E ~Su (ﬁa 82) @4.7)

(cf. (4.3) and (4.4)). UxU* is given by an integral kernel of the form

N(k)<2(k,k’) 0 )

o ET N@)™! 4.8)

where

2k, &) = [ dp(E) T () 0(%) ¥ (), 4.9)

and u is the invariant measure derived from the Riemannian metric. We show that
the integral operator T has trace class by writing it as the product of two
Hilbert-Schmidt operators T = T*T,,

(B 0 . (1 &l
T‘"( 0 lﬁP”)U”U’ Tz_(dﬁ/lﬂl 1 )Tl' 41
BB

1
Since (a B/18] 1 ) is a bounded operator for g bounded and continuous, we

have only to show that T, is Hilbert—-Schmidt. This is the case when the integral
operators given by

(kK =|Bk) | 2q(k)3(k, K )p(k),  1_(K, K =|Bk)|*2p(k)2(K, K)q(k’), (4.11)

are Hilbert-Schmidt, i.e. when I, eI?(& x #). In order to estimate I +, WE use

lgRIP<c_(1+k)7" [p(RIF<c.(1+k). (4.12)

In the case ¢ =0, we have
Ak E)=2m) " yk - &), Fes(R3), (4.13)
(I+1k =KD <A +|K DA+ KL (4.14)

We may therefore estimate
fdkdk'|1.(k, k)2 < .o @m) ™2 fdRdK'| BRI + K )T F(K) 2 + K — K'[)*?
S crco(2n) 73 fdkdK | BEHE)P(A + (K']). 4.15)
It now follows that I, is Hilbert—Schmidt if k+— (k) is continuous and
[Bk)| < c(l+k)27% 6>0. (4.16)
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It could well be that the extra powers of k as compared with (4.5) are a result of
using Lemma 4.3.

In the case e = —, we do not have the simple formula (4.13) at our disposal
and we need to apply some estimates on the Fourier transform obtained using the
method of stationary phase. Thus we use Theorem 7.7.1 of [16] to prove that, for
each NelN,, there is a ¢y > 0 such that

12k, k) < ey +1k —K'))~N. 4.17)

The proof is relegated to Appendix D. The argument in the case ¢ = 0 is now easily
adapted to show that I , are Hilbert—Schmidt whenever |B(k)| < c(1 +k)"37%,6 > 0.
We may therefore summarize the results of this section as follows:

Theorem 4.5. Given two homogeneous isotropic Fock states w and @' characterized
by functions p,q and p',q respectively, where q(k) = O(k~*/?) and p(k) = O(k'/?), let
B(k) be defined by (3.12) then

a) In a closed Robertson—-Walker spacetime (¢=+) m, and =, are unitarily
equivalent if |B(k)] < c(1 +k)~C27°% §>0.

b) In an open Robertson—Walker spacetime (¢=0, —) the representations =, and
710 are quasiequivalent for O = D(%) provided p,q and p',q are continuous and
1BU) S c(1+Kk)727%, 6 >0.

This result, together with the factoriality of =, [, to be proved in the next
section for adiabatic vacuum states, leads to Theorem 3.3.

5. Factoriality of the Local Algebras

In this section we complete the proof of local quasiequivalence for the adiabatic
vacuum states by showing that =, [ O is factorial when ¢ = D(%) and ¥ is an open
bounded subset of ¥, with smooth boundary. Of course, we only need this result
for open Robertson—Walker spacetimes and our method of proof is to reduce to
the case of the Fock vacuum state in Minkowski space, where the result is well
known [17].

As in the last section, we work with the phase space of initial data (L, I, y) and
we let R (%) denote the von Neumann. algebra generated by the Weyl operators
W(F), F = I' FeLg(%), in the irreducible representation corresponding to the Fock
state wg. We must show that Rg(%) is a factor, i.e. that Rg(¥) N Rs(¥) = CI, and
we use the following well known result, cf. [4; Theorem 3.12],

Theorem 5.1. Ry(%) is a factor if and only if

Lg(€)n Ls(%) =0, (5.1)
where Lg(€) denotes the symplectic complement of Lg(%),
Ly(€):={FeLg:y(F,F')=0,F eLg(%)}, (5.2)

and we have extended y by continuity to Lg.

