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Abstract. In this paper we introduce an inductive description of the complete
effective densities including large field domains, and we show that the
renormalization transformations preserve the form of the densities. This
completes the renormalization group analysis for superrenormalizable models
and yields convergent expansions in this case.

0. Introduction

In this paper we continue our study of the renormalization group analysis of the
non-Abelian lattice gauge field theories. In the previous papers, referred to as [I, I1],
we have analyzed the renormalization transformations in the small field regions.
The basic goal here is to do such an analysis for the complete model, without any
restrictions on field variables, i.e. including all large field regions. Thus we study the
complete renormalization transformations 7, without any restrictions on integra-
tion variables. Let us recall that they are of the form

(To)(V)=[ dUs(UV ")e(U) , (0.1)

where ¢(U) is a function of the gauge field variables U on a lattice T, U is the
averaged field on the lattice T, and V is a new gauge field on the lattice 7). The
averaging operation is defined by the formula (0.4), or (0.12) in [I], but we may take
any averaging operation satisfying several general properties, analogous to the
properties (0.5)—(0.9) [I]. We have to apply an additional operation after each
renormalization transformation 7. This operation is denoted by R, and it changes
effective densities on large field regions. Thus, we construct a sequence of effective
densities {g,} by applying successively the operations RT to the initial density
0o=exp[—(1/g3) A —E], where A4 is the Wilson action, and E is a normalization
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constant. We have
o,=RTg,_, =(RT)on > 0.2)

and we finish the inductive procedure when we reach the unit lattice. All the details
of the procedure, in particular all geometric definitions, are summarized in the
Introduction in [I], and in previous papers, references to which can be found in [I].
To describe the effective densities g,, and to understand their properties, we apply a
combination of the methods and the representations of the papers [16], [1]. The
numbers here mean the numbers in the references to [I]. Basic aspects of the
procedure are the same as in the paper [16], i.e., we do the integration, and all the
other operations, in the small field regions only, but there are two fundamental
differences. The first is, that now we are interested not in bounds, but in a precise
description of the effective densities in the form of convergent expansions, so we
apply the whole analysis of the paper [I] to expressions in the small field regions.
The second difference is that we apply the additional operation R, which changes
expressions connected with the large field regions. Let us explain briefly why it
is necessary to make such changes, or why it is necessary to renormalize the large
field expressions, and what is the general structure of the operation R. Consider a
large plaquette variable in the first step. The restrictions on these variables are the
same as in [16], so we have |U(dp) —1|=g,po(9g,) for a plaquette pel;, where
Po(go)=A,(log gy *)P° with a positive integer p,. The term in the Wilson action,
corresponding to the plaquette p, gives the estiomate

1 1 -
exp | = 1 1 ~Retr UG <o (—3 736D 2 adrtssnst
0

For d<4 we have g,=¢g¢!?“~ % and the bound above can be estimated by an
arbitrarily large power of ¢. This is enough to control expressions arising in the large
field regions surrounding the plaquette p for all steps of the procedure, i.¢., until we
reach the unit lattice. For d=4 the bare coupling constant behaves asymptotically
as (a+bloge™ 1) "2, for ¢—0, with some positive constants a, b, hence the bound
does not give any positive power of ¢. It is still small for ¢ small, and it controls a
large number of steps, but this number is a small fraction of the total number of
steps. Thus, for some large field regions there is a difficulty in continuing the
procedure of [16], the small factor arising from large fields in this region does not
control further steps. In such situations we have to change the procedure in order to
improve the small factor, i.e., we have to be able to renormalize the expression
corresponding to the large field region.

The operation R serves this purpose. We will not describe it here, we will only
assume that it has some properties incorporated in the inductive description of the
effective actions.

Let us explain now what is the basic result of this paper. We give a detailed and
precise description of the effective densities g, in terms of convergent expansions,
and we show that Tp, satisfy the same assumptions. This description is quite
complicated and technical, and it occupies all of Sect. 2, so here we can formulate
only a theorem, or rather an idea of a theorem, referring to the later description.
Thus we have
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Theorem. [f ¢, satisfies the assumptions described in detail in Sect. 2, then Tp, satis-
fies also the corresponding assumptions.

