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Abstract. This article continues the analysis of the first arcticle under the same
title. Using methods of stochastic analysis we prove Feynman-Kac formulas for
the relevant heat kernels. We also present classical limit theorems.

This paper is the second part of a work devoted to a probabilistic approach for the
quantum Heisenberg ferromagnet relating this model to a Euclidean lattice field
theory.

In Sect.2 and 3 of the previous article heat kernel representations of the
partition function were given. In Sect. 4 the resulting Euclidean field theoretic
Lagrangian was calculated. Here, in Sect. 5 and 6, we formulate Feynman-Kac
representations for the heat kernels involved, first for the one-lattice point theory
and then for the full interacting theory on an arbitrary finite lattice. Our
presentation is strongly influenced by Bismut’s work on probabilistic proofs of
index theorems [Bi2].

In Sect. 7 we present classical limit theorems for the purely bosonic sector of the
theory.

We use the notations and results of [HMPS].

5. Feynman-Kac Formula for the One Lattice Point Theory

In this section we will establish a rigorous stochastic expression for the kernel of the
semigroup

et O-idat ()} (5.1)
where >0 and heg. For simplicity we consider the case m=1. The general case
. . t .
m >0 can be obtained by the rescaling t—>—, h—hm. The first step is to construct
m

the stochastic process on A(#*) that is generated by the (horizontal) Bochner
Laplacian —(V*)?. The stochastic representation of the kernel (5.1) will then be
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obtained by a variant of the well known subordination procedure used by Malliavin
[Ma]. It consists in setting up a stochastic differential equation (SDE) whose
solution takes account of the difference

O-—idn*(h)+1(¢*)* . (5.2)

In fact, this is possible due to the Weitzenbock type formula (2.32) and relation
(2.31). These equations imply that the expression (5.2) is a first order differential
operator —iVy , i.e. a “drift” term, plus a strict vector bundle endomorphism.

The construction of a stochastic motion in A(£*) is facilitated by the fact that
we have sufficiently many vector fields on M, at our disposal, namely the Killing
vector fields which span the tangent space at each point. In particular, writing K,
with Yeg in local real coordinates x/ for ze M, as

.0
Ky= K{'W (5.3
we have (see e.g. [KN, Vol. II, p. 2007)
- Ky Kj,b*=g" 5.4)
B

for the metric on M,. Moreover, the vanishing of the covariant divergence of the
Killing vector fields implies

(0 . oo
;;; Ky, (ﬁ Kh)”” =g"Ty . (5.5
Therefore the Laplace-Beltrami operator 4=0 on M, takes the form

A=Y Ky Ky,b® . (5.6)
a,p

We rewrite these formulas in the following way. Let the matrix d** =d®* be the
unique positive definite square root of —5*# and define global vector fields L, on M
by

L,=Y Ky,d* . 5.7
B
Then (5.4) takes the form
Y LiLi=¢" , (5.8)
whereas (5.5) gives
YL (% Lz;)= gt (5.9)
such that
-y Li=4. (5.10)

Consider the principal U, bundle 2 over M, defined as
Uu,- G

G/lU, =M, .
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It is easy to see that A(£*) is the bundle associated to 2 via the following
representation ¢ of U,. A typical fibre of A(£?*) is provided by the vector space

V' =CRA*TFOVM, . (5.11)

Let 6=0,®0,, where o, (u)=y,(u) with ue U, and where o, is the isotropy
representation of U, on A*T*©DM, resulting from the coadjoint action of G on
M;. Let w* be the connection form on 2 associated to the connection . By X we
denote the horizontal lift to 2 (via w*) of a vector field X on M. In particular we
have dn(K,)= Ky (note that K, #+ Y where we identify Y eg with the left invariant
vector field on G generated by it), dn(L,)= L, and due to (5.10)

~Y IX(fom)=(4f)on (5.12)

for feC®(M,). Let w(-) be a standard Brownian motion on R%™% and consider
the following SDE on £:

du(t)=Y L, u(t))dw (1) . (5.13)

