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Abstract. We give a formula for the rates of escape for Julia sets with pre-
periodic critical points and for C* endomorphisms of the interval with non-flat
pre-periodic critical points outside the basin of attracting periodic points.

0. Introduction

Let f : M < be a continuous mapping of a riemannian manifold and U < M.
The rate of escape of U (by f) is defined to be

n—1
R(U) = nl—i»I-Poo % logvol( ﬂ f‘k(U)) <0

k=0

if this limit exists, i.e. the exponential decay of the volume of the set of points
which stay on U for n iterates. If f is Axiom A and U a small neighbourhood of
a basic set 4, Bowen and Ruelle [2], [3] proved that

R(U) = P(¢") = sup{h,(f) — Z4} (v) | v ergodic measure with Supp(v) = 4},

where A7 (v) are the positive Lyapunov exponents of v, P is the topological
pressure, ¢*(x) = —log |det Df|E¥*(x)| and E*(x) is the unstable space at x € A.
Axiom A attractors are characterized by P(¢*) = 0, when 4 is not an attractor,
P(¢p*) = R(U) < 0 give a measure of the influence of 4 on neighbouring orbits.
Similar methods [12] apply to prove that R(U) = P (), ¢(x) = —log |det f'(x)|
if U is a small neighbourhood of K and f : K « is strictly expanding.
Eckmann and Ruelle [3] raised the conjecture that for some open set

U = Supp(w),
R(U) = hy(f) — 24} (w)
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if u is an ergodic measure which maximizes the quantity h,(f) — £A}(v) when
v runs over the invariant probabilities with Supp(v) = U. It is clear that U can
not be arbitrary (see example of Fig. 17, [4]). Young proved this formula when
U is a small neighbourhood of A4 and f : A « is uniformly partially hyperbolic,
i.e. there exists a continuous splitting T,M = E* & E® such that for an iterate
N >0, DfV is strictly expanding on E* and not expanding on E®.

If f : € < is an analytic endomorphism of the riemann sphere € = C U {00}
(ie. a rational map), then its Julia set J(f) usually acts as a repulsor. It is then
natural to ask about escapes of J(f). Let c(f) be the set of critical points of f.
Here we prove

Theorem A. If f : € <« is a rational map such that the positive orbit of c(f)NJ(f)
is finite then for any open set U such that () f*(U) < int(U), the following limit
exists and the formula holds: n=0

n—1
R(U) = R(U) = Jim % log Vol( N f—k(U))

k=0
= min{0, sup{h,(f) —2 [ log |f'|dv|v € 4(f), Supp(v) = U}},

where M (f) is the space of f-invariant Borel probabilities.

Thus proving the conjecture for Julia sets with pre-periodic critical points. In
particular it holds when all the critical are pre-periodic but not periodic and then
the Julia set is the whole sphere. If J(f) has a parabolic periodic point then it
actually attracts an open set to the parabolic orbits and R(U) = 0 for any open
set U containing one of those orbits.

The only analytical tool that we use on the proof of Theorem A is Sullivan’s
structure theorem for rational maps. Its analogous for real one dimensional
dynamics is a theorem by Martens, de Melo, and van Strien [9, 10]. We explain
it. Let N be [-1, 1] or S' and f : N — N a C? non-invertible map having a finite
number of critical points which are non-flat. If f has some turning points let
Sing(f) be the set of turning points of f together with the boundary points of N.
If f has no turning point and is not a diffeomorphism, it must be a covering map
of the circle and, therefore, it has a fixed point. In this case define Sing(f) as the
set of fixed points of f. We define the Julia set J(f) of f as the a-limit of Sing(f),
and the Fatou set F(f) as the complement of J(f). In general F(f) is not forward
invariant. If U is a connected component of J(f) then f(U) is contained in the
closure of some component of F(f). The theorem says that the components of
F(f) are eventually periodic and the number of periodic components is finite.
Therefore any critical point in F(f) must have w-limit a periodic orbit in F(f)
and the conditions of f in the following theorem are equivalent to say that the
w-limit of every critical point is a periodic orbit. With this remark, the proof of
Theorem B is the same as that of Theorem A:

Theorem B. Let N be [—1, 1] or S! and f : N — N a C® non-invertible map with
a finite number of critical points all of which are non-flat. If the positive orbit of
c(f) NJ(f) is finite then for any open set U = N such that () f*(U) < int(U), we
have nz0

R(U) = R(U) = min{0, sup{h,(f) — [ log |f'|dv|v € A(f), v(U) = 1}}.
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Another example is the map f(z) = 2 — z2. If we see f as [ : [<2, 2] «,
then f is conjugate to the Tent map g(x) = 2 — |x|. The Lebesgue measure is
invariant by g, coincides with the maximal entropy measure for g and is sent
by the conjugacy to the measure of maximal entropy for f, which is absolutely
continuous with respect to the Lebesgue measure. Therefore, by Pesin’s formula
hu(f) = htop(f) = log2 = 4,, and the rate of escape from u in [-2, 2] is 0. If
we see f as f : € «, then its Julia set J(f) = [—2, 2] is the complement of the
basin of co. If U is a small neighbourhood of [—2, 2], we have, using Ruelle’s
inequality and the methods of Theorem A, that

—log2 < R(U) = sup{h,(f) —24,} < — Ay < —% log2 < 0.

inf
ve(f)
vJ(N)=1

In particular, J(f) acts as an “exponential” repulsor.

1. The General Inequality

We shall use a characterization of metric entropy due to Katok. Let T : K «— bea
continuous mapping of a compact metric space (K, d) and p a T-invariant Borel
probability. Let ¢ : K —]0, 1] be a measurable function such that loggo € £!(u).
For x € K and an integer n > 0, let

V(x,n0) = {y € K|d(Tx), T*(y)) < o(T*(x)), 0 <k <n}.