This whole paper gives a proof of this, and related theorems. Let us make few
comments about the proof, and the presentation. We apply the rule that if some
aspect of the procedure is discussed in one situation, this discussion is not repeated
in other situations, only changes and modifications. For example, in paper [I] we
have discussed in detail the renormalization of the effective actions, and the
localization operation for terms of the actions. Here we do not repeat these
discussions; although we need the results of the operations in many places, we
describe only in each case necessary changes. Generally, we discuss in this paper new
issues only ; thus we describe in detail all operations connected with introductions of
characteristic functions for field variables. Many new characteristic functions
appear in connection with large field regions, and they play an important, although
quite technical, role in the procedure.

Thus, the papers [1, I1] are an essential part of the whole analysis, and the results
obtained here are based on the results of those papers. In fact, the analysis of
expressions connected with small field regions is the most important part of the
method, and even analyzing the R-operations in the future we will consider only
small field parts of the corresponding large field regions, and we perform operations
in this part only.

1. The First Renormalization Transformation

We analyze the integral defining the first renormalization transformation (0.1),
mainly to understand some basic features of the inductive assumption which will be
formulated in the next section. Many of the operations described here are common
for all steps of the renormalization procedure, and we will mention them only briefly
in the sequel.

At first we introduce two additional partitions of the lattice 7; into large cubes.
The first is a partition into cubes of the size MR, where R, is the smallest power of
L such that R, =(loggy %), r=2, and M = L™ is sufficiently large. The second is a
partition into cubes of the size LM, R,, where M, =L"?, and M, <M, <M. Let us
recall that M, is the size of large cubes for which all the theorems of the previous
papers, especially those concerning the variational problem, are valid. We fix M,
not too much larger that M, e.g., we can take M, =1?M,, and M will be chosen
much larger than M, . The choice will be dictated by many conditions involving this
constant. The above partitions have to be compatible, and compatible with the
partition 7, as well, and with other partitions introduced later. The cubes of the
second partition are denoted by 0. The operation ~ applied to these cubes means
adding one layer of M, R,-cubes touching 0. Usually this operation applied to other
sets means adding one layer of cubes taken from this family of cubes, in terms of
which the sets are defined.

Now we introduce the decomposition of unity, similar to the decomposition (7)
in [16]:
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1= TI X({ sup. IU(ﬁp)—1I<8o}> I1 X({ sup IU(ap)—1lzso}>

Po OCP§ OCPo pcO-
=2 1P x5 (Po) (1.1)
Po

where the sum is over sets P,, which are unions of the cubes of the second partition
introduced above, i.e., unions of the LM, R,-cubes. There are two convenient
choices of the positive constant g,. The first is the same as in [16], i.e., in the first
step we take &,=goP0(do)> Po(go)=4o(0ggs 2P, py=5r and A4, is a sufficiently
large constant. The second is obtained by replacing g, * in the logarithmic factor
p(go) by its upper bound coming from the inequality (0.33) [I], i.e., we take ¢,
=goAo(logys 2P, 7o 2=y *+Bloge™!, B,7>0. The first choice is simpler, and
more convenient to study connections with perturbation expansions. The second
choice is more convenient in some nonperturbative aspects of the procedure, but it is
technically more difficult and we assume here that ¢, is given by the first formula. If
a plaquette p’ is contained in (P§)', then Proposition 1 [12] implies that the new
field V satisfies the bound |V (dp’) —1| <2 L?¢,. We introduce stronger restrictions
on V' by a next decomposition of unity. We introduce the next two partitions of the
lattice 7] . The first is into cubes of the size LM R, , where R, is the smallest power of
L such, that R, > (logg; ?)". The second is into cubes of the size I? M, R, . For the
more natural scale L™ these are partitions of the lattice T, -: into MR, -cubes and
LM, R,-cubes correspondingly. Denote by P, the union of the LMR,-cubes
intersecting P,, and take P;~ (the operation ~ is determined by the LM R, -cubes).
For every L* M, R;-cube O’ contained in (P;~)" we construct the function U, 5.(V)
as

Up,g (V) =U®B, @), M (Q7'V)) , (1.2)

where B, (00’~*) is the minimal determining set based on O'~*, and Q{™“V was
introduced in (4.5.3) [18]. Let us recall the definition

. B for b<=B(y), yeTW
@ V)(b)_{V(c) for beB(c)={b:b_eB(c_), b, eB(c,)} , ceT" .
(1.3)