Now Lg is, by Lemma 4.1, naturally isomorphic as a topological vector space
to the Hilbert space H:=H_,® H_,, 0 =1, where H, denotes the completion of
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C3 (&) with respect to the scalar product
(/,9)s = fdk o f(K)G(K), f,9eC3(S). (5:3)

Furthermore, the closed subspace of H corresponding to Lg(%) will be denoted
H(%):= H_ (¥)® H,(¥). The operators w’ acting as multiplication operators in
momentum space will be considered as unitary operators from H, to [*(<). The
Hermitian form y of (2.7) can now be written

Y(F, F) = i(o™ 2 #f,0'?H) — i(w'*h,0 12 #f"), F,FeL. (54)
Hence (5.1) is equivalent to
H,(€YnH_,(6)=0 for o= +1, (5.5
where
H,(¢) ={feH_,:(0"°f,w°g)=0,geH (6)}. (5.6)

In the case ¢ =0 the spaces H,(%) and their symplectic complements take the
same form as for the Minkowski vacuum w,. Hence (5.5) for ¢ =0 is equivalent
to the factoriality of n,, @, © = D(%). This property of the Minkowski vacuum
representation was shown by Araki [17]. As Araki defines the local algebras in
an a priori different manner and as his proof invokes duality, we present here a
proof whose basic idea goes back to an unpublished seminar of J. Bellissard in
1976. The elements of H, can be considered in the usual manner as distributions
from 2’'(IR®) and H, is continuously embedded in 2'(IR3). Thus the set of elements
of H, with support in a closed set is a closed subspace of H,. It follows that the
elements of H, (%) have support in the closure of ¥. On the other hand, it follows
straight from the definition that the elements of H, (%) have supports contained
in the complement of €. Hence the support of a distribution in H_(¥)H_ (€)
is contained in 0%, the boundary of ¢. By assumption & has a smooth boundary
and it is therefore locally difftfomorphic to a open subset of a hyperplane, for
example x> = 0. Now the multiplication with C¥-functions and the transformation
by local diffefomorphisms are continuous operations in H, [ 18; Theorems 2.2.5 and
2.6.1]. Thus, using a partition of the identity and local diffeomorphisms, an
heH (¥)nH_,(¥) gives rise to a set heH,, i=1,2,...,k, with support in the
hyperplane x* = 0 such that h =0 if and only if h; = 0 for all i. Now a distribution
¢ with support in x*> =0 has the form ¢(X)= ) ¢,(x',x?)0*6(x*) [16; Theorem

lel=j
2.3.5, Ex. 5.1.2]. The Fourier transforms of the h; are constant or of polynomial
growth in k5 and can therefore only be elements of H, for ¢ = + 3 if they are zero.

Remark. Since Lg and H=H_,,,® H,,, are naturally isomorphic as topological
vector spaces and multiplication by a C§ -function is continuous in H,, the operator
x defined in connection with Lemma 4.3 is bounded in the case ¢ =0.

In the case ¢ = —, we again regard an element h of H, as the distribution
f(@7°f,w’h), feCF(F) and as in the case ¢ =0 it follows that if he H (¥)n
H_ (%) its support is in 0%. The proof of (5.5) will be reduced to the case e=0
and to this end we regard #° and ¥~ as R? using the coordinates x',i=1,2,3
and show that H_ (¥) < H? with a continuous inclusion mapping. As we have
already shown that H? has no non-zero elements with support in 8%, (5.5) for
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¢ = — will follow. To show that H; (%) < H? for ¢ = + 1 we first compare H; (¥)
and H(®) for ¢ = 0 and ¢ = 1 using direct estimates, then derive a result for g =3
by interpolation and finally dualize to obtain a result for ¢ = —1.

Lemma 5.2. There are positive constants A,,B,,c =0, 1, such that
AN RIS hI7 £ B, RhIG, heCT (%) (5.7

Proof. The determinant of the metric on &~ is g(X)=(1+Xx2)"! in these
coordinates and is strictly positive on each compact subset of R>. The inequalities
for ¢ =0 are a direct consequence. We have

(h, h)] = [dX g'>{a~2(t)g"0,hd;h + m?|h|?), heCE(R3),
J

and it follows that |h|; < B, ||h||%, heCZ (%), since the coefficients of the metric
g* are continuous. Now the other estimate is a special case of the Garding inequality
[19; Theorem 36.1]. The differential operator P(¥, 8) = 8,9'/%(X)g"(X)d; is uniformly
strongly elliptic in %, that is its principal part P,(X, 0):= g/ 2(x)g”(x)a 0; satisfies
for some a >0,
IP,(%, &)l ZalEl, EeR? Xeb,
thus ~
g'*(X)g(X)0:h(%)0h(X) Z 2| VhI?, heCF(B).

This together with the first part of the proof shows that A, || k|| < || h||{ as required.

