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Abstract. We consider a class of quantum spin systems defined on connected
graphs of which the following Heisenberg X Y-model with a variable magnetic field
gives an example:

Hi=Y ho@+i Y (0P +0Pc?).
xeZd oyl

We treat first the case in which h, = +1 for all sites x and we introduce a unitary
dressing transformation to control the spectrum for A small. Then, we consider a
situation in which |h,| can be less than one for x in a finite set & and prove
exponential decay away from & of dressed eigenfunctions with energy below the
one-quasiparticle threshold. If the ground state is separated by a finite gap from
the rest of the spectrum, this result can be strengthened and one can compute a
second unitary transformation that makes the ground state of compact support.
Finally, a case in which the singular set & is of finite density, is considered. The
main technical tools we use are decay estimates on dressed Green’s functions and
variational inequalities.
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0. Introduction

In [1] and [2], a technique based on dressing transformations was introduced to
study some problems of spectral perturbation theory for quantum many body
systems. This enabled us to answer a few basic and quite elementary questions
concerning the ground state properties, the existence of a gap, the definition and
mutual interaction of quasiparticles and the decay of correlations. In the present
article, such a technique is improved and more sophisticated questions are
addressed. The improvement consists in the construction of a dressing trans-
formation which is unitary. As remarked in [1] already, unitarity does not seem
to be a property compatible with the commutativity of the algebra of the operators
used to express the dressing transformation. Hence, the problem is how to allow
a little noncommutativity to achieve unitarity without compromising the control
of the cluster expansions defining the dressing transformation. The property of
unitarity is essential in order to use variational methods to treat problems in which
analyticity is missing and for which perturbative methods alone are not powerful
enough. One such problem is considered in Part I, where we study the asymptotic
behavior of eigenfunctions with energy below threshold, far away from the support
of a local perturbation. “Below threshold” means, roughly speaking, that in such
eigenstates there cannot be any quasiparticle in a scattering state, i.e. able to travel
to infinity. In Part IIL, this is used to establish a result that represents one of the
building blocks for the construction of the ground state of the random field quantum
XY-model in dimension 2, [3]. Finally, in Part IV, we consider the ground state
problem in a situation where the singular set & is the union of a finite density of
small clusters separated by a large distance. Some of the physical literature on
related problems is given in [5].

The present paper is subdivided into four parts, each depending on the preceding
one. In each part, the first section is introductory and contains the description of
the problem considered and the statement of the main results. The details of the
proofs are deferred to the other sections. This paper has been split into two articles.
The present article contains Parts I and II.

Part I. Unitary Dressing Transformations
1. The Model and the Results

The quantum spin systems considered in the present article, are defined on
connected graphs A of finite but arbitrarily large size. The vertices of A will be
called “sites” and denoted with letters like x, y,... . If x is a site of A,we write xe A.
The model introduced in the abstract is defined on the cubic lattice Z. In this
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particular case, Z° has to be seen as an infinite graph in which each site is joined
to its nearest neighbors and only to them by a line. In this case, A is an (arbitrarily
large) connected subgraph of Z°.

The choice to work in the general setting of models defined on an arbitrary
finite graph A, is motivated by our intention to apply the techniques developed
here to the random field quantum X Y-model in dimension 2; see [3]. This model
is defined on Z? but, since a multiscale analysis is required to construct the ground
state, one needs to know how to deal with graphs obtained from Z? by contracting
to a point the singular sets. The quantum spin systems considered in [1] and [2]
enjoy translation invariance and this property is used there to control the
convergence of cluster expansions. One of the purposes of this paper is to show
how to avoid such an assumption.

If (N, + 1) > 2 is the number of levels on the site x, the Hilbert space is

H(A)=RQC"~*! (1.1)
xeA
and the Hamiltonian operator has the form
Hy=Y s+ Y Abvolelg (1.2)
xeA yocA

where 4 is a small parameter. If y, = A is any subset, |y,|. is the volume of the
smallest connected set containing y,. In order to avoid writing absolute values,
we suppose that 12 0. s, and ¢, are selfadjoint operators acting on the spins in
x and y,, respectively. We suppose that ¢, = 0 if y, consists of one single site. The
basis of C¥=*! in which s, is diagonal, is denoted by

1005 1D, IN- (1.3)
In this first part, we assume that
5,]0>,=0 (1.4)
and
ilsgli>=1 forall i=1,...,N,. (L.5)
In the second and third parts, this hypothesis is relaxed for x in a finite set. We
also assume that

|s| = sup |5l (1.6)

is finite and fixed, so that any function depending ‘only on |s| can be called a
constant. The condition (1.6) simplifies some of the arguments but is not essential
and in the Appendix at the end of Sect. 2, we discuss how to remove it. Let
10> = )10, (L.7)
xeA

denote the ground state of H, for A=0.

Finally, we impose a normalization condition on the operators ¢, in (1.2). To
state it, let us define an excitation to be a map y defined on the sites of A and such
that y(x) takes values in the set {0,1,...,N,}. Let |[y) denote the state

ly>= @;IV(X)% (1.8)
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and let the support s(y) of y be defined as the following set:

s(y) = {xeA|y(x) #0}. 1.9
A state u of # can always be written in the form
u=Yyuly), (1.10)
v

where the sum runs over all excitations. The L'-norm of u is defined as follows:
fully = lu,l. (1.11)
Y

If |It,, |, denotes the L'-operator norm of ¢,,, the condition we assume to be

fulfilled is

Yo’

sup Y e, S1 (1.12)
X |ygle=nyg3x

foralln=1,2,....

