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Abstract. The center of the quantum algebra is studied. Especially an analogue
of the Harish-Chandra isomorphism is established.

1. Introduction

In the study of the quantum Yang—Baxter equation, Drinfel’d [3] and Jimbo [6]
found a certain Hopf algebra, which is a quantization of the enveloping algebra
of a symmetrizable Kac-Moody Lie algebra (The sl, case is due to Kulish-
Reshetikhin and Sklyanin). The purpose of this paper is to investigate the structure
of the center of this quantum algebra associated to a finite dimensional semisimple
Lie algebra. Our main result is Theorem 2 below giving an analogue of the
Harish-Chandra isomorphism ([5]).

Let A =(a;;), <;,j<; be a symmetrizable generalized Cartan matrix. This means
that A is a matrix of integers such that a; =2, a;; <0 for i # j and there exist
positive integers d,...,d, satisfying d;a;; = d;a;;. We fix such d,,...,d,. Let k be a
field of characteristic zero. Choose a finite-dimensional k-vector space t, and
elements o,..., o€t  t,,...,t,€t, satisfying the following conditions:

(@) {oy,...,0} is linearly independent,
(b) {ty,...,4;} is linearly independent,
(©) a(ty)=da; G, j=1,...,1).

The Kac—Moody Lie algebra g (see [8]) associated to A is the Lie algebra over
k, generated by the k-vector space t, and the elements e, ..., e, f,..., f; with the
following fundamental relations:

[t,t]1=0 (t,t'€ty), (LY
[t,e;]=oy(t)e; (tety,i=1,...,1), (1.2)
[t, fil=—a(t)f; (tety,i=1,...,1), (1.3)

[eb f_]] = 5i,jti/di (l’ ] = 1""9l)a (14)
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(ad(e;))! "™(e)) =0 (i # ), (1.5)
@d(f) " (f)=0 (i#)) (1.6)

We introduce the following g-analogue of the binomial coefficient <n) for
m

non-negative integers n, m with n = m:

(1.7)

" I@—a™
m = . _, n—m _ :
* H@-a Il @—-a™
The quantum algebra U,(g) is the algebra over the formal power series ring

R =k[[#]], which is A-adically generated by the R-module t=R®,t, and the
elements ey, ...,e, f1,..., f, with the following fundamental relations:

tt'—t't=0 (t,1et), (1.8)
te; —eit —o(t)e; =0 (teti=1,...,10), (1.9)
tfi— fit+a;(0) ;=0 (tet,i=1,...,)), (1.10)

sinh(he,2)
efi= =% gniadyy =0 (i= LoD (1.11)

1—a., l—a

Y (*1)"'[ ”:l e Ml =0 (i # ) (1.12)
m=0 m qi
T m l—aij 1—a,—m m : .

Y (=1 fim ™7 =0 (i#)) (1.13)
m=0 m 4@

where q; = exp (ho;(t;)/4)eR* for i=1,...,1. Let us be more precise. Let U be the

! ! R

tensor algebra of the free R-module t@(@ Rei>®<@ R f,~>. We denote by U
i=1 i=1

the completion of U with respect to the #-adic topology (see Sect. 2.1 below). Hence
we have U =l(iLn(U /h"U) and U has a natural R-algebra structure. Let I be the
two-sided ideal of U generated by the left-hand sides of (1.8),...,(1.13) and let I
be its closure with respect to the #-adic topology. Then I is also a two-sided ideal
of U, and we define U .(g) to be the quotient algebra U/l Apparently U,(g)/hU,(g)
is naturally isomorphic to the enveloping algebra U(g) of g.

Let N* (respectively N ~, respectively T) be the subalgebra of U,(g) generated
by ey,...,e (respectively f,..., f,, respectively t), and let U{(g) be the subalgebra
generated by N*, N~ T, where barring denotes the #-adic closure. We denote by
N the R-algebra with 1 which is given by the presentation with generators v,,...,v,
and relations:

1—ay,

1—a.:
Z (— l)ml: a”:' Uil_“‘f_"'vjvz” =0 (i#)). (1.14)
m=0 m a
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Theorem 1. (i) N is a free R-module and we have isomorphisms of R-algebras:
N*~Nx~N~ (e, f)). (1.15)

(i) T is naturally isomorphic to the symmetric algebra S(t) of the free R-module t,
and the inclusion T < T is the h-adic completion.
(i) We have an isomorphism of R-modules:

Ull@~N"@T®N" (wwou®o®@w). (1.16)
(iv) The inclusion U{(g) = U,(g) is the h-adic completion.

This theorem may be well-known to the experts (see [3]); however, we will
give its proof since it seems that it does not exist in the literature and since it will
be used in the proof of our main result. The proof of the freeness of N is based
on the character formula of integrable highest weight modules (Lusztig [9]), and
the other statements are proved using the arguments of Yamane [13].

