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Abstract. We give a general method for proving uniqueness and global Markov
property for Euclidean quantum fields. The method is based on uniform
continuity of local specifications (proved by using potential theoretical tools)
and exploitation of a suitable FKG-order structure. We apply this method to
give a proof of uniqueness and global Markov property for the Gibbs states and
to study extremality of Gibbs states also in the case of non-uniqueness. In
particular we prove extremality for ¢3 (also in the case of non-uniqueness), and
global Markov property for weak coupling @5 (which solves a long-standing
problem). Uniqueness and extremality holds also at any point of differen-
tiability of the pressure with respect to the external magnetic field.

1. Introduction

Among stochastic processes indexed by time ¢ those with the Markov property, and
in particular diffusion processes, play a fundamental role, see e.g. [DeMe, RogWi].
The search for a suitable extension of the Markov property and of Markov
stochastic (diffusion) processes to the case where the one-dimensional time index set
is replaced by a multidimensional indexing set has been of constant interest to
probabilists. One direction in which such extensions has been looked for starts with
work in 1945 by P. Lévy, and has been investigating fields with continuous
realizations like homogeneous extensions of Brownian motion (Brownian sheet,
Yeh-Wiener process), fields with independent increments, multiindices martingales,
see e.g., for recent work and references [Ro1-3, NuZ, Rul.

For application in physics, in particular quantum field theory, random fields
which are homogeneous (stationary) with respect to symmetries of the indexing set
(typically R? with symmetry group the euclidean group) are particularly important.
It turns out that to combine Markov property and homogeneity requirements
generalized random fields (i.e. random fields with realizations which are generalized
functions), rather than ordinary random fields, have to be considered, cf. [Mo,
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Nel2,4, Wo], (in which Gaussian Markov generalized fields are discussed). The
usefulness of a Markov property for generalized random fields was briefly pointed
out by K. Symanzik, but it was after fundamental work by Nelson [Nel1-4] that the
importance of Markov fields in the context of (constructive) quantum field theory
became clear. In particular it was pointed out that essentially the Markov property
together with homogeneity properties (Euclidean invariance) permit to construct
relativistic fields from Euclidean fields. Guerra [Gu] gave the first striking
convincing applications of such ideas to control the infinite volume limit of the
pressure in P(¢), models. Since then the basic work by Guerra, Rosen, Simon and
others use the Markov property of free fields and interacting fields with a space time
cut-off, see e.g. [Sim] and references therein.

Whereas the Markov property of free quantum fields was well understood and
studied (see e.g. [Nel2—-4, AHK 2-4] and, especially for connections with potential
theory and Brownian motion, [Dy, R6l,2, Kol]) as well as the one for space-time
cut-off quantum fields [Nel1-4], the Markov property for the non-Gaussian
generalized random fields of Euclidean quantum field theory in the infinite volume
limit remained unproven for many years until it was eventually proven in models
with weak trigonometric interactions (Sine-Gordon model) in [AHK 7] and with
general exponential interactions [Giel, Ze1]. Yet the case of polynomial inter-
actions (P(¢),-model) remained open. The fact that the Markov property (in the
global sense, made clear by work of [New1, AHK 6-9,14, F61, R61,2] or at least
with respect to half spaces) yields the cyclicity of time zero fields (in fact isequivalent
with this) and hence a Schrodinger representation for quantum fields and a
canonical formalism (in the original sense of [HePa, Ar]), was made clear by the
work [AHK 2-5,14,15, AHKR, AK, Her, KI1,2]. In particular quantum fields with
the global Markov property turn out to have generators described (at least on a
dense domain) by infinite dimensional Dirichlet forms, and being connected then in
this sense with infinite dimensional diffusion fields, for which there is presently a
well developed mathematical theory, see [AHK2-5,14,15, Kul, AR1,2] and
references therein.

Despite the importance of these connections the difficulty of proving the
Markov property made it necessary to find substitutes of it which, although,
weaker, were sufficient to permit a passage from homogeneous (Euclidean)
quantum fields to relativistic quantum fields. Such a substitute was found by
Osterwalder and Schrader [OsSch1,2], see also [Gl], and further discussed e.g. in
[Heg, K11,2, Chal, Ac, Ok, Ku1], also in its relations with the Markov property.

The Osterwalder-Schrader property (also called T-property or reflection
positivity property) have been verified in all constructed models. However, as
mentioned, the Markov property is much stronger and it alone fully justifies e. g. the
canonical Schrodinger representation. For this reason the problem of proving it
remained a very important problem of quantum field theory and the theory of
random fields. One of the purposes of the present paper is precisely to provide the
first proof of the Markov property for the ¢3-model. By this we have also that the ¢3
models satisifies Nelson’s axioms for quantum fields [Ne1-4, Sim]. Let us now
discuss other topics of concern in our paper.

Whereas the global Markov property discussed above is difficult to prove, the
local Markov property holds for all constructed fields and in fact it is at the basis of
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the construction of Gibbs states starting from quantum fields given first in a
bounded region of space-time. This construction is a “multi-time”” analogue of the
Kolmogorov’s construction of Markov processes from Markov kernels, the basic
analogue of Markov (transition) kernels being the local specifications studied e. g. in
[Do1, LaRu], (which handle in particular the case of statistical mechanics). See
also, for a more general setting and the abstract study of the related Martin-Dynkin
boundary [F62, Pr]. Gibbs states have been discussed in quantum field theory in
[GRS1,2, DoMi, FrSi, AHK 5,7], see also [Sim, GlJa] and references therein. Far
reaching connections of the concept of specifications and Gibbs states with
potential theory have been studied in [AHK 3, R62,3, Ze2]. The construction of
particular Gibbs states has been achieved in polynomial interactions, see [GlJa] and
references therein, trigonometric [FrSe] and exponential interactions [AHK1,
FrPa], see also [AHK 15] and references therein. The question of the structure of the
space of Gibbs states to a given interaction (specification), an extension of the one
dimensional problem of constructing Martin-Dynkin-boundaries (cf. [F62, BIP,
NgZ])) is of great interest.

Uniqueness results have been given in statistical mechanics [Do, F61, AHKO,
Pr, Geo] (and references therein) and quantum field theory, for weak coupling
trigonometric interactions [AHK 7] and general exponential interactions [Ze 1], see
also [Gie1]. In the present paper we present a general condition for uniqueness for
P(¢p), models and as an example we apply it to the ¢* interaction. A related result is
also discussed in [Gie3]. The case of weak P(¢p), models is solved in another paper
of ours [AHKZ].

Weaker uniqueness results in sense of independence of classical boundary
conditions for thermodynamic functions or Gibbs states are contained in [GRS 1,2,
GlJa, FrSi]. Structural results for the space of Gibbs states in the case of non-
uniqueness have been obtained in classical statistical mechanics of lattice systems
(following ideas by Dobrushin, Minlos-Sinai, Gercik) by Pirogov-Sinai [Sin] (and
references therein). In specific models of classical lattice statistical mechanics,
complete structural results are known, [Aiz, Hig], see also [Me]. The extension of
Pirogov-Sinai results to the study of phase transitions in quantum field theory have
been given in [Im2] (see also [GlJa, FrSi] and references therein). Structural results
on the complete space of Gibbs states have been given in the case of free fields in
[HoSt] (see also [R63]) and in the case of trigonometric and exponential
interactions in [Ze4].

In the present paper we introduce an FKG-order in the set of Gibbs states
for quantum fields, analogous to the well known FKG-order for lattice systems
(cf. [Pr, BeHK, Sim]). In particular we consider FKG-maximal states and prove
their extremality for some P(¢), models.

As to the (global) Markov property the first proofs in classical statistical
mechanics of lattice systems were obtained in the case where one has uniqueness of
Gibbs states [AHK 6,7, AHKO, Fo61, BePi, Go], extensions to the case of non-
uniqueness for FKG-maximal states were given in [F61, Go, ZeS]. For other
models of statistical mechanics see [Wi]. For a proof that all Pirogov-Sinai states in
classical lattice statistical mechanics have the global Markov property see [Ze3].
For counterexamples to the conjecture that all extremal states have the global
Markov property see [Ke 1, Isr] (see also [Ke2, AFHKL] for further discussions of
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equivalence conditions of the global Markov property and criteria for it, also in
relation to extremal Gibbs states).

We already mentioned above results on the Markov property of Gibbs states in
quantum field theory (free fields, fields in a finite space-time volume with general
interaction, fields over R? for trigonometric and exponential interactions). In the
present paper we give the first proof that also the weak coupling ¢3 interaction has
the global Markov property. Our method is based on a combination of methods to
establish uniform continuity of local specifications and the exploitation of the
FKG-order we introduced. It should have applications also to other models. In a
companion paper we prove the uniqueness of Gibbs measures for weak coupling
P(¢p), models using cluster expansion [AHKZ].

The structure of the paper is as follows:

In Sect. 2 we introduce the basic space of regular probability measures, in which
later on we will introduce our Gibbs structure. We also recall basic results on the
Dirichlet boundary value problem with distributional data which will be used to
represent the conditional expectations needed for discussing local specifications and
the Markov property. A basic estimate on the solution of the above Dirichlet
problem (of the “large deviation type”) is given in Lemma 2.1.

In Sect. 3 we introduce the concept of local specifications and a concept of uniform
continuity for them. Roughly speaking this expresses a weak dependence of the
conditional expectations, associated with complements of bounded open sets, on
boundary conditions near their boundary p-a.s. with respect to a given regular
probability measure, as well as a continuity property of sample paths of the field. In
Theorem 3.1 we show that every local specification associated with quantum fields
in two space-time dimensions is uniformly continuous a.s. with respect to Gibbs
states of the specification.

In Sect. 4 we introduce an FKG-order for quantum fields on the lattice and in the
continuum. For this we use the representation of specifications given by solutions of
the Dirichlet problem for distributions mentioned above.

In Sect. 5 we discuss extremality in the set of Gibbs states. In particular we prove
(Proposition 5.1) that uniform continuity of local specifications together with the
convergence of the specification with boundary conditions “dominating at infinity”’
towards p yields extremality of u. This criterion is then applied to the ¢3-model to
prove extremality of its Gibbs states, in particular the FK G-maximal Gibbs states
are extremal (Propositions 5.3, 5.4). Extremality of Gibbs states for models with
exponential respectively trigonometric interaction is also proven and uniqueness
results are given (Theorem 5.6).

In Sect. 6 we give a general method for studying the global Markov property for
quantum fields. This method is based on uniform continuity of local specifications
for conditional Gibbs measures, together with control on the solutions of the
Dirichlet boundary problem for distributions and the FK G-order for continuous
fields which we introduced. We apply the method to prove the global Markov
property for weak coupling symmetric ¢ fields.
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In Sect. 7 we give some remarks on the structure of the set of Gibbs measures. In
Proposition 7.1 we show that certain Gibbs states u* are FKG-maximal and so
extremal. In Proposition 7.2 we prove that at the points of differentiability of the
pressure in P(¢p),-models with respect to an extremal magnetic ficld there is a unique
extremal Gibbs measure. We conclude the paper by formulating some expectations
concerning the structure of Gibbs states for general P(¢), models.