In Sect. 2, we consider the ground state problem for the Hamiltonian H,. We
use a method based on dressing transformations that is a refinement of the one
used in [1]. As remarked in [1] already, it seems to be impossible to construct
unitary dressing transformations involving only operators belonging a commu-
tative algebra. On the other hand, the techniques developed in [1] to control the
analyticity of the dressing transformation for A small, are based on such commu-
tativity properties. As a matter of fact, the construction of unitary dressing
transformations necessitates three ingredients that are not contained in [1]. First,
one can relax a little the condition of commutativity without losing control of the
convergence of the cluster expansions involved. Second, the dressing transformation
must not be written as the exponential of a skew-symmetric operator, but as the
product of an infinite number of operators of such a form. Since we are dealing
with a non-commutative operator, this makes a difference. The third new point to
understand, is how to solve a problem of an algebraic nature. In fact, in order to
control the convergence of cluster expansions, the operators entering into the
dressing transformation must belong to an algebra of skew-symmetric operators
satisfying a condition of weak non-commutativity. A simple minded comparison
of the number of free parameters and the number of constraints characterizing
such an algebra, gives a very discouraging result for systems with more than three
levels per site. However, thanks to a strike of luck, several algebras having the
right properties exist and, in Sect. 2, we construct one of them.

Unlike the (undressed) Green’s function (H,—z)™ ', the dressed Green’s
functions have a remarkably simple behavior in that their kernel in the basis of
excitations decays exponentially fast with the separation among the supports of
the excitations in its two arguments. This feature of dressed Green’s functions is
one of the basic properties of the dressed representation and it is independent of
the property of unitarity. However, it turns out to be of no use for applications if
it cannot be combined with estimates in the L?-operator norm for Green’s functions.
Typically, one would like to derive such an estimate from information on the gap.
However, if the dressed Hamiltonian is not selfadjoint, ie. if the dressing
transformation is not unitary, this cannot be done in any satisfactory way.

The second reason why unitarity is a property of crucial importance, is that
there are situations like the one considered in Part I, in which the lack of analyticity
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forces one to use non-perturbative (i.e. variational) arguments in the dressed
representation. However, the variational principle concerns only selfadjoint eigen-
value problems and selfadjointness, in general, is preserved only by unitary
transformations.

In the rest of this section, we introduce some notations and give a more precise
statement of the results proven in Part 1.

We use the following ansatz for the unitary dressing transformation to be
constructed:

U(2) = lim e®'®...eR"D), (1.13)

U(4) has to solve the following conjugacy problem:
U™ H,UA)[0) = Eo(4)[0) (1.14)

for all 4 small enough, where E(4) is a constant. The operator R%(4) has the form
R'(})= ) A"R} (1.15)
n=1

with
Ri= Y r,1, (1.16)
yilsi=v
7, is a skew symmetric operator with support s(y), i.e. it acts only on the spins in
s(y) and it is such that

7,100 =) (1.17)

Notation. In this paper we denote with ¢ or ¢, all positive constants independent
of A. They may depend on |s|, though. Of course, ¢ = 2¢ < c¢. The notation ¢, will
be used for constants defined in preceding sections, while ¢ denotes any constant
arising in the current section.

The following is the first result proven in this part:

Theorem 1.1. If the operators t, are chosen as indicated in Sect. 2, the dressing
transformation U(A) solving the conjugacy problem (1.14) is uniquely determined and
it admits an analytic extension to a disc {AeC||A| < c}. Moreover, we have

Y Asup Y, lir,t i L (1.18)
n=1 X€A y:xes(y)
To formulate the other results, let us write the dressed Hamiltonian as follows:
U™ 'HU(A) =S + V() + Ey (), (1.19)
where
S = z;‘ S, (1.20)

Eq(4) is the constant appearing in (1.14) and V() is the remainder. Due to (1.14),
we have

V(4|0 =0. (1.21)

Equation (1.21) is one of the basic properties of the operator V(1) and is at the
origin of several of the following results:
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Theorem 1.2. If 1 < ¢, we have
(i) V(4) has the form
V@)=Y v,(4), (1.22)

Yo=A

where v, is an operator with support vy, such that
sup Y. o, Sy (1.23)

* votlvolezn
(i) V() satisfies the following re);z;ive form boundedness estimate with respect to S:
[Kul VDlu) < cAlu|S|u) (1.24)

for all ue #(A),

(iii) V(4) is relatively bounded in L'-norm with respect to S, in the following sense:
ISTV2V(AS™V2 | < ek (1.25)
(iv) V(4) is relatively bounded in L*-norm with respect to S, in the following sense:
IVAudll, < (€D Sully, Vues; (1.26)

(V) V(4)|0) is the ground state of H, for A small and its energy is separated by a
gap (1 —O(4)) from the rest of the spectrum of # ,;

(vi) The kernel of the dressed Green’s function

G, yY) =<y + V) YD (1.27)
Jor s(y), s(y) # &, satisfies the following decay estimate
sup Y |Gy, y)| = (cA)f, (1.28)

Y ¥ide(s(A),s(y)) 2k

where, if vo,70 < A, we define

d.(yo,v0) =min {|I"| for I = A such that for all xey\y, (respectively y,\7,)
there is a path in I" joining it to y, (respectively y,)} (1.29)

The three relative boundedness estimates contained in Theorem 1.2 are all quite
important, because they permit us to control the convergence of random walk
expansions expressing dressed Green’s functions in several different norms.
Moreover, they permit to establish the positivity of certain operators entering in
the variational inequalities contained in Parts II and III. Let us remark that in
this problem there are two different norms arising in a natural way: The L! norm
defined in (1.11) and the L?>-norm of 5. The L'-norm is useful to control cluster
expansions, while the L>-norm is indispensable to bound the norm of Green’s
functions and to express variational inequalities. This is the reason why we need
all the relative boundedness estimates in Theorem 1.2.

Section II contains also the proof of the following result concerning the decay
of correlations in the ground state:

Theorem 1.3. If 0,, and O, are two operators of L'-operator norm one and with
supports y, and vy, respectively, we have

I<U1)010,,0,,UGA)0> — U010, | U ()0 U0, | U0 < (e, (1.30)

70(970
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where

d(yo, 7o) = min {d(x, y), XEy¢, YEYo }-

2. Construction of a Unitary Dressing Transformation

The aim of this section is to define the operators 7, in (1.16) and to give a proof of
Theorem 1.1.

