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Abstract. The objective of this paper is a mathematically rigorous investigation
of intermittency and related questions intensively studied in different areas of
physics, in particular in hydrodynamics. On a qualitative level, intermittent
random fields are distinguished by the appearance of sparsely distributed
sharp “peaks” which give the main contribution to the formation of the
statistical moments. The paper deals with the Cauchy problem (d/dt)u(t,x) =
Hu(t, x), u(0,x) = up(x) > 0, (t,x) € R, x Z¢, for the Anderson Hamiltonian
H = xd + ¢(-), where &(x), x € Z°% is a (generally unbounded) spatially
homogeneous random potential. This first part is devoted to some basic
problems. Using percolation arguments, a complete answer to the question
of existence and uniqueness for the Cauchy problem in the class of all
nonnegative solutions is given in the case of i.i.d. random variables. Necessary
and sufficient conditions for intermittency of the fields u(t,?) as t — oo are
found in spectral terms of H. Rough asymptotic formulas for the statistical
moments and the almost sure behavior of u(t, x) as t — oo are also derived.
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Introduction

During the last decade the conception of intermittency became popular in differ-
ent areas of physics, in particular in hydrodynamics. But until now it obstinately
resists a mathematically rigorous foundation. From a qualitative point of view,
intermittent random fields are distinguished by the formation of strongly pro-
nounced spatial structures: sharp peaks, foliations, and others. In the papers
[13-15] Ya. B. Zel’dovich et al. proposed a “rigorous” and constructive definition
of asymptotic (as t — oo0) intermittency which may be successfully applied to a
large class of evolution problems. This definition works well in several physically
interesting situations for both stationary (i.e. time independent) and nonstation-
ary random media including magnetic and temperature fields in turbulent flows,
linearized schemes of chemical kinetics, and others (for details see [15]).

However, the papers [13-15] and related articles in physics literature provide
only rough outlines concerning mathematical analysis of the subject. Moreover,
such outlines have been made under special assumptions (e.g. Gaussian-like
random inputs) and, what is even more significant, they are far from being
complete. A thorough investigation of more general models will reveal a number
of new facts and enlighten deep connections with other branches of the theory
of disordered systems (perlocation, localization).

The paper will be divided into two separate parts. In both we will restrict
ourselves to consideration of stationary random media on the lattice (the latter
for the sake of technical simplification). More precisely, we will study the Cauchy
problem

ou(t,x)
a
u©0,x) = up(x), xeZ¢,

where x denotes a positive constant, 4 is the finite difference Laplacian acting
on functions f : Z¢ — R according to the formula

af) = Y &) —f1,

ly—x|=1

d
kdu(t,x) + E(xJu(t,x), (6, x) € Ry x Z°, 1)

and £ = {¢(x);x € Z%} denotes a field of independent indentically distributed
(i.i.d.) random variables on a probability space (2, #, u). We are mainly interested
in the behavior of the solution to (0.1) for nonnegative random initial functions ug
which are either localized [e.g. uo(x) = do(x)] or spatially homogeneous random
fields (e.g. up = 1). We will refer to x and Z as to the diffusion coefficient and the
random medium (random potential ), respectively.
The operator
H=xd+¢E&()

on the right of Eq. (0.1) coincides with Anderson’s tight binding Hamiltonian with
diagonal disorder ([2, 9, 11]). However, in contrast to the quantum mechanical
problem described by the Schrodinger equation

Oy

| =

o P ©0.2)
(0, x) = ywo(x) € X(Z%,
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which is always welll-posed, the parabolic problem (0.1) for the Anderson model
is not always solvable. Moreover, the qualitative behavior of the solutions to
problem (0.1) significantly differs from that of the y-functions of problem (0.2).
Let us briefly outline the program of our paper. In the present first part we
will discuss some general questions, study existence and uniqueness for problem
(0.1) and derive rough asymptotic formulas for the almost sure (a.s.) behavior (as
t — oo) of the solution as well as for its statistical moments expressing the effect
of intermittency. The second part will be devoted to a more detailed analysis of
the solution to (0.1), where we will use more refined techniques (in the first place
cluster expansions). We also intend to include an investigation of the spectral
aspects of the problem and its connections with the theory of localization.

Frequently Used Notation. We denote by N = {1,2, ...}, Z% R¢, and R the set of
natural numbers, the d-dimensional integer lattice, the d-dimensional Euclidean
space, and the nonnegative half-axis, respectively. As norm on Z¢ we take

d
lzZl =Y Iz, z=(...,z%eZ%
i=1
i.e. |z| is the Euclidean length of the shortest path connecting 0 with z along the
edges of the lattice Z¢. Let §, denote the Kronecker symbol, ie. d,(y) = 1 if
y = x and 6,(y) = 0 otherwise (x,y € Z¢). If B is a finite set, then |B| will stand
for the number of its elements.

Throughout this paper £ = {¢(x); x € Z4} stands for a spatially homogeneous
random field on a probability space (2, #, u). Expectation with respect to u will
be indicated by (-). The indicator function of an event 4 will be denoted by 1(A4).
Throughout Sect. 2 we will assume that the random variables £(x), x € Z¢, are
mutually independent. By F we will denote the (right-continuous) distribution
function of ¢ = £(0); ess sup ¢ = sup{r : F(r) < 1} we will stand for the essential
supremum of ¢.

Given two functions f,g : R, — R, we will write

F) <g

if g(t) — f(t) > oo as t — oo. We further denote by x* and x~ the positive
and negative parts of x € IR, respectively. We set log, x = logx if x > e and
log, x =1 otherwise.

1. General Questions
1.1. Intermittency

We first introduce the notion of intermittency in a form which is most convenient
for our purposes. Let {5(t,x);x € Z%}, t > 0, be a family of nonnegative spatially
homogeneous random fields on a joint probability space (2, %, u). Suppose that
the functions

Ap(t) =1log(n(t,0)?), t>0,peN,

are finite.
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Definition. The random fields {n(t,x);x € Z%} will be called intermittent (asymp-
totically as t — o0) if they are ergodic and

A1t) < Azz(t) < A—;(t—) <. (L.1)

If the (finite) Lyapunov exponents

11 = lim p(t), PeN,
t—00 t
exist and . A
2 3
M < > < 3 <...,

then (1.1) will clearly be fulfilled. The definition of asymptotic intermittency
proposed by Zel’dovich et al. [15] is based on this stronger requirement.

Intermittency means that there is an anomalous, as compared with Gaussian,
ratio between successive statistical moments. Indeed, condition (1.1) tells us that
the growth rate (as t — o0) of the moment (5(t,0)?) increases “progressively”
with its number p: for large ¢ the second moment is much larger than the square
of the first moment, the fourth is much larger than the product of the first and
the third and the square of the second, and so on.

The interpretation of this effect consists in the following. As a rule, the
physically relevant characteristics of the random field are of global nature and,
because of ergodicity, may be expressed in terms of moments (e.g. mean mass
concentration or mean energy). It follows from (1.1) that asymptotically as t — oo
the main contribution to each moment function is carried by higher and higher
and more and more widely spaced “overshoots” ("peaks”) of the random field.
Thus, for large ¢t the overwhelming part of the mass (or energy) of the field #(t, )
is concentrated in these “peaks.” To make this more transparent, let us choose
level functions I, p € N, so that

2(t) A3()

A1) € L(t) €« —/—= < h(t) €« == 3 <...

and consider the events
Ey(t) = {n(t,0) > exp(l,(t))} -
On the one hand, Chebychev’s inequality tells us that
WEL(t)) < exp{4,(t) —pl,()} >0 ast—0;

ie. the density of the random level set L,y(f) = {x € Z¢ : y(t,x) > exp(,(1))} of
overshoots with amplitude exceeding exp(l,(¢)) is asymptotically small. On the
other hand,

{n(5, 0P 1(Q\E, (1)) < exp{(p + 1)],(t)}
= exp{(p + 1)l (t) — Ap11(9)} (2, 0/"*")
= o((n(t, 0/"*")).
Consequently,
(n(6,07*") ~ (n(t, 0" U(E,(9))) as t — co.
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But this means that for large ¢ the overwhelming contribution to the (p + 1)-st
moment is carried by the high overshoots of the field #(t,-) on the random set
L,(#). As a characteristic feature of intermittency, the sets Li(t) o L(t) > ...
describe a hierarchy of higher and higher and more and more widely spaced peaks
which are primarily responsible for the formation of the successive statistical
moments.

Let us finally mention that for each p € N the condition

40 A0
—_— L 1.2
p p+1 (12
already implies that
A) _ Ag41(1)
=«
q +1

provided that all functions A4,, ¢ > p, are finite. Indeed, for each ¢ > 0 the
real function p + A4,(t) is convex and satisfies Ag(t) = 0. [This is the cumulant
generating function of log#(t,0).] Therefore

forall g=>p

q—1
qAg1(t) — (@ + D Ag(®) = D_{(Agr1(t) — Ag(0)) — (Ais1 () — Au(e))}
ot
2 3 {(Aps1(8) — A1) — (Air(t) — A(0))}
k=0
= pApi1(8) — (p + 1) 4,(2)

for all ¢ > p. Because of (1.2), the expression on the right tends to infinity as
t — oo, and we arrive at the desired assertion.

1.2. Linearized Models of Chemical Kinetics

We next discuss the relationship between the parabolic problem (0.1) for the
Anderson model and (linearized) problems of chemical kinetics. On a particle
level linearized chemical processes may be described by Markov branching models
on the lattice Z%. Let us consider the following model. Suppose that at time zero
there is a single particle in the system which starts to move according to the laws
of a time-continuous random walk and after a random time splits into two or
dies. Each of its descendants evolves according to the same law but independent
of all other particles. This evolution depends on the “diffusion coefficient” x of
the underlying random walk and the realizations of two spatially homogeneous
random fields {£,(x);x € Z} and {¢_(x);x € Z?} determining the branching
rates. During the time interval dt any particle at site x € Z¢ jumps to one of its
2d neighboring sites with equal probability xdt, splits into two with probability
£ (x)dt, and dies with probability £_(x)dt. Let n(t,y) denote the number of
particles occupying site y at time t. Let further IP, and IE, denote, respectively,
the probability law and expectation for the “diffusion” and branching mechanism,
where the index x indicates that we start at time ¢t = O with a single particle at
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x € Z°. Note that the measures P,, x € Z¢, depend on the realizations of the
random medium (£_('), £, (). Finally, let u be the probability measure associated
with the random medium (é_('), &4(*)).

The moment generating function

v,(t,x;y) =B "™, (t,x) e Ry xZ% yeZ’0<|z| <1,
satisfies the Skorokhod equation

v,

G = v+ £ ()02 — (€4 () + E- () + E- (),
v,(0,x;y)=z if x=y and (1.3)
v,(0,x;y) =1 otherwise,

where the Laplace operator acts on the x-variable (see e.g. [3, 12]). Differentiating
(1.3) with respect to z at z = 1, one obtains the moment equations for the particle
field #(t, y). In particular, m(t, x) = E,n(t, 0) satisfies

om
5 = Kdm + E(x)m,

m(0,x) = do(x),

where £(x) = &,(x) — £_(x). In this way we arrived at the main equation of
our paper. Because of symmetry of the Anderson operator, it is not difficult to
see that m(t,x) coincides with Eyn(t, x). That is, m(t, x) is the mean number of
particles at site x at time ¢ provided that we start at time O with a single particle
at the origin. This interpretation allows to pass to spatially homogeneous intitial
configurations which lead to constant initial data in (1.4).