The main results of this paper have been announced at the Symposium of the
Bernouilli Society in Rome (June 1988) and at the International IAMP Conference,
Swansea (August 1988) (to appear in the Proceedings, eds. 1. Davies, A. Truman,
1989).

2. Regular Probability Measures on 2’ (IR?)

Let % be a family of bounded open subsets A of R? with piecewise ¥*-boundary
0A. Let Fy={A,e #,neN} be a countable base of 7, i.e. an increasing and
absorbing (i.c. A, = A, ,; and for all A€ # there existsne Ns.t. 4 = A,) sequence of
elements from . We shall always assume that 7, is a Fisher sequence in the sense of
e.g. [Isr]i.e., as n— 00, ¢;d(0,3A,) <04, £¢,d(0,0A4,)" for some constants ¢;, ¢,
b=d—1, where |0A| means the length of dA.

Let us introduce the Sobolev norm ]’ H _, on the space of tempered distributions
7 2
fe.%'(IR?) with Fourier transforms which are functions f's.t. j |.2f(1])|_2 dg < o0,
by setting R 4T
z 2
7P . 00

fl2i=2n~?
it =ens § L8
with m, >0 constant.

We call H _; (R?) the Sobolev space with this norm. Let G=(—4+m?2) !, with
A the Laplacian on IR?. Then

[2i= T | £GG—1)f (v)dxdy .
]RZ ]RZ
Let X denote the Borel g-algebra in 2'=2'(IR%, R). Let ¢(f), fe 2 be the free
Nelson Markov field, i.e. ¢ (f) is the generalized Gaussian random field with mean
zero and covariance

to(@(e(g)=<19> 1

with (f,g>_,= | | f(x)G(x—»)g(y)dxdy. ¢(f)is thus the coordinate map at f

R? R
on Z'. We can look upon ¢, cf. [AHK 7], as a random field indexed by measures
o of finite energy i.e. such that ¢@(¢) has mean zero and covariance
0,0 -1= [ [ do(x)do'(y)G(x—y)< 0. Let Z(A) be the g-algebra generated by
R? R
¢(0) with suppo=A. Any function F on (2, X) which is 2 (A)-measurable for
some Ae % is called a local function.
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Definition 1. A probability measure pon (2, 2) is called regular if for some p =2,
any A,e Z there exists a constant ¢, >0 s.t.

pe? D < el -+ 171%0 2.1

for any feH_, with supp fcA,, and such that d(supp f,04,)=1, where
d(A, B)=inf {|x—y|,xe 4, ye B} is the distance of two sets 4, B.

We call ., the set of all regular probability measures. For any X-measurable
function F and any probability measure g on (2', X') we use the notation pF for the
expectation E(F) of F with respect to u. We call p, ¢, the parameters of regularity
of .

Remark. The above definition of regularity is in fact independent of the chosen
parameter m? (cf. [AHK7)).

Remark. By the construction of 2-dimensional scalar quantum fields with
exponential, trigonometric and polynomial interactions one obtains measures u
which are regular in the above sense. In fact all measures associated with such
models satisfy the bound

ue? VD <exp (a||Gxf |, +b| /|2 +c|G=f1E,) . (2.2)

for some constants b >0, a, ¢ 20 p =4 (where | ||, denotes the L,-norm) (cf. [GlJa,
AHK 1,7, FrSi]).

It is shown in [AHKZ] that (2.2) implies the regularity bound (2.1) with ¢, s.t.
¢, ZC|A'? for some C>0 (where [4,| denotes the volume of A,,).

Let Ae# and consider the harmonic measure (Poisson kernel) 22 (x), for
zedA, xe A, i.e. the solution of (— A4 +md) 5 (x)=0 for xe A and Y (x)>5,(x")
for x—>x',x' € dA.

It is possible to define y,)* (x) for any ne 7', x € A in such a way that x -y (x)
is — A+ m —harmonic in A. Moreover there exists a u-measure 1 subset Q(A) of
2" s.t. Q(A)e 2(0A) and for ne Q(A), " (x) is the locally uniform limit in xe A
of Yyt)=§ Y h( —2)) for hebr (R, h(x)—d(x), koo,

oA
ne=1n%h,. We set 4 (x)=0 for ne 2’ —Q(A). We call y*(x) the solution of the
Dirichlet boundary value problem in A with boundary condition n (ref. [AHKZ,
R&1,2]).

It is useful to remark that /" (+) is also the L (4 ®dx, 2 x A), 1 <p < co limit
of Yy24(-) as k—oo. Define for Ae 7, |A|>1, 0<e<1:

A,={xeRd(x, ) =S¢} .

For any we C®(R?), =0 we shall set w,,=inf,.,,@(x).

We then have the basic estimate
Lemma 2.1. Let we C®(R?). Then for any regular measure u on (2',X) and any
AeF, we have

. 1 -3
sup [y () zwm}gexp{— — Wpatbe(A)0ARe 2 } :
xedA

M{’?Gg'
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for some constants a, b> 0 (independent of A, ¢) and c(A) with c(A)=c,, c,andp =2
being as in the Definition 1 of regularity.

1 L
Proof. Let ye Cy°(RR), 1 =% =0, X(x):{ for |x[ <y

Define

0 for |x|>3"

/1
tea(O=1( s, aA)) : @3)
Then we have [using Sobolev inequalities and the fact that y, ,(x)=0 for
d(x,04)>1 ¢]:
sup Y7 () < sup i, 4 (), (x)]

xedA xeR?

<a”( 4 +mo)/(e A‘VMS

L>

(2.4)

=da HXa,Al/’SAE +2

with a numerical constant ¢ >0. Hence

P(w, A, ¢) E#{ﬂ €' sup |ygte(x)| zwaA}
xeéA

1
122~ Woy
a

:u{ne@eexp (P

A} . (2.5)

(2.6)

So using Tchebyshev’s inequality we get

w
P(w, A, &) Sexp <— 7‘:—A>u(exp 70, a2

Let us introduce the notation:
H_ 3724 (x)=(=A+mg) 1, 4 ()7 e(x)
= (= A, A CONWP () =2V g, 4 (x) - Vip25(x) (2.7)
(for all xeR? where we used harmonicity of <) and denote by Ji*(x) the

corresponding random variable.
Then we have by Holder inequality

f e ai e Ay =4 3

// n 2
- ndzxiu(@l J;»A(x»))

(supp z,, 4" =1

Slsupp e al'™t J dx p (0P (2.8)
SUPP fe, 4
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From this using regularity of u we obtain
p(exp HXE,AlpSAE +2)§2H0h“Jf;’A(’)HL2

S20supp .4l [ daxexp (e(A) [Isupp g, 4" |74 -
SUPP 7, 4
Hlsupp 7, 472|754 (0)]21]) - 2.9)
From this we get, estimating the volume of supp y, 4:

L)S2exp () QA2 sup [R ] ))
d(x,8A) <%

+&P2 |72 4(x)] 24 ]) (2.10)
if |04]=1 (since we replaced |04] by |04[7*. Now we have
HJ‘S’A(X)A S A%, 40l HWMB(X)“ 1 F AWz, a0 |” wavM”(X)H al-

1 (exp | g, a0

(2.11)

By definition of y, , in (2.3) we have
147, () Sce™? (2.12a)
Wit a0 Sce™ (2.12b)

. . . 0

with some constant ¢>0 (independent of Ae %, and ¢>0 <w1th Vizavzai)

We have also, using the fact that the singularity of K%:(x, x) is logarithmic:
sup [y (x)| ;= sup  (K:(x,x))'2<clln, e[ (2.13a)

d(x,04)<% d(x,04)<%

(where K =G —G% and G =(—4,, +m3)~', 4,, being the Laplacian with

Dirichlet boundary conditions on ¢A,, In,e=max (|ln¢l, 1)), again with some ¢>0

(independent of Ae %) and 0 <¢< 1. Moreover

sup [V (0| o= sup lim VP KO (x, )t
d(x,04)<% d(x,04) <5 y7x
<cg! (2.13b)

with some ¢ >0 (independent of A€ %) and 0 <e<1.

Combining (2.10) with the bounds (2.11)—(2.13) and using (2.6) we get the
inequality in the lemma with some constants @, b >0 (independent of A€ %,) and
O<e<1. O

For an increasing function we C®(R?), =0 and a decreasing function
¢: F,—(0,1) we define, with A, =4, ,, for A€ F,, the following subset of &":

Q.= {ne@’:VAeﬁo, A, = A, sup Wf"f(x)lgwm}
nelN xedA

= Qs (2.14)
nelN

Such a function w,, will be said to be dominating at infinity if the conclusion of the
following lemma holds:
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Lemma 2. Let p be a regular measure and (c(A), p) be its corresponding parameters of
regularity. Assume c(A)<|A|™ for some NyeN. Let

w@) = 0>0 (2.15)
e(A)=e 3710 (2.16)
Let the Fisher sequence A, be s.t.
4 149
> — 1 , 217
d(0, aA,,)_a In <B(cx) nn> (2.17)
for any given 6 >0 and some positive constant B(a). Then
W@, )=1. (2.18)
Proof. For any A, € #, we have by definition (2.14)
WZ\Q, ) S (2 "\, ,0) (2.19)

and

H(@/\Qs,w,n)zugneglz3Ae<&/705 AngAs Sup |wr?Ac(x)|>w6A}
xedA

<Y u{ne@’: sup lw,fAs(x)lmM}- (2.20)
AeF, xedA
4,64
Now using Lemma 2.1 with w, ¢ given by (2.15) and (2.16) and using the assumption
on A, respectively we get the bound
340,04

rhs (2.20)< Y exp(—Be* ) (2.21)

A, €F,
A,cA,

with some B> 0 independent of 4, (and «, if we take n sufficiently large).
The right-hand side of (2.21) can be made arbitrarily small if we use the
assumption (2.17). This ends the proof. O

Remark. With the choice (2.17) we have

N 4
waA§<1%o In n) . (2.22)

3. The Uniform Continuity of Local Specifications

Let u be a regular probability measure on (2, X) (in the sense of Sect. 2).

We shall consider local specifications & in the sense of [F62, Pr], defined for
P(¢p), models in [R5 3] (and references therein). & is by definition a family E., e Q
with Q a p-measure 1 Borel subset of 2, A€ % and E'. is given by

En (F)=pdt (e~ VT F(. 4y 21))
o 17 R e
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with the interaction U, given by
UA(QD):f dyx :v(p) 1p(x)
A

with v of polynomial, exponential or trigonometric type and : : indicating normal
ordering with respect to the Nelson’s free field measure y, [the Gaussian measure
with mean zero and covariance (—A4+mg)~'].

ué* is correspondingly the Gaussian measure with mean zero and covariance
(—d4,,+m3)~ 1, with, as before, 4,, the Laplacian with Dirichlet boundary
conditions on 0.

For any local specification & as above we define as Gibbs measure u for & any
probability measure on (2, 2N Q) such that for any Ae #

RE 4o (F)=pF

for all bounded measurable F.

The set of all Gibbs measures for & will be denoted by 4(&). By 0%(&) we shall
denote the subset of (&) consisting of Gibbs measures which have no nontrivial
convex linear representations in terms of other elements from %(&).