To define the operators 7, in (4.16), let us look at C¥*! as the subspace of the
linear space

- DT eX)
keZ

of the vectors (u(k)),.z With u(k) = u(k') if k ~ k', where ~ is the following equivalence
relation:

k~k' iff 3IneZ such that k= +k'mod 2(N + 1). (22)
Let us introduce the following operators acting on €%,
(Tu)(k) = 3[u(k + n) + u(k — n)]. (2.3)

The subspace €V defined above is invariant under T,. In fact, for all integers neZ,
if k~k' then either k4+n~k'+n or k+n~k'—n. Hence, if ueC¥, n=7Z and
k ~ k' we have

L(u(k + n) + u(k — n)) = L(u(k’ + n) + u(k’ — n)). (2.4)
The operators T, in (2.3) are symmetric and we have
T,10) =1n), 2.5)
for all ne{0,1,...,N} and
T,Tn=3Tosm+ Toem) (2.6)
T_,=T, 2.7)

for all n,meZ. In particular, from (2.6) and (2.7) we see that the operators T, are
mutually commuting, i.e.

[T, T.]=0 Vnme{0,1,...,N}. (2.8)

Let T, be the operator T, defined in (2.3) and acting on the copy of C¥=**
attached to the site x of A. Moreover, let T, , be the skew-symmetric operator
with support {x}, such that

7:n,x = ln>xx<0l - |O>xx<n" (29)
If y is an excitation, let us define
1 ~
T, = T yixor.x0” Tyx |- (2.10)
ls()))l X'OEZS(}') Vo) (xs.sfg)-\l{xo} e )

The operators 7, in (2.10) are skew-symmetric as required, and their L!-operator
norm is one. Unlike the operators used in [1] and [2], they do not form a
commutative algebra, but since they contain only one center of non-commutativity
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“diluted” over all the support, the norm of the commutators is small enough to
control the cluster expansions defining R(A). Such expansions are the next topic
to be discussed.

By expanding both members of (1.10) in powers of 4 and equating the
coefficients, we find the following recurrence relations for the operators R;:

n+1 1
SR;|0)> = — —
vzl nl > {g UI§Z§W< (U)'
it tik=n

k>1

1
. 3 @[-.-[tm,Ri»’,‘]mR?: }IO% (2.11)

lvoleSn VIS S0k
i+ +ik=n—|yolc+1

where S is defined as in (1.20) and

[--[sw R RE

ot = [T t(or=sh. 2.12)

Let us remark that if n=1, r;, =0 unless |s(y)|, =2, while at the n** order of
perturbation theory, in the operator R}, only clusters y of size

s =ls)l.=n+1 (2.13)

are present.
In order to control the convergence of the expansion defined by (2.11), let us
introduce the following numerical sequence

ri=sup Y, [s@)lr,,|=sup

x  yp:xes(y) x yixes(y,

) )IS(v)Irn,ty|0>lI : (2.14)
1
For n=1, we have

rt=sup Y [s()llry,l

x y:xes(y)

ssup ) [volllt, 10> ], 2. (2.15)

X y0:XeYo
lyole=2

If xeA, let P, be the orthogonal projection onto the subspace of the states
with the spin in x excited. Let us estimate the following norm:

sup Px Z [t‘lo’rilﬂtvl]lo>
x Ivole=vo 1
Is(y1)| =v1
<sup z I Cty0s Ty Il 117y, | +sUD Z I tyes Ty I M1 l7iyy,]
x Ivole=vo x |vo0lc=vo
Is(y1)] =v1,xey0 |s(r1)] =v1,xes(y1)
§2<sup Y Iltyolhlyol><sup ) Ir,-ml)
X |yole=vo Y s(y))|=v:
xeyo yes(y1)
+2(Sup Y lri.wIIS()'l)I)(Sup Y lltm!l1>
X |s(y))l=v1 Y lyole=vo

xes(y1) Y€Y0
S v + vy)rEy, S 2 + D, vy, (2.16)
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where
rk=sup Y ryl 2.17)
x sy =v
xes()
Let 7 (! be the operator with support j < A such that
Z g"(?l)z Z [t Yo? 11‘/1 )'1] (218)
jcA Ivole=vo
Is(y1)|=v1

F contains only clusters of size <w,+v;. The number of centers of non-
commutativity that 7" contains is < v, + 1 and, due to (2.16), we have

sup . | TPy £ 2(ve + Dk, v, (2.19)

X xey

Hence, one can bound as follows the double commutator in (2.11):

Sllp P Z [[t)'o’rn‘ll 71] lz)’z 72]|0>ll
* |yole=vo
sy =v1,|s(y2)| =v2
=sup||P, Y [TW,r,,1,
x |s(y2)| =v2

<sup Z I [9—5”’ Tizys Yz] Iy

X xejlstyz)l=v2

+sup Y T, (2.20)

X xestyz)lstv2)l=vz

The first sum in (2.20) can be split into a sum over y, such that s(y,) intersects the
centers of noncommutativity of ;.”, plus the remaining terms for which §
intersects the center of non-commutativity diluted in 7,,. The first term is

= 2vo + 1)<SUPZ I f§’)lll)<sup > lr.-ml>

X xey y  yes(y2)
Is(r2)| =v2

S4vo + D2 (0,0, 221

The remaining terms are bounded from above by

2 0:- (supz (¥ 0-(1)” >(sup z |ri272|>

2 X xej y  yes(y2)
Is(y2)l =v2

<4 tv) 5 o)k, 2.22)
Uy

Finally, the second term in (2.20) is

§2<Sup Z 'rizyzl>(vzsupz”'g";’l)”1>

x  xes(y2) Y yey
Is(y2)| =v2

< 4(1)0 + vl)(rzxvlvl)(r?;szZ)' (223)
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Adding up (2.21), (2.22) and (2.23), we find
0+ 1

(2.20) =< 4(vy + vl)(vo +14+—
2

+1 )(r.,u, 01)(rf0,02). (2.24)

By iterating the arguments above, one arrives at the following estimate holding
for all k=2,3,...:

sup| P, Z ["'[tvo’ rimrn] “Fien Yk]|0>“
x |yol =vo,...
<8Oy | = vk
k Uo + vl
S22+ | ve+ 1+ " +1)--
2
Vo + Uy + -+ 0, -
~<v0 +k—1)+2>— L 1)(r§",,,lvl)---(r;';vkvk). (2.29)
k
Since the volumes are ordered by construction, ie. v; < --- < v,, we have