The function in (1.2) depends on the field V restricted to [0'~*. Now, the next
decomposition of unity is

1= TI X({ sup |U1,D,(V,8p)—1|<glL‘2}>
pcO’'~

Py O'CPsg

B ‘({ o~ ’UI:D‘V’@P)—“zelw}):zxl(Pm;(Pl) L (14)

acp, P,

where the sum is over sets P, = (P;™)", which are unions of the L*M, R,-cubes, P{
denotes the complement to (Pg~)¢, and & =g, po(g;)-

Denote by P, the union of the LMR,-cubes intersecting P,, and denote P}
=((P~)n(P§~*))"). In blocks of B(P}) we introduce the axial gauge fixing
expression, the same as in (0.16) [I]. Thus we use the identity
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=11 TII Idu(x) - X({IU“(}‘ X)—1|<80})6Xp[—gl—2 [1 —Retr U"(}’,X)]] ;
0

yeP} xeB(y)

(1.5)

where U(y, x) are the variables introduced by (0.11) [I]. We insert it under the
integral, and we apply the Faddeev-Popov procedure. This yields the equality

0o, (V)= Z AP (P S dUé(UV I)XO(PO)XO(PO)XAx(Pl)

PoPy
-exp[—— G(PI,U)—g—2 A(U)——(L“—l)lPH]ogz—E] ,  (1.6)
0

where

G(PL,U)= Y [1 —Retr U(y,x)] . 1.7)

yeP} xeB(y)
xFy

Let us make a remark about the gauge fixing. The main point in introducing it in
the form (1.5) is to preserve the Euclidean invariance, but this can be done also with
the gauge fixing defined by the -functions of the contour variables U(I} ,), as in
[16]and in the previous papers. For a chosen coordinate system in a block we fix the
gauge introducing the §-functions, as in (9), (10) [16], and we average over the
Euclidean transformations of the lattice, leaving the center of the block invariant.
This definition has all the properties necessary for the method presented in this
paper, in particular it is localizable in subdomains of the lattice, so it can be an
alternative to the above definition.

Trying to imitate the procedure in the paper [I] as closely as possible we should
introduce now restrictions on a fluctuation field. This field is not defined yet,
therefore we introduce restrictions on an approximate fluctuation field. A good
approximation on a cube 0’ < B(P}) is given by UU; ., where U, . is taken in
the axial gauge. It is easy to see, by the same reasoning as in the proof of Lemma 1
[14], that |UU[ L —1]<O(I*)g, on O'7?. A domain of this type, with o(1?
replaced by a small constant, is also contained in the domain of integration in (1.6).
These remarks serve as a justification of the following decomposition of unity:

1= TII x<{ sup lU(b)U;E,(b)—1|<250}>

Q, O'cQf be(d'~

IT x ({ sup  |U(b)Uy g (b) -1 225o}>=z %0020 (Qy) » (1.8)
0 coy be(O'~ ) Q1

where the sum is over sets Q; = (B(P}))~~* =((B(P1))™)", which are unions of the
I*M, R,-cubes, and 8, =go 4, po(go) =(A4,/A4o)e. We assume that the constant 4, is
much larger than A4, . The superscript * used in (1.8) means that we take the set of all
bonds with at least one end-point belonging to [0'~?, except the bonds by (c) for c,
such that at least one end-point belongs to (O'~?)®. More generally, for a set X,
which is a union of unit blocks, we define

X*=X\{bo(c):ce XV} . (1.9)
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We take Q; again as the union of LM R, -cubes which intersect Q, , and we surround
the sets Q/, (B(P}))~ by two layers of LMR,-cubes. Denote

Q=(Q{?U(B(P)))F=(Q{*)'n(B(P))~ 7, (1.10)

thus Q, is a union of LM R, -cubes, and a distance between ; and the union of the
large field regions is at least 2LMR,; . On the set Q;” we have only the small field
characteristic functions, and it is easy to see that the functions y,, x4, localized in
Q[ areequal to 1, if 4, is sufficiently larger than 4,. We drop these functions from
the integrals in (1.6).

We fix Q; and we do the resummation with respect to Py, Py, O, asin (8) [16].
This yields the equality

QI(V)=QZ 21(Q) | dUS(TV ™ HE(Q5) 15 (2))

1 1
'exp|i—g—2 G(Qd, U)—;F A(U)—(L“—l)lQ{”Hogz—E} .
0 0

(1.11)

Here the factor {(©7) is defined by all characteristic functions and gauge fixing
exponential factors localized in Qf, and resummed over all admissible P,, P,, Q.