Remark. Gibbs measures and local specifications have been constructed for
Euclidean fields with exponential, polynomial and trigonometric interaction in two
dimensions see e.g. [GlJa, Sim, GRS1,2, FrSi, AHK 1,15, Ze1] and references
therein, see also [R62].

Definition 1. A local specification & ={E".}, .5 on (2',2) is called uniformly
continuous p-a.e. iff there is a function ¢: %#,—(0,1) such that for any bounded
measurable local function F (in the sense of Sect. 2)

lim |ES"(F)— El(F)|=0 , p-ae. 3.1
Fo

Theorem 3.1. Let & be a local specification for any interaction U , of the polynomial,
trigonometric or exponential type and let u be a regular Gibbs measure for &. Then & is
uniformly continuous y-a.e.

Proof. We prove first Lemma 3.2 for all interactions. The case of polynomial
interactions is then handled by Lemma 3.3, the ones of trigonometric respectively
exponential interactions by Lemma 3.4 respectively 3.5.

Let us denote for A€ %#,, with e=¢(A)

U4 (@)= U, o+ Y2~y —Ua(o) . (3.2)
We have then
Lemma 3.2. Let pe% (&) be a regular measure. Suppose that
li;m uloU, |=0 (3.3)

and with some constant 0 < C < oo independent of A e F,

pe VA< C | (3.4)
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Then & is uniformly continuous u-a.e. (if necessary by replacing  in Definition 1 by
a subsequence ¥ ).

Proof. For any cylinder function F(@)=F(@(f,),...,¢(f,), Fe%!(R"), F>0,
fi€9,i=1,...,n), we have, using the definition of the conditional expectation and
calling ¢ the integration variable with respect to ug”,

Eﬁ;AEF: ”8/1 [e - UA(¢'+l//3A)e_5UA,c((P+¢SA)

F(o+y "+ 0,0 [ug" (e~ Valotvn)
e_(sUA,g((P‘\"l//:A))]—l ,
with
S A= ide—y ot

Dividing numerator and denominator by the factor ud4 (e ~U+@*¥") and using the
properties of conditional expectation we get that the above is equal to

e—5UA,s(lP) < o
Eﬁc{w F(o+0.y, )} :

Using this we get the equality which is the starting point of the following:
HWER F(p)—ElF(g)l

e—éUA,E ;
= u|En. [(——— 1) F(<o+oet//34)]

El(e”%Uas)

+E}(F(p+0,4;") — F(p))| (3.5)
—0Un,e

e 1’)

El.e %Uase

3 Z [ViF o mlo g (AN

éu(F(co)

where we used for the inequality simple properties of conditional expectations,
measurability properties of the functions involved, a meanvalue theorem and the
majorization

o- U
E.e %Uae

<2 . (3.6)

£,

The second sum from the right-hand side of (3.5) converges to zero as A1IR?
through &, (because of regularity, see [AHK 7]).
Our assumption (3.3) implies that 6U , , converges by subsequences to 0, hence
lim e ®Y4e=1 | p-a.e. (3.7a)
74
for some #; < %,.
We shall now use that the assumption (3.4) together with the property of
conditional expectation implies

U(Elee V@< C .



388 S. Albeverio, R. Hoegh-Krohn, and B. Zegarlinski

Consider, for any bounded measurable function F:
W(FE".e™ U4y = (u(E".F)e °Uae) |

By martingale convergence theorem E'.F converges in L' as ATIR? hence by
subsequences a.e. On the other hand exp(—dU, ,) converges to 1 by (3.7a) along
Z,. By Fatou’s lemma then for Ae ¥, < %,

limsup p((E"F)e ®Vas)<uF . (3.7b)
On the other hand by conditional Jensen’s inequality

EleeUae e~ EWOUL)

By (3.3) the right-hand side goes to one a.s. as A1 R? along #,. Hence for F=0
bounded measurable, using again the properties of conditional expectation,

liminf pu(FE".e %Y = uF . (3.7¢)
From (3.7b), (3.7c) we get
lim Ef.e %Y4:=1 p-a.e. (3.7d)
F6
for some Z#, < %,.
Let us now consider
e~ U4

By (3.7a) and (3.7d) the integrand goes pointwise, as 47 IR? in %, to zero. On the
other hand F being bounded we can bound the integral as

gnm( 1))

Using that u is a Gibbs measure together with the bound (3.6) the right-hand side
is bounded by 2||F||,,. Hence by weak compactness we can choose a subsequence
FY st

e~ Ua.:c(@

Ego(e™00)

e—(SUA,e
Fo)|———
ﬂ< () Eo(e=0as 1

)-»0 (3.8)

as ATIR? in #,. This gives the stated uniform continuity of &. O

Let now
UA((p)Ei dyx : P() o (%) (3.9)

be the function describing a P(¢), interaction in the region A, with P a semibounded

polynomial. The Wick ordering is, as before, with respect to the free field measure.

Let u be a Gibbs state for the local specification given by the above interaction.
We have the following

Lemma 3.3. Let
e(A)=e 70D w5, (3.10)
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Then, with 6U , , given by (3.2), (3.9):
lim pléU, |=0 , (3.11)
Fo

and there is a constant 0 < c < o0 independent of Ae %, such that
pe Ve (3.12)

Proof. To get (3.11) it is sufficient to show, by the definition (3.2), (3.9) of 6U 4 ,, that
with

Fy,= £ dyx 1 9k 1o (%) (Yo (x) =Yg (%)) (3.13)

we have lim pF} =0, for any 0<k<degP—1 and 1=n=<degP, n+k=<degP,

Fo
where deg P is the degree of P.
Let us set

S Y=Y (D))= (x) -y (x) ,  xed . (3.14)

We can perform the integration by parts in the expectation uFj, to eliminate
Sy 2¢(x), using the local equivalence of y with the free measure y,, and we get:

1[([ff dyzdixo, 24 ()G (z = )k - * 126 (X) (8,454 (%)) (n— 1) 14 (X)) Fy. ]

Ful(f dyx : @ 19 (x) B34 ()2 (n— D)0, 74 (%) |21 x4 (D) Fy, ]

+ulfdyx s @ 0 (x) (0,00 ()" s (x) {[] dozdy 3,2 (%) G (2~ )]
kgt (0) @05 (D) 4()

+idy 140 ([fdyzdy2' 3,2 ()G (2 —2") 0, W 4 (1) 0" 10(1)
O WS ) 'ni]

—u[F{dyxy,(x): 0" 0(x) Gy 5" ()"~ [ dy2dy y 3,48 (x)
G(z—y):P'(¢):o()] (3.15)

(for such computations see the “integration by parts formula™ in [GlJa], following
[DiGl]). We note that by definition of 6,1°* we have

0 (%)= [ dyz0,r 7 (x) 14 (x) = [K™(x, p) = KO (x, )] 14 (x)

= (6.4 %1 xa(x) (3.16)
v, (%, y)=[dyz8, Y ()G (z—Y)
= (Ke(x,y) = K (X, ) 14 () 14 () (3.17)
"‘(KaAE(xsy)—G(X,Y))XA(X)XAe\A(J’) )
where
K (x,»)=G(x,»)—G"(x,y) , (3.18a)
K%(x, x)=lim K%(x,y) (3.18b)
y—x

and analogously for 04,.
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By successive integration by parts analogous to (3.15) we get the expectation of a
sum of (at most 5*") monomials of the form

¢
[ TT 0" o ()wixy, ..., x)dx, ... dx, (3.19)
i=1

(k;<deg P—1, /<2n+2) with the kernels w(x,, ..., x;) defined as the products of
the kernels of type (3.16) and (3.17).

The expectation of (3.19) can be estimated by L (dx,...dx)-norm of
w(x,...,x,) forsomese N, seee.g. [GlJa]. From the definition of these kernels this
norm can be estimated by a finite product of L, norms (for some r € IN) of the kernels
vy (+) and v, (-, +). Since as is shown in Appendix 3.A, for any reIN:

o]z, =cloafe (3.20a)
L xR)SClOAl" (3.20b)

(

with some a, b >0 and a constant ¢ >0 independent of 4, ¢, so by our assumption
about ¢(A) we get (3.13). This finishes the proof of (3.11).

Let us assume from now on, for simplicity of notation, that p is of the following
form: .

p(-)=lim pz(-)
Fo
with
ni()=po(e™Y)/Z;
with Zp= piy(e = Y9).
(The general case can be handled similarly.)
We have then, using the local Markov property of py:
Zppge "

= tio[exp (— Up 4 (@) = Uu (@ + 95" —hgM)]

- _ ’ oAe
=1ty [e”U"\"((")pSA(e Ua(@'+15")]

= i [~ Una @ (E24e = Unad) g3 (e~ V@ Vi) (3.21)

withE{*= the free conditional expectation, i.e. the conditional expectation with
respect to ,, given the g-algebra X(d4,) [we used here again the local Markov
property, and the X(04,)-measurability of 2" (x)].

By conditioning inequality [GRS1, Sim] we have:

:u(a)Ae —Us( +'//3At)§’ugAse— Uq(- +y2t)
:EgAE(e_UA)((p) (322)

(where we used the definition of y** and conditional expectation). From (3.21),
(3.22) we get then

Z/f/“L/Te "5UA,2§ Uo [e - U/T\Ag(q’)EgAﬁ (e - UA,\A)
(B e~ V) = oo™ Uiad®) =00 Eg(e= Ui )]
=g, (Eg (e Yrn) - o e~ Ut V)

/ R
=uz, @uit(e” Y@ N Z 34 0 (3.23)
(with @, @' integration variables).
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Using (3.23) and Jensen inequality to estimate Z 7 1), 4\Zy We get
pge ez, @uitele” VO T exp (uz (Uya@)) - (324

By standard arguments [GlJa] we get the bound uniform in the volume A
g (U a(@)=clA\] (3.25)

with some ¢ >0 independent of A, A and «.
Using the Duhamel expansion (cf. [GIDi, GRS2]) we get also

LA, ®#3Aa (e Ugpa@' +, ')) gefl/la\/lf , (3.26)

with ¢ >0 independent of A, A and ¢ (see Appendix 3.2).
This together with the definition of 4 and our assumption about £(A) finishes the
proof of (3.12), since |A4,\A| can then be bounded by a constant. 0O

By combining Lemmas 3.2 and 3.3 we get the proof of the theorem in the case of
polynomial interactions.

We shall now complete the proof for the case of trigonometric interactions. For
this we use the following

Lemma 3.4. Let U(¢)= [ dyx [ dv(a):cosag (x) with suppvc(—2 ]/;, 2 1/;),
fdv<oco. 4

Let p be a Gibbs state for the local specification corresponding to the interaction
U,. Let ¢(A) be as in Lemma 3.3, then the same conclusions as in Lemma 3.3 hold.

Proof. Similarly as in the case of polynomial interaction we only treat explicitly the
case of Gibbs measures constructed with free boundary conditions, the other cases
can be handled analogously. To show (3.11) in the present case it is convenient to
prove that
lim u(6U, ,)*=0 . (3.27)
Fo

We find an estimation as A1IR* on u(6U  ,)*, namely that it goes to zero, using the
trigonometric identities, integration by parts formula (to remove 46,1") and
standard bounds for the measure y [FrSe, FrPa].