(2.29) < 44wo + D(vo + 2) - (vo + k)( H rfo,v J\)
2,1

ol eee

A similar estimate can be derived for the first term in (2.11). Namely, we have

[ [Zsy,R;z;:l...,Rg;]lo> <8k|s|k'<n rk,v 1>, (2.27)

where |s| = sup | s, ||. On the other hand, the L!-norm of the left-hand side of (2.11)

o) 1> (2.26)

sup

can be bounéed from below as follows:

n+1

vaglsR.'ilO) Y IrlIST,I03 012 Y Irllsk)=r¥.  (228)

1 xes(y) xes(y)

Thus, for all n > 2 the following recurrence inequalities hold:
n+1
ST D N (nr,v )
viS o Sok (v)! “

ig+--+ik=n—vo+1

k
+ 01§Z<v 8k|SIk'(—)T<I;I e J)

it tik=n
n+1

<1+ Y Y gk2vork ..rk + Y 8 |s|rk---r¥. (2.29)

Vo=2 i1+ +ix=n—vo+1 it tik=n

If r*(4) is the formal power series

r*(4) ~ 21 Amr¥, (2.30)
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we have
r*) < i A+ (uoiz A~ ‘2"°>(1 —8r¥(A) "' + Isl[—————1 — E:r*(l) —1- 8r*(,1)]
= —l; [ 4'121 + 64|s|r*(/1)2](1 —8r¥(2))~ L. (2.31)
Since the equation
a*(A) = % + [% + 64lsla*(,1)2:|(1 —8a*(1)71, (2.32)

has a solution a*(4) analytic in a neighborhood of 1 =0, and since a*(1) majorates
the series (2.30), we conclude that (2.30) converges for A small. In particular, the series

Zi"sup S Arlls®) (2.33)

x  y:xes(y)

converges for A small. This implies that U(A) is analytic in 4 for 4 in a disc around
A =0 independent of A. This completes the proof of Theorem 1.1.

Appendix — Removing the Condition |s| < co. The condition |s| < oo is not satisfied
in certain models of interest like the one considered in [1] with Hamiltonian

H,= Z nn,+1)+1 Y (che,+c)fcy) (2.34)
xeld ydez?

The Hilbert space is
# =QPM), (235)

n, is the number operator in x and ¢, c, are the Bose creation and annihilation
operators in x. In this case the spectrum of s, = i(n, + 1)n, is unbounded. However,
if as in [1] we restrict ourselves to the subspace with one particle per site, we can
still find a unitary dressing transformation for H,. We have to modify as follows
the definition of T,:I%(IN) - I(IN):

0 I |
T, Y u(k)|0>=k;0§(u(|k+n|)+u(|k—n|)). (2.36)
The bound (2.31) can be replaced by

px[...[zsy, RE’I‘]-“R?:}O)' n(n+ 1)8"k'< Z ¥, 1) (2.37)

that is true because at the n™ order of perturbation theory there can be at most
n+ 1 particles in one site. This forces to change (2.31) as follows:

sup
X

A 41
r*(A) < 1=2 + m(l — 8r¥(4)) ™! + F(r*(%)), (2.38)

where

F(z)= (1—_22—)5(2z —z%)= ,.;1 — " (2.39)
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However, the analyticity of (2.38) follows from an application of the implicit function
theorem as above.

3. Relative Boundedness Results and Decay of Dressed Green’s Functions

This section is dedicated to the study of the dressed Hamiltonian

S+ V(A)=U(A) 'H,U(A) — Ey(d) (3.1)
defined in Sect. 1 after (1.19), and contains the proof of Theorem 1.2 and
Theorem 1.3.

Proof of Theorem 1.2.
(i) We have

® 1
V(= ) A" Y L[S RET--Ry
m=1 V1S 2ok (U)'
i+ tik=m

m 1 o
+i;1 l’léz;évk _W['”[l)'E:itm,Ril:In.jl}. (32)

i+ tig=m—j
Hence, if we express V(4) as a sum

V()= Y v,,(4) (3.3)
yoc A
of operators v, (4) with support y,, we see that the first non-vanishing term in the
expansion for v, (4) in powers of A is of order at least [y,|. — 1. Hence, due to the
bounds in Sect. 2, we have

sup Y o, I, S le"'(ISIr,*,‘.+r§5)§(lSI+1) Zla,’i‘.l'”é((?oi)"'l,

* yo:lvolezn =n- =n-
xeyo

(34)
where
a*(i) = mil ak (3.5)
is the function analytic at A =0, implicitly defined by Eq. (2.35). Q.E.D.
(i) If
u=;uyry|0>e9f(/l) (3.6)

is a wave function, we have

[ul VU Y u <y IV +2 Y uu, [V VA
I Juay) < Juy)

§2§y:|uyIZZI<V'IV(l)Iv>I. (3.7)
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It is enough to prove that the bound
LIKYIVAI S (coh)s) (3.8)
b
holds for all excitations y. Since by construction we have
V(|05 =0, (3.9)
one can estimate as follows the left-hand side of (3.8):

LI VA = 1V A,103 1, = [ [V(A), 7,110 14

<lswisup Y. o,y S(coMls@)l. QED. (3.10)

X yo:Xxeyo

(iii) We have

1S~ 12V()S™12], < sup | S™HEVRS V2, |03 |, (3.11)
Y
o 10, )l
<su Yo
SSwp 2 L ()= b P
s()Nyo # I .
o 15@)l(cod)’ 0 L
<su < et T (coA)! Z(ch),
SSUP ). x5 — i DG S 2 ¢ ol s

where we used the inequality

s\ _ e
(o) = G129

that holds for all j=1,2,...,(]s(y)|—1). Q.E.D.
(iv) We have

KV AulV(Au| =

3wt Ky V() w>’

SYWOIVEA > +2 3 luuy 1KY VAR y)]

uyl S luy|

S23u Y IKYIVAP 1Y) (3.13)
Y 7
Moreover, we have

TIIVARY £ T I VARG V@
<3 (eDIseI < VDI, (3.14)

where we used again (3.8). To conclude the proof, it suffices to verify the bound
2N TV = ()]s, (3.15)
Y

We have

Q0

;IS(V”)IKV”IV(/DI?)I ) ) (st + DI ILV(A), 7,105 ]

J=0y7: sy = I =
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< 3 (s +)Is0)lswp T [, A1
[vol2j

< 3 1s)I(s0)] + 1o, (3.16)

where j = max(1,j). Hence, we have

(B.19) S [s()Hcop) (1 + (1 = cod) ™) + [s)I(co (1 — cod) 2 S (cDIs))*  (3.17)
if 4 is small enough. Q.E.D.