The next step is again the same as in Sect. A of [16], we make the translation U
=U'U, in the integral in (1.11). Let us denote by ¥, the integration variables
localized in Qf, i.e. Vo= Ulq.. The configuration U, , or more precisely U; (@Q;, V), is
defined as the critical point of the functional

U-AU)+GQP,U) for U:U=V, on Q , U=V on QN .
(1.12)

It is equal to the critical point of the action 4(U) only, on the subspace of
configurations satisfying the above conditions and the axial gauge conditions
U(y,x)=1for xe B(y), x+y, ye QM. By Theorem 1 [15] there exists exactly one
critical point of (1.12) in the domain of integration in (1.11), for ¢, sufficiently small.
It is a minimum of (1.12), with a strictly positive second order differential. The field
U’ is small, because U'=UU, '=(UU; ;) (U, 5. U;"), and both fields in the
parenthesis on the right-hand side of this equality are small. We denote

1
A'=;logU’, or U'=expid’ , (1.13)

and we call 4" a fluctuation field.

Now we expand the expressions in the integral (1.11) with respect to the fields 4"
This expansion was investigated in [15], see Sect. B. The formula (26) there gives an
expansion of the action, see also (1.2.7). An expansion of the gauge fixing terms is
given by (1.1.8). For the expressions under the é-functions we have (14)—(16) [16], or
(1.1.6), (1.1.7) restricted to Q). We linearize these expressions by the transfor-
mations analyzed between (16)—(18) [16], or between (1.1.8)—(1.1.9) [I]. These
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operations yield

Ql(V)zg_: %1 (2,) j d%lgfé(Vo Vﬂ)((gf)

1
'exp[—g—z AUy +|QF|loga, —(L4—1)]Q{1)|logz—E]
0

[ dAlg,5(0A4) 15(R)) exp [log o(4—hD(4))

0 ~ 1 ~
+Trlog (I—h <ﬂ D) (A)) —g—z G(A—-hD(A))

0

_1-2 {(A —hD(A), J1>+% (A—hD(A), A(A—hD(A4))>

0

+ V(4 —hB(A))}:l . (1.14)

Let usrecall that the linearizing transformation is different from the identity only on
bonds {b,(c) : ce 2"}, hence the characteristic function g (€, ), defined in (1.8), is
unchanged under the transformation. The number |Qf| is the number of bonds
belonging to 2, minus the number of bonds in the set {b,(c) : ce Q{"}. Also, let us
recall that the functions and operators on the right-hand side of (1.14) depend on the
configuration U;. Now we perform the scaling transformation 4=g,4’ in the
integral with respect to variables 4, and we remove the J-functions under the
integral solving the equations (0A4') (c)=0 on Q" . The equation determines the
variable A4'(by(c)) as a linear function of the remaining variables A'(b),
be B(c_)UB(c.), b+by(c). We denote this function by C, and we denote by A4 the
integration variables restricted to bonds Q# =Q,\{b,(c): ce @{"}. Hence 4'=C4
are solutions of the above equations and we have QCA =0. After these operations
we obtain

Q1(V):Z 11 (€21) I dVoleé(Vo V_I)C(Qf)
24

0

1
'eXp[—gz A(U)) +1oggod(g)|Qf| +1og o, Q| —log (L —1)|Q{"| —E]

1 1

2] dAlglxa(Ql)exp[—i (4. C*4,CA> +0(g0CA) = 5 V(goCA)] ,
0

(1.15)

where

(A, A, A>=(A, 44> —2(hCD(4), ], >+ G (4) | (1.16)

and v(A4), V(A) have the same meaning asin (27) [16], i.e. v(A4) is the sum of the first
two terms under the second exponential in (1.15), and V(4) is the sum of the
remaining terms of the order higher than 2. The factor z@ is obtained by integrating
the d-functions with respect to the variables 4(b,(c)), ce QM.
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Let usremark that it is very important for our method, as it wasin [16, 1], that we
expand in (1.14) around the critical point, so the potentially dangerous linear term
(1/g%) <A, J,) vanishes on the domain of integration. Another important remark is
connected with gauge invariance. As in all previous papers the ex-
pressions in (1.14)—(1.16), except the characteristic function y,(Q,), are invariant
with respect to the simultaneous gauge transformations

