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Polynomial Integrals of Evolution Equations

Eugene Litinsky
Eliahu Nahayassi 3/5, Bat-Yam 59205, Israel

Abstract. In this paper a complete description is achieved, for the first time, of
polynomial integrals (conservation laws) for a broad range of evolution
equations: the Sivashinsky-Kuramoto equation, the Burgers equation and
others.

1. Introduction
We shall consider an evolution differential equation of the following type:
0'v

-, v=ut,x); t,xeR'. (1.1)
ox

v,=Pw, vV, 0?2, ..); 9=
We put
b
I(R@)= [ R, o', 0, .. )dx(=I(R)=1), (1.2)

and consider the complete derivative d/dt of the integral I(R(v)) with respect to the
time t, where v is a solution of Eq. (1.1):

al OR(v) oo™ b OR(v) 0*P
(R( )= f( z 60(("1;)‘ gt > x=£<k§o F("U)) axf‘v)> ax.

In this paper we shall study dI(R(v))/dt. Since this integral does not depend
explicitly on t, we may treat v(t, x) for any fixed ¢ as an element of some set E of
functions of x, x € [a, b]. An element of E will be denoted by u=u(x), u'=(d/dx)"u.
The integral (1.3) will henceforth be interpreted as an integral in which v =1(t, x) is
replaced by ueE.

We shall assume throughout that the elements of E are infinitely differentiable
functions on [a,b], satisfying the periodicity condition u®(a)=u®(b),
k=0,1,2,....

It should be noted that

(1.3)

(1.4)
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can also be studied with reference to Eq. (1.1), when it is not known whether the
latter has solutions in the space E.

Definition 1. If dI(R(u))/dt =0 for all u € E, where I(R(u)) is defined by (1.4), then I is
called an integral of the motion described by Eq. (1.1) (relative to E); briefly, we
write TE(1.1).

Let Ay denote the set of all homogeneous polynomials of degree N in an
arbitrary finite sequence of abstract symbols {ug, uy, ...} over the real field; 4, will

denote the set of constants. We put A= U Ay, A=A,UA.

The algebra A is spanned by the set of all products uf’ut'u®?..., where a; are
nonnegative integers, only finitely many of which do not vanish. The standard
partial differentiation operations d/0u; are defined in A; we shall also define an
operation

d def a
- 1.
d.x i;() ul‘\“l aui7 ( 5)
relative to which 4 becomes a differential algebra:
du;
d—x‘) = u_}+ 1; (1.6)
d da, da,
dx (ila +/1 az) /1 d /1 a,
dara,) J p (1.7)
hdy) _ 44y 4 , eR'  i=
i =a, I +a, i Va,e A, VYieR', i=1,2.
It is easy to see that if He A, there exists a unique expansion
H= Y Hy, HyeAy. (1.8)

NZo

Remark 1. If Fe A, ueE, then F(u) will always denote the element of E obtained
from F by the substitution {u;—u®, i=0,1,2,...}.

Definition 2. I(R) will be called a trivial IE if there exists F = F(u, u®, u®, ...) such
that R=R(u,uV, ...)=dF/dx, where d/dx is defined by (1.5). If no such function F
exists, I(R) will be called a nontrivial IE.

In the trivial case, I(R(u)) =0 for all u € E, because of the boundary conditions in
E. We shall confine attention in this paper to the case in which € 4, and Re 4.
We shall call such IEs polynomial integrals, or briefly PIEs.

There exists a well-developed theory for the Korteweg-de Vries equations, in
view of which it is legitimate to investigate the state of affairs regarding PIEs in
larger classes of evolution equations. It is clear that in the general case one cannot
expect the set of nontrivial PIEs to be sufficiently rich. The present paper,
confirming this point of view, will present an exact description of all nontrivial
PIEs for a very large class of evolution equations and indicate the reasons that the
class of nontrivial PIEs is not rich. Of the previous work in this direction we
mention [2].
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Write the fundamental equation (1.1), Z € A4, as

b= Y 4 Y, 2o, (1.9)
i=2

iz0
where < Y u,v‘”) €A, #€A;. Two of the main results of this paper can now be

iZ0

stated:
Theorem 1. Let puy=+0in Eq. (1.9). Then all PIEs of (1.9) are trivial.
Theorem 2. Let jio=0in Eq. (1.9). Assume that there exists p=1 such that pi,,+0

m

F
and there exists F € A such that Z_x =Y 2
i=2
b
Then there exists exactly one nontrivial PIE (1.9 ) of the form C [udx, where C is
a nonzero constant. 4