(v) Asa Corollary of any of the estimates (ii), (iii) and (iv), we have that U(1)|0)
is the ground state of H, and its energy is separated by a gap (1 — 0(4)) from the
rest of the spectrum of H;. This is a consequence of quite standard analyticity
arguments; see [1] and references therein.

(vi) Let us prove the bound

G(y,7) = (ch), (3.18)

Y de(s(y),s(y)) 2 k

where G = (S + V(4))™1, s(y),s(y’) # & and d.(s(y),s(y’)) is the distance defined in
(1.29). We have
[s()

[<YISTAV @S2y | < (maxusw)l —k 1

12 .
)> (cA) < (),
3.19)

¥ de(s(y),8(y)) =k

where we use (3.12). By expanding the resolvent in geometric series
S+Vv@A))'= Z STYST2Y()S2)isST, (3.20)

we find

Y KIS+ V@)

de(s(v'),s() =k

S (kD o, L, (1SS )]

1o 1SRV (S 5,51+ |ST VDS 2y

< Z Z (Cl)ix+m+z,,§j;kbjlj, (3.21)

n=1ky+-+kn2k
where the sequence b; is such that
Y b=l +(1—cAH I —(cHA+(1—cHH] L (3.22)
i=1

Q.E.D.

Proof of Theorem 1.2. If O, is an operator with support y, < A, its vacuum
expectation value can be expressed through the following cluster expansion that
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converges for A <c:
<U(2)010,,| U0y = O|UR) ™" 0,,U(2)]0)

0
= Z A" Z Z <0|["'[(910’ rin'lt}’l]”.ri"v"‘cyk]l())
n=1 VIS S0k |s(yr)| =0y,
inHee =0 |s(nd] = ok

(3.23)

The expectation values appearing here vanish unless

SNV #F Dser s S() N[V - Us(y-1)] # . (3.24)

In the case in which we have a product of two operators 0,, and ¢, , with supports
Yo, Yo respectively, separated by a distance d(y,,7,) = n, the expansions in powers
of A for the two functions

<U(A)0] 0,,0,.1U (A0> (3.25)
and
U@)010,,|UA)0><U(A)010, |U(4)0) (3.26)

coincide up to order n. In fact, only at orders = n there are clustering touching
both y, and y;. Since the I'-operator norm of 0, and 0O, is assumed to be
normalized to one, the sum of the terms of order = n can be estimated to be less
than (c4)". Q.E.D.

Part I1. Exponential Decay of Dressed Eigenfunctions Below Threshold
4. Introduction, Notations and Results

In this part of the paper, we consider a model with Hamiltonian operator of the form

Hy=Y s+ Y Abvel=tg @4.1)
xeA yoc=A

Here, the notations have the same meaning as in Part I, except that s, is no longer
assumed to have a gap =1 for x in a finite set & = A. We study the asymptotic
behavior away from &% of eigenfunctions of low energy and we are interested in
finding bounds that hold for all A smaller than a constant independent of both &
and A. The estimates we establish are valid starting from a distance from & that
depends on |&| and on the energy of the eigenfunction, but not on the size of A.
Since for xe& the gap of s, can be arbitrarily small, the attempt to look for

a dressing transformation solving the ground state problem, is bound to fail due
to small divisor problems. This is not a mere technical obstruction, but it signs a
possible lack of analyticity of the ground state as a function of the perturbation
parameter A. Nonetheless, it is still possible to use perturbative methods to
study the asymptotic behavior of the eigenfunction “below threshold”, i.e. the
eigenfunctions with energy less than the ground state energy plus one. Since an
excitonic quasiparticle away from & has potential energy at least one, in an
eigenstate below threshold there cannot be quasiparticles in a scattering state free
to move to infinity. Since on % the potential energy for excitations is every low,
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one expects the existence of several eigenfunctions below threshold. They are
mutually orthogonal and ought to be quite different one from each other, close
to &. However, their asymptotic behavior far away from & is very similar because
they are locally very close to the ground state. To state this property more precisely,
it is convenient to pass to a unitarily equivalent dressed representation and a few
definitions are needed.

Let us introduce the regularized Hamiltonian H'® as follows:

HiE= Y 5.+ Y (1—Pyg, )+ Y Akt 4.2)
xeA\&¥ xe¥ Yo A

Let us compute as in Part I a unitary dressing transformation U(A) for H® and
let EG% be the ground state energy of H®. We propose to work with the dressed
Hamiltonian

S+ V(@A) +W@A)=U() " *H,U(4) — E¥E, 4.3)
where
S=Y s, 4.4)
xeA
V()= U@) ' HF*U(A) — E5§ — ;\y Sx— Z;’(l —Pyoy.) (4.5)

and W(4) is the remainder

W) =UA)~ 1[ Y (se—1+ P|0>x)] U — Y (s.—1+ Py, (4.6)

xe& xe¥

We still have

V(4)|0) =0. 4.7)
Moreover, if we represent W(4) in the form
W)= 3. wiyo), (4.8)
yocA
where w(y,) is an operator with support y,, we have
Y Iwioll S1Z1con), 49
Yo:do(Divo) 2k

where k =max (1,k). If 4 = A is a set, d ,(y,,7}) denotes the distance between the
two sets o, 70 <= A defined as follows:

d (y0,70)=1nf{|I"|, where I" = A is such that for each
point of y,\ 7y, (respectively y,\y,) there exists a path in
I' connecting it to y; (respectively y,) and/or to A}. (4.10)

Equation (4.9) is a consequence of the estimates in Sect. 2 on the coefficients r,,
entering in the dressing transformation U(A). :
If n is an integer = 1, let us define the neighborhood &, of & as follows:

&, = {xeA such that d(x, ¥) < n} 4.11)
and its boundary
0%, ={xeA such that n <d(x,¥)<n—1}. 4.12)



Quantum Spin Systems. I and II 17

The following is the main result of this part:
Theorem 4.1. Let 6€[0,1). There are constants independent of 6 such that if
log(c|#1(1-6)"")

>2 13
T (4.13)

and
A< c(l —0)? 4.14)

then the following is true: If we represent an eigenfunction u of S + V(1) + W(4) in
the form

u= Yy _$,01,00_5> 4.15)
st ~2,
with ¢, #(Z,), and if the energy E of u is such that
E<E;;+0, 4.16)
E,. ; being the ground state energy of H, ,;, we have
Y eyl 102,001 =) e A (4.17)
47 (D.s)zk

forall k=1,2,....