The topological Hopf algebra structure on U,(g) defined by the following is
one of the ingredients of the proof of our main result (see [3],[6]):

A =tR1+1®¢t (tet), (1.17)
A(e,-)=ei®exp<—%)+exp<%>®ei i=1,...,D, (1.18)

A(fi)=f,~®exp<—%’)wxp(%)@ﬁ (i=1,....1I) (1.19)

e)=0 ele)=¢e(f;)=0 (i=1,..,]) (1.20)
S(t)=—1t (tet), (1.21)
Se)=—q; e, (i=1,...,]), (1.22)
S(f)=—af; (i=1...D. (1.23)

Here A, ¢, S are the coproduct, the counit and the antipode, respectively. Note that
the definition of the topological Hopf algebra structure on an R-algebra H is given
by replacing H® H, H® H ® H in the definition of the Hopf algebra (see [1]) with
their A-adic completions.

In the rest of this section we assume that 4 is a Cartan matrix of finite type
(see [8, Chap. 4]) and t,, is spanned by t,,...,t,. Therefore g is a finite-dimensional
semisimple Lie algebra and t, is identified with a split Cartan subalgebra of g. Let
W be the Weyl group, that is, the subgroup of the automorphism group of the
k-vector space t, generated by the transformations s,,...,s; given by:

si(t;) = t; — ayt;. (1.24)

Since the action of W on t, is naturally extended to an R-linear actionont = R®t,,
the group W acts on T and T as algebra automorphisms. Define pet¥ « Homy (t, R)
by p(t;)=;(t;)2=d; fori=1,...,L

We define an analogue of the Harish-Chandra homomorphism as follows. Let
¢*:N* >R be the algebra homomorphisms defined by ¢*(e;) =0, ¢ (f;) =0 for
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i=1,...,1 and let B be the unique algebra automorphism of T satisfying
p@t)=t— p(t) for tet. Identifying U{(g) with N~ ® T® N* by Theorem 1 (iii), we
define 6:U l@)—T by d=¢" ®@B®¢c*. By virtue of Theorem 1 (iv) & is uniquely
extended to an R-module homomorphism 5:U (g)—» T. Let 3(U,(g)) be the center
of U,(g) and let §:3(U,(g))— T be the restriction of 5.

Theorem 2. § is an injective algebra homomorphism and its image coincides with
TV = {zeT|w(z) = z for all weW}.

The organization of this paper is as follows. In Sect. 2 we will give a proof of
Theorem 1 except for the freeness of N. In Sect. 3 several basic facts concerning
highest weight modules are stated and a proof of the freeness is given. Section 4
is devoted to the proof of Theorem 2.

2. Structure of U,(g)

2.1. h-Adic Topologies. We recall basic facts concerning the topologies of modules
defined by ideals (see for example [10]). In this subsection only, R is a general
commutative ring with the identity element 1.

Let M be an R-module and let {M,|n=1,2,...} be a decreasing sequence of
submodules of M. We have a topology on M such that {x + M,|[n=1,2,...} isa
fundamental system of neighborhoods of x for any xeM, and this topology is
called the linear topology of M defined by {M,|n=1,2,...}. For an ideal I of R the
linear topology defined by {I"M} is called the I-adic topology. Especially, when
R =k[[#]] and I = (h), the I-adic topology is called the A-adic topology. Note that
any homomorphism of R-modules is continuous with respect to the I-adic
topologies.

An R-module M with a linear topology is said to be separated if it is Hausdorff
as a topological space, and is said to be complete if any Cauchy sequence has a
limit in M. Here a sequence {x,} of elements of M is called a Cauchy sequence if
it satisfies the following condition:

(*) for any open submodule L of M, there exists n, such that x,, — x,,eL for
any ny,n, 2n

Note that the limit of sequence in M is not necessarily unique unless M is separated.

Let M be an R-module with a linear topology. An R-module M with a complete
separated linear topology together with a continuous R-homomorphism f:M - M
is called the completion of M if, for any R-module L with a complete separated
linear topology, and for any continuous R-homomorphism f':M — L, there exists
a unique continuous R-homomorphism ©:M > L satisfying @of =f'. It is known
that the completion exists and is unique up to isomorphisms. When the linear
topology of M is defined by {M,,}, we have M= lim M/M,, M, =ker(M - M/M,),
and f:M — M is the natural homomorphism. It is easily seen that f is injective
(respectively surjective) if and only if M is separated (respectively complete). The
following is clear by definition:

Lemma 2.1.1. Let M be an R-module with a linear topology and let L be its submodule.
If f:M — M is the completion of M, then the natural homomorphism M/L — M/ f(L)
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is the completion of M/L with respect to the quotient topology of M/L. Here barring
denotes the closure.