Thanks to this theorem, we can offer a qualitative interpretation of our results:
the presence of at least one even-order derivative in the linear part of Eq. (1.9)
implies that, in the informal sense, the equation has no nontrivial PIE, since a PIE

b
of the form C [udx corresponds to the fact that

b
Z—f(cu)=cj9(u)dx=0 YueE, (1.10)
and this equality, for all Z actually occurring in equations of type (1.1), seems more
or less obvious a priori.

As to the restrictions on the nonlinear part, note that, for example, such a
common nonlinearity as uu'V satisfies the condition of Theorem 2: uu®
=d(u*/2)/dx.

However, we shall prove a much more general result — Theorem 3 — which
makes it possible to investigate equations with nonlinear parts not of the form
dF/dx, such as (uV)?.

Before formulating Theorem 3, we must first introduce a transformation I" of
elements of 4 ~ a special case of a transformation defined in [1, Chap. 1, p. 82].

Definition 3. For primitive polynomials u; u;,u;,...u; € A, i, €[0,1,...00)

1 o
g, ) — % ingia  pin (1.11)

in/ ™ R Ji12j20 BN
N! {j1,j2.--JN}ESN

where the sum extends over all permutations {jy, j,, ..., jy} in the symmetric group
Sy. If a; are primitive polynomials in 4, and ;€ R', then we define

r(z_ijaj) EDWRACRR (1.12)
J J

Thus, I' maps Ay into the algebra SP(N) of all symmetric polynomials in the
abstract symbols &,,¢,, ..., Ey over the real field R?.

Lemma 1. For all N>1, I is an isomorphism of the linear spaces Ay and SP(N).
( The proof will be presented in Sect. 4 ).
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The following three properties (1.13), (1.14), and (1.16) justify our definition of

OF N[ a\
F(E) zz”'F!(aTJ I(F), (1.13)

p.

r:
Let Fe Ay. Then

where z, transforms the set of symbols (¢4, ..., &y) in accordance with the rule:
zy(&)=¢; for i< N and zy(£y)=0. Note moreover that since J/0u, maps Ay into
Ay -4, it follows that I'(0F /du,)e SP(N —1),

dF
F(EZ) = +E+ . HEWNIE). (1.14)
Note that d/dx [see (1.5)] maps Ay into Ay. Put
g S 1.1
ou k§0< > ou,” (119
Clearly 0/6u maps Ay into Ay_,. We have
5F N—-1
F<5u> N (FF)<§1’623"'75N—1>— ';1 éi)a (116)

N—-1
where I'F € SP(N), but the substitution £y — < -y é,) takes this polynomial into
SP(N —1), so that =1

(FF)<51,52,...,6N_1, g )ESP —1).

Brief proofs of (1.13), (1.14), and (1.16) may be found in [1, Chap. 1]. Since the
transformation I' seems to be a quite interesting and promising analogue of the
Fourier transform for the differential algebra A, the proofs will be presented in
detail below (Sect. 4) for the reader’s convenience.

It is convenient to introduce the following notation:

g def N a F

53 . B
5~5 ¢&)=¢, if i=1,2,..,.N—1; (—5;(51\,):—'2 & (1.18)

Note that

b 5
re =N-<T. (1.19)

This follows from property (1.16). Put
def (N iIooN
n= X o= X G )+ X Gy (1.20)
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In the sequel we shall need the expansion (1.8) of R:

R= Y R;, R;eA,, (1.21)
iZ0
then
OR OR; OR, OR,
E —l>1 51,{ ‘—57—0, —EJ—COHSL (122)
We have to consider the system
R ~
{(D,._I-F<65 >+C ; I'(#)=0,i=2,3,4,. } (1.23)
where the Z are asin (1.9), Z=0for i>m, C is an arbitrary fixed constant. Denote

the set of solutions {R;}, R; eA i=2,3,4,..., of this system by {(C). Of course, it
may occur that {(C)=9, but Z(O)#:(Z), since {Ri=0, i=2,3,...} €{(0). Note that
{(C)=0 if there exists i, =2 such that the i,-th equation in (1.23) is not satisfied for
any R;e A,
Theorem 3. Let uo=0in Eq. (1.9 ). Assume that for all C such that {(C)+( and all
{R},1=2,3,...} €{(C),
SR
ou

=0, i=23,4,....