To show (3.12) we use Jensen inequality and analogous arguments as in the
polynomial case to get the bounds

exp(—p(dU, ) Spe Ve <y, , @ pdte(e ™ Uanalo +06™
exp i, (Us4(0)) (3.28)
with

Hy,,(-)=lim ﬂo(e_U’T\A‘(')*UA(') ')[#o(e_UX\AL(‘)_UA('))]_l :
e 7o

and ¢ respectively ¢’ is the integration variable of u, , respectively uj*s. The left-
hand side of (3.28) converges to one [from (3.27)] and by analogous arguments we
have also

im pg,Ugya(@)=0 . (3:29)
Fo
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For estimation of the first factor from right-hand side of (3.28) we make the
expansion of the exponential into power series and then estimate each term
separately, using the bounds for expectations with respect to u, , and ud*s (if
suppdv(e)=(—2 1/;{, 2 ‘/;) then the gaussian integrations with pd*c are sufficient
to get the estimation yielding convergence to one). O

Lemma 3.4 together with Lemma 3.2 yields the proof of Theorem 3.2 for
trigonometric interactions. Similarly we get the proof of the theorem for
exponential interactions using the following:

Lemma 3.5. Let U, =4 | dyx [ dv(a) : € o (x) with 2> 0 and v a probability measure

A
on(—2 1/;, 2 1/;), 1 o being normal ordering with respect to free field measure p,.
Let u be a Gibbs state for the local specification corresponding to the interaction
U,. Let ¢(A) be as in Lemma 3.3, then the same conclusions as in Lemma 3.3 hold.

Proof. As before we consider explicitly only the case where y corresponds to half-

Dirichlet boundary conditions [AHK 7, Sim], the other cases being similar. Then we

have u=1lim uyz, with
Fo

up()=pdle vzt

with Zp= pdd (e~ U4).
Moreover for A€ %,, A,< A (as in Lemma 3.3), we have (using the definition of
w1y and conditional expectation)

Zypge 0Uae = 280~ Uia(@)g = Uslo+0.05"
= ugﬁe ~Uiva(o) 24 o~ Unlo+ W)
élugﬁe—UZ\A(w)'ugAr.e—UA(<P+'/1£"‘) , (3.30)
where we used the conditioning inequalities (proven similarly as for the polynomial
interactions, by expansion of the interaction term in a power series).

Using the definition of conditional expectation value we rewrite the right-hand
side of (3.30) in the form

'ug/Te - UZ\A,(‘P)(EgAce - UA,,\A((p)) EgA"é’ =Ual(p)
— #g;{e - U(Z\A.)uA(‘P)(EgAee - UAL\A(‘P))
g'ug;i(e_v(/‘l’\/h)uzi(?)) , (331)

where in the first equality we used the properties of conditional expectation and in
the last inequality we used the positivity of the considered interaction. Now using
the Jensen inequality we get

pre~Vae < (e~ Uiy) =1 y2de=Viinagun

sexp pg (Ug4(0) , (3.32)
with '
tie()= 13 (e~ Uid\aovay] =1

. ug/r(e‘U(Z\AauA.) . (3-33)
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On the other hand, again from the Jensen inequality, we get
exp(—uz0U, JSpze *Vae . (3.34)

From (3.32) and (3.34) using the exponential bound for the measures with
exponential interactions we get as in [Ze1] (Lemma 1.4.2) that

lim pg U, a(@)=0 (3.35)
Fo

and (using also Lemma 1.5.1 of [Ze1])
lim 1iloU, (@) =0 . (3.36)

This ends the proof of Lemma 3.5 and Theorem 3.1. O

4. The FKG-Structure on a Lattice and in the Continuum

Let & be as in Sect. 2. For A€ # and we%(RR?) let 2" be the solution of the
following free Dirichlet problem

(—4+m)Y2ix)=0  in A
YA =) in A

4.1)

(this correspondends to the quantity ¢ introduced in Sect. 2, in the case where
n=w). Let u, respectively ui* be the Gaussian measure with mean zero and the
covariance G respectively G (as in Sect. 2). For any polynomial, exponential or
trigonometric v, as in Sect. 2, let

UA((»D)E;‘; 10(@) 1 (X)dyx (42)

with the normal ordering : :, with respect to u,.

Let us define correspondingly E$. as the local specification to the interaction U ,,
as in Sect. 2 (with the continuous function w instead of the distribution #).

Let 6>0 and let Z;={né=(n'6,n*8), ne Z*}.

Let F,=F 7. For A,e F, we define the energy functional on (Q,=R%, 25
(25 the Borel g-algebra in R%):

1
Hy(9)=5 0% Y ai((—=4;+m3)q); (4.3)

ieAs

with A, the Laplacian on Z3 (see Appendix A4).
We also define the free lattice measure y, 5 by

to.s=lim pud 5, with
Fo
#61,(5 = 50 {(f qug(e —HAé(q). ))/(5 quJe _HAa(q))} s (44)

with d, a point measure concentrated on {g;=0} and %, a filter of finite subsets of
Z2 invading all the lattice. (We remark that the above limit is unique in the set of all
probability measures supported on tempered sequences.)
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Define the lattice interaction by

Us(@=0> 3 0(g)05 (4.5)

ieds
with normal ordering with respect to y, ;. Then we define the measures ES. ; by
ES s(F)=0,{(f dQAée_HA‘(q)_ Un@F(q))
.(j‘qude—HAA(q)—UAﬁ(q))—l} , (4.6)
with J,, the point measure on Q; concentrated on {w(id),ie Z*} for a function

we?(R?).

Lemma 4.1. For any rectangle A€ F, in the sense of weak convergence of measures:

lim E$. ;=E%. . (4.7)

-0

Remark. The lemma can be extended to hold for any sufficiently regular set A€ %,
see e.g. [GRS1].

In the following we shall call for simplicity regular sets the sets in # for which
(4.7) holds.

Proof. First we note that changing the integration variables
4= G=q+ V5l (4.8)
with 2% a solution of Dirichlet problem (4.1) but on the lattice, we get
Efe sF(g)= (g, po ™ V0V
’ ,U(/)I,a (e” UA‘(q+w‘%)F(q + l/’(ifla)) .

Now it is known [GRS1, Sim] that the measure uf , can be represented as the
restriction of y, to the o-algebra generated by {@(f,s):nde Ay}, for suitable test
functions f,; (defined in Appendix A.4). Using our Lemma A.4.4 together with the
Theorem VIIL5 [Sim] (see also [GRS 1]) for polynomial interactions we get (using
also the definition of U,)

lim (g 5 (e~ UnldtVed ) =1t (e~ Unldt VD F(g+y24)) = EG.(F) , (4.10)
o—0

(4.9)

for any cylinder function F(@)=F(¢(f)),.... o(f,)), FEE(R"), f,e D, suppf,c A.
This ends the proof of our lemma, for the case of polynomial interactions. In the
case of trigonometric respectively exponential interactions one proceedes in a
similar way. 0O

It is known (see [FKG, GRS1, Sim, GlJa]...) that on lattice we have an FKG
structure which we formulate as follows:
For any increasing measurable function F, id e Z3 :

0(i0) S (i0)=ES. §(F)SES 5(F) . 4.11)

This is expressed by the writing ES. ; < ES. ;.
FKG
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We extend the definition of the symbol =< also to the continuum case, writing
FKG

E®. < E% iff w<d, o dcb(R? =>E%LZES .
FKG

Our Lemma 4.1 and (4.11) imply immediately:

Proposition 4.2. (FKG-structure in continuum). For any reqular set A€ F and any
o, @e¥(R?):

0w < &=>ES < ES. . (4.12)

F

ZIIA
2IA

F

Remark. FKG-structures have various consequences see ¢.g. [Pr, Sim, BeHK, Go,
Ze5]. In the next sections we shall exploit the above FKG-structure for the study of
Gibbs measures of Euclidean fields.
In the following the concept of FKG-maximal Gibbs measure will be useful.
We call a Gibbs state ue 4 (&) FK G-maximal if it is maximal with respect to the

partial order < defined in (&) by p < u'iff for any bounded measurable local
FKG FKG
increasing function F we have uF<u'F.

Remark. In the case of compact specifications (defined in [Pr, BeHK]) the existence
of FKG-maximal Gibbs states have been shown and properties of them have been
studied (see [Pr, BeHK, Ze$5, Go, Fo1])).

5. The Extremality

Let p be a regular Gibbs measure for a local specification & ={E .} ;.5 on (2, %)
(asin Sect. 2). Let #, be a countable increasing absorbing family of open sets as in
Sect. 2. Let 4(&) be the set of Gibbs states for & and 0%(&) be the set of extremal
points of %(&). We have the following

Proposition 5.1. Suppose there is w e € (R?) satisfying w,;, =" for some a>0
and any A€, such that
u=lim E. . (5.1)
Fo
If & is uniformly continuous p-a.e. (in the sense of Sect. 3) then
HEDY(E) .

Proof. Let F be an increasing bounded measurable local cylinder function. Let A,
AeF,, A, A. Then for neQ [where Q is defined in (2.14)] we have

E ()= (E3(F) = EY " (F) + Ef " (F)
= (Bje(F) = B4 (F)+ Ef(F) (5.2)

&, 0,0

[where we used FKG-order (Sect. 4) and the definition (2.14)].

Since & is uniformly continuous by our assumption and () @, , is from
nelN

Lemma 2.2 of y-measure one (if ¢, @ are suitably chosen) so the first term from the
right-hand side of (5.2) converges to zero as 4T R?. The second by our assumption
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(5.1) converges to u(F). Hence we get p-a.e.
lim E%(F)Su(F)=lm ES(F) (5.3)
F6 Fé
(F, = F,, the limit by subsequences exist by martingale convergence theorem). On
the other hand by the definition of Gibbs measure

wlim El(F)=uF .
76

This then, together with (5.3) implies
lim El.(F)=u(F) , p-a.e. (5.4)
This in turn implies € 0% (&) (see e.g. [F62, Pr]). O

Remark. a) The proof is similar to the case of lattice fields [ZeS].

b) The same result holds if we replace " =w by ™ = —w.

¢) Inthe set of Gibbs states supported on &’ this implies u 1s FK G maximal, as
shown by using similar methods as in [BeHK, ZeS5], as we shall discuss later on.

The above proposition implies also a uniqueness result if we have lim EL° = p.
Fo
Namely if & is fi-a.e. uniformly continuous for w as in Proposition 5.1 for some
other probability measure g and f (U Q, ,)=1we get for fae nes’,

pu=lim E;° < lim E%. < lim Ef°=u , (5.9)
Fo FKG %o FKG %o
so we have
lim Efe=p , fa.e. (5.6)
Zo

This is the uniqueness result we alluded to.

Now we will verify (5.1) in some particular models of euclidean field theory in
IR?. We will discuss separately the case of P(¢), interactions (starting with the : ¢*:,
case), exponential and trigonometric interactions.

The Extremality of the : ¢*:, Model. Let for Ae F,

Us(@)=] 149 +b@* +ho 1o (x)dyx (5.7
A

with1>0,h=0,beRandifh=0wetake A>0andbe R bothsmallor A>0,beR ,
sufficiently big (as specified below).
Let & = {E}.} 4. » be a local specification corresponding to the interaction (5.7)
(cf. Sect. 3).
Let
u=lim EY. . (5.8)

Fo

This measure is known to exist (e.g. [Nel3, Sim])).