It is obvious that the quotient topology of M/L with respect to the I-adic
topology of M coincides with the I-adic topology.

We will use the following lemma in Sect. 2.2. It is an easy consequence of the
well-known fact that if I is finitely generated, the topology of the I-adic completion
M of an R-module M is the I-adic topology.

Lemma. 2.1.2. Let M be a separated R-module and let M =3 M be the I-adic
completion. Ij: I is finitely generated, then the topology of M induced from the I-adic
topology of M coincides with the I-adic topology.

Example. Let R =k[[h]] be the forrnAal power series ring over a field k. For a
k-module M, set M = R®,M,. Let M be the A-adic completion of M. Then we
have the following natural identifications:

M= { Y h"mi|m,~eMo},
i=0

M-

where ) him is a formal infinite sum.
i=0

Mg

him;\m;eM,, dimk< km,) < oo},
i=0

4

0

2.2. The Triangular Decomposition. In the rest of this paper R denotes the formal
power series ring k[ [h]], where k is a field of characteristic zero, and R-modules
are endowed with the #-adic topologies. We will use the notations in Sect. 1. From
now on until the end of Sect. 3 we assume that A is a symmetrizable generalized
Cartan matrix, which is not necessarily of finite type.

Let I, be the two-sided ideal of U generated by:

tt' —t't (t,t'et), 2.2.1)
te; —eit — (e, (teti=1,...1), (2.2.2)
tfi—fit+o,0)f; (tet,i=1,...,1), (2.2.3)
sinh (ht/2) ..
e,-fj fjei 5i'jm (l,] = 1,. .. l), (2.24)
and set U, = U/I,. Let I, be the two-sided ideal of U, generated by:
l—a,j l_ai' 1—a;;i— . .
Y= el meer (i#)), (22.5)
m=0 m qi
i m l_aij 1-aij—m m sy
(=1 fiT T G#)). (2.2.6)
m=0 m

Lemma 2.2.1. The R-algebra U,(g) (= U/I) is naturally isomorphic to U,/I,.

Proof. Let f:U—U, = U/I, be the natural homomorphism. We have / ~*(f(I)) =
I by I, < I. Since f is a surjective open map and f ~(f(I)) is closed, we see that
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f(I)is a closed subset of U, , and hence we have f(I) = jTI) (Note that a surjective
homomorphism of R-modules is automatically an open map with respect to the
h-adic topology.) Since f(I)=1,, we have

)= ) =" Ud) =1,

and the assertion is proved. []

Let R{x,,...,x;» (respectively R<y;,...,y,>) be the tensor algebra of the
R-module with free basis {x,...,x;} (respectively {y,,...,y,}), and set

V=R{yi,-- s Y1) @rSE) @ g R{x1,- .., XD (2.2.7)
Choose a basis {zy,...,z,} of the k-vector space t,. Then V is a free R-module
with basis:
iy, 22Xy X P, 45y 8, Z 0,0y sy =1, 1
We define a U-module structure on the completion V by:

. ai a
€ Vi Vi 21 B X Xy

~ X sinh (A(t; — (a;,, , + -0, )(1))/2)
_1§;§pyil Vi, yip Sll’lh(hdl/Z)

is=i

ajy a
ZI '”erle ...qu

+ Vi, V(2 —o(zy) (2, — a(z)) XX, e xg, (= 1,.01), (2.2.8)

. a
t yil ...yipzli...zr

= iy D — e 0 O 2, ey, (te) (22.9)

le ...qu

fi.yil...yipz‘;l...zgrle...qu
=yiyi1-.-YipZ‘Il...Zfrle.--qu (l:l,,l) (2.210)

More precisely, we first define R-homomorphisms ¥ — ¥ by the above formulas
and extended them to the endomorphisms of the R-module V. Since U is a free
R-algebra, we get an action of U on V, and it lifts uniquely to the action of U on V.

Lemma 2.2.2. (i) The ideal I, of U annihilates V, and hence V is a U, -module.
(ii) The R-homomorphism from U, to V given by ur—u-1 is an isomorphism.

Proof. (i) Since V is separated, we have only to show I,V = 0. Details are omitted.
(i) Let D be the k-subspace of U spanned by the elements

S fizizre e, (Pg,ay,..,a, 20,01, ip, 150 jg =1, 1)

Then we have:
U=1I,+D+hU. (2.2.11)

Indeed, this is easily proved using the fact that the k-algebra U/, +hU) has a
presentation with generators ty, ey,..., e, f1,..., f;, and the fundamental relations:

t'=t't (ttety),

et=(t—ayt)e; (tety,i=1,...,1),
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tfl=fl(t_al(t)) (tEtO’ l= 1"'-al)a
e fi=fie+0;;tyd; (i,j=1,...,1).