We say that E = K is (n,g)-separated if V(x,n,0) N V(y,n,0) = ¢ whenever
x,y€Eand x #y.For0 <d < 1,6 >0aset G <K is said u— (n, ¢, 0)-spanning

if
;4( U V(x,n,s)) >1-0

xeG
taking ¢ = ¢, the constant function; G < K is said (n, &)-spanning if
K < U Vix,n,e).
x€G
Let Nr(n,¢ 0) be the minimal cardinality of any p — (n, ¢, 0)-spanning set.
1.1. Theorem (Katok [7]). If u is ergodic then for every 0 < 0 < 1:
T |
hu(f) = £1_1)r(1) lzlr_r)ligf . log Nt (n,¢,0)
. 1
=lim limsup — log N7(n,¢,0).
&0 potoo N
Recall that the capacity of a compact metric space K is defined as
. log N(r)
¢(K) :=limsup ————,
(K) = ISP Tog(1/r)

where N(r) denotes the minimum number of balls of radius r required to
cover K.

1.2. Theorem (Brin-Katok-Mafi¢) [8]. Let T : K « be a continuous map of a
compact metric space K with capacity (K) < +oo. Let u be a T-invariant Borel
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probability measure and ¢ : K —]0, +00] a measurable function such that logg €
LY (w). Let

1
ki (T,x) = —lim lim inf — log u(V (x,n,¢g)),
e—0 n n
hf(T,x) := —lim lim sup ! log u(V (x,n, £0))
e—0 n n
then h;—L(T ,T(x)) = h#i(T,x) for p-almost every x € K, and h,(T)

= [ BE(T,0dpu(x).

Now let f : € < be a rational map of the Riemann sphere € = CU {c0} and
u an ergodic f-invariant probability measure. Observe that log |f’| is measurable
and bounded from above. Then by Birkhoff’s theorem, the unique Lyapunov
exponent A of u is

n—1

. 1 ’ . 1 1(£]
Ax) = lim ~ log|(f")(9)| = lim — Z(; log|f'(f/ ()]
pm

=/ log|f'ldu.
By Ruelle’s inequality h,(f) < 2max{0,1}. Now suppose h,(f) > 0, then
0 < hy(f) <24 =2/ log|f'|du.
Let c(f) be the set of critical points of f. Define ¢ : € —]0, 1] by

% min{d(z,c(f)),1}.

Let us see that —logg is u-integrable if h,(f) > 0. It suffices to see that —log g is
u-integrable on a neighbourhood of each critical point. If w € ¢(f) and r > 0 is
small enough, ¢(z) = %d (z,w) for z € B,(w) and there exist A > 0 and m € Z*
such that |f'(z)| < Ad(z,w)™ if z € B,(z). Then logo(z) = log(1/2) + logd(z, w)
and

o(z) ==

1
—logo(z) <log24 — - log | ()] .

Since the argument above showed that log|f’| is u-integrable when h,(f) > 0,

this concludes the proof that loge € £ (u).
The following is a corollary of Koebe’s distorsion theorem [6].

1.3. Lemma. For all § > 0, there exists &(5) > O such that ¢(6) — 0 when 6 — 0,
e”’|f (@) d(a,b) < d(f(a),f (b)) < €°|f'(@)|d(a,b),
lf' @ < If' ) < If (@)

Sor all a,b € c(f) such that d(a,b) < e(5)d(a,c(f)) and, setting r = &(6)d(a, c(f)),
flB,(@ is injective.

Fix § > 0 satisfying 0 < 6 < A(u) and ¢ := min{1, &(6)}, define for r > 0,n > 1
Br(x) :=B(x, r) = {y € q_:ld(xs J’) < r} )
on(x) :==min{r > 0| V(x,n,&0) < B.(x)},
Bn(x) :=max{r > 0| B,(x) = V(x,n,€0)}.
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1.4. Proposition (Maifi¢ [8]). (i) If x ¢ U F77(c(f)) then ay(x) < e>|(f") (x)|~! for

n > 1. Also
(™Y ()] < I(f") W < @Y (0
for all y € V(x,n,eg) and f "IV(X,,,EQ) is 1-1. In particular

limsup — log (%) < —A(x)

n—-+400

for all x ¢ fj f7(c(f)) for which A(x) exists.
j=0

(i) If p is an ergodic f-invariant Borel probability with log|f'| € £ (u) then for
up-ae. x,

lim inf 1 log Bu(x) = —(4 +26).
n—+40 n

1.5. Proposition. Let f : € < be a rational map and p an ergodic f-invariant
Borel probability measure such that log|f’| € #'(u). Then for any open set U with
w(U) =1 we have

n—1
hu(f) =2 [ log|f'ldp < lim inf % logm< N f"‘(U)) :

k=0
where m is the riemannian measure on C.

Proof. Let 6 > 0 be given. Let 4 = (| f™(U), then u(4) = 1. Write

neZ
¢ = min{e(d),1} as in 1.3, then ¢ —» 0 when 6 — 0. By a combination of
Ergorov’s and Lusin’s theorems there exists a compact subset K = 4 < U such
that u(K) > 1 — 0 for some 0 < 0 < 1 and the limit in 1.4 (ii) is uniform on K,
i.e. there exists a sequence of positive numbers ¢, - 0 such that

% log Bu(x) = —(A 420 + &)

_ n—1

for all x € K. If § is small enough then ¢ < d(K,C—U) and V(x,n,&) = () f*(U)
k=0

for all x € K = 4. Let S, ¢ K be a maximal (n, ¢)-separated set in K, then S, is

a u — (n, 2¢, 0)-spanning set because

n—1
Kel veaneg =) ).
k=0

xE€S,

We have that #S, > N(n,2¢,0) and then

n—1
m(ﬂ f_k(U)> > m( U V(x,n,e)) > z m(V (x,n,¢))

k=0 X€ES, X€ES,

> Z m(V (x, n, £0)) > z Q(Ba(x))?