To be able to prove the boundedness of the operator y of Lemma 4.3 using
interpolation theory, we need the following lemma.

Lemma 5.3. Let yeCE(R3), then the mapping hw— yh, he C¢(R?3), extends to a
continuous operator y,-H,; - H, for 6 =0,1.

Proof. The proof for 6 =0 is trivial. Now
g0, x)(@;xh) = g{0:78; %\ h|? + 0;h8; k| x|? + (B, ) (x0;h) + (xB: k) (1)},
and using
1&ig"n;| < 3{&g7E; + fiign;},
we get
(xh, xh); — m*(xh, xh)g < 2§dXg"?a™*(t)(g"0;hd;h|x|* + ¢ 0,%0;x|h|?).

Since (xh, xh)g < colh,h)g we get (xh, xh); < cy(h,h);, he CP(R3), as required.
As a corollary to these two lemmas we have

Corollary 54. Let yeC3 (%), then the mapping h— xh extends to give continuous
operators 7 ,:H;, > H? and 3 ,:H > H;,c=0,1.

The operator w? = m* —a~2(t)A is essentially self-adjoint on C$(¥ ) [9] and
since w? = m21, w* will also be essentially self-adjoint on CF(& ™) for 6 < 1. Thus
the spaces H, defined by completing C(&) with respect to the scalar product (5.3)
for o€[0, 1] are just the spaces defined by quadratic interpolation (cf. [20; Ch.
VIII]) and we have

Corollary 5.5. The mappings y,,%, and ¥, extend uniquely from H or HY
respectively to continuous operators for each e[ —1,1].
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Proof. For a€[0,1] the result follows by the functoriality of quadratic interpola-
tion. If we identify the dual space of H; and H? with HZ, and H® , respectively,
then we have ¥, =y_,, ¥, =%_, and 7, =% _,, where Y =g'/*y and n =g~ /%y
and the result follows.

Remark. We have now shown in particular that the operator y defined in
connection with Lemma 4.3 is bounded in the case ¢ = —.

With the help of these lemmas we can deduce the factoriality of =, [ D(¥) in
the case ¢ = — by proving

Lemma 5.6. If heH, ()nH_ (6), 0= +4, then h=0.

Proof. his the limit of a sequence h, with h,e C3(%). Pick xeCP(R3) with y(X) =1
for Xe% then, by Corollary 5.5, yh, converges in the |- ||%-topology to a ke HY(%).
Now if feCP(R3)

(@™ f,w°h)” =lim (0w~ °f, w°xh,)” =lim (0~ °g*2f,wxh,)° = (0~ °g*2f, w°k)°.

Since h has support in 0%, k also has support in 0%. Thus k =0 and hence h =0.
We can therefore sum up the results of this section up to now as follows:

Theorem 5.7. If w is an adiabatic vacuum state on an open Robertson—Walker
spacetime then 7, | O is a factor when O = D(%) and € is an open bounded subset of
some &, with smooth boundary.

We conclude this section with some remarks on further properties of the nets
of von Neumann algebras associated with adiabatic vacuum states. If @ is an open
subset of #, we define Ry(0O) to be the von Neumann algebra generated by the
Weyl operators W(f) with f=I feK(0) in the irreducible representation cor-
responding to the adiabatic vacuum state wg. It is notationally convenient to
interpret Ry(X) for a general subset X of .# to be Ry(O), where O is the interior
of X. The net O+ R(0) is trivially additive:

SRs(@) =V fRs((gi), 0= U o, (5'8)
where V denotes the least upper bound in the lattice of von Neumann algebras.
This follows from the fact that 2(.#) has partitions of the identity.

We adopt the analogous conventions for the net €+ Ry(¥) defined over the
open subsets of some fixed ;. This net is again additive:

R(@) =V R(€), ¢=1)%. (59)

We have also seen in Lemma 5.2 that
R(¥) = Rs(2(9)). (5.10)

Now the phase space (L,I,y) and its local structure depend only on the
differentiable manifold %, and we have seen that, in the case ¢ =0, the topology
corresponding to the scalar product (-,")s is the same for all adiabatic vacuum
states and all Robertson—Walker spacetimes with flat spatial sections. There are
several properties of the net €+ Ry(¥) which are determined by (L, I'",y) and this
topology and are hence common to all adiabatic vacuum states including, of course,
the Minkowski vacuum. A case in point is the factoriality of Ry(%) discussed above.
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Another such property is duality: Ry is said to satisfy duality for € if
Rs(%) = Rs(¢°), (5.11)

where ¥° denotes the complement of ¥. Again this property of the vacuum
representation in Minkowski space was first proved by Araki [17] and we comment
here on what is involved.