Lemma 5.2. If e ¥ (R?), =0 then

ES. < E° (5.9)
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and for any fe 9, f=0
Eo()SERo(N)+ya'(f)
—ES(0(f), U(@) W& 1a) (5.10)

with E(F,G)=E(FG)— E(F)E(G) and Y% (x) the solution of the boundary value
problem Y4 (x) of Sect. 3, as a distribution tested with the test function f.

Proof. The first statement has been proven in Proposition 4.2. To prove (5.10) we
use the lattice approximation and the GHS inequality (e.g. [Sim]). We have

- oA _
E/aljc,é('):[“gf‘a(e UA»6(¢6)e¢a(hm,5))] 1

C (e U@ g0shils Ly (5.11)
with
hiﬁ(i‘s)il._;:l w(jo) for idedd, , (5.12)
JjeaAg

and zero otherwise.
For fe 2, f=0 we have

Lood
Efe s0(/)=Eje s0(f)+] ds 75 Eicso(f)
0

=Ej.,0(f) +(I) dsER 5(o(f). @(hgls))

SEfeso(N+ER 5(0(f), i) (5.12)

where in the inequality we used GHS inequality.
From integration by parts we get

Efe s(0 (), @ (hgs)

=Y55 ()= Efe.s(@ (), Usl5(-)) (5.14)
where
UsWas(-)=0% 3 (42:93:(id)
ideds
+2b0;(i0) +h)y’s(id) (5.15)
and we used that
Yolo)= Y GG, jo) Y °('9) (5.16)
joedds jioeoas
li-jl=1
is the solution of the free Dirichlet problem for (—A;+m3) on the lattice (see

Lemma A4.2).
Now using (5.13) and the fact that from Lemma 4.1 respectively A4.3 EY. ; and
245 converge as §—0 we get (5.10). O

From the above lemma we get that if EY. has the cluster property uniformly in
the volume (which we have by the above mentioned choice of parameters A, 4, b)
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then the right-hand side of (5.10) converges to zero as ATR? if w(x)=e*! for
some 0 <o <m, where m is the physical mass for the model [Sim]. Using the fact
that equality of first moments and FKG inequality imply equality [FrSi] and
Proposition 5.1 we obtain

Proposition 5.3. If the interaction U, is given by (5.7) with A, h, b as specified
there, then
u=lim ES.=lim ES. (5.17)

Fo 7
for w(x)=e*™l with some o such that 0 <a<m (m the physical mass). Moreover
ued%4 (&) .

Proof. a) By analogous arguments we can get the same result for s <0.

b) A similar result has been obtained before in the lattice case [Ze5].

¢) The parameter « in the above Proposition can be chosen to be an increasing
function of my, since the physical mass is increasing with m, (cf. [GlJa]).

Since to get Proposition 5.3 we used only (the convergence of the lattice
approximation and) the fact that the measure E$? for 0 <wy,<w has a cluster
property uniform in the volume, so by analogous arguments (taking w, to be a
constant boundary condition) we get in the multiphase region (when £=0, b
sufficiently smaller than — 1) the extremality for the FKG-maximal measures.

We note that the existence of E$? in this case follows from [Im2, Gid].

Let y, be the measure defined by (5.8) with 20 in (5.7). We define the Gibbs

measure g, as
e ()= lim g, ("% )/ f (") (5.18)
ATR?
for A > 0 large enough [FrSi]. Similarly we define u_ by the same formula with 4 <0,
|#| sufficiently large. By [FrSi] we have p, are FKG-maximal.
We can then formulate the following

Proposition 5.4. For the interaction (5.7) withh=0and b < — 1, |b| sufficiently big, the
FKG-maximal measures u. satisfy

. =lim E£® (5.19)

Fo
Sor any w of the form w(x)=e*™ for some a>0. Moreover they are extremal.
Proof. Let § ={E ,.} 4. # be the local specification for the interaction (5.2) with 4, b

as assumed. Then, by Theorem 3.1, & is p-a.e. uniformly continuous for any he IR.

Hence we get, as for (5.2)
u, < lim Eg. (5.20)

FKG %o

(and this holds also, with the reverse inequality, for # <0 and — w instead of w). On
the other hand for any Gibbs measure p for & we have

M=y (5.21)
So if lim E . exists we get (5.19) (and analogously for x_), [using u, are maximal

Fo
and (5.18)].
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Since one can show [Im2, Gid] that

N
ut=lim E?
Fo

with wg >0 being a translationally invariant configuration of minimal energy, so
using Lemma 5.2 (with g instead of zero) and the fact that E9S has a uniform in
A€ #, cluster property [Im2, Gid] we get

u* =lim ES =lim E2 (5.22)

Fo Fo

(here we used the GHS argument of Lemma 5.2.)
(Analogous arguments work for u_.) [

The Extremality for Exponential Models. Let for Ae &
Us(p)=A | dyx [do(a): e*:(x) (5.23)
A
with 2>0 and dg(«) a probability measure on (—2}/x, 2}/7).
Define E’. for above interaction U ,(¢) as in Sect. 3.

Lemma 5.5. Let we 4 (R?), w=0, then

ES.<E%. , (5.24)
and for any fe 9, =0,

ERp()SEqeo(N)+y5'(f) - (5.25)
Proof. (5.24) follows from the convergence of lattice approximation. To show (5.25)
we take first the lattice approximation Ef. ; of Ej.. Then we have

d
ES s(@s(N=Eq o(0s(/)+ g ds - Ex5(05(/)

1
:E?ﬁ,a(‘/’a(f))‘f‘j ds Esac),a((Pa(f)a (Pa(hfol,ié)) > (5.26)
0

where hJ'; was defined in (5.12).
Using the arguments from the proof of Lemma 1.5.1 of [Ze 1] we get for v =0,

0= E 5(05(), @s5(hS ) Sl (05 () ps(hT5))
=y5l(f) (5.27)

(where we used the definition of y%).
From (5.26) and (5.27) and convergence of lattice approximation (Sect. 4) we get

Eo()SEwo(N+y5'(f) . O (5.28)

Remark. The same holds if one adds the term A¢@(y,) with A€ R to the interaction
(5.23) [since (5.27) holds in the same way).
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As a consequence of Lemma 5.5 and Proposition 5.1 we get

Proposition 6.5. The measure u=lim ES. satisfies

Fo
u=lim E2. (5.29)
Fo
for w=e*"! and 0 <o <my, and so
ued%(é) .

Remark. The parameter a can be chosen to be an increasing function of m, (cf.
[Ze1]). We can extend the above proof to the case of trigonometric interactions

Uyp)=2 | dyx:sin(ap(x)+p): , (5.30)

Asmall, o] <]/2m, 0= <2, by using an integration by parts in (5.27) and using
cluster expansion arguments of [AHK 7, FrSe].
We summarize the results of this section in the following

Theorem 5.6. Let U, be of the ¢* respectively exponential respectively trigonometric
form given by (5.7), respectively (5.23) respectively (5.30). Then the Gibbs measures

pt =lim EL° with o (x)=e*M, 0 <o <m, (with m the physical mass) are extremal
Fo
Gibbs states. In the case of weak coupling ¢* or trigonometric or exponential

interactions we have uniqueness of Gibbs states in the sense that 1, = u_ (hence the set
of tempered Gibbs states has only 1 point).

Remark. The parameter o can be chosen to be an increasing function of the free
mass .

6. The Global Markov Property

Let Q =IR? be an unbounded open set with a piecewise ¥ !-boundary dQ and such
that R?—Q is also unbounded. Let A€ %, (with #, as in Sect. 2), An Q=+ and
AN Q°+@. We assume that 04 nJQ consists of a finite number of points. We say
that a probability measure u on (2', ') has the global Markov property (GMP) if for
any FeX(Q), Ge X(Q°) bounded measurable we have

E(FG|2(0Q))=E(FIZ(0Q))E(G|Z(2Q)) ,

where F(-|2(0Q)) means conditional expectation with respect to y and X(0Q)
(cf. [AHK 7, F61]).
We write then for simplicity pe GMP. We say p has the local Markov property if
the above relations only holds with Q replaced by Q n A with A bounded and open.
Let w e €(R?) and p an extremal Gibbs measure as in Proposition 5.1 such that
p=lim ES.=lim E$. , 6.1
Fo Fo
with E9. belonging to a specification for an interaction of the type considered in
Sect. 5. Let 12179 (x) be the Poisson kernel considered in Sect. 2 and consider

Z_)f(Z) = XzeaQ l/lf({iﬁc)(x) .
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This is an element of H_,(IR?). Consider ¢(f) with ¢ esupp u. We denote this
random variable also by

n(XzeaQ Wf(AmQ)(x)) = ‘Pf:(aAQnQ)(x) .
Let us define
#Q,A(')E#(E("Jiar?Q)c(')) . 6.2)
Here El2,. is defined as El4, o) but with 5(x(zedQ)y" "% (x)) instead of
PO ()
Remark. 1f more general interactions than those of Sect. 5 are considered then we
should replace E{}’%, . by E[I725,#°1?4 for some bounded configuration w, € € (IR?).

Suppose that the interaction which gives the specification is symmetric (i.e.
invariant under ¢ —» — @) and we have using this symmetry and the definition of
ENQ, . for any fe€ 9, [20

we(f)=0=puy 40(f) (6.3)

(for any Ae %#,).
Our assumption (6.3) implies that if

limpy 4, < p (6.4)
Fo FGK

then by [FrSi],
lim puy 4=u . (6.5)
Fo

By an argument in [Go] this implies that p has the global Markov property i.e.
ue GMP (6.6)

To prove (6.4) let us take, for a fixed Age Fy, G€Zpe, 4, FE€Zg 4, 1O be some
bounded (measurable) cylindric and non-negative functions. Then for A, A€ &,
we have with & >0, using the definition of u, 4 and the properties of specifications

Ho, 4GF = p(GEY o) F) = 1 E}(GE(}%, . F)]

(AnQ)°
= u[(E%—EY ) (GE2, F)]
oA, ~;
+ulER (GEII,.P) 6.7)

with # the integration variable with respect to the measure E’..

Let us consider EﬂiQQ)CF, for F bounded increasing.