Then:

1) If {(C)=0 for all C*0, then all PIE (1.9) are trivial.

2) If there exists C, %0 such that {(C,)#0, then there exists a unique nontrivial
b

PIE (1.9) of the form C [udx.

2. Proofs (in Outline)

Our main task is to investigate the existence and structure of the solution of the
equation
*P(u)

b
g(lzoﬁ() )dx 0 VueE 2.1)

for R e A [see (1.3)]. Using the following nontrivial lemma, we shall reduce Eq. (2.1)
to a purely algebraic equation:

b
Lemma 2. The relationship [Q(u)dx=0 VueE, Qe A is true if and only if there
exists Ge A such that Q=dG/dx.

The proof will be presented in Sect. 4.
Note that integration by parts, using the boundary conditions in E, yields

dl o OR 0P {oR
(R(u) §<k§o o axg‘u)> Ia ) F)dx, 2

where 6/0u is as in (1.15). <QO=O, then € A and é—ﬁ(u)?(u)eA).
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It now follows from Lemma 2 that Eq. (2.1) is equivalent to the following
relationship 5R,g)_ iG

k™ (2.3)

for some G € A. Using (1.8) we see that (2.3) is equivalent to the following system of

equations: : 5Rk+1.g, 46,
kg'o ou ik dx ’

where Z,_,€A,_;; #,=0 and Z,= ) puu; by (1.9); #,,...,%, are as in the
jZ0

nonlinear part of (1.9); =0 for i>m.

Note that we are using the same notation £ for the polynomial
Plu,uV,u®,..)) in the right-hand side of (1.9) and for the polynomial
P(u,uy, u,,...)€ A obtained by the substitution u®—u;; this should not cause any
confusion.

The following lemma is technically important:

i=0,1,2,..., (2.4)

Lemma 3.

5 SRy 5

o T (B =0 e
for N=2,3, ..., where &y _, is defined in (1.20).

For the proof, see Sect. 4.

Proof of Theorem 1. We shall prove that system (2.4), as a system of equations in
the unknowns 0R,/0u, has only the trivial solution.

OR d . .
If i=0: ?uiu@o: %, since #,=0, G,=const, and this equality holds
identically for any 6R,/du=const.
) OR, OR, OR, dG,
Ifi=1: —Py+-— 2, = Pi=—
fi ou ot ou ' ou T dx

Since dR,/du=const, it follows that G, exists if and only if u,=0. But this
contradicts the assumptions of the theorem, and so dR,/du=0.
Both here and later we shall need the following proposition :

0 d .
Kersa =ImE€— in A. (2.5)
(For the proof see [1, Chap. 1, p. 81].) Note that 2, /du=p,.
Ifi=2;

OR; OR, OR, O0R, dG,
— —— 4+ P —— =P — =—.
ou 7 ou 7% ou ' ou dx

Apply the operator (6/0u)I” to both sides of (2.6), using (2.5) and the fact that (as
follows from Lemma 1) KerI'=0. The result is that (2.6) is equivalent to the

following equation: _
J— —_— U =0‘ 2.7
du F< du <j§0 #ju’>) ’ 27

2, (2.6)
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and from Lemma 3 and (1.19) it follows that (2.6) is equivalent to

SR\ _
qﬁl.r(W) =0. (2.8)

It now follows from (1.20) that

D=2 Y p,,EP+0 since po+0.
p20

Hence I'(0R,/0u)=0 and (0R,/éu)=0. It remains to carry out the induction
step: Assume that

OR; J0R,  OR,
Su  du T du
Considering the equation of system (2.4) for i=n+ 1, we obtain
OR, 4+, dGy 4
P, = . 2.
ou 7 dx @9)

Repeating the arguments used in the case i =2 word for word, noting that @, +0,
we obtain 0R,, ,/0ou=0.
Consequently,

B0 =l B 0

and this completes the proof of Theorem 1.