Duality is equivalent, cf. [4; Theorem 3.12], to

Ly(%) = Ls(67), (5.12)

and is thus, as claimed above, determined by (L, I,y) and the topology derived
from (-,")s. Now Lg(%°) consists of the elements of Lg which have support in €7,
the closure of #. Next note that an element F of Lg with support in € is in Lg(%)
for the following reasons: we regard %, as R® and pick ke€P(IR3) with k(0) =1
and set k%(X) = k(eX), then k°F — F in Lg as ¢ —0, cf. [18; Theorem 2.2.11]. Hence
we may assume that F has compact support. Now pick he@(R>) with [dxh=1
and set h(X)=¢ *h(e”*X) then the convolution h,*F converges to F in Lg as
e¢—0,cf.[18; Theorem 2.2.10], and is C* with compact support in € for ¢ sufficiently
small thus FeLg(%) as claimed. As a consequence we have

L(%) = (\Ls(€ + A, (5.13)

where A" runs over the open neighbourhoods of the origin since an element of the
right-hand side obviously has support in ¥ ~. Thus duality holds for € if and only
if the net is outer regular at %, i.e. if

L(®) =\ Ls(® + A). (5.14)
N

The discussion so far makes it clear that any remaining problem in proving duality
for € can only concern the nature of the boundary of %.

To prove duality for €, the following assumption suffices: for each X€0% there
is an open neighbourhood U of X and a continuously differentiable function
Y:U—-R so that €~ nU = {XeU:y(X) <0} and V(X)) #0 for all XeU. To see
this let FeLg have support in ¢ ~. As shown above, it suffices to suppose that F
has compact support and following Araki [17] we first prove

Lemma 5.8. Under the above assumptions on €, there is for each Xe%~ an open
ball B(X, &) centred on X with radius ¢ and a vector i, so that €~ N B(X,¢;) + Ani
has a positive distance from 0% for all sufficiently small 1> 0.

Proof. If Xe%, we can take n_ =0 and &, so small that B(X,¢;) = %. If X€0%, we
choose a B(X,¢;) and a continuously differentiable function Y defined in a
neighbourhood of B(X, ¢,) such that B(X, ;)" n¥~ = {XeB(X,¢,) " :y(X) £ 0} and
Vi(X) # 0 for XeB(X,¢,)”. If we now pick 0 < & <1e, and translate B(X,¢)” "¢~
by less than g, the distance from the translated region to points of 0% which lie
outside B(X,¢,)” is greater than ¢, so we have only to control the distance to
0¥ N B(X,¢,)”. We translate in the direction of the inward pointing normal at

Xin= —Vy(X)/|V¥(X)|. Since Vi is continuous the Mean Value Theorem gives
YT + AT = Y(F) + A7 V(T + 947

for some $€[0, 1] depending on ¥. Furthermore since Vi(X) # 0, there is an & >0
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such that
IVY(F) — V(T + 9475)| < 3V()]
for al 0 <A <¢and all ¥ with |y — X| <& Hence
YT + A1) SYF) — AVP(R)| + AVY(F) — V(T + 947)| < —3AVi(F)]| <0

for 0 <4 <eand all ye¥ nB(X,¢e)”. The compact sets ¥~ N B(X,¢)” + An. and
0¥ NB(X,e,)” ={yeBla,&) :Y(y)=0} therefore have no common point and
hence are separated by a strictly positive distance.

We now pick a finite open covering of supp F using the balls B(X,¢.) and a
partition of the identity ¢,, v=1,2,...,n, subordinate to this covering then
F=)Y ¢,F, with ¢ ,FeLs. Hence it suffices to suppose that F has support in

%~ NB(X,¢,). If we now translate F through An; then F,; € Lg and has support
in ¢ for 0 < A <e. Hence F,;_€Ls(%). Hence letting 4 tend to zero and using the
continuity of translationsin Lg, we conclude that FeLy(%). Hence we have proved
duality (5.12) for all open sets € with €'-boundary.

We now pass to the case of the hyperbolic Robertson-Walker spacetime. Lg(%°)
again coincides with the distributions in Lg with support in €. To establish (5.12),
we first show how distributions in Lg can be approximated by distributions in Lg
with compact support.