By first replacing # by a regularized version 7, taking a lattice approximation
E{ZTQQ)C,&(F ) of E('T,';nQ)c, using FKG order [since E(’f’an,c, s(F) is an increasing
cylinder function] we get for G bounded increasing

EN (GEs g, sF) S EG(GE(; gy 5 F) (6.8)

if neQ, , , [this set is defined in (2.14)] so that w,‘jA»gw.
Now taking the continuum limit ¢ | 0 and afterwards removing the regulariza-
tion K we get

EY (GE[y 0o F) SES(GER, ) F) . (6.9)
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Let y4, »» be the characteristic function of 2, ,, ,. Then we get from (6.8), integrating
with respect to p, inserting (1 —jy, )+ 4,, o0 the right-hand side and bounding

A4, DY 1
WEY(GENS, F) S EQGE o F)+ 11— 14.) | Fll |G - (6.10)
Using
E{ o (F) S B %5 (F) (6.11)
[which is proven again by going to a lattice as in (6.8) and using FKG order],
and the compatibility conditions of a specification, we get from (6.11)
ES(GEN2) (F) SE4.(GF) . (6.12)
Inserting (6.12) into (6.10) we get
REY (GE[ 2, F)SEQ(GF) + (1~ 14.0) | Fll | Gl - (6.13)
Recalling y 4, ., = 10, w,» for some n (since A€ # ) we can choose ¢ as a function of A

s.t.
(1 =y4,0)—0 as ATR?, (6.14)

as in Lemma 2.2.
Inserting this into (6.13) and by going to subsequences we get

lim uEY " (GEI2, F)<lim E$.(GF) (6.15)
.970 5"0
and the limit on the right-hand side, by (6.1), is equal to
w(GF) .
Hence, using (6.7) we see that if
. éA, > a
lim [p(El— EY ) (GE{ 25 F)| =0 , (6.16)
Fo
then
lim py ,GFSuGF . (6.17)
Fo
This implies, by an approximation argument and the definition of FKG-order
mpy 4 = p, (6.18)
Fo FKG

which together with our assumption (6.3) gives (6.5) and so the global Markov
property for the measure pu.
Let us now consider (6.16). We can and do assume that

F@)=F@ (), -, o(f) (6.19)

with Fe4'(R"), fie Z, suppficQn4, f;20 and ||F|,, |6,F| < oo (with 9; the
derivation in the i-th argument).

We also assume corresponding properties for G.

Let

U (@)= U@+ =g = Ualo) (6.20)
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Using the definition of Eﬁz’ given at the begmmng of Sect. 3 we have, calling ¢ the
integration parameter with respect to EAf , setting 0,40 =i — 4 and proceed-
ing as in the proof of (3.5),

A, P
W(EL—EY ) (GEHY o F)

—uE%{[G(@EM"ZQQy(F)J

e WUase) Q .
_[WG("”L"EWA)E((??Z%% E )]} S

Using the definition of conditional expectation we can omit E’. and replace
everywhere # by ¢. By adding and subtracting the term

G o+, U EGL S F)] (6.22)
we can rewrite (6.21) in the form 4+ B, with
_ il P) é
A=p{G() ELLS,(F)~G o+ 3,0 ESS 50 F)) (6.23)
B= e_éUA + (@) oA [<P+5sl//f’,4]wq
=ud(|1- (e Ty G(o+0.yaM JEG gk )y . (6.24)

Since by our assumption G € 2., 4, for some A,€ %, s0
G+, — G(p)p-ae. ¢ . (6.25)
Fo

This is seen using the fact that G is a cylinder function with the assumed properties
(6.19), so that

G(p+0.45") — G((/))|< H( G| 100" (9]

and the right-hand side goes to zero by the properties of Yy as ATIR?.
From the proof of the uniform continuity of local specifications we know by
(3.8) that for a subsequence A1IR?

e~ Va0
(0.23), (6.26), together with properties of conditional expectations, imply that B—0
as ATRR?, by subsequences. Hence to prove (6.6) using (6.25) and the uniform
bounds on F, G, we need only show that p-a.e.
[ECi ) (F)— EG g )'EQ(F)]? 0. (6.27)
This will be shown in Lemmas 6.1-6.3, in which we assume that our interaction U , is

such that the measure y is constructed by the cluster expansion [as for weak P(¢),
and weak trigonometric interactions].
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Lemma 6.1. For any F like in (6.19) we have for A1R? along some subsequence
Foc=Fy
a S /04

[E& ) (F) — EG 50 ee(F)] >0, peace. .
Proof. Let us introduce the notation, for any se[0,1]:

[F),, = [0 ~Uanal0 -9 1

810 (e~ Vtnol@' + ¥ D (' 4 l//%laag)) (6.28)

with ¢’ an integration variable with respect to the measure pi*"¢ and

P =0 S e - (6.29)

Then we have for Fasin (6.19), by adding and subtracting F (¢’ + t,b%”g) and using
the mean value theorem:

5 0
ES 5t e (F) - EEPS (F)|
- ~ a4
éé |0:F | o 05 yeo ()

[Fl. [Flo
[, [

The first term in the right-hand side goes to 0 as A1 IR? by the construction of the
Dirichlet solution i/ and the regularity of u (this is similar to [AHK7]).

The second term goes to zero as a consequence of [F],—[F]—0 and [1],—[1],
pointwise for a subsequence of #,, on a subset of y-measure one, as shown in the
next lemma. O

(6.30)

Lemma 6.2. Let e(A)=e~ "C% for some y > 0, and let [F], be as in (6.28). Then there
exists ay,>0s.t. for all y =z, and some F) = F, F any bounded measurable function

lim p|[Fl,q— [Flo| =0
74

Here p=1lim gz u, is a limit of finite volume measures

pa=poe™ )2, Zy=pole” ) .
U, is an interaction as in Proposition 5.1 [F, 4, is defined by (6.28).

Proof. Let A, Ae #,, AnQc A. Then by definition of uz and [F],, we have:

1i(lFL,—[Fly)=2Z," .
Uoe Usi_ "'”Q’|/10AmQ(e_U”“Q((p +W21°2(p))
F(o' + 509 — 15"~ (e~ Vanal@'+Uaiic® (6.31)

F(o'+y 5569
with 2472 given by (6.29).
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Using the definition of conditional expectation with respect to y,, (6.31) can be
bounded as follows (using also the definition of u3):

ui(F, ~ [Flo))
< p{lexp (— [Usno(@ — Y aa%+ V5 yoro)
~ Us o@D F(p— w39
—exp(—[Usn (@~ YD) — Usro(@))
CFlo— 330} - (6.32)

Since A € #, was arbitrary we get, using the definition of p, the same inequality with
u replacing ujy.

We shall now prove that from Lemma 6.3 we can finish the proof of Lemma 6.2
(and hence also of Lemma 6.1).

It is easy to see that what is needed is an estimate of the right-hand side of (6.32)
with F replaced by 1 (this is so as seen by the fact that ||F||,, < o). This latter
estimate is a consequence of the following Lemma 6.3.

Lemma 6.3. Let Ae %, be a rectangle with AnQ+0, AnQ +0. We assume also
that |AN0Q| < c'|0A| with a constant ¢’ >0 independent of A€ F,. Then there exists
Y0>0 s.t. for y=y, and e=e~ 1001
ptle = Wana@ =W+ 0 0 0 0) = Uano(@)]
__e—[UAnQ(w—d/f,feiQVUMQ(w]‘ <¢ (6.33)
for some 1>a>0 independent of Ae F,, y and u.

Proof. Let A,={xe AnQ:d(x,0Q0 udA)>3k} for | <k <7, withii=

d(O,36A)_H.

Let z7 be the characteristic function of /. First adding and subtracting a
A;-depending term, we get by the triangle inequality the estimate:

Lhus. (6.33) S plexp (= [Uynglo =i +v 5158 )

V5100
= U@ =exp (= [Usng(0 = Yta%+ 11,05 580)
—Usng(@)
+1exp (= [Unnol@ = ¥id+ 17,05 ymi0) = Usno(@))
—exp (= [Usrg(@ = Y5139 = Unrg(@)))] - (6.34)

In the same way, adding and subtracting a /A,-depending term in the second term of
(6.34), estimating as before and then going in this way by 77— 1 —fold iteration we
get:
n oA
Lh.s. (6.33) S pulexp(— [Usnolo—Wita0+y 422 )
AN 4
~Usng(@)) =exp (= [Usng (0= VEEa%+ 1,0 5 yods0)

UAnQ((p)])I
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-1
A oA
+ Z #|eXp(_[UAnQ(€D l//gféA '+‘/(Ak¢(ca ./,?/‘%aQ
k=1
A nQ
_UAnQ((P)])_eXp( [UAnQ(q’ Ip(p]@A +/{Ak+1w(g‘”,/,3/‘)‘@Q)

A 0A
— Ugrng(@)DI+ 1lexp (= U o(0 = Y32+ 1. (rryiiroo)

—Ujno(@)])—exp(—[Uynolo— lpq)wﬁQ) Ugsno(@)] . (6.35)

Since on the right-hand side of (6.35) there are less than [d(0, d4)] number of terms
(by our choice of 77), (6.33) will be proven if one will get estimations for each term
from the right-hand side of (6.35) analogous to the one for (6.33) (since ¢ is decaying
exponentially).

Let us thus consider a single term from right-hand side (6.35) withsome 0 <k <7
(with obvious definitions for k =0 and k =7). Using the representation of y given in
[FrSi] (recalling our assumption on the interaction!) we get, with

Fir (@) =exp (= [Unng(0—Viti2+ 12V (orioiog)

~ Ut o@D =xp (= [Us (@ = U539+ 14, W serteo)
—Uino(@)]) (6.36)

that
BUFy 41 = o (@™ ~olle = Uanl®), |Fy k+1(@)])

= Uy (QaAee ol exp(— [UAE\(A nQ)((P)

0ANn . aAnQ
+ Uanon i a1 (@ = Weled? + 1a W s yenia))

oAN . A n
‘lexp(— [U/Tk\/fm 1 (p— l[’wﬂ“AQ“i‘ oo ‘/j(é,x//j,‘?léQ)])
—exp(— Uz g, (0 =¥ (6.37)

with ¢4 >0 (the boundary density), « >0 (the infinite volume pressure) defined as
in [FrSi] (we also used the definition of F ;. ,).

Now we take the free conditional expectations first with respect to 2 (Sy) with
S¢=A°U(A\, ). We shall denote by IT the conditional expectation with respect
to u and to the g-algebra X(S), for any measurable set S = IR?. Afterwards we will
apply the Holder inequalities together with conditioning inequalities (cf. [GRS1,
Sim]) to remove the volume factor.

(AN O\,

A0

A - Apr10Q
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The right-hand side of (6.37) can be rewritten by splitting
%o |A£! =0y IAs\A| + Ao lSk| +aoo |(;1k\71k+1)|

and inserting a conditional expectation (using that in expectations conditional
expectations drop out). So we get:

HUF k1) = po (e~ A= Hann(@) 4

— o | AN, . (A
e %ol '||eXp(_U/Tk\/TkH(QD—%](aAnQ)

A N
+ X;fk l//(éel//(gA%aQ) —exp( - (U/Tk\/’fké- 1 (q) - ngélA Q)))| 5 (638)
where
A=1gle ~ %15 o = Usino(9)

¢~ Usino(0 —¥5ien @+ 4i,., ‘/’gfwr;ﬁéa)] . (6.39)

11 4
Now using Holder inequality with exponents 5+1;+;+E= 1, 1<q<§ we get

that the right-hand side of (6.38) is less or equal

(o (@194 [y (€ % A= U a(@))py|1/p

(/’LO (Ar))llre_“ka\ZkH' (640)

nO | oA
[Holexp (= [Us 4, (0= VERR2+ L Vs yonisg)]

—exp (= [Uz 7, (9 —¥gADDIT

The first factor in (6.40) is less or equal to one [FrSi]. The second is uniformly
bounded in AeZ if e=e~ %D We prove below that

(o AN < el (6.41)

. . . o1
with a constant ¢>0 independent of Ae#, and decreasing to zero with —
(m, being the free mass in p,) and that o

{0 (1exp (= [Ugy i, (0 = VERa%0+ 12 s yeo0))
—exp(—[Usz,., (0 = W53 D}

<, (6.42)

with some constant 0 <a’'< 1 independent of A and ¢. Since the constant y from
definition of ¢ can be taken arbitrary big if m, is sufficiently big, (cf. Remark after
Theorem 5.6) so the estimates (6.41), (6.42) give us (6.33).