Here and in the sequel we adopt the convention of e.g. [Bi2] and denote the
Stratonovich differential of a process Z by dZ, its Ito-differential by 6Z. Since
2 is compact and L, horizontal, standard theorems (see e.g. [IW]) guarantee
existence and uniqueness of solutions to (5.13) with initial conditions u(0) =ue 2.
Also z(f)=nu(t) defines for t=0 a standard Brownian motion on M starting at
z(0)=z=nu. This follows immediately by projection of (5.13) yielding

dz(1)=Y Ly(z(0))dw™(t) , (5.14)

and then using standard stochastic calculus (cf. [[W]) combined with relation (5.10).
Moreover, the process u(¢) on 2 with £ > 0 is related to the Bochner Laplacian-(V*)?
on A(Z*%) in the following way. Via o the process {u(¢), 20} may be considered
(a.s.) as giving a map of the typical fibre ¥~ of A(£*) onto the fibre n ™! (z(¢)) (see

e.g. [KN, Vol. I, p. 115]) and therefore 1, = uu(t)~! is the stochastic parallel
transport of the fibre at z(¢) onto the fibre at z.

Proposition 5.1. For all t>0,pe C®(A(£*)) and ze M,

")) =Etho(z(1))) . (5.15)
Proof. We first note the relation
d(the ) =15 Y, {VAeGE@®)ow* () +5 (VL) e(@))dt} | (5.16)

which is proved in [Bi1] for the case of a tensor bundle and with the frame bundle as
associated principal bundle. The arguments in [Bi1], however, easily extend to the
present case. Proposition 5.1 is then a consequence of (5.16) and the relation

LWLy =0"?, (5.17)

which is proved in the same way as (5.10).
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Let now F be a smooth section of the bundle End (A(Z£*)) 2 A(L*) QA(L*) *
of strict vector bundle endomorphisms of A(#*). Obviously this bundle is
associated to £ via the representation o ®c* of U, on ¥ ®7 *. If we denote the
resulting stochastic parallel transport from the fibre over z(¢) to the fibre over z by
Ty, we have

T F(z(1) =16 F(z()(h) ™" , (5.18)

which is an endomorphism of =~ !(z). Moreover, for a vector field X over M, we
again let X* be its dual 1-form with respect to the metric g on M ;. We consider the
SDE

dU(t)=U){T,F(z(1))dt+iX*(z(1))oz(t)} (5.19)

in the fibre 77 1(z) of End(A(#*)) with initial condition U(0)=id. Here the
multiplication of the 1-form X* by the It6 differential 6z is with respect to the Levi-

Civita connection on M, in the sense of Meyer [Me]. In local real coordinates x’ for z
with X=X70/0x/,

X*(z(1)0z(t) = X (2(1)) 6 (1) + 5" TEX ¥ (2 (1)) dt . (5.20)
With these preparations we are ready for the proof of the following result.
Theorem 5.2. Let ¢ be a smooth section of A(¥*) and t>0. Then
(!B ) () = E(U (N 759(2(1))) - (5.21)

Proof. We compute the differential of U(¢)1{ ¢ (z(¢)). By a well-known localization
argument (see e.g. [IW]) we are allowed to work in local coordinates. Then

AU ()T (0)
U FEW)+5 ¥ (LOL W)+ 5 (@ T O G0)

(VAP o) () +i Y (LEXE) (1) 76 (¢, 0) (2(1)) ) dt

+martingale (5.22)
=U) % {(Fo)(z(0)) +3((V* P @) (z(1) +i(Vi 9)(z(1))} dt
+ martingale , (5.23)

where the equality (5.22) follows from standard stochastic calculus and (5.23) from
relations (5.8) and (5.9).
As an application we make the choices X=K, and

F(z)=ih(z)+iE,(z) +1DK(z) — DS(z) -5 tr S(z) (5.24)
such that
O—idr*(h)= —5(V*)*—iV¢ —F . (5.25)

In this way we obtain a Feynman-Kac formula for the semigroup (5.1) acting on
smooth sections ¢ of A(Z*).