XESy Xx€ES,

> N(x,2¢,0)exp2(—1 420 + &),
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where Q > 0 is such that m(B,(x)) > Qr? for all z € €. The proposition follows

from taking " log, setting n — oo and then 6 — 0 (and hence ¢ — 0). O

2. Large Deviations Argument

Let K be a compact metric space and f : K « a continuous map. Denote by
CO(K) the space of continuous functions ¢ : K — IR, with the topology given by
the norm |plo := sup{|e(x)||x € K}. Let #(K) be the space of positive Borel
measures on K with the weak™ topology over C°(K), 2(K) the subspace of Borel
probabilities on K and .#(f) the subspace of f-invariant Borel probabilities.
Write v(¢) := [ dv for ¢ € C°(K) and v € #(K).

2.1. Proposition [5, 14]. Let f : K <« be a continuous map of a compact metric
space and (m,) a sequence on M (K). For ¢ € C°(K) write

1
c(p) = limsup — log [ 5*®dm,(x),
n—+c0 N

n—1
where Syp(x) := Y. o(f¥(x)). For v € M (K) write
k=0

1(v) = sup{v(p) —c(¢) | € C°(K)}
and for G < 4 (K) write
I(G) .= inf I(v).
veG
Then for any compact subset G < #(K) we have
li ! 1 K S o
1gig)p; ogm< x € ;,Z(:) e € G o,

where 0,(A) = 1 if x € A, 6x(4) =0 if x ¢ A for any x € K and any Borel set
AcK.

For U< K, me #(K), ¢ € C°(K) and x € K, let

n—1
R (U) :=R (U, f,m) = '},‘i‘i&f % logm ( n f‘k(U)> ,
k=0

n—1
R*Y(U) :=R*(U, f,m) := limsup % logm (ﬂ f"‘(U)) ,
n—+00

k=0
n—1 n—1

Up =) F*U), Sa0(®) = o(f*().
k=0 k=0

2.2.Corollary. If U < K is compact, and m € M (K), then, taking Gy = {v €
M(K)/v(K) =1=v(Uy)} and m, := m|y,, we have

RT(U) < —I(Gy).
2.3.Corollary. (a) Let U = K be compact. Suppose that the entropy map M (f) —

[0, 400 v > h,(f) is upper semi-continuous on every v € 4 (f) with Supp(v) = U.
Assume that there exists a continuous function ¢ : U — R such that for all n > 1,
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n—1

m(V (x,n,¢e)) < an(e) exp(Spp(x)) forall x e ﬂ W,
k=0

lim lim sup log ay(e) =

e>0 potoo

and that M (f) NP (U) + ¢ and
Q) =sup{h,(f)+ [ ¢dv/v(U)y=1,v e #(f)} <0,
then R*(U) < Q(U) = h,(f) + [ ¢pdu for some u € M(f) OW(U)

(b) If M (f) NP(U) = ¢ then there exists N > 1 such that ﬂ f8U) = ¢ for all
n> N and hence R~ (U) = R*(U) =

Given ¢ € C°(K), the topological pressure of ¢ is defined as

P(p) = 11m hm sup log mf Z 5ot

xeG

where the infimum is taken over all the (n, ¢)-spanning sets for K. The variational
principle [13] says that for any ¢ € C°(K),

P(p) = sup{h,(f) + [du/n € M(f)}.

Proof of 2.3. For ¢ >0, n> 1, ¢ € C°(K), let G, be an (n, ¢)-spanning set for K
and

ke) == sup [o(x) —oW)|+ sup [$(x)— (I,

d(x,y)<e d(x, y)<e

then k(¢) — 0 when ¢ — 0, and, if m, := m|y,,

/ SN dm, (x) = / &S dm(x)
Un

< X exp(Sip() + nk(E))m(V (x,n, )

xeG,NU,

< D anle) exp(Sap(x) + Sup(x) + nk(e))

x€G,NU,

< D an®) exp(Sap(x) + Sadp(x) + nk(e)).

x€G,

Let c(p) be as in (2.1) then by the definition of topological pressure, for any
6 > 0 we can choose 0 < ¢ < ¢ and G, such that ¢(¢) < P(¢ + ¢) + k(e) + 5, and
hence c(¢) < P(¢ + ¢).

If ve 4(f) and v(U) = 1, then

I(v) := Sl;p (v(p) —cle)) = Sl;p (v(p) — P(o + ¢))

—inf[Plo+) —vie+ Pl —v(9).
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Since v — h,(f) is upper semicontinuous at v, then ([13] 9.12), i1q1)f [P(p + ¢) —
v(e + @)] = hy(f). Thus
I1(v) = —h,(f) —v(¢) = —Q(U) forany v e #(f)NL2U).
Ifveé #(f), ve Z(K) then, by Theorem 9.11 of [13], for p = ¢ + ¢,
1(v) = sup W) —Py) —v(d) > —v(d), if v¢.u(f).

1 n=1
Forn> 1,z € K, let v,(z) := ” Y. s € Z(K). For N > 1 let
k=0

Gy := closure of {v,(z)/vn(z) € 2(U), n > N},

then Gy < 2(K) is compact for all N > 1 and like in Corollary (2.2), R*(U) <
—I(Gy) for all N > 1. But

I(Gy) = inf 1(v) > min{—Q(U),inf{—v(¢)/v € Gy,v & M(f)}}

for all N > 1. Hence R*(U) < max {Q(U), lim sup (bN)} where by := sup{v(¢)/
N
v € Gy, v ¢ M(f)}. There exists a subsequence vy = vy(zy) € Gy, Vv & A(f)
such that lim sup vy (¢) = lim sup (by). Since Gy = #(U) and £(U) is compact,
N N

there exists a subsequence (v,,) of (vy) such that v,, = u € 2(U). We will see
that u € 4 (f) N 2(U). Indeed, if p € C°(K),

m—1
.1
myof) =lim — 3 p(f*'z,)
k=0
m—1

.1 k 1 Lo
—hnr'n -~ kg(:) w(f zm)—;w(zm)Jraw(f Zm)

= lim vu(y) = u(v),

we have
limNSllp by = p(¢) < h,(f) + u(¢) < Q),

and hence R*(U) < Q(U).