Let us mention the following important feature of the above equation. If the
random variables ¢_(x) and &, (x), x € Z¢, are mutually independent and

H(E+(0) > E_(0)) > 0 (1.5)

(ie. if with arbitrarily small but positive probability the birth rate exceeds the
death rate), then

(1.4)

fim inf "28™(:X)

t—00

>0 p-as. for each x € Z¢

(see Sect. 4). In other words, (1.5) implies that the branching process is supercrit-
ical. Moreover, one can show that under the same assumptions

]Po( lim inf w > 0) >0 p-as. for each x € Z*.

t—0

1.3. Anderson Localization

Let us finally point out the connection between problem (0.1) and the theory
of Anderson localization. On a qualitative level, this connection indicates the
presence of intermittency for m(t,) as well as for the underlying particle fields
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n(t, ), although it does not give the chance to study this effect quantitatively (in
the sense of our definition given in Sect. 1.1).

During the last years substantial progress has been achieved in analyzing the
spectral properties of the multidimensional Anderson Hamiltonian

H=xdA+¢() in XZ%

with iid. random potential &(x), x € Z¢, see Pastur [11] for a most complete
survey. Above all, almost sure completeness of the point spectrum and exponential
decay of eigenfunctions of H in the band tails, or throughout the whole spectrum
Sp(H) of H provided the coupling constant ¢ = k™! is large, have been established
under mild conditions on the distribution of £(0) (Holder continuity of the
distribution function and existence of a finite moment), see Frohlich et al. [5]
and Martinelli and Scoppola [9].
At least formally, the solution of (1.4) admits the spectral representation

0

m(t,”) = f e*dE(1)dy, (1.6)

—00

where {E(4); A € R} denotes the spectral family associated with the Hamiltonian
H. According to the above we can choose A9 < supSp(H) so that the part
of the spectrum of H in (Ap,00) is pure point. Let 4; and y; (i = 1,2,...)
denote the corresponding set of (random) eigenvalues and normalized (random)
eigenfuntions. Then

A
m(t,) = 3 P Owil) + / eAdE (1) (1.7)
i —00
Since
A
/ e*dE(2)do < exp{tio},
o 2(z4)

this shows that asymptotically as ¢t — oo is will be sufficient to take into account
only that part of the spectrum in the spectral decomposition (1.6) which belongs
to the immediate proximity of its upper bound. Hence we conclude from (1.7)
and the exponential decay of the y;’s that for large ¢ the random field m(t, ") is
“essentially” localized on the “supports” of the eigenfunctions v; in the upper
band tail which are “sparsely distributed in space.” This is the picture which
we have in mind by saying that Anderson localization indicates the presence of
intermittency on a qualitative level.

Unfortunately, it is by no means simple to give the above considerations a
strong sense, since the theory in its present stage is essentially nonconstructive (cf.
[5, 11]). Our aim is to do in some sense the converse: analyzing the asymptotics
of m(t,x) as t — oo by means of direct probabilistic methods and using (1.7), we
want to obtain information about the structure of the spectrum of H in the band
tails.
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2. Existence and Uniqueness
2.1. Main Result

In this section we study existence and uniqueness for the random Cauchy problem
(0.1). We will assume throughout that the random variables &(x), x € Z¢, are
independent and identically distributed. We will mostly consider random initial
data up which almost surely belong to the class %, of functions ¢ : Z¢ - R,
which do not vanish identically and satisfy

(o) lim sup M
|x|—c0 le IOg le

This assumption on the growth at infinity is trivially satisfied for bounded initial
data up. Is is also fulfilled for (not a.s. vanishing) nonnegative homogeneous
random fields {ug(x);x € Z} with

log,, uo(0) )”’>
<<log+ log, uw© ) / =%

If the random variables ug(x), x € Z¢, are ii.d., then this moment condition is
also necessary for (%) (cf. Lemma 2.5 below).
Problem (0.1) is closely related to the Feynman-Kac functional

u(t,x) = [E, exp { /f(x(s)) ds} up(x()), (t,x) e Ry x z°. 2.1)
0

Here and in the following (x(t), IPx) denotes symmetric random walk on Z¢ with

generator k4; P, is the conditional probability law of the process {x(t);¢ > 0}

given x(0) = x, and [E, stands for expectation with respect to IP,. Set & = £(0).
We are now in a position to formulate our main result.

Theorem 2.1. Assume that the initial datum uy belongs to class % a.s.

a) If
£ \?
<(——log+ 6) > <, (2.2)

then a.s. problem (0.1) has a unique nonnegative solution u. This solution admits
the Feynman-Kac representation (2.1).

b) If
et !
((ogz) ) == @3

d=1 and (log(1+4¢7)) < oo, 2.4

then a.s. there is no nonnegative solution to problem (0.1).

and either d > 2 or

We remark that the assertion of Theorem 2.1 will remain true if one considers
solutions u on [0,T] x Z%, 0 < T < oo (instead of R, x Z¢). The assumption
about the nonnegativity of the solution cannot be dropped. It is not hard to
construct functions u : R, x Z¢ — R, u # 0, which satisfy (0.1) for £(x) = 0 and
up(x) = 0. If the solution u is allowed to attain both positive and negative
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values, uniqueness can only be established in the so-called Tacklind classes (see
[4, Chap. 3, Sect. 2] for the spatially continuous case).

In dimension d > 2, Theorem 2.1 gives a complete answer to the question
of existence and uniqueness for problem (0.1) in the class of all nonnegative
solutions. In particular, uniqueness is established without any restriction on the
growth of the solutions at infinity. An analysis of the proof (Sect.2.3) shows that
assumption (2.4) can be weakened slightly.

The assertion of Theorem 2.1 substantially relies on the percolation behavior
of the random medium. To establish uniqueness via a Harnack type inequality
we will use the fact that a.s. all connected components of the level set {x €
Z¢ : £(x) < o} are finite provided that « is sufficiently negative (cf. Lemma 2.3).
In dimension d > 2, the level set {x € Z? : {(x) > a} contains a.s. a (unique)
infinite connected component W™ having positive asymptotic density provided
that « is sufficiently negative. Roughly speaking, this allows to restrict in the
Feynman-Kac formula (2.1) the motion of the random walk x(-) to the set W+
in order to derive “explosion” of the Feynman-Kac functional, i.e. nonexistence
of the solution to (0.1), under assumption (2.3). This is the reason why we do
not need to impose any restriction on the lower tail behavior of the distribution
of ¢ in dimension d > 2. In contrast to this, assertion b) about nonexistence will
not be true in the one-dimensional case without an additional assumption like
(2.4). For any iid. random field {¢(x);x € Z} with given tail behavior at +o0
satisfying (2.3) one can change the tail behavior at —oo in such a way that a.s.
a nonnegative solution u of (0.1) exists. This is a kind of “shielding effect.” If
the potential £(x) has very large negative peaks, then these peaks will “shield”
the large positive peaks avoiding in this way “explosion” of the Feynman-Kac
functional (2.1) (cf. the remark at the end of Sect.2.3). The fact that existence
(nonexistence) may be expressed in terms of the finiteness (infiniteness) of the
moment (2.2) is also caused by the almost sure behavior of the random medium.
As we will see in Sect. 2.3, the clue is that a.s. the upper limit of &(x)/(|x| log |x]|)
as |x| — oo does not attain finite positive values. It is either 0 or oo depending
on whether (2.2) or (2.3) is satisfied (Lemma 2.5).

The proof of Theorem 2.1 will be broken down into several steps. In Sect. 2.2
we will consider existence and uniqueness of the non-random Cauchy problem in
terms of finiteness of the associated Feynman-Kac functional. After that we will
show that for the random potential = this functional is a.s. finite (infinite) under
assumption (2.2) [(2.3), (2.4)]. In Sect.2.3 this will be done under the additional
restriction that the random medium £ is bounded from below. This restriction
will then be removed in Sect.2.4.

2.2. The Deterministic Cauchy Problem

Let g : Z¢ » R and vp : Z¢ — R, be arbitrary functions. The following (rather
standard) lemma enlightens the connection between the Cauchy problem

0
—U=KAv+qv on R, xZ¢,

ot 2.5)

v |t=0= Vo on Zd ,
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and the Feynman-Kac functional

t

u(t, x) = EEx exp { / q(x(s)) dS} n(x(®), (x) e Ry xZ°. 2:6)
0
Lemma 2.2 (Existence). Problem (2.5) admits at least one nonnegative solution v
iff
o(t,x) <o for all (t,x) e R, x Z°. (2.7)
If (2.7) is fulfilled, then v is the minimal nonnegative solution of (2.5).

Roughly speaking, nonexistence for (2.5) is caused by “explosion” of the
Feynman-Kac functional (2.6). This may occur since q and vy are allowed to
grow to infinity arbitrarily fast. Such trouble cannot occur for the associated
intitial boundary value problems in finite regions of Z¢ with time-continuous
boundary conditions for which existence, uniqueness and their Feynman-Kac
representation are obvious.

Given a natural number N, we introduce the cube

On={z=0¢2%...,2%)€Z: || <N for 1<i<d)

and its boundary

00N = On+1\QN -
By 7x we denote the first hitting time of 0Qy:
vy =inf{t > 0 : x(t) € 0Qn}.
Proof of Lemma 2.2. a) Assuming (2.7), we show that v solves (2.5). An applica-
tion of the strong Markov property to (2.6) yields for each N,

t

u(t, x) = Ex exp { / q(x(s)) dS} vo(x(t)) I(zy > 1)
0
+ Ex exp { / q(x(s) dS} u(t — N, x(tn) Ien < 1), (2.8)
0

(t,x) € Ry x (QnUAIQp). Assume for the moment that v is time-continuous. Then
(2.8) is the unique solution of the initial boundary value problem associated with
(2.5) in the cylinder R, x (Qny U dQx) with prescribed continuous boundary
function v on R, X dQy. Since N is arbitrary, this proves that v solves (2.5).

It only remains to check that p(t,x) is continuous in t for each x € Z¢. It
suffices to consider the point x = 0. An application of (2.8) for x =0and N =1
yields

v(t,0) = exp{tq(0)}vo (O)Po(z; > 1)
+ Q)™ Y By exp{r1g(0)}u(t — 11, x) Uz < 7).

xj=1

Since t; is exponentially distributed with respect to IPy, this expression is indeed
continuous in ¢.
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b) Let v be a nonnegative solution of (2.5). We show that v > v. Considering v
as the solution of the associated initial boundary value problem in the cylinder
R, X (Qn U0Qn), we conclude that the Feynman-Kac representation (2.8) holds
also for v instead of v. Hence,

t

v(t,x) > [E, exp { /q(x(s)) ds} vo(x(®) I(zy > 1), (t,x)eR, xQn.