It remains therefore only to prove (6.41), (6.42). For this it is useful to recall the
relation between the conditional expectations ITg with respect to p, and 2(S) and
the solution y{® of the Dirichlet problem for —A-+n in S discussed in Sect. 2:

UTsF) (M =p* F(- +¢,°) (6.43)

ne2'(IR?), Fbounded measurable on 2 '(IR?) (or positive measurable). For this see
e.g. [AHK7, DoMi, R62,3].
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Proof of (6.41): Using (6.43) and the definition (6.39) of 4, we can rewrite 4 in the

form
A —
A=puiS<[e %olSid

(6.44)
e~ Us@'+2))
where ¢’ are the variables of integration with respect to ugs*.
We have set
b, = e 1//85‘8"22&)@] Aseno (6.45)

and we used the properties of conditional expectations [with respect to y, and
2(0S))], to simplify the expressions for @, entering (6.44).
Let 7,4 *(R?) with 0<7,<1 and

7 (0= 1 for d(x,0S,v0Q)>3
L =00 for d(x, 0S,000) <2 .

Let us change the integration variable g —>¢+ 7, @, in the p**-integration. Then

w¢E get
#gsk(e —“aolskle —Us, (¢ +‘p¢))
— ,Ugsk [e_aw|sk|e_Usk(fP +(1 _Xk)¢w)

e~ e 12Ihd"] (6.46)
with

()= (= A+m3) 7, P, (%)
= =2V Vo, (x) = (47) P, (x) -

We remark that A, (x) is localized close to 05, U 0Q, since it is built with the special
smooth function 7, and the harmonic function @, (observe also the support
properties of 7, and yz . ).

In order to bound (6.46) we proceed as in the proof of extremality for the weak
coupling P(¢), model, see [AHKZ], cancelling the volume factor necessary to
bound the ¢’-expectations of exp [— Uy, (¢'+®,)] by introducing a Neumann
condition on the boundary 05, of the set S,={xe AN Q|d(x,dS,LdQ)=4} and
using a conditioning inequality (cf. [GRS1, Sim]).

We shall also use from now on the notation u§ for the field measure with X being
a Dirichlet boundary condition on 45, and Neumann boundary condition on 85, .
Then we get that (6.46) is less or equal

1 (e~ %15l e= Vs - B(p) (6.47a)
with .
B(o)=ull(e — 1SS = Us5. (0" +(1 = 1) 2,)

e—ﬁﬂ'(hk)])e—”z“hk”z—l . (647b)

We observe that we used the fact that supp /, = (S,\S,) [to drop the factor ¢'(k,) in
the first expectation]. We have the bound for the first factor in (6.47):

1 (e~ =ISi e = Usiy < pelo] (6.48)

. A
with 0 <¢—0 as o) -0, see [AHKZ].
0
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Here we assumed that
[ANoQ|ZCloA| (6.49)

for some constant C >0, independent of A, m3 (and 04).

The quantity B(¢) in (6.47) is localized in a set which has volume bounded by
(2C+3)4]04| (this is due to our definition of S, S,). Using this and (6.48) we get
(6.41) by using in (6.46) repeated Holder inequalities to control separately the term
containing the interaction Ug, and the term exp[—¢’'(h)—% |A]%,]. Here we
also use the fact that Hh,‘“z_1 contains exponentially decaying factors in the distance
from the boundary dS, U dQ, as seen from (6.45), which gives us the estimate

1o (e2 11y < gb12Al (6.50)

for any fixed constant ¢ >0 and a constant b decreasing in m.

Moreover we also use a Gaussian integration to control the exp (¢'(h,))-term,
followed again by an estimate of the type (6.50).

This completes the proof of (6.41).

There remains the

. 11 1
Proof of (6.42). We have with Holder exponents ¢, ¢/, such that ?+7:§’ that the
left-hand side of (6.42) is bounded as follows

Ui (o= D4 1
(ﬂole Ak\/‘k+l(w wwI@A Ak (O,WJA)MQ
(AnQ)

—e~ U/Tk\/ﬂu((?"l/’f»w/a )|S)1/S

1
T o4 . 0(4nQ)
éj dZ(/Joe tU s (@ —Woloa +ZXA¢(5‘|//$")I6Q))
0

(d
Ho

'\ 1/t
d_Z U/Tk\/’fk-fl <((P_lpg%‘AﬂQ))+ZXZR¢(65(:://EA%)5Q>| > (651)

(where we used the fundamental theorem of calculus and Holder’s inequality).
The first factor from the right-hand side of (6.51) has (from the Duhamel
expansion as e.g. in [GRS2, GlJa]) the following estimation

o A0 1
[poe ™ Vinie (@ — a3 D + 22 iV 5 yoryop)] "

<eclodl (6.52)

. . . A
with a constant ¢ >0 independent of A€ %, ¢ and z, and decreasing to zero as oy
0
(We used here that |A,\4, ] <c'|0A4]| with some numerical constant ¢'>0.)

The second factor from the right-hand side of (6.51) has the simple estimation

d AnQ) aang 7"
|:/10 e Ukodies (@ =V pjia D +zyz, ‘//(55¢,3A)|3Q)
<& (6.53)

with some 0<b’ <1 independent of z€[0,1], ¢ and Ae Z,.
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Here we use the definition of 6,154, in the proof of Lemma 3.3.

By combining (6.51) with (6.52), (6.53) we get (6.42). By what we said before
engaging in the proof of (6.41), (6.42) this proves (6.33), hence Lemma 6.3. By
arguments preceding Lemma 6.3, Lemma 6.1 and Lemma 6.2 are also proven,
which in turn prove (6.27), hence (6.16). But this then yields (6.17), (6.18), which, as
remarked after (6.18) completes the proof of the global Markov property of u, with
respect to any unbounded open set Q with a piecewise %*-boundary 0Q such that
IR? — Q is also unbounded and A " Q *0, AN Q°+0. Moreover 04 N 3JQ consists of
a finite number of points and |4 n0Q| < C|0A4| for some constant C > 0 independent
of 0L 4, a free mass mZ >0 and A€ %,. In the proof we used both 1 small and »}

large, but this model is equivalent with the model with % small (cf. [GlJa, GRS1]).
g

Hence we have proven the following:

Theorem 6.4. Let Ae F,, with F, as in Sect. 2 and let U, be the ¢3-interaction
U@)=2([:9*:(x)+b:¢*: (x)), beR, 120. Let u be a Gibbs measure to this

. A . .

interaction. Then there exist K> 0s.t. for all — < K the measure p is extremal and is
iy

the unique point in the set of regular Gibbs measures. Moreover u has the global

Markov property.

Remark. In particular u in Theorem 6.4 has the Markov property with respect to
halfplanes (just take Q to be such). As well known this implies in particular that the
cyclicity of the time zero fields hold and moreover that r—> (2, x), te R, xe R is a
symmetric Markov process (cf. [AHK 15]). The global Markov property, together
with the known results on the quantum fields associated with u, imply that p yields
models satisfying all Nelson’s axioms for quantum fields (cf. [Nel1-4, Sim]).

7. On the Structure of the Set of Gibbs Measures

Let P(¢) be a fixed semibounded polynomial. Let 4 be a positive constant
sufficiently large so that the measures

MO (e “(P((/’)A $hcc(/74),)

B =1 71
/‘P(¢)+hxw() h;? 'uo(e—(P(q))ﬁhIw)) .0

constructed by the cluster expansion [Sp] are unique [AHKZ].
We will assume from now on that the following property holds:

Assumption. There is a function we % (IR?*)2 w=0 dominating at infinity as in
Lemma 2.2 such that

: +
HP(@)Fh,0= I;m E/Ff?’(q))?hxq) : (7.2)
o]

Remark. This assumption is satisfied for the : ¢*:, model, as discussed in Sect. 5.
Moreover the corresponding statement is satisfied for general interactions on a
lattice [BeHK].
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For a fixed he R, h'*) be defined by +(h, —hP)=h. Let

(+)
NP(w)+h®<o(e+ Pa.) (7.3)

,UP((,;) h(p( )=lim
Fo  pio)Th,ele

be the ultraregular states constructed in [FrSi]. If AeR is fixed we will write

Fh 0.0

#i E#Pi(w)—h«”
Proposition 7.1 Suppose that (7.2) is fulfilled then u* are FKG-maximal Gibbs
measures (in the sense of Sect. 4) for the interaction P(p)—ho, i.e.

YUEG(Eppy—np) VA,

S p st
FKG FKG

(7.4)

(where, as in Sect. 1, M, denotes the set of regular probability measures, as in Sect. 2
& p(p) - np denotes the specification of the interaction P(p)—he and 4(&) the set of
Gibbs states to the specification &).

Proof. Let we®(R?), =0 be dominating at infinity for pu (in the sense of
Lemma 2.2) and pe€ % (6 p(,)-p,) N-A,. Using the uniform continuity property for
the local specification, proven in Sect. 3, we get using the FKG order

limE.° < u £ lim EL® (7.5)

Fo FKG FKG %

with Ec€&p, _4,- By the definition (7.3) we have that the measures p* are in
G (&8 pp)-ne)- On the other hand we have for any A, AeFy, Ac A,

Exppenole” 97+

—w
EAC,PW)—M’

P Ty =
Eppg)+h,oe" %) FKG
+w —h s
< pto < Eap@-nole™ 770 76
= EAC,P((p)-‘h(p = To —h s ( . )
FKG FKG  E g p(p)—h, ole )

where we have explicitly denoted to which specification a given measure belongs.
We note that (7.6) gives us the compactness of the sequences

{E/;CfOP((p)—hq)}Aeﬁ"o > {E <, P(p)— hqo}Ae/o .
Passing to the limit with 41 IR? through a subsequence %, using (7.2) together with
the definition (7.3) we get

uo £ limER® £ limEL® £ ut . (7.7)
FKG %6 FKG 74 FKG

This together with (7.5) gives us (7.4). O
The above proof implies the identification

pE=lim EL® (7.8)
F4
(which follows from (7.4) and the choice of w as dominating at infinity).
By using the uniform continuity of &p,,_,,, we have by Proposition 5.1 the
extremality of the considered measures.
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Let

o, (P(g) — h(p)—hm In pg(e ~P@aheddy (7.9)

be the infinite volume pressure.

We recall that a, (P(p)—he) as a convex continuous function of 4 is a.e.
differentiable with respect to h. Combining that with the result of [FrSi,
Corollary 4.3] we get the following result

IAI

Proposition 7.2. At the points h of differentiability of the pressure o, (P(@) —he) with
respect to he R, there is a unique (in the space of regular measures) extremal Gibbs
measure
pu=pt=p" =lim EL* . (7.10)
74

Remark. By the method used in Sect. 6 it should be then possible, using (7.8), to
extend the proof of the global Markov property to the case of the FKG maximal
measures for general P(¢), models.