(b) Suppose ﬁ f8U) # ¢, then Gy # ¢ for all N > 1. Since the compacts
Gy satisfy GNk:(l) < Gy, there exists u € (| Gy. The argument above shows that
ue M )yn2?WU). If H4(f)NLPWU) = ¢, f(Vhen since (| Uy = ¢ is an intersection

N
of a decreasing sequence of compact sets, there must be some N > 0 such that
U,= ¢ for all n > N. Thus R*(U) = —c0. O

Given a rational map f : C < denote by J(f) its Julia set (see [1]), Fix(f) =
{z € €/f(z) = z} and Per(f) := |JFix(f"). Let m € #(C) be the normalized
riemannian measure. n1
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2.4. Proposition. Let f C <« be a rational map such that c(f) N J(f) <
U f"(Per(f)). If U = C is compact, then

n>1

R*(U) < sup{hy(f) —2 [ log|f'ldv/v € M(f), v(U) = 1}.

We begin with some reductions. If there exists v € #(f), v(U) = 1 with log|f’| ¢

#1(v) then the lefthand side of the inequality is +oo, since always R*(U) < 0,

(2.4) holds. So assume log |f’| € £!(v) for any v € (f), v(U) = 1. Observe that

it is enough to prove (2.4) when c(f) NJ(f) = U f(Fix(f)). Indeed, we can
n>1

always find an iterate k > 1 such that for g = f*, c¢(g) N J(g) = U g "(Fix(g)).
Given Q > 1 let n > 1 be such that nk < Q < (n + 1)k, then nzl

n—1 nk—1
! logm<ﬂ g ’(U)) <k—— logm( ﬂ f“’(U))

i=0 j=0
1 e
Zk%—Q-logm(jQ)f ’(U)).

Also, for all u € .4(f) sucht that log|f’| € (),
k—1
hy(g) —2 [ log|f'ldu = kh,(f) —2 / Z log |f'|(f7(2))ld u(z)
j=0
= k(h,(f) =2 [ log|f'| = dp).

Suppose (2.4) is true for g, then

(1) —2 ] loglf'ldp) > k= & logm( N7 ,(U))

Q n+1

Since 1 < ok < — 1 when Q — +o0 we get (2.4) for f.
From now on let f : € « be a rational map with ¢c(f)NJ(f) = U f"(Fix(f)).

n>1

Let €(f) := c(f) N J(f). Observe that there are no singular domains D (Siegel
discs or Herman rings) because if so the boundary 0D must be in the closure of
the positive orbits of critical points which are in J(f) (cf. [1]) and €(f) has finite
positive orbit.

Suppose that there exists a parabolic periodic point p in U, ie. p € U with
") = p, 4 :== (f")(p), A* = 1 for some n, k > 1. If v is the ergodic measure
supported in the positive orbit of p, we have

0>R"(U)>=R (U)>h,(f) —0=0.

Suppose that there exists a critical point @ € c¢(f) N J(f) such that f*(w) =p is
a fixed point such that |f'(p)| < 1. Then p must be a parabolic fixed point and
we may assume that p ¢ U. But then p ¢ U, and since R*(U,+1) = RT(U), we
can assume that p ¢ U.

If w € ¢(f) and in local coordinates f(z) = f(w) + am(z — @)™ +... for z near
w, write m = ord,, (f).
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25.Lemma. If o € c(f), f" (@) =p, f(p) = p, 2 := |f'(p)| > 1, then there exist
E=E(w)>0,¢/=7¢(w) =21, D =D(w) > 0 such that for all R > 0 sufficiently
small there are S = S(R) > 0 and ¢y > 0 depending on R such that S(R) — 0 when
R — 0 and

(a) for all z € B(w,ES) — B(w,S), f"*(z) ¢ B(p,R),

(b) /"(Bw,S)) = B(p,R),

(c) for all z € B(w,ES), z # p and 0 < ¢ < &y, if ¢ > 0 is the first integer q € Z+
such that

R <d(f""(z),p) <2If' (IR,

then

Viz,n+q,e) =« V(z,n+ q,sDR'IQ) ,

diam V(z,n + 1,6) < DR"= 14/™¢,
D™'R™% 29" < |(f**9)(z)] < DR™ 29/
DR 1% < (i (2)| < DR 47905 |

Proof. Choose Sy < 0 and 0 < b < 1 such that for all x € B(w, Sp),

bd(x,w)"™ < d(f*(x),p) < b ld(x,w)"

bd(x,0)™ " < |(f"Y(x)| < b~ ld(x, )" . (1)

There exist Ry, To > 0 and an analytic conjugacy (cf. [1]) F : B(p, Ry) — B(0, Ty)

such that F(p) = 0, F'(p) = 1 and if x, f(x) € B(p,Ro), F(f(x)) = aF(x), where
a = f’(p). Choose A > 0 such that for all x, y € B(p, Ro):
A7l d(x,y) <d(F(x), F(y) < 4d(x,y)

AT <|F (%) < A. @

Take 0 < R; < Ry such that % If' (P < 1f' (x)] <2If'(p)| for all x € B(p, Ry). Take

g, Ry, S, > 0suchthat 0 < g < S, < Ry < Ry < 1, f”“(B(w, 28,)) < B(p, R»),
f(B(p,2R;)) = B(p,R1/2) and

4 =d(B(p,Ro), c(f)) > 0,
d(c,z(f)) =d(z,w) for all z € B(w,2S,). 3)

Let R; > 0 be such that B(p,R;) = f"(B(w,S,)). Suppose 0 < R < Rj, let
z € B(w, S1) be such that f"(z) € B(p,R). Let q > 0 be the first ¢ € Z* such that