0
Letting N — oo, we get v >von R, x Z¢. O

We will call the potential g percolating from below, if for each « € R the level
set {x € Z% : q(x) < «} contains an infinite connected component. Otherwise
g will be called non-percolating from below. (Two points x and y in Z¢ are
considered to be neighbors if |x — y| = 1.)

Lemma 2.3 (Uniqueness). If q is non-percolating from below, then the Cauchy
problem (2.5) admits at most one nonnegative solution.

Proof. 1. Since q is assumed to be non-percolating from below, we can and will
fix & < 0 so that all connected components of the level set {g < «} are finite. For
each N € N, let us denote by I'y the set of paths

y:0=xp—>x1 —>... > X, 2.9)

(of successively neighboring points xo, X1, ..., X) in Z¢ such that xq, ..., X1 €
On and x, € 0Qy. Given a path of the form (2.9), we will denote the sequence
{x0, ..., Xs—1} by the same symbol y. We define the subsequences

)-={x€y:iqx) <a}, yr={x€y:q(x)>a}.

One readily checks that the finiteness of all connected components of the level
set {q < o} is equivalent to

Al,iinw :relll_r; [y+] = c0. (2.10)
(Iy+| denotes the length of the sequence y...)
2. Acccording to Lemma 2.2, the class of nonnegative solutions of problem (2.5)
contains the minimal solution (provided that this class is not empty). To prove
uniqueness in this class, it therefore suffices to verify that each nonnegative
solution v of (2.5) with initial datum vy = 0 vanishes identically. It will clearly
be enough to check that v(t,0) = O for all t € R,. To this end we will use the
Feynman-Kac representation

N

v(t,0) = IEy exp { /q(x(s)) ds} vt — N, x(tn)) Ity < 0) (2.11)

0
[cf. (2.8)]. We intend to derive from (2.11) the Harnack type inequality

T mrin [74+1—1
o(T,0) > (7) " exp{(e — 2xd) (T — 0} v(t, 0) 2.12)
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which is valid for 0 <t < T and all natural numbers N for which the minimum
in the exponent on the right is not zero. Because of (2.10), this then implies that
v(t,0) =0 for all t € (0, T).

Let us fix an arbitrary path y € I'y of the form (2.9) with y4 # 0. The
contribution of the random walk x(*) along the path y to the expectation (2.11)
equals

n—1 n—1 n—1
1® = )" Eo exp { > qiai} v (t - ai,x,,) 11( Yoi< r) :

i=0 i=0 i=0

where g; = q(x;) and oy, o1, ... denote the waiting times of the random walk x(-)
between consecutive jumps. The random variables oy, o1, ... are independent and
exponentially distributed with parameter 2xd. To prove (2.12), it will be enough
to show that

[y+1—1
%(T) = (%) exp{(@ — 2xd) (T — 1)} 1,(0). 213)

3. It remains to prove (2.13). Since y, # 0, there exists m, 0 < m < n— 1, such
that

Xm € p+ and  g(xp) = g;iygq(xy

We have

n—1 n—1
xy(T)=;c"/.../ sti exp{(Qm—2xd) Zs,}

i=0 i=0

n—1

ZSIST
=0
n—1 n—1
X U(T - zsi, x,,) exp { Z(qi - Qm)Si}
i=0

i=0
iFm
T
= K" /dr exp{(qm — 2xd) (T —r1)}v(r,xs)
0

x// I14s: exp{Z(qi—qm)s,-}. (2.14)

Z s<T—r i#m i#m
i#m

Here and in the following we do not indicate explicitly that the domains of
integration are supposed to be restricted to positive values of the integration
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variables. Since 0 <t < T and g, > a, it follows that

1y(T) = exp{(a — 2xd) (T — 1)} k" /dr exp{(gm — 2xd) (t — r)} v(r, x»)

0
X // H de CXP{ Z(q, _Qm)Sj}
JjE€y- Jjer-
§j<t—r

X // IT ds,-exp{ > (q:‘_Qm)si}-
Y s<t-Y s, iey4\{m} i€y \{m} (2.15)
€74 \{m} jer—
Here we have identified the sequence y_ (respectively y.) with the set of indices
i, 0 < i< n—1, satisfying x; € y_ (respectively x; € y,). Making a change of
integration variables of the form

T—r— Z Sj
5= ﬁ-& i€ye\{m},
jey-

and remembering that g; — g, > 0 for i € y,\{m}, we find that the last integral
on the right of (2.15) is larger than (T /t)"+~! times the same integral but with
T replaced by t. Thus,

rl-1 :
5> (1) exple—2e T =0} [ dr expllan— 20 6 =1)
0

xv(r,xn)/.../ Hds,- exp{Z(qi—q,,,)s,}.

Z si<t—r i#m i#m
i#m

Comparing the expression on the right with (2.14) for T replaced by t, we arrive
at the desired estimate (2.13). O

Remark. Without any assumption on the lower tail behavior of the potential g
like that given in Lemma 2.3 uniqueness does not hold. This is closely related to
explosion of jump Markov processes on Z? with “strong” drift. For example, the
birth and death process on Z with generator

Gf(x) = &M f(x+ 1) = f] + e P [f(x — 1) = F ()]

explodes after a finite positive random time {. Therefore the function w(t,x) =
P,(¢ <t) is a nontrivial solution of

From this we conclude that

v(t, x) = e~ w(t, x)
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is a nontrivial (nonnegative) solution of (2.5) for k = 1, g(x) = 2 — e2*+! — g=2x+!
and v(x) = 0.

2.3. The Cauchy Problem with Random Potential

To prove Theorem 2.1, we now apply the Lemmas 2.2 and 2.3 to the random
potential £ = {{(x); x € Z*}. As a basic result of percolation theory, this poten-
tial is a.s. non-percolating from below. (Concerning standard facts of percolation
theory, the reader is referred to the monograph Kesten [6] and the survey papers
Kesten [7] and Men’shikov et al. [10].) Hence, a.s. problem (0.1) admits at most
one nonnegative solution. Existence of a nonnegative solution is equivalent to

IE, exp { / E(x(s)) ds}uo(x(t)) <o forall (t,x) e Ry x Z¢ (2.16)
0

(Lemma 2.2). To decide whether or not (2.16) is fulfilled, we need to compare
the speed of decay of the probability that the random walk (x(t), IP,) hits a point
y in the time interval [0,¢] (and similar quantities) with the speed of growth of
£(y) as |y| — oo. The asymptotic behavior of these quantities will be considered
in the next two lemmas.

Let N(¢) denote the number of jumps of the random walk x(-) in the time
interval [0,¢]. For each x € Z4, {N(t); t > 0} is a Poisson process with respect to
P, having intensity 2xd.

Lemma 24. For each x € Z* and each t > 0 we have
P, ( max |x(s)] > n) <exp{—nlogn+0Q(m)} as n— oo, (2.17)

and
P.(N(t) =n) =exp{—nlogn+0(m)} as n— . (2.18)
Note that in contrast to Brownian motion the leading term of these bounds
does not depend on ¢ or k.

Proof. Fix t > 0 arbitrarily. We first prove (2.17). It will be enough to consider
the case x = 0. Let x!(z), ..., x%(t) denote the components of x(t). Applying
symmetry, the reflection principle, and Chebychev’s exponential inequality, we
obtain the estimate

— 1 d

]Po(slél[%’)t(] |x(s)] = n) = ]Po(srg[%’)tg(lx @l +...+1x @) = n)
d 1 d

<2 Po(srélgﬁ(x () +...+x%s) = n)

< 24 Py(x(e) + ... + x4(t) = n)
< 24P exp{B(x!(t) + ... + x*(t))}

for arbitrary B > 0. Since (x!(t) + ... + x%(t),IP,) is a symmetric random walk on
Z with generator kd4, the expectation on the right equals exp{2xdt[cosh f — 1]}.
Hence

P, (gﬁﬁ [x(s)| = n) < 24! exp{—PBn 4 2idt[cosh f —1]}.



Parabolic Problems for the Anderson Model 627

Putting on the right f = logn, we get the desired estimate (2.17). Since

(2xdt)"
n!

P.(N(t) =n) =

exp{—2xdt},

(2.18) follows from Stirling’s formula for n!.[]
Lemma 2.5. If (2.2) is satisfied, then

. £(x)
limsuyp ————— <0 as. (2.19)
|x|—->oop lxl IOg le
Otherwise

lim sup ¢() a.s. (2.20)

oo X log x|

The remarkable fact of this lemma is that a.s. the upper bound on the left
of (2.19) does not belong to (0,00). We already mentioned in Sect. 2.1 that this is
essential to get a complete answer to the question of existence of a nonnegative
solution to (0.1) in terms of the finiteness of the moment (2.2).

Proof. According to the Borel-Cantelli lemma, we must only check for each ¢ > 0
that
Z [1 — F(c|x| log|x])] < o0 2.21)

Ix|>2

iff (2.2) is satisfied. Since the number of sites x € Z with |x| = r grows like
constré! as r — o0, (2.21) is equivalent to the finiteness of

Z rt Z [F(c(n + 1) log(n + 1)) — F(cn logn)]

r=3 nxr

= Z (Zrd—l) [F(c(n+ 1) log(n + 1)) — F(cn logn)].
=3

n=3

n
Since Y r4~! behaves like constn? as n — oo, this is true iff
r=3

c(n+1) log(n+1)

0 d

t

—— | F(dt) < oo,
nz:; / <logt)

ie. iff (2.2) is satisfied. [

Proof of Theorem 2.1. a) Suppose that (2.2) is satisfied and the initial datum ug
belongs to class %y a.s. To complete the proof of part a) it remains to check that
(2.16) is valid a.s. For arbitrary (t,x) € R, x Z¢ we have

E, exp { / E(x(s)) ds} o (x(0)
0

o]
< Z,)IPx (52[‘3’51 [x(s)| = n) exp {t max £(y) + max log uo(y)} :
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Applying the bounds (2.17) and (2.19) and remembering the definition of class
g, we find that the sum on the right is finite a.s.
b) We will show that, under the assumptions of part b), a.s.

IE, exp { / E(x(s)) ds} up(x(t)) =co forall t>0 and x e Z¢.  (2.22)
0

To this end it will be enough to verify that a.s.

yezZ4d

sup IE, exp { / E(x(s)) ds} 0y(x(t)) =0 forall t>0. (2.23)
0

To see this, let us introduce the quasi-transition function
t
a(t,x,y) = E, exp { [ e ds} 5, (x(0)
0

and choose a random site z € Z¢ so that ug(z) > 0 a.s. Then an application of
the Markov property and the symmetry of the random walk yield

4t
E, exp { / £(x(9)) ds} o (x(1)
0

> q(t,x,0) q(2t,0,0) q(t,0, z) up(z)

and
4260,0 = ¥ 4°6,0.9) 2 [supa(:0,)] "
y

y

Thus (2.23) indeed implies (2.22).