Remark 2. By (2.5) 6R/6u=0 if and only if R=dF/dx for Fe A4, i.e., R is trivial.
Similarly, if 0R/du is given, then R is defined up to a term dF/dx.

Proof of Theorem 2. Proceeding just as in the proof of Theorem 1, we consider the
equation of system (2.4) for i=0; it holds identically.

If i=1 the equation is satisfied by any 6R,/éu=C, since p,=0. In that case
R, =Cu+dF,/dx, where F € A,.
OR, OR, dG,

Ifi=2:2,—= s +P,— S0 = dx Proceeding just as in the case (2.6), we obtain
the equivalent equation
SR, 5 SR,

Since #,=dF,/dx for F = Z F, F;eA;,and dF/dx= Y 2, it follows in view of
(2.5) that =2

2 ou ou ¢

Since @, +0 (because u, +0), it follows that 6R,/ou=0.

OR OR, dG
If i=3: 9715—;+9’35—u1 = d—;

oR
r{yz C)= r{c 5‘%} =0; —=
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Repeating the arguments used in the case i=2 word for word and noting that
&,+0 for i=1,2,..., we obtain 0R;/ou=0.

The proof now continues by induction; analogous arguments yield the equality
O0R/éu=C =const, completing the proof.

Proof of Theorem 3. Proceeding just as in the proofs of Theorems 1 and 2, we see
that the equation of system (2.4) for i=0 reduces to an identity; and for i=1,
OR,/6u=C, where C is an arbitrary constant. Let C=C, be such that {(C,)=+0.

If i=2, we obtain Eq.(2.10), but by assumption JR,/0u=0. Repeating the
procedure for i=3,4, ..., using induction and the assumption concerning {(C), we
see that OR;/0u=0, i=2,3,4, ...

Thus oR R,
5u N i>1 514

=C,.

If C, can be assumed distinct from O (i.e., Case 2 holds), then R=C,u and,
multiplying by an arbitrary constant, we see that R=Cu up to a trivial term.
Otherwise, we obtain the assertion of Case 1, and this completes the proof of
Theorem 3.

3. Examples
1) Burgersequation u, =vu,, —uu,, v =const. Since we can use Theorem 2, whence
it follows that I=C j udx is the unique nontrivial PIE of the Burgers equation in

the space E.

2) ut=uxxxx+ % {[1 _(ux)z:]ux} +ou.

This equation describes Bénard convection in a nearly isolated liquid layer [3-5].
Theorem 1 states that in this case, if @0, there are no nontrivial PIEs in E.
3) The Kuramoto-Sivashinsky equation [6, 7]:
U= —Uyxxx — Uxx— uazc .
The first equation of system (1.23) for i=2, gives
OR;

—2(f%+é‘:)5%r<Rz)+c¢f=o, 0,=—2&+¢), =51,

5 SR, cd
Er{—[u(l)]zw}= {f &+ &8 =C¢.

Next, I'(R,) is a symmetric polynomial in (&,,¢,), but ST(R,)/du is simply a
polynomial in &,:
5

EF(R2)=I_=ZO¢1€1

where a; are constants. Thus, we can rewrite the equation of (1.23) for i=2 in the
following form:

(& 64)<Z aé) S&=0. 3.1)
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We now prove by induction on k that
a;=c=0 for i=0,1,...,k, (3.2)
ie., O0R,/ou=C=0.
a) k=0: (éf+é‘1‘)a0-—§~ 2=0, whence it follows that a,=0, and so C=0.

k ; C
b) k+1: (é%+é§)[_20aifa+ak+1é’i“] —5¢i=0,or

{(é%+f‘h<2a€) C¢}+ak+1¢"“@2+64) 0.

a1 &3 is the highest-degree term in this polynomial, and therefore a, . ;=0.
Thus by the induction hypothesis, g, =C=0, i=0,1, ..., k.
This proves (3.2). We now consider the equations of (1.23) with i=3:

i-1 2 -1 5 i—1 (3R
&+ X &+l X & + Z &iee S =0, (3.3)
k=1 k=1 k=1 u

where

i-1 2 -1 5 i-1 4 i-1 . (3R1
D == X&)+ X &G+ X&)+ X & 5—=C=0;
k=1 k=1 k=1 k=1 u

Z=0foriz3.