Notations. Let us introduce the L**-norm |||, , as follows: if ue #(A) and we
write it in the form

u= Z i ¢y®ry|0~§">, (4.18)
sy ~F,
then
lulzi= 2 ¢yl 4.19)
s ~ 2,

Here n is the integer in Theorem 4.1.
For the applications in Part III, we do not need this result in full generality,
but only the following Corollary:

Corollary 4.2. If
u=y u1,0> (4.20)
Y
is an eigenfunction of S + V + W with energy
E<Egy,+1, 4.21)
then there are constants such that if A < c and

n> logc|&|
~ |logceodl

4.22)

we have

( % lum)m <107,/ (4.23)

i7,(B.nzk
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This Corollary follows from Theorem 4.1 with 6 = 1/2 because the bound (4.17)
in L**-norm is stronger than the bound (4.23) in [*-norm.

As remarked above, the proof of such results is based on a combination of
perturbative and variational arguments. The latter are necessary in order to get
some information about the behavior of the eigenfunctions near . From them
one can see that if we go far enough from %, we can control the decay of u with
a convergent random walk expansion. In the rest of this introductory section, let us
introduce some other notations and state the intermediate result to be proven with
a variational method in Sect. 5. The random walk expansion that permits us to
conclude the proof of Theorem 4.1, is discussed in Sect. 6.

If A < A, let us define V,, V,, and V_, as follows. If U ,(4) is the unitary dressing
transformation computed as in Part I for the Hamiltonian H%® restricted to A4,
ie. for

H®(A) = Z (1—=Pp,,)+ Z S+ Z ,1'“’0“‘1% (4.24)
xe¥NA xeA\¥ yo<A
then
Vi) =U ) HE¥ AU A~ 3, (1-Pioy)— Y s.—EGHA),  (425)
xeFNA xeA\&

where EF$(A) is the ground state energy of H*8(A). Analogously I define V_ (1).
The boundary term V, ,(4) is the remainder

Vou(D) = V(A) = V(A= V_4(4). (4.26)
Let us notic¢ the following basic property of V, ,(4):
Vau(2)]0) =O. 4.27)

One can treat the W term in a similar way and define

WA(1)=UA(1)‘1[ )y (Sx—1+P|o>,)]UA(/1)- Y (.= 1+Pp,) (429

xXe¥SNA xe¥

and
W,4(4A) = W(d) — W,(A). (4.29)

The S term requires a special treatment. In the following, if n = 0 is an integer,
we decompose S into the sum of three parts

S=(57,~S5%,) +Soz, +(S.5,— 535.)- (4.30)
Here,
85,2 X S0 S.z,= Y o 4.31)
xe¥, xe~£/_’"
and
Saza= L (codft T 2s, (4.32)
xe~%
Sipa= L (cod)fPTIs (4.33)
xeF \&

8590 = Sa7, — S5 (4.34)



Quantum Spin Systems. I and II 19

The constant ¢, appearing in (4.32) and (4.33) is fixed in Sect. 5 so that V,;
turns out to be relatively form bounded with respect to S,z in the following sense:
[{ulVyg |ud < {ul Pz, lu) + (coA)" | 4.35)

for all ue #(A) and all integers n = 1.
The main result in Sect. 5 is an estimate on the asymptotic behavior for large
n of the ground state energy E, of the operator

Sg. + Vs, + Wz — Sy . (4.36)
Theorem 4.3. If E,; is the ground state energy of S + V(A) + W(A), we have
|Egsr— Eq| £ (c)! 2" 2] (4.37)

for some constant c (independent of & and A).

5. Preliminary Decay Estimates for the Ground State

In this section, we fix the constant ¢, appearing in the definition (4.32) of the
operators S, and we prove Theorem 4.3.
Let us start with the following lemma.

Lemma 5.1. If we expand V,; (4) as follows:
Vaga= 2. sz (o) ¢.1)

Yo A

where v,(yo) is an operator with support y,, we have

Y 10ag,00) Iy < (coAY =27+ (5.2)

Yo:Xx€Yo

for alln=0,1,2,... and all xeA.

Proof. Although explicit formulas are too long to be worth writing here, it is not
difficult to see that V,; can be expressed as the sum of clusters of operators that
can have one of the following two forms: Either they can be written as

[ [)'IYOlC_lt)‘D’ ll)’l )’1] . ‘k)’k )‘k] (5'3)

with y,nZ, # Q and y,n(~ %) # & and the coefficients Tijyp J = ..k, are
those appearing in the total dressing transformation U(d). Or the clusters in V5,
can have the form (5.3), but with y, = &%, or y, = (~ %,) and the coefficients Tisy;
come from U(4), Uz (4) or U_g (4). In this case, the sequence (iy,...,i,) must be
such that

iy + o+ i 2 L+ d(yg, 0F,). (54)

In fact, the difference among the operators U(4), Uz (4) and U _ (4) are due to
those clusters, which among the clusters appearing at lower orders of perturbation
theory that generate them, have at least one cluster intersecting both %, and ~ Z,.