Lemma 5.9. Regarding &~ as R> as before, let ye CT(R3), 0 < x < 1, with y(X) =1
for |X| =1 and x(X)=0 for |X|=2 and set y(X):= y(eX) for ¢€(0,1] then the
multiplication operators y° on Lg are uniformly bounded, ie. | x*|ls < ¢, €¢€(0,1]. If
FelLg then y°FeLg has compact support and converges in Lg to F as ¢ —0.

Proof. We have to show that ||¥°||, <c¢ for ¢€(0,1] and ¢ = +1. However, if we
prove this inequality for g =0, 1 it follows for ¢ = by interpolation theory [20;
Chap. VIII] and for 6 = — 4 by dualizing. For ¢ =0 and o = 1, the estimates in
Lemma 5.3 show that it suffices to prove that

sup[(X) = ¢y, €€(0,1], (5.15)
TeR3
sup ¢/(X)0, x{(X)0; 1" (X) < ¢y, £€(0,1]. (5.16)

¥eR?

Now (5.15) follows at once from the definition of x*. To prove (5.16), we note that
in our coordinate system gY(X)=x'x’/ for i#j and ¢"(¥)=1+(x)%. Hence,
we get

SUP3 gU(X)ax7(X)0 X (X)

XeR

<9max sup &*[g(X)]10;x(eX)|0;x(e¥)]
LI iR

g9(maxsupla,-x(3c')|2)< sup ¢2(1 + Y’-)) <1+ 4/ s,
L 1X1=(2/2)

Now, given FeLg, pick FFeL=9(¥7)x CX(¥ ") with |F'—F||s<J and ¢ so
small that y°F'=F'". Then [|[F -y FlsSIIF—Fls+ XI5 F = F|s<d(1 +0),
completing the proof.
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To complete the proof of duality for e = —, we must show that distributions with
compact support in ¥~ can be approximated by elements of Ly(%). Corollary 5.5.
shows that the sets of distributions in Lg with compact support for e =0and ¢ = —
agree. Let F be a distribution with compact support in ¥ ~. Now we have already
seen that there is a sequence of smooth functions F, with supports in a (bounded)
subset of ¥ which converge to F in the ||-||2-topology. Now by Corollary 5.5, F,
converges to F in the ||-||g-topology and we have proved duality for ¢ = — for
regions ¢ with C!-boundary.

Appendix A

In this appendix we summarize the relevant facts on the decomposition of the
quasiregular representation U of the groups G* defined in Sect. 2 into a direct sum
or direct integral of irreducible representations. In particular, we determine the
commutant of U(G™). .

The spherical harmonics ¥y, k =(k,I,m) (k=0,1,...;1=0,1,...,ksm=—1, — 1+
1,...,1), on the 3-sphere form an orthonormal basis of eigenfunctions of the Laplace
operator on LX)

@I((p’ 3,0)= Aklnlji(w) Yl.m(‘gf ?), (A.1)

where the Y, ,, are the usual spherical harmonics on the 2-sphere, IT;;(y) are real
polynomials in siny and cos y related to the Gegenbauer polynomials and 4, are
real normalization constants. Since Y, =Y, _,, we have

@(k,l,m) = o‘?/(k,l, —m) (A2)
We let 2, denote the span of %, ;,, as | and m vary then the ¢, are invariant
subspaces and the restriction of U(G *) to the 5#, are pairwise equivalent irreducible
representations. Our direct sum decomposition therefore takes the form

LA(F )= P H#,.
k=0
In the case ¢ =0, we get a direct integral decomposition with the aid of a

Fourier transform. To each he CP(¥°) we associate a function k—h, on R ., taking
values in L%(S2,dQ):

hy(8):= [ du(NY AF)h(X), (A3)
where % is given by (2.17). Since % =% _;, we have
R =h(=2). (A4)

The map h—h extends to express L*(%°) as a direct integral of the constant field
L*(S%,dQ) over R, :

X9 = ? L(S2,dQ)k?dk. (A.5)

There is an irreducible unitary representation U, of G° on L*(S?,d2) defined by

U = (U@h),, heCR(S0), (A.6)
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and we get a decomposition of U into a direct integral of equivalent irreducible
representations.