Furthermore, we remark that the construction of the measure dB, .. of a
Brownian bridge between z and z’ in M in time ¢ may be taken over from Bismut
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[Bi3]. This measure lives on the space of continuous paths z(-) such that z(0)
=z,z(t)=z"and has the heat kernel of the Laplace-Beltrami operator as transition
probability. If in (5.21) we then replace the expectation by dB; . and ¢ by 1 we arrive
at a Feynman-Kac representation of the kernel of the semigroup (5.1).

Finally let us compare formula (5.21) for the operator (5.25) with the heuristic
expressions (4.16) and (4.17). To this end let us pretend that M, has global
coordinates. Then the stochastic parallel transporter 1§ is formally given by

To="0(2(+)) =2 <€xp {f (2 (s))dx* (S)}) ; (5.26)
0

where w=iA4 4+ C is the (local) connection form of the bundle A(Z*) (cf. Sect. 2).
Using stochastic calculus, we derive the following SDE:

dU(t)wo = U(0) 7o {(((K )i (2 (D)) + 0y (2(1))) 8x* (1)

+ [F(Z(t))-l-*;- (g7 LK) (2 () + (o, Ky) (2(1))

+% (0, 0*)(z(t))+divw(z(1))]dt} , .27

where Fis as in (5.24). The formal solution of (5.27) satisfying the initial condition
U(t)t5),-o =1d reads

U)o=2 (eXP {I (N(z(s))ds +i(Ki )i (z(5))0x*(5) + (14, (2 (5))
0

+ Gy (z(s)))dx* (s))}) (5.28)

with
N(z)=ih(z)— %tr S(2)+iE,(z) +% DK (z)—DS(2)

3 (KE K@+ 5 (@ THEDDE) (529)

This agrees with the formula (4.16) up to the free fermion Lagrangian there and the
last term in (5.29) which is a correction due to the fact that the paths are (a.s.)
nonrectifiable, and it ensures the correct transformation property of the Itd-integral
under a change of coordinates. We recall that the free fermion Lagrangian
combined with the Berezin integration serves to compute the fibrewise trace.

We conclude this section by giving a stochastic representation of the character of
the irreducible representation n,. For this purpose idn,(h) in (5.1) has to be
replaced by dr,(h). We are thus led to the SDE

AV (1) =V () {EG(z(t))di+ K ((1))8z(1)} (5.30)

in the fibre n71(z) of End(A(£*)) with initial condition V(0)=id. In (5.30)
GeC®(End (A(£*%))) is given as

G(z)=h(2)+E,(2)+1DK(z) - DS(z) —tr S(2) . (5.31)
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Then the desired stochastic representation follows:

Trace 4, {n,(e™)} =Trace,,, {*®}

=Trace 2 z(g+{se =" 074 W)

= [duyy,(z) [dBL ,trace, -, eV ()75} (5.32)

where trace, -1, denotes the trace in the fibre 77! (z) of End (A(£*)) over z.

6. Feynman-Kac Formula for the Interacting Case

In this section we extend the methods of Sect. 5 to a general lattice A and J=0.
Again we choose m=1 since the general case can be obtained by a rescaling
argument. Hence J is assumed to be sufficiently small. Since the interaction term H %
is a second order differential operator, we have to find a second order elliptic
operator whose leading symbol agrees with that of 00, + H and for which it is
possible to associate a stochastic process. To construct such an operator, we first
note that the metric § on M, introduced in Sect. 4 may be obtained in the following
alternative way.