Let u be an element of U. By (22.11) we can take elements b,el,, c,eD,
e,cU(n=0,1,2,...)satisfyingu = by + c¢o + heg,e,=b, ;1 + Cy11 + he,, . Then we
have

Wé;ﬁh+;fh+W“q (n=0,1,2,...).

Since U is complete and separated, any Cauchy sequence in U converges to a
unique element, and hence we have:

I
OM 8

00

Thus, setting E = {Z hic;|c;eD}, we have;

U=I, +E. (2.2.12)

Let ¢: U — V be the R-homomorphism defined by ¢(u) = u- 1. By (i) we have ¢|I; = 0
and by definition we see that ¢|E is an isomorphism. Therefore the assertion
follows from (2.2.12). O

Let N (respectively N, respectively T,) be the subalgebra of U, generated
by ey,...,e (respectively fy,..., f;, respectively t), and let U be the subalgebra
generated by N} N, T,.

Lemma 2.2.3. (i) We have isomorphisms of R-algebras:
N =R{x{,...,xp = N7 (e;ox;0f) (2.2.13)

(ii) T, is naturally isomorphic to the symmetric algebra S(t) of the free R-module t,
and the inclusion T, <, T, is the h-adic completion.
(i) We have an isomorphism of R-modules:

U{=N{RT,®N; wwou@v@w). (22.14)
(iv) The inclusion U{ =, U, is the h-adic completion.

Proof. By Lemma 2.2.2 it is sufficient to show that Ny T, N is a subalgebra of
U,. This is easily checked by direct calculations. []
Set

T — ij 1-a,;—m, ,m + sy
Z (— e; i Me;el'eNy (i #)),
m q:

_ 1—a;j l_ai. e ek ) )
Ui = ZO(_I)M[ m le fiTwmmfifeNy (i #)),
m= qi

andlet J* (respectively J ~, respectively J ) be the two-sided ideal of N (respectively
N7, respectively UY) generated by {u;}|i #j} (respectively {u; |i #j}, respectively
{uf, ujli#j})
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Lemma 2.24. (i) J=J T,N; +N; T,J".
(i) J=1,.
(iii) J =U{NI,.

(The bars denote the closures in U, .)

Proof. (i) It is sufficient to show that J~T,N; and N; T,J* are two-sided ideals
of U{. Let us consider J~T;N. Since it is apparently a right ideal, we have only
to show that it is preserved under the left multiplications by ¢;, f; i=1,...,1) and
elements of T,. This can be shown by using the identity

enui; = ui; e, (l #J), (2215)

which is proved by direct calculations. The proof for Ny T,J* is the same.
(i) Since U{ is a dense subalgebra of U,,J is a two-sided ideal of U,, and hence
we have J o I,. Another inclusion J c I, is obvious.
(iii) By (ii) we have U{ T, = U{NJ. Since the topology of U{ induced from the
I-adic topology of U, coincides with the I-adic topology (Lemma 2.1.2), it is
sufficient to show that J is closed in U{ with respect to the I-adic topology of UY.
Under the identification U~ N; ® T, ® N of Lemma 2.2.3 (iii), J corresponds
toJ T ®T,®N; + N{ ® T, ®J* by (i). (Since R is a principal ideal domain, an
R-module is flat if and only if it is torsion free. Hence J-® T, ® N; and
N;{®T,®J" are naturally identified with submodules of Ny ® T, @ N} .)

For an I[-tuple H = (hy,...,h;)) of non-negative integers, let N (respectively
N7 y)be the R-submodule of N (respectively N ') spanned by the elementse;, ---¢;
(respectively f; -+~ f; ) such that i appears h-times in the sequence (iy,...,i,) for
i=1,...,1 Setting J =J*AN{y, we have Nf = ®yN{y and J* = @yJj by
the definition of J*. Hence we have:

Nf®7_"1®Nf =@H,H'(N1_,H®TI®N;.,H')’
J_®Tx®N;r+N1_®T1®J+ =C-BH,H’(J};@TI@N;H'+N;,H®TI®JI-;’)‘

Therefore it is sufficient to show that (J; ® Nf 5+ NTz®J5)® T, is closed in
(NLu®N{y)®T, for each H,H'. Since Ny ® N{ 4. is a free R-module of finite
rank, we have only to show that (0) and #"T, (n =0,1,2,...) are closed in T;. This
is obvious by definition. []

Proof of Theoem | Except for the Freeness of N. By Lemma 2.2.1 and Lemma
2.2.4 (ii) we have UJ(g)= U{/J. Hence the statements (i), (ii), (iii) except for the
freeness of N follow from Lemma 2.2.3 (i), (i), (iii) and Lemma 2.2.4 (i). The statement
(iv) is a consequence of Lemma 2.2.3 (iv), Lemma 2.2.4 (ii), Lemma 2.2.1 and Lemma
21.1. O