If we decompose V,5 as in (5. 1) and if x is a site of A, then the minimum
order in A at which in the expansion (5.3) there appear clusters containing Xx,
is = d(x,0%,) + 1. Hence, (5.2) follows from the estimates in Part . Q.E.D.
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Let us define
S,5. = Z (col)“/z)d(x’m"HI/ZSx, (5.5)

xe~%

where ¢, is the minimum constant such that (5.2) is true Vn and VxeA. Let us
suppose that 1 < 1/64c,, so that

IIA

S;7, S %S. (5.6)
I also suppose that 1 is so small that
iS4>1V4l (5.7)
for all regions A = A such that An.¥ = .
Lemma 5.2. We have
[<ulVaz,|ud < <ulSsz,[u) + (codf' ™| (5.8)
for all ue #(A) and alln=0,1,2,....

Proof. By expanding u in the excitation basis

u=>y u,r,|0), (5.9)
v
we find
[KulVog Jup] £ Y ufl <y Vo 191 +2 % uily] 1<y | Vagz, 17D
7 ley | <y

<2Y @2 Y Vi, I

<22 Y Y [ s, 00) T, 1O S2Y 42 Y (cod)! AT

xes(y) y0:xey0 xes(y)
SlSypuy +2Y ul Y (o) I < (ul S5, [u) + 2co A,
b xes(y)ns (510)
from which (5.8) follows. Q.E.D.

It is now possible to pass to the proof of Theorem 4.3. I prove by induction
on n the following result, from which Theorem 4.3 follows:

Theorem 5.3. For all n=1,2,... and all integers m with 0 < m < n, we have

() |E, — En < (14 3d,)(cod)! "2 Z], (5.11)

(ii) CUn|S 07l thn) S 3(d + Dlco ) T2 &, (5.12)

(iii) (Ul Soz,1Uny S dy(cod) T2 ), (5.13)
where

d,=94""1 -1 (5.14)

Proof. For n=1 and m =0, we have
El é <u0(S§’1 + V§’1 + le —_Sﬁgllu0>
=UlSy+ Vo + Wy + Vyy + Wglug) < Eg + 2(co )| S|, (5.15)
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where the boundary operators V., and W,,, are the ones giving the decompositions
Vo= Vot Vog+ Vg0 (5.16)
Wz, =W, + Wy, (5.17)
On the other hand, we have

El = <u1|S§’1 + V.?’x + W§’1 - S391|u1>
=Sy + Vo + Wyt Vig + Wiy + Sz, Vg — Saz, Uy

2 Eo— AcoM L1+ 5<us| L 3, 01U ). (5.18)
Hence
|E; — Eol £2(cod)|Z| (5.19)
and
ug|Sgglur ) S2[E; — Eg + 2(co )L 1] £ 8(co )| F . (5.20)

Let now n > 1 and let us suppose that (i), (ii) and (iii) have been proven up to n — 1.
We have
E,=<unlSg,+ Vg, + Wy, = Sog,ltm>
= unl(Sz, + Vg, + W5, —S3,) +(Soz,.+ Vaz,.— Sz, + Wiz, |tm>
SE,+ (A" LT+ 2+ (coh) ™) ] Sy, m )
<E,+(3d,+ D(co) *™?*|&|. (5.21)

On the other hand, we have

E,={u,|Ss,+ Vs, + Wz, —S;:5,1u,»
= U, |(Sz, + Vg, + Wz, —S;5.)
+ (Sogm + Yoz + Wog, + (Sg0 30 — S55m + Vo gm — Soz )t

2 Ep = 2cof" L | + 5l S 7,0 5, | n)- (5.22)
Hence, we find
|E, — E,| = (3d,, + 1)(cod)* *™?|&| (5.23)
and
(S g\ 7,1t < 3(dy + Dico ) T2 ). (529

Finally, we have
n—1
<un|Sa,57’,.|un> é 'ZO (col)llzm—"(unls“?,ar1\57’,'|un>
j=
n—1
< Y, (€)7o 2| F13(1 + d))
ji=0

n—1
= 3, 3+ d)eod) " ). (5.25)
£
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Hence (5.13) holds if
n—1
d,= 2 3(1+dj)=3+4d,,_1 =94m1 1, (5.26)
ji=o

QED.

6. Decay Estimates in L>'-Norm Below Threshold

This section contains the proof of Theorem 4.1.

Let n be an integer to be fixed later on and let P be the orthogonal projection
onto the space spanned by the states of the form ¢ ®|0_5, > with peH#(Z,).
Let

Im=1-P. (6.1)
Let u be a dressed eigenstate with energy E < E, + 0. We have
S+V+W—Eu=0. 6.2)
Hence,
S+V+W—-EYu=(S+V+ W—E)Puy, (6.3)
ie.
( Dy + kzo ve L we 4 V‘f;ﬂ)ﬂu _— (64)
Here we use the notations
up=IIS+V+W—E)Pu=II(V,5 + W,5 )Pu (6.5)
and
Dy=IIS+ Vs, + Wy — E)II (6.6)

The operator Vfa';}" has the following matrix elements:

Y'NTV,g, M y) if dg,(s(v),5())) =k

'y =
GVag,lr? { 0 otherwise, 67)

and V%; and W) are defined in a similar way.
The proofis based on decay estimates for u, and on the following representation
for ITu:

Y] -1
Hu= (Do + Y VY Wl + V(f’;n> Uy
k=0

i

© i
051/2[051/2( YV +wl + V‘f{%)pgl/z] Dg'uy.  (6.8)

Jj k=0

The geometric series expansion (6.8) provides us with a random walk expansion
for ITu. To control it, one needs the relative boundedness estimates that are
contained in the following three lemmas.
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In the following we assume that n satisfies a bound of the form (4.13) so that

IW5 2.1 < (o) 11 < (coh) (6.9)
and
|Eoz— E,| S2027-4"71 = 2)(cod)! T ™| | £ 3(1 - 0), (6.10)
where E, is the ground state energy of
Sg,+ Vg, +Ws, Say, (6.11)

in #(%,). Sk, and S,z, are defined as in Sect. 5. Under such hypothesis, the
following three lemmas are true:

Lemma 6.1. We have

4
-1 <
1D *ll2,1 = 31 —06) (6.12)
and
k
= 1/2 (k) 1/2 4(c0)”)
1D5 2 W5, D52 s S 317" (6.13)
Proof. This is an immediate consequence of (6.9) and (6.10). Q.E.D.
Lemma 6.2. We have
1512V, D5 2y £ 35+ 2 (eo (614