If we replace #° by &~ and define % by (2.19) then (A.3), (A.5) and (A.6) yield
us a direct integral decomposition of the representation U of G~ into inequivalent
irreducible unitary representations [ 10; Chap. VI, Sect. 3.3]. We will now show that

[dQ(E) T (EV(@) = [ dQE) [ DNh(B),  f,heCB(S) A7)

When ¢ = 0 this equation follows from (A.4) and when ¢ = + it follows from (A.2)
provided we interpret the integration as a sum over the discrete variables ! and
m. When ¢ = —, we consider a Lorentz trasformation L,, which interchanges two
points x,ye S ": L,(x) = y, L,,(y) = x. Given f,heC§(¥ ) we have

[dQ(OJu(ERE)=2m) 2 [dQ(E) [du(R) [ du)(x O~ **TR)y-&) ™~ *h(F)
=(2n) 2 [dp(X)du(y) [d(ENy Ly, ) ¥ F(R)x- Ly, &)1~ ™h(F)
=(2m) " [du(X)du(y) | dQ(O)(y- &)™ T I(R)(x- &)~ T *K(F)
= A2 Oh(Z).
The third equality here rests on the fact that U,(L,,) is a unitary operator (cf.
[11; Chap. X, Sect. 2, Sect. 4]).
We shall also have occasion to use the inverse Fourier transform given by
h(X) = [dk(X)h(k), (A.8)
(cf. [10; Chap. VI, Sect. 3.3]).
The main result of this appendix is the following:

Lemma A.1. The commutant of U(G™) consists of the diagonalizable operators, i.e.
of the operators T of the form

(T = t() s
where ki—t(k)e is an essentially bounded, measurable function.

Proof. We use [12; Proposition 8.6.4] and refer to [21] for statements about the
spectrum of the group SL(2, €). The above direct integral decomposition gives us
a measurabile field k+— U, of continuous unitary representation of #",(4), and hence
of SL(2,T), on the standard Borel space R, . Let = and #, be the representations
of C*(SL(2, C)), the C*-algebra of the group, associated with U and U, respectively,
then

= T fk*dk, U(SL(2,@)) = n(C*SL(2, T))).

C*(SL(2,@))is a liminal C*-algebra [22] and is separabile since SL(2, C) is separable.
The spectrum of C*(SL(2, C)) is therefore a standard Borel space [12; 8.6.1]. It can
be considered as a subset of R? which carries the induced topology with the
exception of two points [21]. In particular, the mapping #:keR , —[#], the
equivalence class of 7, is a continuous injection and a Borel isomorphism of IR .
and n(R ). Now let {+—m, be the canonical field of representations on the spectrum

@
of C*(SL(2,@)) as in [12; Proposition 8.6.4] and #:= _[ n.dv(Z), where v is the image
of k*dk under #. Then m,, is unitarily equivalent to %, and, by [12; Proposition
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8.2.3], there is a unitary operator V:#7,—#, with #(4) = Vn(4)V'*, Ae C*(SL(2, 0))
and Z = VZV*, where Z and Z denote the algebra of diagonalizable operators of
#, and #, respectively. Since by [12; Proposition 8.6.4] #(C*(SL(2,T))) =
n(C*(SL(Z (E)))’ Z, as required.

Appendix B

In this appendix we deduce using standard arguments the results quoted in Sect. 3
on the solution of the coupled integral equations (3.15) and (3.16).

. . " o .
We use matrix notation writing x = so that our equations have the general

form B
x=y+ Tx, (B.1)
where y = ,(Tx)(t)= j T(t)x(t)dt' and T(t') is the 2 x 2 — matrix derived from

(3.15)and (3.16) with S belng given by (3.18). We work over a fixed compact interval
of time I. There is also an implicit k-dependence, x =x, and T =T, and by
Lemma 3.2, there is a C > 0 such that

|Ti(e)| < CL+k)~2"" 1, tel. (B.2)

For each fixed k, we look for solutions of (B.1) where the components of x are
supposed to be continuous functions of tel and we work in the Banach space
obtained by using a norm adapted to the problem:

| x|,,:= max sup x10) , (B.3)
i=1,2 el |W()
where
w(t):= el "l L>4C. (B.4)
We check using (B.2) that T is contractive:
2C
l TXIlwéf(l+k)‘2"_IHXI|w§%l|xllw- (B.5)

The unique solution to (B.1) is therefore given by
x=) T"y. (B.6)
n=0

We now investigate the dependence of the solution on the parameter k. For two
solutions x,, x,. we have

b=l S XM= Tyl § 3 1T (G- TOTE vl

S n ~
=2 ¥ 5l = Telulyly < CI = T (B.7)
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and
2 . .
1T, — Ty, £ I m;}x sup | TY(t) — T} (@) ;. (B.8)
b tel
Since by Lemmas 3.2 and (3.18), (k, t)— T(t) is uniformly continuous on compacta,

we deduce that k+ x,(t) is continuous uniformly in tel.
To deduce that 8, = O(k~ 2"~ *) uniformly in tel, we proceed as follows:

Bi(t) S 4C —2n-
su Slxe—yl < TN Tyl £ — A +k)" 2 Yyl
up [ S| S =y S 3 ITRN Tl S (1407
where we have made use of (B.5). Thus

@IS @+ yl,, sup w(t) (B.9)

as required.