Set

]
0= { ) m.-cxilmieZ} c 3, (2.2.16)
i=1

M-~

Q+ 2{ miaiEleigo}Ctg‘. (2217)
i=1

13

]
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1
Note that {«;,...,} is linearly independent. For y= ) mo,eQ*, let N
i1

(respectively NZ,) be the R-submodule of N (respectively N ~) generated by the
elements e; ---¢; (respectively f;, ---f; ) such that i appears m;-times in the sequence
(iy,...,i,). By definition we have the following:

N*= @ Ni,. (2.2.18)

yeQ*

3. Highest Weight Modules

3.1. Highest Weight Modules. Let K =k((h)) denote the quotient field of R=k[[#]].
Set

U/ (g) = K®x U/ (9),

VE=K®gN*, Ni =K®gNi, (yeQ").

By (2.2.18) we have:
*= P NI, (3.1.1)

For AeHomg(t, R)let &;: T— R be the R-algebra homomorphism determined
by &,(t) = At) (tet). We denote by EA:K®RT—>K the scalar extension of &;.

Let AeHomg(t, R). 4 U,,f (g)-module M is called a highest weight module with
highest weight A if M is generated by a non-zero element ve M satisfying e;;v =0
(i=1,...,1), t.v=E,(th (teK®gT). Such v is called a highest weight vector.

For a U{(g)-module M and ueHomg(t, R) set

M,={meM|t-m=E (t)ym for teK®,T}.
We define an ordering on Homg(t, R) by
Azu ifand only if A—peQ™. (3.1.2)
Lemma 3.1.1. Let M be a highest weight module of U,,f (g) with highest weight
AeHomg(t, R) and let v be a highest weight vector.
() M= @PM,and M, ,=N" v (yeQ")

=
(i) M has a unique irreducible quotient, which is also a highest weight module with

highest weight A.
(iii) Let M’ be the U] (g)-submodule of M generated by v. Then we have
M=@MnM,), MM, ,=N-v (yeQ").
usi .
Furthermore, M'n M, is a free R-module of finite rank and the natural map
K®r(M'nM,)— M, is an isomorphism. Here M’ is a free R-module and we have
K®rgM' =M.

Proof. (i) This follows from the following obvious facts:

M=Nv=Y NZ,o, NJ,ocM,_,.

yeQ +
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(i1) It follows from (i) that any submodule of M is a direct sum of certain subspaces
of M,_,=NZ,v(yeQ"). Hence M has a unique maximal submodule contained

in PM,.
u<i
(iii) The first half is clear. Let f:K®(M'nM,)— M, be the natural map. Since

M'nM, is a finitely generated R-submodule of the K-vector space M, and since
f is surjective, we see that f is an isomorphism. []

For AeHomg(t, R) we set
S~ ~ l ~ ~
M’ ()= U{(g)/(; U} (g)e; + Uf (g) ker él)' (3.1.3)

This is obviously a highest weight module with highest weight 1. Since any highest
weight module with highest weight 4 is a quotient of M”(4), there exists a unique
irreducible highest weight module I/(4) with highest weight . We denote by M”(J)
(respectively L/(4)) the U{(g)-submodule of M/(4) (respectively L/(4)) generated
by a highest weight vector. We call M/(1) and M’(4) the Verma modules.

A ﬁ,{ (g)-module M is said to be integrable if the elements ¢;, f; (i=1,...,]) act
on M locally nilpotently. The following is proved in exactly the same manner as
in [9].

Lemma 3.1.2. Let A be an element of Homg(t, R). Then L/(A) is integrable if and only
if A(2t;/o;(t;)) is a non-negative integer for each i=1,...,1.

For AeHomyg(t, R) we define A%t} by:

220 = A0,y (teto)

Let A be an element of Homg(t, R) such that A(2t,/a,(¢;)) is a non-negative integer
fori=1,...,1. Then as in [9] we can determine the dimensions of the spaces L’ (A),
for u < 1 in the following manner. Set L°(1) = k® g L/(4), where the ring homo-
morphism R—k is given by #A—0. Since k®zU{(a)(=U](a)/hU[(g)) is
naturally isomorphic to the universal enveloping algebra U(g) of the Kac-Moody
Lie algebra g, we have a U(g)-module structure on L°(1). Furthermore it is easily
seen that L%(1) is the integrable highest weight module with highest weight 1° in
the sense of [8]. Identify t, with the abelian subalgebra of g and set

L°(A), = {me’()|t-m=v(t)m (tety)} (vetd).

Then by Lemma 3.1.1 (iii) we see that, for yeQ*, dimy L/ (4),-, coincides with
dim, L°(4);_,, and this is given by the Weyl-Kac formula ([8]).

In order to write down the formula explicitly we need some notations concerning
the Kac—-Moody Lie algebra g.