=31-
Proof. In fact

k - k —
IDg 2V ¥, D5 2|, = sup  sup [ D512 V%, DGUAP@ (1,105 5) 2,1
i¢lz=1 sy ~ Py
deH(F,)  sz)#0

(6.15)

and if pe #(Z,) is such that | ¢ ||, = 1 and y is an excitation with &J # S(y) ¢ ~Z,,
we have

IDg VY, DG ¢ @ (1,10 .5 ) 2.1
+30\" 1?2 1+36
(IS()I— ) z(mw— 4> 1<y 1V®% 191
Y

1 30 -1/2 —-1/2 _
_<|<)|— + ) (maX(IS(v)I~k,1)—1+39> 150 (co

4
4 k+1

= 3 1-—
Lemma 6.3. We have

(coi)" Q.ED. (6.16)

4k+1

k
1D 2V55,D0 22,0 <37

(col)" + (coA)*? 6.17)
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24
Proof. If
ve = ¥ #00 (6.18)
yocA
gives the expansion of V‘ m operators v{(y,) with support y,, let us rewrite
Vig. as follows:
Vig = Y ado(y,), (6.19)
yo<A
where ad v¥(y,) is the operator such that
ad vPyo)ly) = ad ()7, 10> = [1§(3,), 7,110). (6.20)

Let us remark that the support of the operators ad v¥(y,) is the entire set A

We have
IID&"ZVE"},DJ”2 l,i= sup sup ||Dg 2V D 2P ®(1,10.5 ) ll2,1-
sy ~Z, deH(S,)
=1
=S 14l 621)

Let us fix an excitation y with &J # s(y) € ~ &, and let ¢peH#(¥,) be a state

such that || ¢ |, =1. We have
ID5 V53 Do 2@ (1,10 5,) 2.1
I Dy ** ad v(y0)Dg 12 ¢ @ (1,105 D)l2.1

)
Yo YoV # I
+ Y IDg?advf(yo)D 2P ® (1,10 5 M) l2s-  (6.22)
Y0700 =
The first term can be estimated as in (6.16) and is
4k +1
= 3 1= ( ol) (6.23)
To bound the second term, let us introduce the operators 5{(y,) with y, = &, such
that
P00 = Y. FiadoPOo)F;: #(Z,)— H(F), (6.24)
?6ﬁ9"=70
where F, is the injection: #(¥,)— #(A) such that
F6=¢®I0_5) (6.25)
for all pes#(%,), and F, is its left inverse such that
Fi¢o®@y=¢ (6.26)
for all peH#(#,) and Yye#(~Z,). Due to the bounds in Sect. 2 on the operators
entering into the dressing transformation, we have
Y 150Gl S (o)™ (6.27)
Yo:x€Yg
Yo=~&,
(6.28)

for all xeA, where
m(x) = max (k,d(x,0%,) + 1).
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The second term in (6.22) is

< Y S5 + Ve + Wy —E+ 1)~ 12580(y,)

yocy

(S, + Vg, + Wa,— E+ D2, = (cod™.

25

(6.29)

To prove this, it suffices to establish the following relative boundedness estimate:

Y KBIoP(0) |61 < (ol ISz, + Vi, — E+ 1) $).

yoc.ﬁf’

By expanding ¢ in the basis of excitations
Z ¢yr'y|0>,
seP,
we find

Y KoloPwold><2 ¥ ¥ 67 Y 1KY I5P0o)]

705 Pn 0P NPy )Py

S2Y 62y Y Y KyI5PGolyy]

sy xesy) voixevg s) =y

Y 97 Y (o)™

s(v)ci,,_ xes(y) i
S2Aco? Y 92 Y (cod) S

Py,  xesh)

< (o)< 1S |b).
Since
(BISg,+ Vg, +Ws —E+1-85 |4
2E,—E+12E,,—~E+1-41-0)231-6)>0,
we have

(6.32) < (col) < B(Sz,+ Vg, + W5 — E+ 153 )+ Sy |6,
which proves (6.30). Q.E.D.
As a consequence of the three Lemmas above, we find the bound
IDG 2Z9DG |,y < (1~ 6) " eA)”?
for some constant ¢ and all integers k = 0, where
)
0=V -V, W,
From (6.35) follows that the geometric series expansion
0 -1 © © j
<DO + Z Z(k)) — Z Z D(; 1/2 H [D(; 1/ZZ(ki)D6 I/ZJD(-)- 1/2
k=0 =0 ki--k;=0 i=1

converges in L>! operator norm if

N —

S (e (1 -0 <,

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)
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ie. if
A< c(l—6) (6.39)

for some constant c. Let us remark that the operator Dy 2Z%)Dg'/? has
nonvanishing matrix elements only between states |y),|y’) with

dgz (s(y),s(y')) = k;. (6.40)
This is due to the fact that D5 /2 does not induce transitions outside #,. We have

Lemma 6.4. Let n be an integer 20 and let P3" be the orthogonal projection onto
the space spanned by the states |y) with

dg (s(v),s(y")) 2 n. (6.41)

<(1 _9)_1(4\/1 )ﬁ (6.42)

1-46

Then, we have

w0 -1
P$"<D0+ Y Z”") ly>
k=0
where i =max(n, 1)..

Proof. We have

© -1
P§"<Do+ Y Z"") Iy>

2,1

2,1

0 J
<Y Y TlIDg'Z%Dg |, |Dg 22
Jj=0 kit +kjzni=1
0 ZLL 1 i
<Y Y (-6 /2 <(1—)! ey/AY (6.43)
F=0 ki +-Hhyzn 1-6 1-6
Q.E.D.
The proof of Theorem 4.1 is now easy to conclude.
The operator
T=1(V,5 +Wyy) (644)
can be decomposed
T=)Y T® (6.45)
k=0
in the same way as is done for V,; in (6.7) and we have
1T l12,1 2 (coM10F 1 + 12 1(cod)) < (o AF |05, . (6.46)
Thus, the same expansion used in the proof of Lemma 6.5 now gives
R © -1 _ c /A k
PZ¥( Do+ Y, Z") TPul| =(1-6)"'0%,| (6.47)
k=0 2.1 1—-6

forall k>1. Q.E.D.
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