We are now going to prove (2.23) under the additional assumption that the
random medium is bounded from below. After that we will consider the one-
dimensional case under assumption (2.4). The proof in the general case of an
unbounded from below random medium will be postponed to the next section.
Suppose therefore that the random variables &(x), x € Z¢, are bounded from
below by some constant o < 0. Then (2.23) is an easy consequence of (2.18) and
(2.20). Indeed, for almost every realization of the random medium Z we find a
sequence (y,) in Z¢ with

¢(yn)

— 2 5 . (2.24)
[yn| 10g |yn|

The contribution of the random walk x(-) to the expectation

E, exp { / £(x(5)) ds} 8, (x() (2.25)
0
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along a path of length |y,| joining O with y, which hits y, before t/2 and stays
there until time ¢ can be estimated from below by

e2(2d) WP (N (t/2) = |yal) e 02 Py, (x(s) = yn for s € [0,2/2])
= (2d) ™! exp{(t/2)&(va) — ynl log yal + O(ynl)} . (2.26)

Here we have used (2.18). Because of (2.24), the expression on the right tends to
infinity as n — oo, and we arrive at (2.23).

We now turn to the proof of (2.23) in the one-dimensional case under the
assumptions (2.3) and (2.4). Again, by Lemma 2.5, we find a random sequence
(yu) such that (2.24) holds a.s. We will assume without loss of generality that
yn > kt/2, E(yn) > 2k, and y, — 0. Let 1, denote the first hitting time of y,. We
estimate the expectation (2.25) from below by the contribution of the random
walk x(-) moving along the path 0 —» 1 — ... — y,, hitting y, before /2, and
staying there until time t. Then we obtain

IEo exp { / ¢(x(s) dS} 8y, (x(1)) = exp{t/2(¢(yn) — 260} 27"
0

yn—1 yn—1
x IEy exp { — Z é‘(k)ak} ll( Z o < t/2),
k=0 k=0
where oy, 01, ... are the waiting times of the random walk x(-) (between consecu-

tive jumps) which are independent and exponentially distributed with parameter
2k. The expectation on the right may be estimated from below by

t/ZIP() (O’k <

_zynm for 0Sk<yn)

—t/2
=¢ szn 1+< ®

Yn—1
= exp { —t/2 + yn log(kt/2) — y, log y, — Z log(1 + é‘(k))} .
k=0

Because of assumption (2.4), the strong law of large numbers yields

yn‘l

D log(l+&7 (k) =00n) as. (227
k=0

Combining the above estimates and taking thereby into account (2.24) and (2.27),
we find that the expectation (2.25) tends to infinity as n — oo a.s., and we are
done. O

Remark. At the end of Sect. 2.1 we mentioned that in the one-dimensional case an
additional assumption like (2.4) is needed to ensure nonexistence. If the negative
peaks of the random potential are “much larger” than the positive peaks, then a
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“shielding effect” will force existence. To illustrate this phenomenon, fix ¢ € (0,1)
arbitrarily and assume that & = £(0) satisfies

& : —6+ 2.28
<(log+c)><°°’ <iog+c>‘°o @28)

(loglog t)!*®
(log)®

and

ué < -t~ as t — o0. (2.29)

The last condition implies
{(log(1 +¢7)’) < o0

for all 6 € (0,¢) and
(log(1 +¢&7)) = o0.

Let us introduce the abbreviations
{F =max &t (x)
|x|<n
and
{; =min max &7(x), max é“(x)}.
—n<x<—n/2 n/2<x<n

Then, applying the Borel-Cantelli lemma, we obtain

im—%  —0 as (2.30)
n—o0 nl/elogn
and
liminf 285 50 as. 2.31)

[(2.30) follows from the first half of (2.28) similarly to the proof of (2.19), and
(2.31) is a consequence of (2.29).] Hence, asymptotically (as |x| — oo) the random
field £(x) has a.s. negative peaks which are much larger than the positive peaks.
This turns out to be sufficient to create the “shielding effect.” Indeed, according
to the Feynman-Kac formula,

u(t, x) =, exp { / £((9) ds} uo(x(0)
0

© t
=Y E, exp { / E(x(s)) ds} o (x(t)) 11( max |x(s)| = n) .23
=0 J s€[0,t]
For each n > 3 we find lattice points z, and z} in (—n, —n/2) and (n/2,n),
respectively, such that
¢(z)= max ¢7(x)
—n<x<—n/2

and
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E(zh = n/zrg)iné‘(x)-

To estimate the expectation on the right of (2.32), we replace the potential &(x)
in the interval [—n,n] by {;} except for the points z, and z] where we replace it
by {;f —{, . In this way we obtain for n > 3:

E, exp{ ¢(x(s) dS} up(x(t)) 1( max |x(s)| = n
/ (g1 =)

<exp {tC,f + max log uo(y)}
lylsn

x E, exp{ - ] L (65 (6(6)) + 8, (x(5)) ds} 1 max x| =n). (239
0

If n > 2|x|, then each path which contributes to the expectation on the right of
(2.33) hits z; or z; and stays there (at least) an exponentially distributed time o
(with parameter 2«) before time t. Therefore

Ex exp { ~ [ 6 6 9 + b x9) ds} 1 max|x(s)] = n)
0

2k
2K+ §

for all n > 2|x|. Combining the estimates (2.32)—(2.34), remembering that ug
belongs to class %o a.s. (i.e. max log uo(y) < O(n log n)), and using (2.30) and
yi<n

(2.31), we find that a.s.

< B exp{—{, o} =

(2.34)

u(t,x) <oo forall t and x.

In other words, with probability one the Cauchy problem (0.1) has exactly one
nonnegative solution.

2.4. Unbounded from Below Random Potential

This section is devoted to the proof of (2.23) in the multidimensional case (d > 2)
under assumption (2.3) without any restriction on the lower tail of the distribution
of £(x). Roughly speaking, we will show that one can choose a € R so negative
that the following holds true. One finds a sequence (y,) in Z“ for which (2.24) is
satisfied and, moreover, for each n, 0 can be joined with y, by a path of length
not exceeding a fixed multiple of |y,| which belongs to {x : &(x) > a} except for
a bounded number of points. To this end we will use percolation arguments. The
contribution of the random walk x() to the expectation (2.25) along a path with
the mentioned properties can then be estimated from below by an expression
similar to (2.26) to obtain (2.23).

Throughout this section we assume that d > 2. Given r > 1, let ¢, denote the
graph whose vertex set is Z¢ and whose edge set consists of all bonds connecting
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vertices x, y € Z¢ with x # y and |x — y| < r. For a finite set B = Z¢, we denote
by 0,B the r-boundary of B, ie. the set of all vertices x € Z%\B for which there
exists y € B with |y —x| < r. We further define the external r-boundary 0¢B as the
set of sites y € 0,B for which there exists an infinite non-selfintersecting ¥;-path
y = yo — y1 = y2 — ... with vertices entirely contained in Z¢\B. Note that 9B
is not %;-connected for any non-empty finite 4;-connected set B. But we have
the following lemma.

Lemma 2.6. Let B be a %y-connected finite subset of Z°. Then 5i—1B is 1-
connected.

Proof. It will be enough to show that any two vertices y,z € 05B can be joined
by a %;-path in 05_1B. Let Q(q) = [q' —1/2, ¢ +1/2] x... x [¢*—1/2, ¢*+1/2]

denote the unit cube in R? with center g = (¢!, ..., ¢%). Since
B=BuU 0,B
is %;-connected, the polyeder
B=J 0w
qeB

is also connected. Moreover, the external boundary 9B of B is connected I8,
Chap. 8, Sect. 57, 2, Theorem 6]. There exists a %1-path y = yo — y; = ... = W
in 03B such that Q(yi) is a “surface cube® of the polyeder B, ie. one of the 2d
surfaces of this cube belongs to 2°B. Let us denote this surface by S,. Analogously
we find a 4;-path z = zp — z; — ... = z in 85B such that one of the surfaces
of Q(z)), S, belongs to 9°B. We can connect S, with S, by a finite sequence of
neighboring surfaces Sy, ..., S, in B belonging to “surface cubes” with centers
qi, --- » qr, respectively. Clearly each of the vertices yx = qo, q1, --- 5 Gr> Gr+1 = ZI
has distance d to B, and the distance between consecutive vertices, q; and g1,
0 < i <r, does not exceed d. Hence, ¢; and ¢;4; (0 < i < r) can be joined by a
%,-path of length < d with vertices in d,4—; B. In this way we have constructed a
%,-path in 041 B joining y and z. O

Given o € R, let us define the level sets
Ay ={xe€Z:¢(x) <a}
and
At ={xeZ': &x) > a}.
For each x € Z¢ we denote by W(x) the %,4-connected component of A
containing x. If x ¢ A; we set Wy;(x) = 0. We know from percolation theory

that the level « can be chosen so negative that the following assertions are
satisfied:

(A1) Almost surely the set A} contains a unique infinite ¢;-connected com-
ponent W+, and u(0 € W+) > 0.

(A2) Almost surely all ¥,4-connected components W;(x) of A are finite.
Moreover, there exists a positive constant h such that

(exp{h|W5(x)|}) <o for all x € Z¢.
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Assertion (A1) can be found in Aizenman et al. [1, Proposition 5.3]. Assertion
(A2) is contained in Kesten [6, Theorem 5.1]. Until the end of the present section
we will assume (A1) and (A2). We need the following refinement of the second
half of Lemma 2.5.

Lemma 2.7. If (2.3) is satisfied, then
. £(x)
lim su —_— =
s+ 1] Tog [

Proof. To simplify notation, let us assume without loss of generality that a = 0.
Recall that F(t) = pu(£(0) < t), t € R. We assume further that the random
variables &(x),x € Z¢%, are represented in the form

£x) = (1 = {(x))E-(%) + {(x) ¢4 (x) .-

Thereby {&_(x), &4 (x),{(x); x € Z%} is a family of completely independent ran-
dom variables. The variables £.(x) are assumed to have distribution functions
F, defined by

a.s.

F() 1-F(@)
_(t) === A1 1-— =
and the random variables {(x) attain the values O and 1 with probability F (0)
and 1 — F(0), respectively. Note that £_(x) <0 a.s., £4(x) > 0 as., and
A ={xeZ' ((x)=1} as

Thus W+ depends on {{(x); x € Z%} only. Therefore an application of the
Borel-Cantelli lemma yields for each ¢ > 0:

u(&(x) > c|x| log|x| for infinitely many x € W)
= (u(é+(x) > c|x| log|x| for infinitely many x € B) |p=w+)
=1 (2.35)
provided that

> [ —F(clx| log|x)] =0 as.
xeW+\{0}

But
> [ —F(clx| log|x])]

xeW+\{0}
=3 > Ux e W) Y [F(c(r + 1) log(r + 1)) — F (cr logr)]
n=1 |x|=n rzn

> > A(xe WH[F(c(r+ 1) log(r + 1)) — F(cr logr)].  (2.36)

r=1 1<|x|<r
By the ergodic theorem and (Al),
Y Ixe W)

1<|x|<r
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converges to some finite positive constant a.s. as r — oo. Therefore the expression
on the right of (2.36) is infinite a.s. iff

o o]
D rF(c(r + 1) log(r + 1)) — F (cr logr)] = co. (2.37)
r=1
Since
c(r+1) log(r+1)

r[F(c(r + 1) log(r + 1)) — F(cr logr)] ~

t o\
¢ log t) Fdr)

as r — oo, (2.37) is equivalent to (2.3). Thus (2.35) holds for each ¢ > 0, and we
are done. [J

cr logr

Given x,y € W™, we denote by dy+(x,y) the distance between x and y in
W, ie. the minimal length of %-paths joining x and y in W,

Lemma 2.8. There exists ¢ > 1 such that as.

d
lim sup dw+(x,7) <
|yl—o0,yeW + IX - yl

forall xe Wt.