Set

9. = {xegl(ad(®)(x) = a(t)x (teto)} (x€Q),

A={eeQ—(0)lg, #(0)}, AT =4nQ",

W={,sjli=1,...,1> = GL(t,) with s;(t)=1t— (20;(£))/ox;(t;))t; .
Then it is known that we have

A=A*u(—-A4"), dimg,=dimg_, < oo,
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and that A is preserved under the contragredient action of W. Let p be an element
of t¥ satisfying p(2t;/a;(t;))=1fori=1,...,1. Set

I(w)=min{plw=s,, ---s; for some iy,...,ie[1,11} (3.1.4)
for we W. Then the preceding arguments imply the following:
Lemma 3.1.3 ([9]). Let A be an element of Homg(t, R) such that A(2t;/o;(t;)) is a
non-negative integer for each i=1,...,1. Then we have:

Z (_ l)l(w)ew(Hp)—p
dim I/ (1) e* = 2<% :
”é:). m ( )I-te l—[ (1 _e—u)dxm.q,,
acA*

3.2. Freeness of N. Let us show that N is a free R-module. By (1.15) and (2.2.18)
it is sufficient to show that NZ, is a free R-module for each yeQ*. Since N_, is
a finitely generated R-module, we have:

N, = R”G-)( (SBI R/(h“))

for some n,m=0, p;,...,p,=1. Then we have NIY=K®RNZVQK” and
k®gNZ-,~ k""" Hence we have only to show

dimg N, = dim, (k®zNZ,). (3.2.1)

Let M be a highest weight module of 17,{ (g) with highest weight Ae Homg(t, R).
By Lemma 3.1.1 (i) we have:
dimg N - , 2

dimg M, _ . (3.2.2)

On the other hand, since k®@z N~ is naturally isomorphic to the enveloping
algebra of the Lie subalgebra @P g_, of g, we see by the Poincaré—Birkhoff—Witt

acA*
theorem that

1
l"[ (1 _ e—a)dimga'

acA*

dim, (k® x N ,) = the coefficient of e™" in (3.2.3)

Hence it sufﬁceg to show that there exist some Ae Homg(t, R) and a highest weight
module M of Uj(g) with highest weight A such that

1
n (1 _ e—u)dimga :

acAt

dimg M, _, = the coefficient of e™” in (3.24)

1
Lety= ) mo;eQ*. Let A be an element of Homg(t, R) satisfying A(2t,/a,(t;)) =
i=1 -
m; (i=1,...,1), and set M = L/ (). By Proposition 3.1.3 we have

— 1)w),w(d+p)—p
Y (= 1) e

weW

n (1 _ e—u)dnmg,

acdt

dimg M, _,=the coefficient of e*~7 in
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. . 1
=the coefficient of ¢™" in W + ZW(— 1y
ac A* x}’; 1
. 1
- the coefficient of e =7+ (A +P) = (A+p) o ,
l—[ (1 —e at) img,
acAt

and hence it is sufficient to show

y+wA+p)—(A+p)¢0" (weW,w#1). (3.2.5)
Let us prove (3.2.5) by induction on (w). If (w) = 1, we have w = 5, for some j, and
hence

Y+ wd+p)—(A+p)=y—(m;+ o;¢Q".
Assume that I(w)=2. There exist some j and yeW such that w=s;y with
I(y) = llw) — 1, and then it is known that y~'(o;)eA™ (see [8]). We have

YHWA+p)—(A+p) =0+ ¥A+p) = (A+p) = (A+p)(y™'Q2t;/0(t )y,

and y~ (2t ;/a;(t ;))is a linear combination of 2¢,/a(t;) (i = 1,.. ., 1) with non-negative
integral coefficients. Hence we have (3.2.5), and the freeness of N is verified.
The proof of Theorem 1 is completed.

Corollary 3.2.1 ([3]). (i) U,(g) is topologically free; i.e., it is the completion of a free
R-module.

(i) U,(g) is an integral domain; ie., if x,y are elements of U,(g) such that xy =0,
we have x=0 or y=0.

Proof. (i) By Theorem 1 U,(g)is the completion of the free R-module N @ TN *.
(ii) This follows from (i) and the fact that U,(g)/hU,(g) (= U(g)) is an integral
domain. [

3.3. Verma Modules. For AeHomg(t, R) we define a U,(g)-module M(4) to be the
h-adic completion of the U/(g)-module M/(A).

Lemma 3.3.1. Let AcHomg(t, R) and let v be a highest weight vector of M /(A).