Appendix C

In showing that the distribution G(x, y) defined by (2.42) yields the operator E via
(2.44), we were forced to interchange differentiation and integration in a few places.
This step will be justified in this appendix and we shall need some properties of
the function G,(x° y°) defined by (2.43) using solutions T, of the differential
equation (2.40) which satisfy the subsidiary condition (2.41). These properties are
more easily derived if, as in Sect. 3, we replace the differential equation (2.40) by
two equivalent first order differential equations, which can then be studied using
the methods of Appendix B.

As we remarked preceding Lemma 2.4, G, is independent of the choice of
solutions T,. Thus, we can, for example, use the solution with initial conditions

T(t) = Wilty),  Tilty) = Walty), (C.1)
where W, (t):= WO(t) is given by (3.5). If we write
T(t) = o4 () Wi(t) + B (D) Wi (o), (C2)

where o, and f, are solutions of the integral equations (3.15) and (3.16) with
0, =0 then we see after differentiating and some manipulation that T, satisfies
the differential equation (2.40) with initial conditions given by (C.1) and we have

T, = 4, W, + B W,. (C.3)

Conversely, given a solution of (2.40) of the form (C.2) satisfying (C.1) and (C.3),
we get, using (3.14), a solution of the integral equations (3.15) and (3.16).

Now the methods of Appendix B yield, for each compact interval I =R, a
unique continuous solution t+—(a(t), B(t)) of (3.15) and (3.16) and «, = O(1) and
B =O0(k™ 1) each uniformly for tel and k(o (t), B(t)) is uniformly continuous
for tel. In particular (k, t)— (o (t), Bi(t)) is continuous. Furthermore, being solutions
of (3.15) and (3.16), o, and B, will actually be continuously differentiable in ¢. It
now follows from (C.2) and (C.3) that the mapping (k, t)—(T,(t), T;(t)) is continuous
and T, = O(k~'?), T, = O(k'/?) uniformly in tel. Using the differential equation
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(2.40) one can prove by induction that (k, f)— T{"(t) is continuous and
TY =0(k*~1/?) (C4

uniformly in tel, where T{’ denotes the v** derivative of T,.
In addition to these properties of solutions of (2.40) we need estimates on the
derivatives of the %. Since on any compact set K of &~ we have

xO=(1+XH - EF2(1+X)2 = |X[2c>0,
we see immediately that
sup | D*#| < C(v; K)(1 + k). (C.5)
K

In the case & = +, there is a similar inequality in [23]. & is regarded as in (2.2)
as being imbedded in R* and % is regarded as a function of x = (x°, x*, x2, x3).
Py(x):=|x|*®(x) is then a harmonic polynomial and using this fact it is proved
in Appendix C of [23] that

sup [D*#;| S CWKk**M, k#0. (C.6)

|x]=1

Now given feP(#), choose an I = R such that x° and {)°: f(y°,7) # 0} are in
the interior of I. Let T, be the solution of (2.40) with (C.1) as initial conditions.
To show that the order of differentiation and integration can be exchanged in the
expression for G(x, f) from (2.44) we must show that

¥(x,¥°, k):= ¥(%) G, (x°, y°) f(y°, k) (C.7)

and each of its derivatives with respect to x can be majorized by integrable functions.
The continuity of the derivatives of y with respect to x follows from the same
property of #; and G(-, y°). From (C.4)—(C.6) we get

Sup 1D, YRS CULK)(1 + k2 (30, %)

and
fdy® fdk(1 + k> £, k)|

2+v[|2\1/2 — x0T
(I dklﬁ—i%,;))—m ) Jdy*(JdRI(1 + ER)Y"T (0, k)

< efdy’(fI((1 = "N VI du())? < + 0

for meN, m > (% +|v|). The Dominated Convergence Theorem now shows that
we can interchange differentiation and integration.

Appendix D

In this appendix we use the method of stationary phase to prove (4.17). Since the
continuous function (k, k')— #(k, k') is bounded, it suffices to show that for each
NelN, there is a cy > 0 such that

2k, E) Scylk -k, T#£E. (D.1)
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To this end, we write § in the form

— —

2K, K'Y = [dXu(F; &, E)eF-FUEER), (D.2)

where
u(3; €, &)= (2m) 3 (x-&) ~ y(F)(x- &) 1gMA(X) (D.3)

and
fGE kL K):=1k —&'| Yk In[(1 +X¥)Y2 - & ] —kIn[(1 + ¥H)V* - E-X]}.