Proof. Because of the spatial homogeneity of the random medium and the Borel-
Cantelli lemma, it will be enough to check that

> w0 e Wty e Wt dw+(0,y) > elyl) <o (2.38)
yezd

for sufficiently large g.

Given y € 7%, we fix an arbitrary realization of the random medium such
that 0 € Wt and y € W+. We choose a ¥;-path y, of length |y| joining 0 with
y. Let z; be the first vertex of y, which does not belong to W+. Then z; € A4;.
We denote by z{ and z;" the last vertex of y, before z; and the first vertex of y,
after z;, respectively, which belong to 05, , Wy, (z1). Clearly 05, ,Wy;(z1) = AF.
Since z; € W, Lemma 2.6 yields 85;_,Wy,(z1) = W*. Moreover, we can join
z; and z§ by a %;-path which is contained in 95, , W,;(z1). We replace the
part of the path y, between z; and z{ by this new path. We next choose z,
to be the first vertex of y, after z; which does not belong to W+ and repeat
the above construction for z, (instead of z;), and so on. In this way we find a
non-selfintersecting ¢;-path 5, in W joining 0 with y which is entirely contained
in

v U U %50 Waa(a).

ZE€Yy

(Here we identified y, with the set of its vertices.) From this we conclude that

dw+(0,) < |yl + ¥ D" [Wa(2)|

zZ€Yy
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(0 €e Wt,y € WT). Hence, in order to prove (2.38), it will be enough to check

that
> u( > W@l > Qly|> <o (2:39)

yeZ4 Z€yy

for sufficiently large o.
Given ¢ > 0 and y € Z%\{0}, let us denote by I, the integer part of c log|y|.

Then we obtain
Y u( Y Wi > Qlyl)
yezioy \zer,
< z u(max |W3a(2)| > ly)
lzI<Iy|
yeZi\{0}

+ > u( D W@ W(Wy(2)] < 1,) > @Iyl) : (2.40)

yEZ4\{0} Z€Yy

The first sum on the right is finite provided that the constant c¢ is sufficiently
large. This is an easy consequence of Chebychev’s exponential inequality and
(A2). Set r, = 2d(l, + 1) and B, (z) = {Z : |Z —z| < r,}. For arbitrary n and
24, ..., zn € Z% with 1<rirlijn$n |z; — zj| > 2ry, the random variables

IWoa(@) W(Wy(z)l <L), 1<i<n,

are mutually independent, since each of them depends on the values of the
medium in the associated ball B, (z;) only. To estimate the last sum on the right
of (2.40), we therefore divide y, (considered as a set of vertices) into m < 2r,
pairwise disjoint subsets y{"), ..., y{™ such that any two points in y?) have a
distance > 2r, (1 < i < m). Hence, for each i,

SO =" W@ 1(Ws()| < 1)

zey;,')

is a sum of independent identically distributed random variables. Taking this
into account and applying Chebychev’s exponential inequality, we obtain

n( D W@ I(W5e)] < 1) > o)

ZE€Y)

Iyl - oy
<2y exp{ —ho2b | Cxp{Hwg O .
y

Together with (A2) this implies that the last sum of the right of (2.40) converges
for large ¢, and we arrive at (2.39). O

We are now finally ready to prove assertion (2.23) in the multidimensional
case under assumption (2.3). Combining the Lemmas 2.7 and 2.8, we a.s. find
x € WT, a sequence (y,) in W+ with |y,| — oo, and %;-paths y, joining 0 with
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yn such that the following is satisfied. For each n, the path y, passes through x,
its part between x and y, entirely belongs to W+ < A}, and its length I, equals
|x| + dw+(x, y»). Moreover,
E(yn)
q
I, logl,

(2.41)

We can now argue in the same way as in the case when the random potential is
bounded from below by estimating the contribution of the random walk x(:) to
the expectation (2.25) along the paths y,. We thereby use (2.41) instead of (2.24).
This yields a.s. (2.23), and we are done.

3. Asymptotics of the Statistical Moments and Intermittency

In this section we study the rough time asymptotics of the moments (u(t, x)?),
p=1,2,..., and intermittency for the solution u to the random Cauchy problem
(0.1).

In the following £ = {¢(x); x € Z} will denote an arbitrary spatially ho-
mogeneous potential (of not necessarily i.i.d. random variables). We will assume
that the initial datum {uo(x); x € Z%} is a nonnegative spatially homogeneous
random field which is independent of = and has finite positive moments of all
orders:

0<(u) <o forall peN,

where up = uy(0). Instead of (0.1) we will consider the associated Feynman-Kac
solution u given by (2.1) which is allowed to attain the value +oo.

Under the above hypotheses the random fields u(t,-), t > 0, are spatially
homogeneous and, in particular, the moments (u(t, x)?) do not depend on x. If
the pair (£(-), up()) is ergodic, then the fields u(t,-), t > 0, are also ergodic.

Let G denote the cumulant generating function of & = £(0):

G(t) = loglexp(tf)), telRR.

The function G takes values in (—oo, + o0], is convex and vanishes at zero.
Moreover,

G(t)/t 1 esssup& as t 1 oo. 3.1
In particular, ¢ is unbounded from above iff G(t)/t — o0 as t — 0.
Theorem 3.1. For each p € N and each t > 0 we have
exp{G(pt) — 2xdpt} (ub) < (u(t,0)") < exp{G(pt) (uf). (3.2)

In particular, (u(t,0)?) < oo iff G(pt) < co. If G(t) < oo for all t > 0 and either the
random potential E is unbounded from above (i.e. ess sup& = o0) or the random
variables £(x), x € Z¢, are independent and ess sup & # 0, then

lim log(u(t,0)?) _

lim =05 1, peN. (3.3)
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Proof. Taking in the Feynman-Kac formula (2.1) only into account the contri-
bution of the path x(-) which stays at 0 during the whole time interval [0, ], we
get

u(t,0) > exp{t&(0) — 2xdt} up(0) .

This yields the lower bound in (3.2). Applying Holder’s and Jensen’s inequalities
and Fubini’s theorem, we obtain the upper bound:

t p
(u(t, 0)7) = <<IE0 exp { / £(x() ds} uo(x(t))) >
0
< <]Eo exp {p / £(x(s)) ds} uf;(x(t))>
0

- IE0< exp {p / 0) ds}> ()
0

< %/ds]Eo(exp{ptf(x(S))D (uf)
0

= exp{G(p1)} (up) -

If the potential = is unbounded from above and G(t) < oo for all t > 0, then
G(t)/t 1 o0 as t 1 oo and (3.3) is immediate from (3.2). It remains to consider the
case when the potential £ consists of i.i.d. random variables which are bounded
from above (ess sup ¢ < o0) and satisfy ess sup £ # 0. Under these assumptions
(3.3) follows from (3.1), the upper bound in (3.2), and the almost sure asymptotics
of u(t,0) as t — oo [see (4.1) below]. O

Note that the leading term G(pt) in the asymptotic expansion of log{u(t, 0)?)
does not depend on the diffusion coefficient x. The diffusion constant only enters
higher order terms. In the case when the “high peaks” of () and hence that of
u(t,-) are concentrated at single lattice sites we expect that

log(u(t, x)?) = G(pt) — 2xdpt + o(t), (34)

i.e. we are close to the lower bound in (3.2). In this case it is “most profitable”
for the random walk in the Feynman-Kac representation (2.1) to stay the over-
whelming part of time at a site with a single high potential peak, cf. also the
proof of the lower bound in (3.2). Thereby the random walk will choose the most
advantageous among all high peaks as a result of a competition between the
amplitude of each such peak and its distance from the origin. On the other hand,
if the typical size of the “islands of peaks” of u(t, ) increases in time (due to the
appearance of “large islands” of high peaks of the potential £(-)), then there is
no necessity for the random walk to stay during a long time period in a fixed
bounded region. Thus, in this case we expect that

log(u(t, 0)?) = G(pt) — o(¢) (3.5
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which means that we are close to the upper bound in (3.2). Under the assumption
that the random variables £(x), x € Z¢, are mutually independent, we conjecture
the asymptotics (3.4) (respectively (3.5)) to be valid if the tail u(¢ > t), t — oo,
decreases slower (respectively faster) than in the case of a double exponential
distribution.

The bounds (3.2), (3.3) indicate the presence of intermittency for the family of
random fields {u(t,x); x € Z¢} as t — oo in the situation when the random poten-
tial £ is unbounded from above. Indeed, suppose that the cumulant generating
function G is finite and G(t)/t T o0 as t T 0c0. Then

G(t) € GRN/2<GARY/3kK... . (3.6)
This follows from the estimate

pG((p + 1)1) — (p + DG(p1)

p—1
= 2 {6+ 1Y) — G — [G((k+ 1)) — G(k)]}

k=0
> G((p + 1)t) — G(pt) — G(t)
= [G((p+ 1)) — G(pt + 1] — [G() — G(1)] + [G(pt + 1) — G(p)] — G(1)
> G(pt + 1) — G(pt) — G(1)
Z-C-;p%tl—G(l)—»oo as t — 0. (3.7
Here we have used the convexity of G and G(0) = 0. Unfortunately, in general
the bounds (3.2) are too rough to derive from (3.6) intermittency of u(t,-) as
t — 0.

To formulate our result about intermittency, we introduce the functions

Ap(t) =log(u(t,0)’), t>=0,peN.

We denote by Ay the upper bound of the spectrum of the Anderson Hamiltonian
H =xA4+&():
Ao = sup Sp(H).

Note that A¢ is non-random if the potential = is ergodic. A random variable will
be called degenerate if it is almost surely constant.

Theorem 3.2. Let the assumptions introduced at the beginning of this section be
satisfied. Suppose in addition that the pair (£(-), uo(*)) is ergodic and G(t) < oo for
all t > 0.

a) Under these assumptions the random fields {u(t,x); x € Z°} are intermittent as
t — oo if and only if

lim [Az(t) - Al(t)] = 0. (3.8)
Otherwise
lim sup [@ — Al(t)] < . (3.9
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b) Assertion (3.8) holds if and only if one of the following two conditions is satis-

fied:
(i) ess sup ¢ = o0;
(ii) ess sup ¢ < oo and

}L‘g <]E0 exp { /[é(x(s)) — o] ds}> =0. (3.10)
0

In particular, this is fulfilled if ¢ is non-degenerate and
(iii) Ao = ess supé.