(i) The R-homomorphism N~ — M7 (A) (u—u-v) is an isomorphism.
(i) The R-homomorphism N~ — M(A)(u—u-v) is an isomorphism.

l
(i) M/(D)= U{(g)/<.=z1 U (9)e; + Uf (g) ker éa)-

l ~
iy M(%)=U,9) / (; Ui(g)ei + Uy(g) ker €1>~

Proof. By Theorem 1 we have
]

12

o

Ul(@)=N"~ @( Ul(g)e: + U{(Q)keréa)

-

ﬁ{(g):ﬁ‘@( U{(Q)ei*‘ ff{(g)ker&).
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Since N~ is a free R-module, the natural map N~ >N =K® x N~ is injective,
and hence we have (i), (ii). The statements (i), (ii) follow from Theorem 1 and
Lemma 2.1.1 [

Lemma 3.3.2. Let AcHomg(t,R) and ie[1,1]. Setm = AQ2t,/a;(t;))+ 1. If m is a
non-negative integer, then M(A — ma;) is isomorphic to a U,(g)-submodule of M(}).

Proof. Let v be a highest weight vector of M/ (J) and set v, = f™v. By a direct
calculation it is seen that e;-v; =0 (j=1,...,l)and t-v; =, _,,,(t)v, (teT). Hence
we have a U{(g)-homomorphism M”(A — ma;)— M’ (%), sending a highest weight
vector to v;. Taking the completions we get a U,(g)-homomorphism M(4 — ma;) —
M(A). The injectivity of this homomorphism follows from Lemma 3.3.1 (i) and
Corollary 3.2.1 (ii). O

4. Center

In this section A is a Cartan matrix of finite type and we take t, to be the linear
hull of ¢4,...,1,

4.1. Harish-Chandra Homomorphism. The purpose of this subsection is to prove
the following.

Proposition 4.1.1. The R-homomorphism 9:3(U ,,(g))—>T defined in Sect. 1 is an
algebra homomorphism and its image is contained in TY

The following arguments are parallel to those for U(g) (see [2]).
By Theorem 1 we have

Ul(g)= (i f(@)e + z . Uf(g)> @.L1)

and hence

1 1
U@ =T @( ‘; U,(g)e; + .; Ji U;.(Q))- (4.1.2)

Let p:U,(g)—T be the projection with respect to (4.1.2). Let f:T—T and
0:U,(g)— T be as in Sect. 1. Then we have 0 = fop by definition.

Lemma 4.1.2. For ze3(U,(g)) we have

] 1
z—p(2)e .; Uy(g)e;n }Zl fiUy(9).

Proof. For yeQ set
Ulg)y= @ (NZ,,®T®N;)<Uf(g).

y1,726Q %
V2=V1=Y
Then we have
Ufllg) = 6'3 U{(9),, (4.1.3)
Y€

tx —xt=y()x (tet,xeUf(g),). 4.1.4)
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Set z, =(zmod h")eU,(a)/h"U,(a) = UJ(g)/A"U{(g). Since z, commutes with any
element of t/A"t, we have z,eU/(g)o/h"U}(g), by (4.1.3) and (4.1.4). Thus we

have zeU{(g),. By the definition of Uj(g) we have
1 ]
y=pe ), Uilgen 3. fiUllg) (veUig)).

and hence

[} 1 -
y=p0e X Ugein 3, fiUy@)  (veUilgh)

We are done. [

Lemma 4.1.3. Let AecHomg (t, R). For ze3(U,(g)) and me M(J. — p) we have z-m =
.(6(2))m.

Proof. Let v be a highest weight vector of M(A — p). Since e;;v=0(i=1,...,]), we
have (z — p(z))-v=0 by Lemma 4.1.2, and hence we have

zv=p(2)v =&, ,(p(2))v = £1(6(2))v.
Since any element me M(4 — p) is of the form m =u-v (ueU,(g)), we have
zm=(zu)v=wz)v=u(zv)=&,(0(z)uv=¢,0(z))m. O

Let P be the set of elements Aet} such that A(2t;/a;(t;)) is an integer for each
i=1,...,1 This is a lattice in t§ preserved under W.

Lemma 4.1.4. If A, uecP are in the same W-orbit, then we have
:(0(2)) = £,(0(2)) (z€3(U,4(9))).

Proof. We may assume that A = s;u. Since A(2t;/a,(t;)) = — u(2t;/2;(t;)), we may also
assume that A(2t;/a;(t;)) is a non-negative integer. Then by Lemma 3.3.2 we see
that M(u — p) is isomorphic to a submodule of M(4 — p). Since M (1 — p)is a torsion
free R-module by Theorem 1 and Lemma 3.3.1, the assertion follows from
Lemma 4.1.3. [

Proof of Proposition 4.1.1. Let z,,z,€3(U,(g)). Then by Lemma 4.1.2 we have

I I
2y =pz)+y, z2=pz2)+ ), <Y17YZ€._ZI Uh(g)eim.zzlfiuh(g)>'