(D.4)
To prove (D.1) using [ 16; Theorem 7.7.1], we must show that for all multi-indices «,
D2 (% & &) s, &, 8eS?, XeR?, (D.5)
(DLN); kK Sc,, K KeR?, Xesuppy, (D.6)
(V. N K E)=ce>0, k keR? Fesuppy. (D.7)

The following lemma yields (D.7) only if supp y « # = &, where #:= {xe S| X| <}}.
To prove (D.1) for a general yeCg (%), we make use of the fact that & is a
homogeneous space under Lorentz transformations.

Lemma D.1. Let ye CP(A), then (D.5),(D.6) and (D.7) hold and hence (D.1) holds, too.

Proof. Since yeCZ (%) and (x-&) is strictly positive on each compact set, (D.5)
follows immediately. Now we have

(Vf)i=h(F;&E)k —&|7!
-{(IT’;"ZW(HM)— k(x'é’))+k€i(X'é’)—k’CE(X'é)},
h(%; &, &)= (x-6) " Y (x-&) L

h is a smooth function in X. The term in curly brackets and its derivatives with
respect to X are sums of terms of the form k' —k, k&, —k'&}, k'E;— k& or k&, & —k'EE;

times a smooth function of X. These terms are bounded by an expression of the
form A|k — k'|, for example

k&8s — K &) S 1ki8i— K| + | &ik — Eikyl + (k& — K EE | S 31k — k') (D.8)
This yields (D.6) for o # 0. One gets (D.6) for o = 0 from the estimate for Vf using

fZ:k k)= } (X-V)(EX; k, k')dt.

(=]

To prove (D.7), we note that using | k (x-&') —E’(xf)l = |k{x- &) —k'(x-&)| we have
— —_— — — a3 T - —’l 7 ’ T
VA ZL(+ X2 4+ 1X[]7 %k = k'| 1[1 —(T;I;ZW]IHX'O— k'(x-&)|.

However

2[(1+3H)2=3|Z ]k - k'],
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where the second inequality is proved similarly to (D.8). We therefore have |Vf| = ¢
for |X¥| £4 and we have proved (D.7) completing the proof of the lemma.

We now want to prove (D.1) for an arbitrary yeC3(¥). In fact, it suffices to
show that if yeCg (%) and A is a Lorentz transformation then y, satisfies (D.1),
where y,(X):= (A~ (X)) and X coordinatizes the point x = ((1 + X2)'/?,X) on the
hyperboloid &~ in Minkowski space. To see this, note that suppy < | ) A% and

A

picking a finite subcovering and a smooth partition of the identity subordinate
to this subcovering i is just a finite sum of functions of the form y, with ye C3(%).
Furthermore, it suffices to prove (D.1) for the case that A is a boost in the
x!-direction since every Lorentz transformation is a product of rotations and such
a boost and it follows from the form of the eigenfunctions %+ of (2.19) that if x
satisfies (D.1) then so does the rotated y. For such a boost, we have

fa(k, k)= (chor ~ ¢"sho) ™' ~*(chor — &'t sho) ~ ¥ (A ™1 (E), K ATH(E)),
AT (&) =n(o, &) (& cha —sha, &2, &%)eS?, n(o, &) =cha—&'sha.

Hence, as |£!| <|&|=1, cha— &'sha> 6 >0, and we must show

|2A™HEL KA (EN) S exlk — K| 7Y (D.9)
or, equivalently that

|2(kE, K| < eylkAE) = KA 7Y,
Since y itself satisfies (D.1), it suffices to show that

|kA(E) — KA S ]k — K'|. (D.10)
Now
A@)=n""(&" cha+sha,&%,8), n=n(—0,7%)

and have

|kA(E)— k' A(E)| < (nn') " {|n'K —nK'|+ |Wk[E* (cha—1) +sh «]
—nk'[& (cha—1)+sha]l},

where n’ = n(— a, &'). The first term in this expression may be estimated as follows:
W' (k—k')+shal (k&' —k&)+E' shal'(k—k')| < (W +2|shal) |k — K.
The second term can be estimated by
n'|sha(k—k')+(cha—1)(kE —k'EY) | +|(n —n)k' [ (cha—1)+sha],
and arguing as above we have
(W —n)k'| < 2|sha| [k — K.
From these estimates we deduce (D.10) and hence (D.1) for all yeCy ().
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