R <d(f™(z),p) < 2If'()IR.
For x € V(z,n+ q,¢), 0 < & < &, let x4t := f"*(x), k=0, 1,...,q; then
d(xn+q; p) = A—ld(F(f—q(xn)), 0) > A—Id(aqF(xn)a 0)
> A7 294 (F (x,),0) > A~22%d (x,, p)
d(xy,p) < Ali_qd(xnﬂp D)

and similarly
d(xn,p) = A72)7d (xn+qa D).
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By (1), we have
d(x,0) = b"/"d (xy, p)'/™ = b AT ATM A (x4, p) ',
d(x,0) > 7/"RY"Q7, “
d(x,w) < A~Y/mRVmq
where Q > 0 is such that 0 < Q7' < (bA2H)/™ < (A7 '4|f'(p))/™ < Q
and JR < R—¢ < 2|f'()IR + & < 4|f'(p)|R. If we take ¢/ > O such that
A722|f'(p)|A*b~! < b then for E > 1, S > 0, such that 2|f'(p)|]RA“4%b~) < S <
ES < RYmpl/m we have that f"(B(w,ES)) = B(p,R)V¥x € B(w,ES) — B(w,S):

f*“(x) ¢ B(p,R) and S(R) = S(w,R) — 0 when R — 0. Using the conjugacy, F,
we have

I ) = (") Gl (F" )
> bd(x,w)" 1 A221
> bQ—(m—l)R"‘T" J—94/m 424
> DyR™ 29/m
(f**9)'| < DR 29/™

for any Dy > 0 such that 0 < Dj! < bQ~"~ 4~2. Using the mean value theorem,
for all x € V(z,n + q,¢) there exists n € V(z,n+ g,¢) such that

& 2 d(Znigs Xnig) = |(F"™) (0)ld(z,X) = D5' R 19/™d(z,x).
By (4), we have
d(x,z) < DosR™'RY™)~9/m < D40 € R7d(z,w), )
d(x,z) < DiR'ed(z, w), (6)
for D; > DoQ. By (3), for k=0,1,... ,q,

d(Xnik> Znrk) < € < 8(%)4 < 8(%)d(zn+ksc(f))-

Therefore, if D := max {%,Do, 2D1}, z € B(w,$) and 0 < ¢ < gy < 1, we have

from (5) that diam V(z,n + gq,¢) < DoeR™"= 2~9/™ and from (6) and (7) that
V(z,n+ q,&) = V(z,n+ q,eR™'g). This completes the proof. We can also take

D > max{1,(b'4%»V"}. O 8)

We want to construct a continuous map ¢ which, integrated by ergodic measures,
nearly realizes the Lyapunov exponents. Let €(f) := ¢(f)NJ(f)NU. For w € €(f)
let n(w) be the first integer n(w) € Z* such that p(w) = f"®(w) € Fix(f). We
can assume that A(w) := |f'(p(w))| > 1 for all w € €(f). Let M := max{n(w)/w €
%(f)}, then g := fM has the property that in the positive orbit of each w € %(f)
there is at most another critical point in €(f). Therefore we can assume that f
has this property.

We want to separate orbits of pre-periodic points which do not pass through
a critical point. Let M be the branched manifold defined as follows. Let Q(f) =
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{w € 6(f)/(fr@y (f (@)) = 0}. For each w € Q(f) let V() a small disc centered
at o such that f is strictly expanding on f™®(V(w)) and all the f*(V(w)),
0 <k < n(w), w € Q(f) form a collection of disjoint topological discs. Let M be
the quotient space M := M /=, where:

n(w)
- ((‘: x{u U U rre)x {1})

weQ(f) k=1

and (x,0) = (y,1) iff x = y € of*(V(w)) for some 1 < k < n(w) and w € Q(f).
Define g : M —» M by g(x,0) = (f(x),0) if x ¢ V(w) for any w € Q(f); g(x,0) =

n(w)—1

(fx),1) if x € V(®); glx, 1) = (f(x),1) if f(x) € " V() U U AV ()

and g(x,1) = (f(x),0) if f(x) & f"(V(w)), x € ") (V(w)). The condltlon that
f is strictly expanding on f™@)(V(w)) implies that f is continuous and C®. Let
7 : M — € be the canonical projection.

In (2.5) we can choose ¢, E, D uniformly for all w € 4(f), ie. £ > ¢(w),
E > E(w), D > D(w), for all w € ¥(f). Let 60 > 0 be so small that all
B(f*(w),80) 0 < k < n(w), o € 4(f) are disjoint and B(f*(w),d) = f*(V(w))
for all 0 < k < n(w), w € Q(f). Fix 0 < 6 < 69/4 and let ¢ = ¢s, ¢ = @5 :
M — R be continuous functions defined as follows. Let 0 < R < é be such
that f3(B(p(w), R)) = B(p(w)),d). Let w € €(f) — Q(f), ie. (f"®) (fw) # 0. Let
S(w,R) > 0 be as in (2.5), remember that f*“)(B(w, S(w, R)) = B(p, R). Then

42

2 —k
s logA(w) for ze€ Do f(B(p(w), R)),

$(,0) = —

/+1

—— ( ) log M(o) < ¢(z,0) < —2 log|f'(z)| for z & () f*B(p®),R),
k=0

£+1

$(z,0) = =2 log|f'(z)] for z € B(p(w),8) — [ f*(B(@@®),R),

k=0

m(w) —
m(w)
n(w)—1

+ > 2log|f'(f‘w)| for ze€ B(w,S(®,R)),
k=1

¢(z,0) =—21logD +2 logR

n(w)

ﬂ(()—) logR+ > 2 log|f'(f*w)|
k=1

and (*)
$(z,0) < =2 log|f'(2)| |
for z e (f“)(B(p(w),R)) — B(w,S(w,R))) N B(w,d),

¢(z,0) > —21logD +2

$(z,0) = =2 log|f'(z)] for z € B(w,8) —f " (B(p(w),R)),



Rates of Escape for Julia Sets 209

n(w)—1

$(2,0) = =2 log|f'(z)| for ze |J f“B(®,9)).