It follows from (3.3) that I'(0R;/0u)=0 and, by Lemma 1, R;/0u=0. Thus the
assumptions of Theorem 3 are satisfied, and C=0 if {(C) % 0. Thus all PIEs of the
Kuramoto-Sivashinsky equation are trivial in E.

4) ht = hxxxx - hxx - hxh .

This equation describes the evolution of the surface of a disturbed film of viscous

liquid flowing down a vertical plane [9].
Theorem 2 enables us to state that this equation has a unique nontrivial PIE in

b
E, namely, I =C [udx.

5) U =06Ut, — U,

It is interesting to observe how the technique we have developed here breaks
down in the case of the KdV equation. The obstruction here is the equality
b, =2 Z 1,,¢37 =0 for the KdV equation, i.., the fact that the linear part does

not contaln even-ordered derivatives.

The nonlinear part of the KdV equation is a total differential: 6uu, =3 d—dx—uz.

One can therefore use the argument of Theorem 2, but since @, =0, it does not
follow from (2.10) that 5R,/0u=0. Hence we cannot arrive at the conclusion of
Theorem 2, and we cannot state that the KdV equation has PIE’s of the form

b
¢ fudx only.
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As to the equality @; =0, in view of the fact that %F (6uu,)=0 and #,=0 for

OR;
i=3,4,..., we can infer that system (1.23) assumes the form { i 1F< 5u) 0,
i=2,3,4,... and the derivative dR}/du in {(c) does not necessarily vanish. Thus

Theorem 3 cannot be applied, as its assumptions are violated.

In sum, we see that the methods developed in this paper are only illustrated by
the above five examples. It is quite clear that they may be applied over a
considerably broader range of problems. At the same time, the exact descriptions
obtained here of classes of PIEs provide radically new information about classical
objects.

4. Proofs of Lemmas etc.
Proof of Lemma 1. Let
9(51,£2>”‘36N)=_ Z a?élllglf 5\1,\!, lT:(ilaiZ"'iN)a
ieZ*(N)
where Z *(N) is the set of all vectors in R with nonnegative integer coordinates. It
is easy to show that 0 e SP(N) if and only if a ;= a; for allie Z*(N) and all ne Sy,
where =iy in2y - bniwy)-
Assume that GESP(N). Then

00 )= TS 2R = Tl 8= Tadiinfliar - <Hin-

Summing both sides of the equality 6= Za é,,(l)f,,(z) ,,(N) over all meSy, we
obtain

1 .
0: mZa {neZN én(l) én(z) fﬁa’N)} (41)
This equality shows that for all §e SP(N) there exists re Ay, r= Za u;, Ui

such that I'(r)=0, i.e., ImI"=SP(N).
We now show that Kerl'=0. Let a= Y a;u;, s, i={i1,iz...,in} €Z"(N)

1
denote an arbitrary element of 4y. Since 4y is commutative, we may assume
without loss of generality that

az=a; forany meSy andany iez*(N). 4.2)
Define
W:.¢—0 for k=1,2,..,N;
POENENENENUNENY
afl 652 ]N' aéN
We have

WDI'(a)= E Y . (4.3)

nJ
N' nESN
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Suppose that I'(@)=0. Noting that WD70:0, we obtain

WD'I'(a) =0— — z s (4.4)
It follows from (4.4) and (4.2) that a;=0, and so a=0. Thus Ker I'=0, completing
the proof of Lemma 1.
For the reader’s convenience, we present the proofs of properties (1.13), (1.14),
and (1.16), which were only outlined in [1]. We begin with the proof of (1.13):

F(”i,“iz-"”in)zﬁ Z '5;1(1)5:.12(2)-'-&%)
IR (45)

Since A is commutative, we may assume without loss of generality that i, <i,
=<...=Ziy. Now,

ZN 0 \" 1 s lan ZN in(N
F((’}_@) Fug,u;, ..., )= N'nesz i) fl) | Fle >{ af f )

1 .
N' nEZSN 61"(1)617':(2) é;\?“v_ 1)517, iﬂ?(N) : (4.6)
Continuing, we can establish a one-to-one correspondence between S%
={n:neSy, n(N)=q} and Sy_,, where ¢ is a fixed number, ge[1,...,N]. The
correspondence of o>, TeS%, is defined by means of the function