Let A=(a,k),B=(B,k’),... with 1 =, f<dim G and k, k'€ A denote double
indices. For given J and ¢={c**(k,k’)} we define the matrix D by

Dwz{b“" : if k=k’

20 (kY ifk+k' . .1

For J sufficiently small the hermitian matrix —D will be positive definite; let
(—D)'? be its unique positive square root.
We define global vector fields on M, ,,

Lyz)= 3 Ky(2)(-D)"** . 6.2)
B=(B,k’
Then with o 3
L@=Y L@ 55 (63)

in real local coordinates x* for ze M, ,, by construction we have
Y LiLy(0)=0"(2) . (6.4
A

Next we introduce the principal x,.,U,-bundle #,= x, ,?= x,.,G=G, over
M; 4= XyeaM;  with projection n and associated to A(ZL%) via o4 given by
0 4(0)= ®e40(u(k)) on the typical fibre of A(L3)=&) ¥ for u={uk)}c €

keA
X wea U, (cf. Sect. 5). Also let w? be the connection form on 2, associated to the

connection V4 on A(ZL%). Again X denotes the horizontal lift (via w%) to 2, of a
vector field X on M, ,. In particular we have dn(L,)=L,. Let now w(-) be a
standard Brownian motion on R¢™¢1! and consider the following SDE on 2,:

du(t)=Y L,(u())dw(1) , 6.5)

which again has a unique solution for the initial condition u(0)=ue 2,.
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Also for nonnegative times z(t)=n(u(¢)) is Brownian motion on M, , with
infinitesimal generator-) L3 and starting point z=m(u). Note that L, is not a

A
Killing vector field with respect to the metric §. Hence this operator is not the
Laplace-Beltrami operator for the metric § unless J=0. As in Sect. 5 we define 7§
=uu(?) ! to be the stochastic parallel transport in A(# %) along z(-) of the fibre at
z(2) onto the fibre at z.
If we set

0=<4 Z Vi Vi, (6.6)
then in analogy to Proposition 5.1 we have

Proposition 6.1. For all t>0,pe C*(A(¥})) and ze M, _,,

<exp (—§ ‘)(p)(z)=15(ra<p<z(t»> . 67

To obtain a stochastic representation for the kernel of the semigroup defined by the
operator of our theory, we observe that by construction the difference

O,+Hi-+4 (6.8)

is a first order differential operator. In order to exhibit its structure we have to
generalize the notion of covariant derivative in the following way.

Consider an element W of C*(End A(Z})@TcM, 4)(2C*(TcM,, 4)) of the
form

N
w=Y F®X, . (6.9)
1=1
Since Viy is C* (M, ,)-linear in Xe C*(T¢M, ,), the operator
N
VjW: Z Fszx, (6.10)
1=1

is well defined. Let W*e C*(End A(Z ;) ®T¢M, ,) be the dual of W with respect
to the metric §; thus in local real coordinates x* for z

W*(z)=§: ZF,(Z)®X,*(z)ﬂdx“ , (6.11)
where o
X*(z)“=2éuv(z)X“(z) . (6.12)

Then for any F, e C*(End A(Z %)) we consider the SDE in the fibre of End A(£%)
over z=z(0)

dUt)=U) (T Fy(z(2))dt+ W*(z(t))6z(t)) (6.13)

with initial condition U(0)=id. Here again 7} denotes the stochastic parallel
transport in End A(£%) along z(-) of the fibre at z(z) onto the fibre at z such that a
relation analogous to (5.18) holds. In (6.13) the multiplication of W*(z(¢)) by the
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1t6 differential 6z(¢) is given in local coordinates as

W*(z(1)oz(1) =Y, TF,(2(t) XF (2(1)),0x" (1)

d
- 3 féFz(Z(t))LX<axv Lﬁ)(Z(t))Xl*(Z(t))udt (6.14)

Al u,v

Note that P

Fl=—73 dulf <—VL5‘1> (6.15)
e 0x

are the Christoffel symbols of a connection ¥ (with nonvanishing torsion) on TM A
which is compatible with the metric §. By construction the resulting Bochner
Laplacian on C*(M, ,) equals —Y L2.