k=1

Note that there is a constant K = K(w) > 0 such that |f'(z)| < K(w)/l“/’”RmT—l
for all z € B(w, 6)Nf @) (B(p(w), R)) so that (*) makes sense if one chooses D > 0
sufficiently large but independent of w, § or R. Suppose that z € B(w, S(w, R))
and ¢ > 0 is the first ¢ € Z* such that f*@+i(z) ¢ B(p,R), let n = n(w),

k—1
m = m(w), Sip(z,0) = ;) ¢(g'(x,0)), then, by (2.5),

Spiqh(z,0) > —2 log DR 15 4/+2
> —2 log|(f"1)(z)] — 2 log A“*? —4 log D,
Spiq®(z,0) > —2 log DR" 155 1+
> —2 log DR"= 24/m
> -2 log|(f™)'(2)]. &)
If z € (f“)(B(p(w), R)) — B(w,S(w, R))) N B(w,5) and q > 0 is the first q €
Z* such that f"@+4(z) ¢ B(w,R), then 0 < g < 7/ and hence ¢(g"t*(z,0)) =
=2 log |f'(f***(2))| for 0 < k < q. We have, by (2.5),
Sniq$(2,0) = —2 log DR™ — 2 log |(f*) (f"2)|
< =2 log|(f") (2)| — 2 log D224C"F) — 2 log | (f9) (f"2)|
> —2log|(f"*9) (z)| — 2 log D*X?,
Sniq9(2,0) < =2 log|(f**) (2)|. (10)
If z € B(w,8) — f"@(B(p(w),R)) and g > 0 is the first ¢ € Z* such that
fr@)+4(z) ¢ B(w,R), then
Sntq9(2,0) = =2 log |(f"")' ().

Now suppose that w € Q(f), then we can assume that there exists one and only
one critical point in the forward orbit of w. Let f"(w) = u € €(f). Define

n(w)—1

d(z,1) = ¢(z,0) for ze |J f V),

k=1
2 £42

1) =——=logi f B »R)),
$(1) = — o logh(w) for ze QO (B(p(w), R)

2 £+1

s log A(@) < ¢(z,1) < -2 log|f'(z)| for ze€ () f Bp),R)),
k=0
£+1

#(z,1) = =2 log M(w) for z € f"(V(w)) — ﬂ f*(B(@(w),R)).

k=0
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n(w)
Let z € U f¥(V(w)) and let ¢ > 0 be the first ¢ € Z* such that f$@+i(z) ¢
k=1

B(p(w), R), with z € f"@=s@ V(). Then, by the same arguments as in [9] and
[10], we get
Spd(z,1) > —2 log |(f*@*9)'(z)) — 2 log D?A7+2.

But we don’t get a good upper bound for S,¢(z, 1) + 2 log |(f*@+9)'(z)| because
¢ is log A=2/m@) and not log A~2/"® near p(w) = p(u). Let

—1
$(2.0) == 210D — Sy (20 1) — 2 o =

for z e f~@=E)(B(u,S(u, R))) NV (w),

logR

m(w)

{ $(2,0) > —2 1og D — Swey1(f(2), 1) —2 ™ =1 10 R} o
$(z,0) < —2log|f'(z)] for ze€ f“(B(p(w),R)) ,

$(z,0) = =2 log|f'(z)] for z€ V(w)—f"“(B(p(w),R)).

If 8¢ is small enough, then Syw)-14(f(z),1) > 0 and by the same remark as in
(*) we can choose a uniform D, not depending on w, d, R; such that (**) can be
satisfied by a continuous ¢. By the same arguments as above, if z € V(w) and
q > 0 is the first integer such that f"“+4(z) ¢ B(p(w), R), we have

Sub(z,0) = —2 log |(f"“"*9) ()| — 2 log D?A™*2,
Sup(2,0) = =2 log |(f"“"*9)' (2)].

Once ¢ is defined on a neighbourhood of all the critical points € (g) :=
O(f) x {0}U(E(f)—Q(f)) x {0, 1}, define ¢ on the remaining points of V := n~}(U)
by

¢(z,0) = =2 log|f'(2)].

Define ¢ = @5 : M — IR to be a continuous function such that

@(z,0) <2log D’A™*? if d((z,0),%m(g) <9,
0 < @(z,0) <2logD*A’*? if 6 <d((z,a),6m(g)) <20,
@(z,0) =0 if d((z,0),%m(g)) > 26

for 4 > max{Mw)/w € €(f)} and « =0, 1.

For w € €um(g) we can define p(w), n(w), m(w) and A(w) as we did for f. If
z € B(w,9). z # w € M for some w € € (g) and q > 0 is the first ¢ € Z* such
that d(g"“)*4(z), p(w)) > R, we say that the orbit gk(z), k = 0,1,... ,n(w) + g is
bound to (w,p(w)) and that it frees at g"®+9(z). We also say that its forward
orbit remains free until it enters to a bound period again.

We have proven the following.

2.6.Lemma. Let V = n~'(U). There exists A > 0 such that for all 6 > 0 suffi-
ciently small there are continuous functions ¢ = ¢s, @ = @s : V — R such that
0 < o(z,0) < A for all (z,a) € V and ¢(z,a) = 0 if d(z,4(f)) > 26 and for all
n>1

Sa(¢ + @) (z,0) = =2 log |(f")'(2)|
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n
for all (z,0) > () g~*(V) such that g"(z,a) is free, and
k=0

Sup(2,0) < —2 log |(f") (2)]

_ n
for all z € € such that z € () f7*().
k=0

2.7.Lemma. There exist Q > 0 and &; = &((6) > O such that if ¢(f)—J(f) « C—U,
N—1
0<e<ed),N>0,Vi=nlU)and z€ Vy := () g7 (V) = M, we have
n(w)—-1 =0
(@) If gV(2) is free ( ie.g"o)¢ U U g7/ B@o), R))) then
webu(g) =0
n(w)<N
m(V(z,N,¢)) < Q exp(46N + Sn(¢ + ¢) (2)) .