1 ]
Since y,p(z,) + p(z,)y, + 1y, is an element of Y. U,(g)e; + Y. f;U,(g), we have
i=1 i=1

p(z,2;) = p(z,)p(z,), and hence p:3(U,(g))— T is an algebra homomorphism. Since
d(z) = B(p(2)) for ze3(U,(g)), we conclude that ¢ is an algebra homomorphism. Let
us show that §(z) = w-6(z) for ze3(U,(g)) and weW. For any AeP, we have

£x(6(z) = w0(2)) = £4(0(2) — Ew-1(1(0(2)) = O,

by Lemma 4.1.4. Set 6(z) — w-d(z) = Z 'y (y:€S(to)). Then we have Y. h'&;(y;)=0
= i=0
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for any AeP. Since &,;(y;)ek, we have &,(y;) =0 for any AeP, and hence y;=0.
Therefore we have 6(z) = w-d(z). [

4.2. Adjoint Representations. Let H be a (topological) Hopf algebra over R. We
define an R-module homomorphism

ad:H —Endg (H) 4.2.1)
by
(@d)(x)(y) = (mo(m@ 1)°7)(((1 ® S)A(x)) ® ), (4.22)

where m is the product, S is the antipode, 4 is the coproduct and t: H® H® H —
H®H®H is given by 1(a®b®c)=a®c®b. Then it is easily checked that ad
is a homomorphism of R-algebras. Therefore the R-module H is endowed with an
H-module structure. We denote H by H,4 when it is regarded as an H-module.

We also denote by trivy the one-dimensional H-module given by the counit
e:H—-R.

Lemma 4.2.1. (i) For yeU,(g), we have ye3(U,(g)) if and only if (ad (x))(y) = &(x)y
for all xeU,(g).
(i) Let v be a generator of trivy, . Then we have an isomorphism of R-modules

HomU,,(g) (trivu,,(g)a Ui(8)aa) =3(U,(0) (9 0())

Proof. The statement (i) is easily verified using (1.17) ~ (1.23), and (ii) is equivalent
to(l) O

Remark. The definition of the adjoint representation of Hopf algebras and
Lemma 4.2.1 are communicated to the author by T. Hayashi.

4.3. Proof of Theorem 2. It remains to show that the algebra homomorphism
6:3(U,(g))— T¥ is an isomorphism. Set

A, =Uy(@)/h"Uy(@) = Ul@)"Uflg), T,=T/W"T=T/H'T,
for simplicity. As in Sect. 4.1 we have algebra homomorphisms
0,:3(A4,) =TV (n=12,...,),

such that the diagram
3(Uye) — T

! !
34,) DTy
commutes. It is easily seen that we have
~ . p—d W ~ . W
3(U(@) ~lim3(4,), T ~lim TV,

and hence we have only to show that §,:3(4,)— TV is an isomorphism for
each n.

Let us prove it by induction on a. Since J, is the (original) Harish-Chandra
isomorphism for U(g) (see for example [2]), we assume that n =2 and §, is an
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isomorphism for k <n — 1. By Corollary 3.2.1 (i) we have an exact sequence:
0-A4,-4,-4,_,-0, (4.3.1)

where A, — A, is given by the multiplication by #"~!. Hence we have the
commutative diagram

h"_l

0 S(A 1) 3(An) S(An— 1)
5IJ 5HJ én—IJ
0 ™ ™, — 0,

whose rows are exact sequences. Since ¢, and J,_, are isomorphisms, it is sufficient
to show that 3(4,)—3(A,_) is surjective.
Similarly to Lemma 4.2.1, we have

B(An) = HomA,. (trivA,.’ (An)ad) = HomU;,(g) (triVU,,(g)9 (An)ad)’
and hence it suffices to show
Extll,h(g) (trith(g), U(g),q) =0. 4.3.2)

Let B— C be a ring homomorphism. Then for a B-module M and a C-module
N we have the following spectral sequence:

E3% = Ext2(Tor?(C, M), N)=Ext; (M, N). (4.3.3)
Let us apply this to the case
B=U,g), C=U(g), M= trivuh(g), N =U(g),q4-
Using the free resolution:

0-U,(g) > U,g)— U@ -0 (exact)

of the right U,(g)-module U(g), we see that

trivy, =0

Tor¥"® (U(g), trivy, o) = {0 970
Hence we have

Ext{, o (trivy, o, U(8)ag) = Exth, (trivy, U(g)ag)- 4.34)

In general we have Ext{’,(g)<V, (—? V,1> = @Extg(g)(l/, V,) for a finite dimensional

U(g)-module V and U(g)-modules V,. Since U(g),q is a direct sum of finite
dimensional U(g)-modules, it is sufficient to show

Ext}, (trivy, V) =0

for any finite dimensional U(g)-module V. This is a special case of the well-known
fact that

Ext}y, (V, V2) =0
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for finite dimensional U(g)-modules ¥, V,. (This is equivalent to the complete
reducibility of finite dimensional U(g)-modules.)

The proof of Theorem 2 is completed.
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