With the preceding constructions, there exists a unique solution of (6.13)
satisfying the specified initial condition. In analogy to the discussion of Sect. 5, for
peC®(A(£2%)) we obtain

(exp {t(~34+Viw+F)} )@ =EU (1) 750 (2()) . (6.16)

In particular, if W and F, are given by

W@)=iK,@)+J Y, Y {(Yi(@)+Ey@)Ky(z)

a, B k,k’
k*k’
; +(Y§ @) +Eyy (@) Ky:(@)} P (k, k') 6.17)
an
Fy(z)=ih(z) +iE,(z2) + 1 DK(z) - DS(z) -1 tr S 4 (2)
Yy (Y¥@)+Ep@)(Y§ @ —-Ep@)c?(k,k') , (6.18)
a,f kk;kk'
then
—0O,~H)= 144V}, +F, . (6.19)

Thus we have proved the following theorem.

Theorem 6.2. Let U(t) be the solution of (6.13) for the choices (6.17) and (6.18). Then
for all pe C*(A(L})) and t>0, ze M, ,,

(exp {—1(O4+HD} 9) @ =EU()150@(®) . (6.20)

As in Sect. 5 we may now compare the resulting stochastic representation for the
partition function with the representation in terms of the Euclidean Lagrange
function of Sect. 4. Since this is straightforward, we refrain from giving the details.

7. Classical Limits

In this section we establish various classical limits in the purely bosonic sector
employing methods developed in [Si, HPS, ST1].

We fix 1 and write O=[* to exhibit the A-dependence. The basic idea is to
consider the irreducible representations n,, asn—oo,n=1,2, 3,.... Recall that for 4,
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pe LnC the highest weight for the representation n, ®, is given by A+ u and the
highest weight vector by Y, ®¥, (up to a scalar). This vector is hence contained in a
copy of 7, ,. Given 4, set
{4, 0
d,=

aed™ <O€, Q> ’
(A ay+0
where — as in Sect. 1 — ¢ denotes half the sum of all the positive roots. Then with
d,=dim # ,, the dimension of the representation space 5, of x,, and by virtue of
Weyl’s formula

(7.1)

d,; =d,ndmeMa(1 4+0(1/n)) . (7.2)
The first result of this section pertains to the one lattice point theory.

Proposition 7.1. The following classical limit relation holds for all heg:

1 _
lim (d,,;) 2 Trace 2 (gm)eXp { —t (; O —idni*(n? h)>}

n— o

=@)7* [ exp{—tHy(p,2)}dpren,(p,2) . (1.3)
T*M 3

Here dyur« ), is the canonical volume form on the cotangent bundle T*M;. We
emphasize that #"*is regarded as a line bundle over the coadjoint orbit M,,,. Also
M, is equipped with the Riemannian metric induced by the Cartan-Killing form on
ghk>M,,. In particular, the probability measure duy,(z) equals the canonical
volume form on M,,; divided by the volume of M,,,. The classical Hamiltonian Hy'<!
was defined by relation (4.7) in Sect. 4. Note that in the classical partition function
the p-integration may be carried out such that (7.3) may be rewritten as

1 -
lim (d,;)~? Trace 2 g exp { ~t <; O —idni* (n~t h))}

n— oo

dimg M,
=(@,)"% x Vol (M) x (2”7'") ¢

. m
x | exp {t(zh(z)+5 (K:,Kh)(z)>}dum(z) : (7.4)
M,

Moreover, in (7.3) and (7.4) the dependence on the U(1)-gauge potential 4 has
dropped out reflecting the absence of dia- and paramagnetism in the corresponding
classical theory.

Proof of Proposition 7.1. We first observe that as subsets of g¥,
M,,=nM, . (7.5)

n

Consider therefore the map
n:M,—M,,, zonz . (7.6)

Under the pull-back by this diffeomorphism the line bundle #"* over M,,, goes into
the line bundle (£ *)®" over M, such that the operators Q,, turn into (Q,)®"and j,,
into (j;)®" (cf. Sect. 2). Also the probability measure duy, , is mapped into du,,, .
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Furthermore, by (2.42) the pull-back of the operator 0" on L?(# ™) is

1 1
o Al,n+

5 5 S (1.7)

on L2((#*)®"). Here 4*" is the Bochner Laplace operator on (#*)®" given by the
connection V¢"=(Q,)®"d(j,)®", where we view (£*)®" as a subbundle of the
trivial bundle #. 2" x M, over M. Therefore, in a local gauge of #* (see Sect. 4)
with real coordinates x/ we have