(b) If © € Gu(g), n = n(w), g"(z) € B(p(@,R)), N = n() +k g""*) €
B(w, d) is free, gN(z) is bound to (w, p(w)) and

Ay = {x € M/g""*(x) € B(w,d),fN*(z) € B(p(w),R), YVi=0,1,...,k},

then
m(Ax NV (z,N,e)) < Q exp(4dN + Sx(¢ + @) (2)),

and hence
m(V(z,N,¢)) < ON exp(46N + Sn(¢ + @) (2)).

() If gN7*(z) € B(w,d) is free, » € Gp(g) and 0 < k < n(w), then
m(V(z,N,¢)) <m(V(z,N —k,&)) < Q exp(40(N — k) + Sn—1(¢ + ¢) (2)),

N—1
where m is the riemannian measure on M, Syd(z) = Y., ¢(f(2)), ¢ = ¢s, © = @s
i=0

are from (2.6) and V(z,N,¢) = Nr_]l g7 (B(g'(2), ¢)).
i=0

Proof. Let 6 = ¢(5) > 0 be so small that g"®*+%(B(w, ¢)) = B(p(w), R) for all
w € Eum(g). Let £(5) := 5 &(6) min{1,d(c(f),0U), D' R%, 5,0}, where &(5) is from
(1.3). Let Q > 0 be such that for all x € M and r > 0,

m(B(x,2r)) < 1 Q min{1, D72} (diam(B(x,7)))*. (*)

(a) If gN(2) is free, then by (2.5) and the condition ¢ < min{e(5)R, &(0)d, &(6)a}
we have
V(z,N,¢) < V(z,N,n0) < V(z,N,e(0)0),

e ¢ ¢ Deg
8’R ¢’ R
diam(V (z,N, &) < &’V|(@") (2)] ™" < e’ exp(Sn (¢ + ¢) (2)),

where n == max{ } and ¢(z) := min{1,d(z,%m(g))}. Also

therefore
m(V(z,N,¢)) < Qexp(20N + Sn(¢ + ¢) (2)).

(b) Since gN=""¥(z) is free we have that V(z,N,&) < V(z, N—n—k,e) < V(z, N —
n—k, &(6)o). Hence, by (1.3), for t := N—n—k, f* : V(z, N—n—k,&(6)¢) — B(w,d)
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is 1-1 and, by (2.6), |(g")' (x)| > exp(—dt — % S+ ¢)(z)) forall x e V(z,N —n—
k,&(6)0). Let

k
By := B(@,8) N[ ] g " (B(p(®), R)).
i=0
Then, by the same arguments as in Lemma (2.5) and (8) in (2.5), we have

diam(By) < (b1 42R)Y/mjkim < pjkim

m(Ax NV (z, N, ) exp(—dt — 5 S($ + ) (2)) < / (g") (x)ldm(x)
ANV (z,N,¢)
<m(By) < Qol_Zk/ m(@)
If g'(z) € B(w, o), then the choice of ¢;(5) implies that V(z,N,&) = V(z, N, £1()0)
and using (1.3) we get in particular (b). Suppose g‘(z) € B(w, o), then by the
definition of @, ¢ and ¢ > 0, exp(Sy+x(¢ + ©) (z)) = A(w)*/™@), and hence
m(A NV (z,N,¢)) = Qexp(26t + Sn(¢ + ¢) (2))
> Qexp(20N + Sn(¢ + 9) (2)).

For (c) just aply (a). O
2.8. Corollary. There exists Q > 0 such that if V =n1"YU), &, ¢ and ¢ are as in

-1

Lemma (2.7) then for any N >0 and z € Vy = ﬂ g7 (V), we have
i=0

m(V(z,N,¢)) < QN exp(40N + Sn(d + o) (2)) .
Proof. Consider the case (c) of (2.7). If (")) (g(w)) # 0 and &y > 0 is small

enough, then Sx(¢ + @) (x) = 0 for all 0 < k < n(w) and x € B(w, dy). Hence
Sn(¢ + @) (z) = Sn—i(¢ + @) (z) and the inequality holds. If (g"®) (g(w)) = O,

-1
g"(®) = u € Gu(g), then —% logR > —m(r: Gy logRand
mw)—1 m@)—1
d(x) = — ( @) md ) logR —2 logD
n(w)—1
+ ), 2loglf(fi2)l.
() )

Thus if §9 > 0 is small enough R < ¢ and Si(¢ + @) (x) > 0 for 0 < k < n(w)
and x € B(w, do), and then Sy(¢ + @) (z) = Sn—k(¢ + @) (z) This complettes the
proof. O

2.9. Theorem. (Yomdim, Newhouse [11, 15]). Let M be a compact differentiable
manifold and f : M <« a map of class C®. Then the entropy map M (f) — [0, +0],
v+ h,(f) is upper semi-continuous.

2.10. Corollary. For V := n~1(U),
R*(V,g) < lir(srl_j(l)lfsup {hy(g) +v(¢s + @s5)/v € M) NP(V)}.
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Proof. By (2.3) and (2.8) we only need to see that the entropy map v +— h,(g) is
us.c. By (2.9) for f : € <>, p— h,(f) is us.c. For v € #(g), let u = n*(v) be
defined by u(yp) := v(p on) for any p € C°(M). Let v € .#(g) be ergodic but
v # 6, for any p € P(g) = {p(w)/w € €m(g)}. Then = n*v is ergodic and for
n > 0 small,

n(w)
v{(x,O) eM/d <x, U U fi(V(w))) > 2;7} >0.