Proof. 1. The ergodicity of (£(°), uo(")) implies the ergodicity of the fields u(t,-),
t > 0. According to Theorem 3.1, the finiteness of G(t) for all ¢t > 0 is equivalent
to the finiteness of the functions 4,, p € N. Together with the remark at the end
of Sect. 1.1 this shows that (3.8) implies intermittency of u(t,-) as t — oo.

2. We show that

t »
<(]Eo exp{ / E(x(s)) ds}) >(“0>p
0

< (u(t,0)?)

! 4
< (| Ey exp /é(x(s)) ds (uf), t>=0,peN.
J G.11)

Recall that uy(-) and £(°) are assumed to be independent. To compute expectation
(), we can therefore first apply expectation (-),, with respect to ug(-) for each
fixed realization of &(-) and then average over £(-). Taking this into account and
using Holder’s inequality and Fubini’s theorem, we find that

t p
(u(t,0)7) = <<(JE0 exp { / £(x(6) ds} uo(x(t») > >
0 U
> <<IE0 exp { / £(x(s)) ds}uo(x(r»> >
0 Uy
L p
- <(E0 exp { / £(x(s) ds}) > (o)?.
0

This is the lower bound in (3.11). To derive the upper bound, we introduce the
quasi-transition function

q(t. x,y) = Eo exp { / ¢(x(s)) dS} S(x(®), (xy) Ry xZ'xZ'. (3.12)
0
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Then we obtain
(u(t, 0)7) = <( Y 46,0, z)uo(z))”>

= > (q(t,0,21)...q(t,0,2)){uo(z1) - .. to(2,))

P

IA

D (@(t.0,21)...q(t,0,2,)) (ub)

Zyyeee ,ZP

t p
<(Eo exp { / £(x(9) ds}) > ().
0

3. Because of (3.11), to decide whether or not (3.8) or (3.9) is fulfilled, we can
and will assume without loss of generality that uy = 1. In this case the following
fundamental identity is valid:

(u(s + 1,0)) = (u(s,0)u(t,0)), s:t=>0. (3.13)

To prove it, we note that the random quasi-transition function (3.12) is symmetric
in x and y, spatially homogeneous, and satisfies the Chapman-Kolmogorov
equation. Moreover,

u(t,x) = Z q(t,x,y).
y

Consequently,

(u(s +t, 0)) = Z(q(sa 0,y)q(t, y, Z))

.z

= (q(5,7,0)q(t, y,2))
¥,2

= (q(5,0, —»)q(t,0,z — y))
.z

= (u(s,0)u(z,0)) .

4. As a consequence of the fundamental identity (3.13), the functions 4,, p = 1,2,
have the following properties:

Ax(t) = A1(2t), t=0; (3.14)
Ay is convex and 4;(0) =0. (3.15)

Assertion (3.14) is obvious from (3.13) for s = t. To prove (3.15), it will be enough
to check that A4 is continuous and

241(s+1) < A;(2s) + A;(20)  for all s,¢>0. (3.16)

An application of Holder’s inequality to the expectation on the right of (3.13)
and a repeated application of this identity yield

(u(s +1,0))? < (u(s, 0)%) (u(t, 0)2) = (u(2s,0))(u(2t,0)).
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But this is equivalent to (3.16). It remains to check that the function

(u(t, 0)) =IEO<CXP{ / £(x(s)) ds}>, te (0,71,
0

is continuous for arbitrary T > 0. The function under the expectation signs on
the right is continuous and bounded from above by

z exp{T ¢t (x)},

xE€ST
where St = {x(¢) : ¢t € [0, T]}. Since
IEO< > exp{Té*(x)}> = EoIS7l (exp{TE*(0)})

xE€ST

< S| (M + 1) < oo,

the desired continuity follows from Lebesgue’s dominated convergence theorem.
5. We next show that condition (i) implies (3.8). We know from (3.1) and (3.2)
that condition (i) is equivalent to

lim 4,(1)/t = oo. (3.17)

Proceeding as in the proof of (3.7) for p = 1, we conclude from (3.14), (3.15) and
(3.17) that

A2() — 24, () = A1(20) — 24, (1) >

Aq(t
lt() —Ai(1) >0 as t— o0,

i.e. we arrive at (3.8).

6. It remains to consider the case ess sup & < co. We claim that

lim 4,(8)/t = 4 < co. (3.18)

Note that A4;(t)/t is non-decreasing because of (3.15). Hence the limit on the left
exists. It is obvious from the Feynman-Kac formula for u(t,0) and the definition
of A; that this limit does not exceed ess sup &. In particular, it is finite.

Let {E(4); A € R} and {P;; t > 0} denote, respectively, the spectral family
and the semi-group associated with the Hamiltonian H, and let (-,-) be the inner
product in [*(Z¢%). Then we obtain

t A9
]Egexp{/é(x(s)) ds} > (P9, d0) = /e’“ d(E(2)d0, o) -
0 —o0
Since ((E(A0) — E(4)) d0,00) > 0 with positive probability for each 4 < 4, we
conclude from this that
tlirgAl(t)/t >
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To derive the opposite inequality, we observe that

<Eo exp { /é(x(s)) ds}> ~ <]E0 exp { /C(x(s)) ds} 1, (x(t))> R (3.19)
0 0

where B, denotes the ball in Z¢ with center 0 and radius ¢ and 1p, is the indicator
function of B,. This easily follows from (2.17) and the boundedness from above
of £. But

Eqexp { / £(() ds} 15, (x(0)
0

= (Pt]lB,, 50) < (Pt]lBt’ ]131)
< €"|B,| < const 1 ™ . (3.20)

Here we have used the spectral representation of (P, 15,). Combining (3.19)
with (3.20), we arrive at

lim 416/t < Jo.

7. Besides of ess sup¢ < oo we assume without loss of generality that iy = 0.
(Otherwise one considers the functions A,(t) — Agpt instead of 4,(f) (p = 1,2)
corresponding to the potential £(-) — A¢.) Then, because of (3.18) and convexity,
A, is non-decreasing and A4,(t) < 0 for all z. Hence the limit

lim 4,(f) = o
t—a0

exists. Moreover, condition (3.10) is equivalent to ¢ = —oo.

Let us first consider the case ¢ = —oo. Because of (3.14) and (3.15), the
function A,(t) — 24,(t) equals A;(2t) — 24,(t) and the latter is non-decreasing.
Hence the limit

lim [45(0) = 24, ()] = ¢

exists. To derive (3.8), we must show that ¢ = co. Suppose the contrary. Then we
obtain
A1(2") < 2"4,(t) + (2" — 1)c

successively for n = 1, 2, ... Dividing both sides by 2"t and letting n — oo, we

conclude from this that

lim A](S) < Al(t) +c

s—o S t

for every t > 0. Since ¢ = —oo, the expression on the right is negative for large t.
But this contradicts (3.18) for g = 0. Hence ¢ = oo.
In the case ¢ > —oo we obtain

lim [45(¢) — 24,(0)] = lim [4,21) — 24:(1)] = —¢ < 0,

which yields (3.9) (also in the general case uy # 1).
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8. It remains to derive condition (ii) from condition (iii) in the case 1o < co. We
know from (3.14) that

2t t 2
<1EOCXP{ / [£C(s)) — ol ds}> - <(IE0 exp{ / [£(x(s)) — o] ds}) >
0 0

Passing to the limit as t — oo and taking into account condition (iii), we find that

where

n = Eoexp { / [£ (x(s)) — Ao] ds} .
0

Together with 0 < < 1 this implies that # = Oa.s., and we arrive at (3.10). O

Suppose that the field {¢(x); x € Z%} is ergodic and bounded from above.
Then it is easy so see that condition (iii) of Theorem 3.2 is fulfilled iff

u((x) >4 for |x] <R)>0 forall A<esssupé and R > 0. (3.21)

Let us consider several erxamples.

1. Let {¢(x); x € Z%} be a field of non-degenerate i.i.d. random variables having
finite exponential moments. Suppose that the initial datum u, satisfies the con-
ditions formulated at the beginning of this section and (£(-), uo(")) is ergodic (e.g.
up = 1). In this case (3.21) is satisfied and, consequently, the fields {u(t, x); x € 74
are intermittent.

2. Let {5(x); x € Z%} be a homogeneous Gaussian random field. Suppose that
this field is ergodic and its finite dimensional distributions are non-degenerate
(i.e. equivalent to the Lebesgue measure). This is satisfied if the associated
spectral measure is continuous and has an absolutely continuous component. Let
h :R — R be a Borel function which is bounded from above Lebesgue-almost
everywhere:

hy =ess suph < 0.

Define
E(x) = h(n(x)), xeZ¢. (3.22)

This potential is ergodic, ess sup & = hy, and (3.21) is fulfilled.
3. Consider the shock noise

nx) =D kx—y»)y), xeZ¢,

yezd

where {(y), y € Z, are independent Poissonian random variables with parameter
a, X]k(x)] < oo, Zk(x) > 0. Let h : IR — R be a non-decreasing function which is
bounded from above, and define the potential £(-) by (3.22). Then it is again not
difficult to show that (3.21) is fulfilled.
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4. Let {n(x); x € Z%} be an ergodic random field such that a.s. a < #(0) < b for
some positive constants a and b. Define

An(x)
n(x)
Since 7 is a generalized eigenfunctions of H to the eigenvalue 0, we have

E() = —x

n(0) = Eoexp { / £(x(s)) ds} nx@), t>0.
0

From this we conclude that 4o = 0 and condition (ii) of Theorem 3.2 is violated.
Hence, the fields {u(t,x); x € Z%} are not intermittent. Moreover,

Ay (® _Ap_a)] <OO

lims
e up[p+1 p

t—o0
for all p € N.
5. We consider the previous example in the one-dimensional case. Instead of
a < n(0) < b we assume that 7(0) > 1 as. and (7(0)?) < oo, (n(0)**!) = oo for
some p > 2. Under these suppositions we obtain

< f <p,
fim sup | 221@ _ M] { w ords=p (3.23)
t—>00 qg+1 q =0 for g=>p.
To prove this, we assume for simplicitly that ¥ = 1 and up = 1. We show that as.
u(t,0) <n() for all ¢ (3.24)
and
1 t
lim — / u(s, 0) ds = con(0), (3.25)
t—oo t

0

where ¢y = (1(0))/(n*(0)). The bound (3.24) follows from the observation that
n is a time-independent solution of Eq. (0.1) and u(x) < n(x) for all x. We
introduce the functions

! 2
70— D) - f 0
0<%:$x n(y — Dn(y) 0:2;(}) [7(z) — en*(2)] or x>0,

_— n(z) —cn*(z)] for x <0,
xgso n(y —Hn() ys§<o 1 1
¢ € R The proof of (3.25) relies on the following two facts. Firstly, h. satisfies
1

Gh,=—-—c,
n

he(x) =

where the operator G is defined by

nx+1)
n(x)

nx—1)

[F G+ 1) — £ ()] + === oy

Gf(x) = Fx—1—f()].
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Secondly, applying Birkhoff’s ergodic theorem, we find that a.s. h. is bounded

from below (above) for ¢ < ¢y (¢ > co). After deriving the equation for v(t,x) =
t

J u(s, x) ds/n(x), one easily checks that the function w, defined by
0

t

he (t,
% / u(s, ) ds = [c— Ex) + K@] 7(x) (3.26)

0

satisfies
ow,
ot

From this (and the bounds h.(x) — ct < w,(t,x) < he(x) — (c — 1)t) we conclude
that w,(t,0) remains bounded from below (above) as t — oo for ¢ < ¢o (¢ > co).
Assertion (3.25) is a consequence of this and (3.26).