S, S<yq
Xq(S)= {S+1 , qu

putting y,(o(t))=n(t), te[1,...N—1], 0€Sy_;.
Assume that p has the property: there exists i, € {iy, ..., iy} such that i,=p. To
be precise, ¢ is such that

lg-1<Ug=lgs 1= F g1 p=P<lgips1-
Then
: 2 Zj'nmé’nu) fkj’(—N{”'é i =‘“i 2 éilnméizﬂmmé?g{n
NI &y PN S0 pesg
1 i i
_ 1 > Elrar o) | EFlxaq e =)
N! j=00deSn-1 (47)
But
__1_ 5 Elxastotin éiqu(o(Nﬂ))_[‘ 4.8
(N—1)! ety ! SGNTT =Tyt Uiy Uiy) - (48)

Combining (4.8), (4.7), and (4.6), we obtain (1.13). If i;#p for all se[1, ..., N], then
the sum (4.6) vanishes, and (1.13) is identically true.
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Proof of (1.14).

d N
F{E(uiluiz )} {; Ui Ui+l - uiN}

) i .
z(él + é‘z +ot fN)F(u,-lu,-Z...u,.N),

Proof of (1.16).
r(Ge)-r(z (i) )= n (- me )
Ll mef ol e

" y

NP
z(zlf% %n@m>
pZ0 i1 o¢

N-1
:ZN'N(FF)<51’~-~aéN—1,fN—1_ .;1 éu)

=Zy

:N-(FF)(él,...,fNAp _1\;{:: §z>

Proof of Lemma 2. If Q=dG/dx, then j Q(u) (x)dx =0 because of the boundary

conditions in E.

Conversely, let j Q(u)(x)dx=0 for all ue E, Qe A. Put u=0€E, then j Q(u)dx
= ondx 0and Q,=0, where Q(u)=Q, + Z 0:500€4,, Y Q€A Thus QeA.
iZ1

Deﬁne

Wiu; ) u(x)+¢ 5%(‘”)

where u is arbitrary but fixed, e€[0,1]. Note that

d\* N d \*50(u) _
(2;> Ws(u,x)—u(")(x)+8<a> 5 (x), k=1,2,....

(),

Hence we obtain the expansion
0
00w )=+, 3, 280 (] 290 01t

Since W(u; x)e E, it follows that jQ(VK(u; x))dx=0 for all ue E. Hence

b ks
J Q) (x)dx+ If I an,'f)) < > Q(”)( X)dx + o(e) =0

(4.9

(4.10)

(4.11)
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identically in ¢€[0, 1], whence it follows that

I Z 6Q(u)( )<dx> 5Q£u)( Jdx=0 forall ucE. (4.12)

2k5%0 ou®

Using the boundary conditions in E, we obtain

{ <5§S‘))2 (x)dx=0, forall uekE, (4.13)

a

whence, since the functions involved are continuous, it follows that 6Q(u)/du(x)=0
for all ue E. This implies that 5Q/du=0 as an element of 4. In order to prove this
almost obvious fact, we observe that the sequence u(x,), u*(xo), ..., u™(x,) may
assume arbitrary given real values o, oy, ..., %y; X is arbitrary but fixed. In order
to complete the proof, we reason by reductio ad absurdum, using Theorem 14 of [8,
Chap. 1, Sect. 18]. From 6Q/éu=0 we now deduce, using (2.5), that Q =dG/dx.

Proof of Lemma 3. For convenience, we denote

s (et = U (i) o)

Using (2.5), we can state that

5 N
—F{de} 50 { < d—W>} forany V,WeA. 4.14)

dW dV
<Note that WZ—I;, V— >

Hence

5 JORy & (N ' j
;r{uozﬂ« dx> )38 [ ( )]

XF(RN)<§17"'aEi""a£N’ - % és)}

s=1,s%i

y o 5 ,
where £; means that the element &, is omitted. Noting that @( Y £k>’ equals
k=1,k+i

N—-1 J
< Y §k> if i=N, and equals (—¢,) if i+ N, we obtain
k=1

N-1 N-1
= {;Olij(“‘“j Z (_gi)j}F(RN)<éla N N N .gl & 61)

Ly wen (s a) breo(s e -y 6)

5
=Py, 'E;F(RN)*
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