weQ(f) =0
Pick (x,0) in this set. Then = is 1-1 on B((x,0),#) and
v(V(x,0),8,1,8) = (V) (V(x, f,n,8))

for any 0 < ¢ < 5. By Brin-Katok’s theorem for a set of positive measure of such
(x,0), we have

h(g) = lim — logv(V((x,0),g,m,)
n—»+w B

. 1 *
= Jim —— log((m"v) (V(x.f,n.¢))

= hxy(f).
For the other ergodic measures in #(g), v = dpw), @ € ¥m(g), we have that
hy(g) = 0 = hg+y(f). So that hy(g) = hy,(f) for all v € Meg(g) and since the
entropy map is affine (cf. [13]), h,(g) = hy-,(f) for all v € #(g). Let (v,) = #(g),
Vo — ¥, then p, = n*v, - 7n*v =: y and limsup h,,(g) = limsup h, (f) <

hu(f) = hy(g). O

Proof of Proposition (2.4). We can assume that c(f)—J(f) € €—U because all the
invariant measures p € #(f) on C—J(f) have h,(f) =0and —2 [ log|f'|du =0
or +oo, and RT(U, f) < 0. Let m be the riemannian measure on € and 7 be the
riemannian measure on M, then m(4) < m(z~"'(4)) < 2m(A) for any Borel set
A < C. Hence RT(U, f,m) = R*(U, g, m).

Let v € . (g) be ergodic and v # d,) for all € ¥up(g). Then by Birkhoff’s

theorem there exist y € M — ¥p(g) such that v(¢s) = lirf %S,,d)a(y) and
n—-00

1
v(P) = lir_}’_l ” S, (y), where P(z,a) = —2 log |f'(z)]. Let N > 0 be the first time
n—+00
that z := fN(y) frees and n(z) is outside |J f™@(V(w)). Then z = (x,0) and

weEbMm
1

v(gs) = liToo p Sus(x,0). If g"(x,0) is free then, by (2.6), Sp¢s(x,0) = S, (x,0)
and since the orbit of (x,0) must have infinitely many free periods we have
v(¢s) = v(®) = v(y o) = (") (), where p(z) = —2 log |f'(z)|, for z € C. For
2

V = Spw), @ € Em(g), v(gs) = —
m(w

we can take the supremum in (2.10) only over ergodic measures. On (2.10) we
proved that h,(g) = h-,(f), thus by (2.6)

sup{h,(g) +v(ds + @s)/v € M(f) N P(V)}

< max {Q(U),——"% log A(w)/w € (ﬁ(f)} + Ae(d),

log A(w). Since the entropy map is affine
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where

Q(U) :=sup{h,(f) —2 [ log|f'ldu/u € M(f) n2U)},
e(0) :=sup{v(B(20))/v € 4(f) N 2(U)},

B(20) = |J B(w,29).

wEBM(2)
Now we see that lix:sn iglf e(0) = 0. If not, there exist sequences o, | 0, v, — v in

A (f)NP(U) such that v,(B(25,)) > a > O0foralln > 1. Fix N > 1 and let 2041 <
&N < 20y be such that v(0B(ey)) = 0, then v(B(ey)) < liminf v,(B(26,)) > a >0
for al N > 1. But when N — 0, B(eny) | €um(g) and v(¥m(g)) = O because
otherwise the whole negative orbit of some critical point must have infinite
measure. This leads to a contradiction. Therefore

R* (U, f) < max {Q(U)’_r—n%) log AM(w)/w € (g(f)}.

Let w € €(f), since w € J(f) its negative orbit is dense in J(f). Thus there exist
20 € B(p(w),d) and N > 0 such that f¥(z9) = w. Take & > 0 such that B(zo,¢)
B(p(),d0), N (B(z0,¢)) = B(w, ), f*(B(20,¢)) > |z0|. Given M > 0 take n > M
and xp € B(p(w),d0) such that f"(xpy) = zo. Let yy = f7"@(xp) N B(w, &o).
Then xp — p(w), y@ — ®w when M — 400 and if M is sufficiently large,
f" @) (B(z0,8)) = fN(B(z0,€)) > @ is a topological ball which is sent into
fN(B(z9,€)) by f*"@+N Then there exists a fixed point zp, for f*H"@+N jp
B(w, dg). Let vy be the ergodic measure supported on the orbit of zp,. Then
hy(f) = 0 and by (2.5)

n+2

—2log [ log|f'|dvy > — log(D|zo| ™™ Aw) s AN72)2.

n+n(w)+ M
where m := m(w) and A := sup{|f'(z)|/z € C}. Since n = n(M) — +oo when
M — +oo, sup{—2 [ log|f'ldvy/M > 1} > — log A(w). Since w € %(f)

m(w)
log A(w) for any w € %(f) and hence R*(U,f)

is arbitrary, Q(U) > —
<Q). O

Proof of Theorem A. Letv € 4 (f) be ergodic and Supp(v) = J(f). The arguments
in (2.5) prove that for all x € J(f) — kfjo FEe(f),

2
m(w)

1
Am(x) == li.llllgf - log |(f™ (x)| > 0.

Since log|f’| is bounded from above, by Birkhoff’s theorem A~ (x) = [ log|f’|dv
> 0 for v-a.e.x and hence log |f'| € £!(v). If Supp(v) = € — J(f) and log|f’| ¢
#'(v) then v must be supported on the orbit of a periodic critical point w € c(f).
If orbit (w) = U, then R(U) = 0. If log|f’| € &£'(v) then since we only need to
consider ergodic measures, get from (1.5) one inequality of Theorem A.

If U does not contain critical points in € — J(f) then apply (2.4) and get the
other inequality of Theorem A. If w € ¢(f) N (C—J(f)) N U # ¢ then the w-limit
of w is a parabolic or attracting periodic orbit O(p). If O(p) = U then O(p) =« U
and R(U) = 0. If O(p) = U then there exists N > 0 such that fN(w) ¢ U. Then
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¢ Uy = ﬂ f7*(U). Since R(U) = R(Uy), we can assume w ¢ U and since
the number of critical points of f is finite, we can neglect this case. [
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