Since A; is convex (step 4 of the proof of Theorem 3.2), the limit of A4,(¢) as
t — oo exists. Taking this into account, we conclude from (3.24) and (3.25) that

= Gw,, We li=0= he.

t

lim A3(9) = lim log <% [ w0 ds> = log(co(n(0)) -
0

Hence, since A4,(t)/q is non-decreasing in g, all functions 4, are bounded from
below as t — co. From (3.24) and the moment assumptions on #(0) we also know
that

limsup 44(f) <o for g <p, (3.27)

t—0

and we arrive at the first half of (3.23). Using (3.25), we obtain

t

t p+1
lim inf1 (u(s,0)P*1) ds > <(lim inf 1 /u(s, 0) ds) > = 0.
t—o t—o0 t .
0

0

Consequently,
lim sup Ap41(t) = o0. -(3.28)
t—0
Combining (3.28) with (3.27) and taking into account the remark at the end of
Sect. 1.1, we finally get the second half of assertion (3.23).

4. Almost Sure Asymptotics

The objective of this section is to derive the rough (logarithmic) asymptotics of
the solution u(t, x) to the random Cauchy problem (0.1). Our approach is based on
the conception of “strong centers” suggested by Ya.B.Zel'dovich and described
in [13, 14]. Let us explain its essence on a particle level in the supercritical case
when u(0, x) = do(x), i.e. when at time zero there is a single particle in the system
located at the origin (cf. Sect.1.2). The overwhelming portion of the multitude
of particles occupying the origin at time ¢ > 1 has been generated at one of
that sites x at which &(x) > a(t) > 1 (strong centers). Here a(f) denotes an
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unboundedly increasing function depending on the tail u(¢ > r), r — oco. Some
of the descendants of the original particle will reach such a strong center before
time t, create at this site new particles with high reproduction rate, and after
that, due to diffusion, a part of the latter will return to the origin until time ¢.
This process is accompanied by a competition between two factors: the greater
the distance away from O the stronger the occurring centers (high local maxima
of the potential) but the smaller the probability for a single particle (and each of
its descendants) to move from the origin to such a center and back.

Quantitatively, the asymptotics of u(t,0) as t — oo depends on the ratio
between the growth of the function

M(R) = max &(x)

and the decay of large deviation probabilities of the random walk x(-) in the
spirit of the Lemmas 2.5 and 2.4, respectively.

We distinguish between four qualitatively different zones which may be de-
scribed in terms of the growth rate of M(R) as R — oo and, in the case of ii.d.
random variables &(x), x € Z¢, also in terms of the speed of decay of u(¢ > r) as
r — 00!

a) M(R) = O(R%), 0 < o < 1. Roughly speaking, in this case the upper tail
of the distribution of ¢ = £(0) has polynomial decay: An exact (non-random)
asymptotics of M (R) is not available. One must take into account strong centers
at a distance R(t) = O(t%), p ~ (1 —a)~! > 1, from the origin, i.e. in the domain
of superlarge deviations.

b) M(R) = O((logR)*), « > 0. This is the situation of fractional exponential
tails, log(1 — F(r))~! = O(r'/*). The main contribution to u(t,0) is given by
strong centers in the standard large deviation zone R(t) = Q(t). This includes the
Gaussian case popular in physics [14, 15].

¢) M(R) = O((log log R)*), « > 0. To derive the rough asymptotics of u(t,0), it
suffices to take into account strong centers in an arbitrary zone R(t) = O(t%),
0 < B < 1, of moderate deviations. For o« < 1 the main contribution to u(t,0)
does no longer come from isolated strong centers but results from slightly lower
local maxima of the potential which are surrounded by other high peaks of
comparable amplitude. Because of its intermediate stage between “essentially
unbounded” and bounded potentials, this zone is most interesting from the point
of view of localization theory and, in particular, in connection with the estimation
of the Lifshitz tails of the integrated density of states [11].

d) M(R) = O(1), ie. the potential £() is a.s. bounded from above. In this case
the strong centers form “large” (i.e. unboundedly increasing as t — oo) islands.
Of course, the structure of that islands which give the main contribution to u(t, 0)
depends on the detailed behavior of the distribution of ¢ near the upper bound
Ao of the spectrum of H = k4 + &£(°). But, at least in the ii.d. case, these details
will only appear in the higher order terms of the growth of u(z,0) as t — oo.
Concerning the rough asymptotics, the answer is simple:

lim Eg—u(t—’i) =J9 as. for each x € Z¢. 4.1

t—00 t
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If the random variables £(x), x € Z¢, are independent, then Ao = ess sup . The
proof of these facts is left to the reader.

We now turn to the formulation of the precise result. To this end we as-
sume that the potential £ = {¢(x); x € Z¢} consists of iid. random variables
which have a continuous distribution function and are unbounded from above
(ie. F(r) < 1 for all r € R). We consider the nonnegative solution u to the ran-
dom Cauchy problem (0.1) for a.s. not identically vanishing nonnegative initial
data uy satisfying

lim sup log log, ug(x)

<1 as. 4.2
|x|—00 IOg 'X' ( )

Condition (4.2) is slightly stronger than assumption (%) in Sect. 2.1. In the one-
dimensional case we further impose condition (2.4) on the lower tail behavior
of the potential . To formulate our result, we introduce the non-decreasing

continuous function )
=log —— R,
o(r) =log T—¢ o "€
and its inverse
p(s) = min{r : o(r) >s}; s>0.

The function v is strictly increasing, and ¢(y(s)) = s for each s > 0.

Theorem 4.1. Under the above assumptions, with probability one for each x €
Z¢ the nonnegative solution u(t,x) to the random Cauchy problem (0.1) has the
following asymptotic behavior as t — 0.
a) If

lim 2% _ @3)

§—00 S

(p(logut(t,x)) N yi dlogt.

for some y > d, then

b) If
and
lim [yp(0s) —w(s)] =c0  for each 6 >1, (4.5)
§—00
then |
¢ (&t(t,xl) ~dlogt.
c) If
lim lim sup [ (fs) —w(s)] =0, 4.6)
0ll s
then

e (atogn +0().



648 J. Gértner and S. A. Molchanov

Note that the subdivision of Theorem 4.1 into the cases a)—c) does conform
with the classification introduced before. In all three cases 1 —F (r) < constr™" for
some y > d which implies (2.2) and therefore existence of a unique nonnegative
solution u to (0.1). The assumption y > d in (4.3) cannot be removed, since
0 <y < d implies (2.3) in which case the solution does not exist.

Before proving Theorem 4.1, we derive two lemmas on the growth of the
maximum M (R) and the decay of large deviation probabilities for the random
walk x(*).

The functions ¢ and yw have the following remarkable property. If ¢ has
distribution function F, then # = ¢(&) is exponentially distributed with mean one.
If 5 is exponentially distributed with mean one, then & = y(n) has distribution
function F. (Here the continuity of F is needed.)

In dimension d > 2 we consider the level sets A} and A4} introduced in Sect.
2.4 and choose o so negative that the percolation assumptions (A1) and (A2) of
that section are satisfied. For each n € N we set W,/ = {x € W+ : |x| < n},
where W denotes the unique infinite cluster in 4.

Lemma 4.2. a) We have as.

<p(max§(x)) ~dlogn as n— 0.
n

|x|<

b) If d > 2, then as.

(p(max é(x)) ~dlogn as n— .
xeW,t

Proof. a) Since ¢ is non-decreasing, it will be enough to show that the field #(x) =
0(£(x)), x € Z¢, of independent exponentially distributed random variables with
mean one satisfied a.s.

max #(x) ~ dlogn.

Ixj<n
Since the maximum on the left is non-decreasing in n and log2” ~ log2"*!, it
suffices to check that for each ¢ € (0, 1) a.s.

lnlaa;( 7n(x) > (1 +¢dlog2" only for finitely many n
x|<2n
and
'Ir'lagﬁ n(x) < (1 —¢)dlog2” only for finitely many n.
x| <20

But this follows from the Borel-Cantelli lemma by standard estimates.
b) Because of assertion a), it only remains to check that

m%x n(x) <(1—¢dlog2® only for finitely many n, 4.7
xeW,
a.s. for each ¢ € (0,1). Similarly to the proof of Lemma 2.7, we find mutually

independent random variables n_(x), 74 (x), {(x), x € Z¢, such that a.s.

1) = (1 =LOPn-() + L+ (x),  x € Z7,
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n-(x) < @(@), n+(x) > @(@), pn+(x) > 1) = exp{—(r — @(®)} for r > o(a), {(x)
attains the values 0 and 1 with probability 1 —e~*® and e~*®, respectively, and
AF = {x : {(x) = 1}. Since (x) = n4+(x) for x € W+ and {5, (x); x € Z%} and
W™ are independent, we may apply the Borel-Cantelli lemma with respect to
the conditional law of u given {{(x); x € Z%} to reduce the proof of (4.7) to the
verification of

Z(l _ e¢(a)2—(1—8)d")|Wz+n' < 0 a.s.

n

But this follows from the estimate
(1— ew(a)z—(l—e)dn)lW{;l < exp{—2_(1_£)d”]W2t|}
and the observation that, according to Birkhoff’s ergodic theorem,
Wil ~cC2
a.s. as n — oo for some constant C > 0. O

As before, let (x(t), Px) denote symmetric random walk on Z¢ with generator
k4, and let N (t) be the number of jumps of x(-) during the time interval [0,].
By 1, and 7(R) we denote the first hitting times of the site x € Z¢ and the set
{ye 74 : |yl > R}, respectively. Recall that in dimension d = 1 assumption (2.4)
is imposed.

Lemma 4.3. a) For arbitrary R > 0 and t > 0 we have

Po(z(R) < 1) <24 exp { —Rlog % + R}.
K

b) If d > 2, then there exists ¢ > 1 such that for each t > 0 as.

Eyexp { /é(x(s))ds} I(zx < t) > exp{—e|x| log |x|} 4.8)
0
and ©
E, exp { /é(x(s)) ds} I(zo < t) > exp{—ol|x| log |x|} 4.9)
0

for all sufficiently large x € W*. In dimension d = 1, (4.8) and (4.9) hold for all
sufficiently large |x| provided that {log(l + £7)) < co.