1 .
AP" = — — (3;+ind;) |/gg™ (@, +ind,) . (7.8)

Iz

The curvature form S*” for V" satisfies tr S*"=ntr S*. Finally, the pull-back of
—idni*(h/n) is given by

—ih(z)+;1; K,(2)+(4,K) () . (1.9)

We are therefore in a situation covered by the discussion in [HPS,ST1] (see in
particular Proposition 2.4 in [ST 1]) and the claim (7.3) follows. An analogous limit
relation may be established on the space of g-forms using relation (2.91) in [ST1],
but we refrain from providing details.

The discussion for the interacting case is analogous and we only give the results.

Proposition 7.2. For given A, ¢ and h let m|J| be sufficiently small. Then
..h-fg (d,;) "2 Trace 2(gmyexp { —t <;— a“+H"(n %J,c, n”‘h))}
AN T*]ju exp { —tHD), (0, 2)}durspr, (0,2) , (7.10)
where H" was defined in 5;ect. 3and HY S . n.m(P, 2) was defined by (4.20) in Sect. 4.

A similar relation can be derived if H is replaced by H [see (3.15)]. Note that the
limit procedure n— oo does not commute with the limit m— oo in the purely bosonic
sector as discussed in Sect. 2 and 3. In fact, with real y*(k) = —iz(Y*) = —iz(k)(Y,),
our next proposition is a special case of Theorem 6.1 in [Si].

Proposition 7.3. The following classical limit relation holds :

lim (d,;) " Trace s exp {—tH, ,;(n"*J,c,n"'h)}

n—o0

= exp{ﬂ(c’Z Zk y“(k)y"(k’)C“"’(k,k’)~ﬂl(z)>}duMM(Z), (7.11)
M, 4 B kK
k*k

Moreover, an analogous relation holds if H is replaced by H.
We conclude this section by specializing to the case G =SU(2) and A defining the
. . . (1Y .
self-representation. Thus #,=C? and the highest weight vector , is <0> if we
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choose as basis Y,=io,, where a=1,2,3 and io; spans the Cartan subalgebra.
Obviously A(Y,) =id,,. Hence if again we let y*= —iz(Y,) be the real coordinates of
ze M, viewed as an element of gk, we see that M, is exactly the unit sphere S? in
gk =~IR? with respect to the Euclidean norm |- |.

Furthermore, the Killing vector fields Ky on M, are (up to a factor 2) the
standard ones on S?, i.e.

0
KY (Z) 2 Z Saﬂyy

- (7.12)
a,f=1

This gives
(P, Ky, (2)=2(p ry) , (7.13)

where A denotes the vector product and T* M, =T*S? is viewed as a subset of
R? x IR? such that pe T* M, has Euclidean coordinates p*. Note that p and y are
orthogonal. We recall the definition of p? as the length squared of p with respect to
the metric on M, induced by the Cartan-Killing form B. The relation b* = —85*
for the inverse b* of B(Y,,Y,) follows from an easy calculation. Therefore

r*=8|p|?.
Consequently, the classical Hamiltonian takes the form

Hﬁ ?c h, m(pa Z)

=~;le|2+12ﬂ 3, O+20E A EN O +200) A& k)

¢

3
+2 Y k)+2pk) Ayk)h(k) . (7.14)

a=1 keAd
Here |[p?||= Y, |[p(k)|? and we have written (in accordance with the notation of
ked
Sect. 1) h(k) e g (the magnetic field h at k€ A) as h(k) =) h*(k)io, with h*(k) real.
Finally we remark that for the particular choice

6% if k,k’ N.N.

Pk, k’ ’ 7.15

( )= { otherwiese (7.13)

and using that —ih(z)=) y"(k)h*(k), the right hand-side of (7.11) becomes the
partition function of the classical isotropic Heisenberg (anti-)ferromagnet.
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