U, -U* > UYxx)=u(x)U,(x,xYu"t(x) ,
1~ Uy 1o x)=u(x) Uy (x, x)u™ ' (x) (1.17)

A->RwA ,  (R@A)(x,x)=Rw(x)A(x,x)=u(x)A(x,x)u""(x)

where u is a G-valued function defined on sites of the lattice 7. The characteristic
function is invariant with respect to gauge transformations of the new field
V:V—-V? vis a G-valued function defined on sites of the new lattice 7. Such a
transformation v determines the gauge transformation u,, uy(x) =v(y) for x e B(y),
and the field U, constructed in (1.6) transforms by u, : U,— Ug°. This implies that
the characteristic function y,(Q,) is invariant if the field variables A are transformed
by the adjoint representation 4 — R(u,)A. In the future we will use both invariance
properties: the invariance of all the expressions determining the density with respect
to the gauge transformations of the new field, and the invariance of the effective
action with respect to the gauge transformations (1.17). To get this invariance for
the last integral in (1.16) we have to replace the characteristic function y4(£;) by
functions depending on A4 only. We introduce a new decomposition of unity in the
domain Q ~'=((Q5) )"

1= TII x({ sup |A(b)|<90_150}>

R, DO7CRS be(O~2

IT XG Sup IA(b)IéggléoD:Z 1R PRy . (1.18)
2y R,

0’ CR; be(O'~

Here the summation is over sets R, = Q" ~*,which are unions of 1> M, R, -cubes, and
R{ means the complement to Q" ~*. Consider a cube O’ = R . For this cube we now
have the product of the two characteristic functions,

x({ sup IA(b)I<go"150}>
be(O' ~2)*

x({ sup lexpigoA<b)Ul(b>U;a<b)—1|<260}>. (1.19)

be (O’ ~2)x

The cube O’ is contained in ©Q,, and both configurations U;, U, . are deter-
mined by the same configuration ¥ on O3, hence on O0'~? the difference
between these configurations is very small. More precisely |U, Uy iy, —1|<O(1) B,
~exp (—dLM, R))¢,, and the bound can be made much smaller than J,, if M, R, is
large enough. Thus the second function in the product (1.19) is equal to 1, and we
can omit it. These functions remain only for O'<(2,\Q;” ~!)UR,, more precisely
they are the only functions for 0’ = Q,\Q,” ', and for O’ = R, they are multiplied by
the corresponding large field characteristic function in (1.18). We denote again by
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R/ the union of LMR,-cubes intersecting the set R,, and we introduce the sets
A =07 Pn(RT)Y S =(Q,\Q] "HUR, . (1.20)

On the set A;” we have only the small fluctuation field characteristic functions from
(1.18). We make an additional small modification of the domain A,. The
complement A is a union of connected components, and some of them may be
relatively small. We distinguish components which are contained in cubes of sizes
smaller than 100 LMR,, and we replace such components by the smallest
rectangular parallelepipeds containing them. Such a rectangular parallelepiped is
the smallest convex domain, which is a union of LMR,-cubes, containing a given
component. This change is insignificant from the point of view of bounds, but it
simplifies some geometric aspects of the large field problem, and the R-opera-
tion. This domain A, is the final small field domain, and we will perform the con-
ditional integration in the integral (1.15) with respect to the fluctuation field 4
restricted to A;.

The characteristic functions connected with S; involve the onfiguration U,
therefore they depend on the new field 7 on the whole small field domain A, . This is
an undesirable situation for the next renormalization step, and now we will remove
this dependence. Introduce the function U, (2, nA{, V), which is determined by the
same conditions on the domain (A, )" as the function U, (Q,, V), and on the domain
A[\A, it is determined by the set B, (Af{) and the configuration Q" V. This function
depends on V restricted to Q,nA;. We have