Proof. a) From the proof of Lemma 2.4 we know that
Py(t(R) <t) = ]Po(srg%’)t(] |x(s)| > R)
< 24+ exp{—Rp + 2xdt[cosh p — 1]}
for all positive §, R, t. Choosing

R
=l —_—
B og
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we get the desired upper bound for R > kdt. For R < kdt the assertion is trivial.

b) We only prove (4.8). The proof of (4.9) is similar. We first consider the case
d > 2. Let z by a (random) site in the infinite cluster W*. Then an application
of the strong Markov property with respect to t, yields

IEj exp { / E(x(s)) ds} Iz, <¥)
0
> E, exp { /é(x(s)) ds} I(z; =1(z]) < t/2)
0

x IE, exp { / E(x(s)) ds} I(z, < t/2)
0

for all x with |x| > |z|. Since the first factor on the right is positive and does
not depend on x, it only remains to estimate the second one. Let y be a path in
W joining z with x and having length |y| = dw+(z, x). Note that £(x) > —|a]
along y. Let g9, 61, 02, ... denote the waiting times of the random walk between
consecutive jumps. To obtain the desired lower bound, we take only into account
the contribution of the random walk along the path y:

IE, exp { /f(x(s)) ds} I(zx < t/2)
0

> (2d)™" exp{—|a| t/2} P, (oo + ... + Opi—1 < t/2)
> (27" exp{—lol t/2} P, (N (¢/2) = Iy])

2
= exp{ |a| t/2} (Ki/l |) —Kdt

> exp{—Iy| log|y| + |y| log(xt/2) — (la| + 2xd) t/2}.

Here we have used that N (¢/2) is Poissonian with parameter kdt. Assertion (4.8)
now easily follows if we take into account that, according to Lemma 2.8, there
exists ¢ > 1 such that a.s.

Pl = dw+(z,%) < 5 I

for all sufficiently large x € W .
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In dimension d = 1 it suffices to consider positive sites x. For x > t we obtain

Eyexp { /f(x(s)) ds} I(zy <)
0

x—1 x—1
> 27 1By exp { — Zakc—(k)} 11( > o< t)
k=0 k=0

t
>2"% t]Po(O'k_ for OSk<x)

1
1+&®

. _tx_l Kt 1
=27 Z('x‘uc-(k))

k=0
2x o,
= exp{ —xlog= —t— > log(l + &“(k))},
=0

where we have used that the random variables oy, 61, ... are independent and
exponentially distributed with parameter 2x. Because of assumption (2.4), the
strong law of large numbers yields that a.s. the sum on the right is of order O(x)
as x — oo, and we arrive at (4.8) for large x. O

Proof of Theorem 4.1. It suffices to consider x = 0.
a) Upper bound. Given a sequence (R,) with 0 < R, 1 oo, we apply the Feyn-
man-Kac formula (2.1) to obtain

u(t,0) = Iy exp { / ¢(x(s) dS} up(x(t)) 1(z (Ro) > 1)

+ 2 Eo exp { / £(x(5)) ds} o (x() 1t (Ruct) = £ < 7(Ry).
n=1

Estimating the integrals in the exponents and ug(x(f)) by tln?aé( ¢(x) and
x|<R,

|n11a1)z( up(x) (n = 0, 1,2, ...), respectively, and applying Lemma 4.3 a), we ar-

xX|<Rp

rive at

u(t,0) < exp {t max E(x) + |§I|131§o log uo(x)}

1V, (4.10)

2d+1 1 _ _
+ ’; exp {t llgllgl)i(n E(x) + |£cr|121)2{,. oguo(x) — R, d

We shall choose R, = R,(¢) (n =0, 1, 2, ...) so that the first term on the right
gives the desired bound and the second (remainder) term tends to 0 as t — co.
Let us first consider case a). We ¢hoose

Ry(f) = (n+ 1) 4+
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where ¢ is an (arbitrarily) small positive number. Assumption (4.3) implies that

o(r) ~ vy logr. (4.11)

Together with Lemma 4.2 a) this gives

max &(x) = R+ 5 @.12)

|x|<R
Using this and (4.2), one easily checks that a.s.

max | =0t max &(x 4.13
Jmax, ogup(x) = 0( |<R0(t)€( )) (4.13)

provided that ¢ > 0 is sufficiently small (depending on the concrete realization of
ug(+)). It is also not difficult to check that a.s.

ex tmax§x+maxloux
p{‘xlm() max_log uo(x)

n—l()

- Rn—l(t) lo og ——— xdt

+ R,,_l(t)} <e™ (4.14)

for sufficiently large ¢t and all n = 1, 2, ... Substituting (4.13) and (4.14) in (4.10),
we find that as.

log u(t,0)
;= max ¢l (1+o(1).

From this, (4.11) and Lemma 4.2 a) we conclude that

Since ¢ > 0 can be chosen arbitrarily small in the definition of Ry(¢), this yields
the desired upper bound.
In case b) we choose

Ru() = (n+ 1)+
with small (random) ¢ > 0. Then

max logug(x) = o(t) . (4.15)

[X|<Ro(?)
Lemma 4.2 a) and assumption (4.4) together imply that a.s.

max &(x) = 6(R%).  for each § > 0. (4.16)
|x|<R

This and (4.2) together again imply (4.14). Substituting (4.14) and (4.15) in (4.10),
we arrive at .

w max &(x)+o(l) as.
t T IxI<Ro(t)
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Together with assumption (4.5) and Lemma 4.2 a) we conclude from this that
a.s.

log u(t, 0) )
<p<——t—> < <p( Jmax é(x)) (1+0(1)) ~ d log Ro(1) ,

which yields the desired upper bound.
It remains to consider case c). We first note that assumption (4.6) implies

lim sup 11"6(;—1 < o0. 4.17)

Combining Lemma 4.2 a) with (4.6), we find that a.s.

lrr}a;}é(x) =1p(d logR) +0(1). (4.18)
x|<.
In particular, a.s.
max ¢(x) < C log logR (4.19)
[xI<R

for large R, where C denotes a positive constant. We choose
Ry(t)=(n+ 1)t log logt.

Then we again obtain (4.15) and, because of this and (4.19), also inequality (4.14).
Substituting (4.14), (4.15) and (4.18) in (4.10) and taking into account (4.6), we
finally arrive at

81D < i log Rof®) +0(1) = w(d log 1) +0(1) s

b) Lower bound. If d > 2, then we choose for each (sufficiently large) R > 0 a
site xg € W§ so that

$(xr) = max £(x).
xeWy

If d = 1, then we take xg from {x € Z : |x| < R} instead of W . In both cases
Lemma 4.2 tells us that as.

@(&(xgr)) ~dlogR. (4.20)



654 J. Gértner and S. A. Molchanov

We choose a random site z € Z¢ so that uy(z) > 0 a.s. Applying twice the strong
Markov property to the Feynman-Kac formula (2.1), we obtain for ¢t > 3:

u(t,0) > IEy exp { /é(x(s))ds} I(te, < 1)
0

t—.
x Ey, exp{ /
0

x IEy, exp { /C(x(s)) ds} I(zrp<1)
0

3

E(x(s) ds} 1(x(s) = xg for s € [0, — 3])

X lisrr1£3IE0 exp { /f(x(s)) ds} 02 (x(r))uo(z)
0
> C exp{(t — 3) ((xr) — 2xd)} IEq exp{ /é(x(s)) ds} I(re, < 1)
0

x Ey, exp { /é(x(s)) ds} I(rp < 1),
0

where C denotes an a.s. positive random constant. Combining this with Lemma
4.3 b), we find that a.s.

u(t,0) > C exp{(t — 3) (£(xr) — 2xd) — 2¢R log R} 4.21)

for all sufficiently large R and all ¢t > 3. To obtain the desired lower bounds we
shall choose R = R(t) in a suitable manner.
In case a) we take
R(t) = 11797
for arbitrarily small ¢ € (0, 1). It then follows from (4.21) and (4.12) that a.s.

8ULD) 5 ¢lem) 1+ a(1).

Together with (4.11) and (4.20) this implies that
0 <lig—“t(i9> > d(log R(¢)) (1 + a(1)).
Since ¢ can be taken arbitrarily small, this gives the desired lower bound.
In the cases b) and ¢) we choose
R(t) =t'~*,

where again ¢ € (0, 1) is small. Because of (4.16), we conclude in both cases from
(4.21) that a.s.

PEULD) 5 £(ea) + 001
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In case b), this together with assumption (4.5) and (4.20) implies that a.s.

0 (w) > d(log R(1)) (1 + (1)),

and we arrive at the desired lower bound. In case c) we obtain a.s.

w > p(d log R(1) + 0(1) = y(d log1) + 0(1).

Here we have also used assumption (4.6). O

References

1.

11.

12.

13.

14.

15.

Aizenman, M., Kesten, H., Newman, C.M.: Uniqueness of the infinite cluster and continuity of
connectivity functions for short and long range percolation. Commun. Math. Phys. 111, 505-531
(1987)

. Anderson, PW.: Absence of diffusion in certain random lattices. Phys. Rev. 109, 1492-1505 (1958)
. Dawson, D.A,, Ivanoff, G.: Branching diffusions and random measures. Adv. Probab. Relat. Top.

5, 61-104 (1978)

. Ejde'man, S.D.: Parabolic systems (Russian). Moscow: Nauka 1964
. Frohlich, J., Martinelli, F, Scoppola, E., Spencer, T.: Constructive proof of localization in the

Anderson tight binding model. Commun. Math. Phys. 101, 21-46 (1985)

. Kesten, H.: Percolation theory for mathematicians. Boston: Birkhduser 1982
. Kesten, H.: Percolation theory and first passage percolation. Ann. Probab. 15, 1231-1271 (1987)
. Kuratowski, K.: Topology, Vol.2. New York, London: Academic Press 1968
. Martinelli, F,, Scoppola, E.: Introduction to the mathematical theory of Anderson localization.

Riv. Nuovo Cimento 10, 1-90 (1987)

. Men’shikov, M.V,, Molchanov, S.A., Sidorenko, A.F.: Percolation theory and some applications

(Russian). Itogi Nauki Tekh., Ser. Teor. Veroyatn., Mat. Stat., Teor. Kibern. 24, 53—-110, Moscow
1986

Pastur, L.A.: Spectral theory of random self-adjoint operators (Russian). Itogi Nauki Tekh., Ser.
Teor. Veroyatn., Mat. Stat., Teor. Kibern. 25, 3-67, Moscow 1987

Sevast’yanov, B.A.: Branching processes (Russian). Moscow: Nauka 1971

Zel’dovich, Ya.B., Molchanov, S.A., Ruzmajkin, A.A., Sokolov, D.D.: Intermittent passive fields
in random media (Russian). Zh. Eksper. Teoret. Fiz. 89, 2061-2072 (1985) [Sov. Phys. JETP 62,
1188 (1985)]

Zel’'dovich, Ya.B., Molchanov, S.A., Ruzmajkin, A.A., Sokolov, D.D.: Intermittency in random
media (Russian). Usp. Fiz. Nauk 152, 3-32 (1987)

Zel'dovich, Ya.B., Molchanov, S.A., Ruzmajkin, A.A., Sokolov, D.D.: Intermittency, diffusion and
generation in a nonstationary random medium. Sov. Sci. Rev., Sect. C, Math. Phys. Rev. 7, 1-110
(1988)

Communicated by Ya. G. Sinai

Received November 15, 1989