Let us close with some expectations concerning the structure of Gibbs states for
general P(¢), models:

L G(&(P(p))) = A,.

Moreover we expect that (if P is non-identically zero) 4 (& (P(¢),)) © M g (r?,
where ./ ¢ k2 is the set of probability measures with support on .#'(IR?). Let us
note however that for free specifications [HoSt], for specifications corresponding to
trigonometric interactions and some exponential interactions [Ze 4] there are Gibbs
measures which are regular but not in ./ g(r2).

2. We expect that there are only finitely many extremal Gibbs measures for any
P(¢@),-interaction. For i:¢*:;,+b:¢*:,, b< —1, one can expect on the basis of
[Aiz, Hig] and approximations arguments of the continuum model by Ising-like
models (cf. [Sim]) that 09 (&8 ,.4¢:, 1p:2:)={u ", u"}.

It is expected that in multiphase region 0%(P(¢),) consists of measures
constructed by [Im2] (using an extension of Pirogov-Sinai theory [PiSi2]).

3. In two dimensions there is no breaking of translational symmetry, i.e. Vxe R?,
Viueb(6p,,) satisfy T, u=u (with T being translation by x) and every Gibbs state
is invariant under time-reflections and is reflection positive.

4. For any ued¥%(6p,,) we have e GMP.
The work [Ze3] suggests Vue % (6p(,),), ke GMP.
Furthermore we expect ue % (&p,),)<pne GMP.

5. The set 0%9(&p,,) of extremal Gibbs measures should be totally FKG-ordered

(e. Yu, ' ed¥9(Epyy,)» 1 < u<u or b £p < pt)and so any Gibbs
KG FKG FKG FKG

measure for &, fulfills FKG inequality.

Appendix 3.A

In this Appendix we prove lemmas yielding the estimates (3.20) [recalling the
definitions (3.16), (3.17)].
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Lemma A3.1. For 0<¢<1, pelN and Ae F,,
|4 (KP4 = KM)||, S cp(ct*|oA]H (A3.1)
with a constant ¢ >0 independent of p, ¢ and A.
Proof. Since for d(x,04) <% we have
K%(x, x)Zallnd(x, 0A4)| (A3.2)
(see e.g. [GlJa, AHK 7]) and analogously for dA,, so we have

| dy x|K% (x, x) — K% (x, x)|?
d(x,04)<¢'?
<cPoA]l | ds|lnspP<cEp! oAl
0<e<egll?

(the last estimate coming from integration by parts and estimating a logarithmic
term against g*/%).
For d(x,d4)>¢'? we have

|K0A€(x’ X) __KaA(x’ X)| §C381/4e—bd(x,aA) (A34)
which implies, using the exponential decay in (A.3.4)

| dy x| K= (x, x) — K% (x, x)|P < cB|oA|eP* . (A.3.5)
d(x,0A)>¢'"?
All constants a, b, ¢;>0 are independent of 4, ¢, p. From (A.3.3) and (A.3.5) the
bound (A.3.1) follows. O

Lemma A.3.2. With a constant ¢ >0 independent of 0<e<1, A and pe N we have
a) [ (K (x, ) = K (6, ) a0 24|

Zcp(etoaptr (A.3.6)
b) (K% (x, ) = G (%, 1) s ) 2t a D)
S Cp(et*oADte . (A.3.7)
Proof. We have, for x,ye A,
[K(x, p) = Ko (x, p)| =G (x, ) = G (x, )| - (A.38)

For d(x.0A)<¢'? using the exponential decay of covariances and arguments
similar to those leading to (A.3.3) we get

| dyx | dyy|K(x,y) =K (x, )P <cPp! e'¥oA] . (A3.9)
d(x,04) <e'P 4

For d(x,0A4)>¢'* we use continuity of the difference (A.3.8) in ¢ and the

exponential decay in d(x,y). We then obtain

I dox [ dyyl K™ (x,y) =K (x, p)I?
d(x,04)>¢'? 4
ScPeP*04] . (A.3.10)
From (A.3.9) and (A.3.10) we get (A.3.6) and (A.3.7). O
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Appendix 3.B

The exponential bound (3.26) follows from Duhamel expansion, for which we need
the following two lemmas below:

Lemma B.3.1.
Upal@p+ itz —clA\A| it r 2 (B.3.1)

with ¢, =aln(k+1) and the constants c,a>0 independent of A, ¢, K.

The proof of (B.3.1) is standard and follows from the definition of normal
ordered semibounded polynomials in the field with a cutoff.

Lemma B.3.2.
1i . ®ust|U, E\A((PK'*‘WM V= Uya(@' +y")

<k %(pdegP)! c?’|A\A|*? , (B.3.2)
with a,c,5>0 independent of A, A, ¢, p, and k.

Proof. 1t is sufficient to consider p even (using Holder inequdlity)

Then we start with Gaussian integration of the field ¢’. We integrate the y 2%,
o4 variables using the integration by parts formula [GIDi, GlJa] for the measure
Hie-

From that we get the representation of the left-hand side of (B.3.2) as the sum of
two terms

HolU g al@) — Uy a(@)IP+4 .

The first term has just the estimation (B.3.2) (see [GlJa, Sim]). The estimation for
the second term A follows from the standard bounds with measures 7 , [GlJa] and
is uniform in 4. 0O

Appendix 4.A. The Potential Theory on a Lattice

Let # be the family of open bounded sets 4 = R? with piecewise % *-boundaries 9.
For >0 let Z§:={nd=n's,...,n*5):neZ’}. If AeF then A;=ANZi and
=7Z{\A;. The boundary 04, of A, is defined by

0As={nde A;:d(nd, A5)=05} (A4.1)

with d(-,-) the usual euclidean distance in R
The lattice distance is given by

n—m|= mzn In"~m"| ) (A.4.2)

Let
L, s=L,(Z)={[:Z}—>R|o* Y I f@o)P <o}, (A4.3)

Zd
and let e

e ay={0 " = 7 (A44
" o otherwise * © 44
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be its base. For fe L, ; the lattice Laplacian is defined by
(=4s)(mO)=5"2 ) (f(nd)—f(n's)) . (A.4.5)

In"—n|=1

The standard result from the potential theory on the lattice is given by the following
lemma (see [GRS1, Roy, Sim]):

Lemma A.4.1. a) There is a unique function G4(nd, +), nd € Z4 which tends to zero at
infinity such that

(—A;5+m3)Gs(nd, )=e,;s . (A.4.6)
The matrix Gy3(no, md) is symmetric and positive definite.
b) For any As=ZiNA, A€ F there is a unique symmetric and positive definite
matrix G{*(xs,;), X5, vs€Zy such that the function G{*(x;, -) fulfills
(—=A;4+md) G (x5, -)=e,, for xseAsuintAf

A.4.7
G{t(x5,)=0, for xsedAS . ( )

Moreover
0G5 (x5, 25) S G5(X5,35) (A.4.8)

Let G and G* for A€ F be the counterparts of Gy and G¢* (respectively) in the

d
present continuum case. Let G(k), k € R? respectively Gy(k), ke <~ E f) be the
Fourier transforms of G respectively G;. 090

Denote by f,s(x)e H_, the function defined by

e~ iknd

. ——— (G4 (k)| G (k)2 A
Tty =) @n7® GO e <o (A49)
0 otherwise .
From the definition (A.4.9) we have [GRS1, Sim]
G5(n0,mé)=(fo5> G * frus) L,(RY - (A.4.10)

For A, being a product of [ /'3, 1'6]nZ;, i=1, ..., d the lattice Green function G*
with Dirichlet boundary conditions on 04§ can be represented using the method of
images as follows [GRS2, Sect. I11.3; GlJa]:

G (x5 0= Y. (= 1)"Gy(x5,7, 1) (A.4.11)

neZ’
(r,ys) =(=D"(y5—n21'5) , (A.4.12)
and ¢, € Z suitably chosen so that GJ*(x;, y;) vanishes if y,edAj.

Lemma A.4.2. Let d=2 and w €% (R?). For any Ase F; the solution y's(+) of the
following Dirichlet problem :

(—A5+mHHPlti(xs) =0 Jor xse Ay ,

lpfofla(xa) =w(x;) for x;€ A5

where

(A.4.13)
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is given in A, by the lattice Poisson formula

Yihx)= Y Gi'(x;nd) ), w@d) . (A.4.14)
néedAs n' —n|=
In’éenlaAf,i

Proof. The proof of this lemma follows simply from the definition of GJ* in
Lemma A4.1b. O

Now we will consider the limit of the solution y2% as —0. For that we assume A
of the special form s.t. A= [] [—n;,m;], n;,m;eZ”, and take 6=2"", leZ".

i=1,2
(The general case can be treated analogously.) By our assumptions we have
0As=0ANZ; . (A4.15)
Lemma A.4.3. For any xeAn () Z}
6=2""¢
lim  y&(0)=¢3(x) , (A.4.16)
6=27/50

where y24(x) is the solution of the Dirichlet problem in the continuum which
corresponds to (A.4.13).

Proof. The proof follows from the fact that for any xe An ﬂ Z} and ndedd,.
]

1

lim 3 G (x,nd) =y (x) . (A.4.17)
nsoyean

This can be seen using the formula (A.4.11) for G4 (see e. g. [BrFrSp]). Hence using

(A.4.14) we get

lim y25(0= | dyyi"(o@=ul'() . O (A4.18)

We need a stronger result to get the convergence of the lattice approximation of
euclidean field theory.
Define
~ 52 .
f,f‘(,(k)z<— D Zf‘(,(né)e"'k”5> 1s(k) (A.4.19)

2 ndéeds

with y,(k) the characteristic function of the set {k sk <§}

Lemma A.4.4. For any 2<p< 0,

lim §24 =024, (A.4.20)
-0

in L,(R?).

Proof. From definition (A.4.19) of §/ ; we have

2 4]

“ o
1055 o < W] - 2 52 (A.4.21)
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and using the maximum principle on the lattice (see e.g. [BJS]) we get, uniformly
n 4,

~ 1
HlﬂgAaHm éﬁ wa |oo|/1| . (A.4.22)
From Plancherel theorem we have
“&Z/,la”m: 52 | 2)/,‘5(”5»252
ndeAds
=< o+ Y >||//3,,Aé(né)|252 (A.4.23)
néeAs

néeds
d(né,0A)<e d(nd,04)=e

for any ¢>0. Since from Lemma A 4.3

VL0 —— Y

uniformly on compact subsets of A, the second sum on the right-hand side of
(A.4.23) converges to

J o' (P dyx

An{d(x,04)Z¢}

Since from the lattice maximum principle

Wf,flal = ”wwAHoo (A.4.24)
the first sum from the right-hand side of (A.4.23) is bounded by

[wjas] 0 14O {d(x.04) <} .
Due to the fact that ¢>0 is arbitrary we get
For any fe#(R?), we have also
[P0 () dyhe— [ £ W (x) x4 (x) dy x
QIR OPAGEAS
that is Y24 — 21y, weakly in L,(R?) and by (A.4.25) we have also strong
-0

convergence in L,. By interpolation using also (A.4.22) we have L -convergence.

This ends the proof. 0O
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