U1=U1(910A1C=M‘(U1))
1 . . k. —_
=CXP1'L‘1H1.AX<QM/1§, ;log (M (U)(M (@7 V) 1]) U, (Q 04, V),

(1.21)

where the function H, ,, depends on its argument restricted to a small neighbor-
hood of 64, (in fact one layer of M,-cubes touching 04, and contained in A5). The
dependence is analytic, and the function H; ,, has the exponential decay property.
It was formulated in (190) Sect. G of [15] for the Landau gauge, but on the unit
lattice it holds for any gauge, for which propagators are exponentially decaying,
hence for the axial gauge too. This implies that the function H; ,, is very small on
O, for O’ = S, , because the distance between [0’ and the support of the argument is
greater than MR, . More precisely, we have |[H, ,,|<O(1)Byexp(—0MR,)e;, and
the bound is much smaller than J,, for MR, large enough. Now we make a change
of variables for each bond variable 4(b), be Sf. There are two forms of this
change of variables. For be(R;*nS,)*, we take

1
A(b)=— logexpigoA'(b)exp(—ig(A'(b))H; 4.(b))
9o

1 1
=A'(b)—— g(A"(b))H; 4. (b) —— F(goA4'(b),
9o 9o

—g(4'(b)H, 4, (b)) . (1.22)
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Here g is a C*-function defined on the Lie algebra g,0=<g(4')<1, g(4')=0 on
{A'eg:|A'|<4/39g5 "0}, g(A')=1 on {A'eg:|expigoA’—1|=5/35,}. The con-
figuration U, (Q,nA{) Uy {. is very small on 0’~? in this case, hence g(4')=1ona
neighborhood of {A4"eg:|expig,A'U; (2, nAf) Uy 1y, — 1|2 26,}. The function Fis
defined as a sum of terms of orders higher than 1 in the Baker-Campbell-Haussdorf
formula (see (29) in [12]). It is at least linear in g,4’(b), hence the factor g, ' is
cancelled. In the second term on the right-hand side of (1.22) the factor g, ' is
suppressed by the bounds on H, .. These changes of variables do not change the
functions ¥, and they transform the function y©°(0") ¢, (0’ into the function

x({ sup |4’ (b)] 290_150}>
be(O)' ~2)*

X({ sup |expigOA’(b)Ul(leAf,b)Uf’lDr(b)—H<260}>.
be(d’ ~2)*

(1.23)

For be S¥\(R;?)* we make a simpler change of variables; we take (1.22) with the
function g(A4'(b)) replaced by 1. These changes of variables transform the function
10(00") into the second factor in the product (1.23). For simplicity we denote the new
characteristic functions in the same way as the old ones, and the new variables 4’ by
A. After these changes of variables the characteristic functions depend on the new
variables V restricted to the large field domain Af. It is the desired localization
property.

The change of variables produces new terms in the effective action in (1.15).
The Jacobians of the transformations (1.22) can be exponentiated, as in (20) [16],
and they yield the expression

0 1 1
y Trlog[1+aA(b) (—%Q(A(b))Hl,Ax(b)+% F(....))] C1.24)

beSt

Expanding the terms of the effective action in the second exponential in (1.15) with
respect to the last two perturbative terms in (1.22) up to the first order, we obtain a
new expression V(S;, 4, H, ,,). Because of the almost local character of the
action in (1.15), it is a sum over bonds b e S; of the expressions which depend on
A,H, 4, almost locally. The dependence on H, ,, is analytic, and the expressions
are small, i.e., they can be bounded by any positive power of g,.

After the change of variables we obtain an expansion of the form (1.15), but with
the additional sum over A, the characteristic function y;(2,) replaced by

2 1D O RENAD YR 16(Sy) (1.25)
Ry

and with the additional term V©(S),) in the effective action. For each term in this
expansion consider the conditional integral with respect to the variables 4 restricted
to A,. This integral is equal to the corresponding conditional integral in the case
analyzed in [I], i.e. where there are no large field regions, but with a different
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background field. It is given by

1
| dAIAl)(‘O)(Al)expl:~§ (A A, C*¥A,CA AY —{A{A, C*¥4,CA 4)

1
+v(goCA)—— V(goCA)]
9o
=ZOAy) | ducora,(A) x V(A exp[—{Af A, C*4,CA; A) +VO(g,, 4)]

i
—exp [log ZO(A)) 45 ({4, C*4, CCO(A,) C*4, CAT 4)

+E(“(A1,g0,AfA)jl . (1.26)

The above equalities define the functions V© and E®. Let us recall that all the
above expressions depend on the configuration U, . Of course the main problem is
how to represent the function E?). We use the exponentiated cluster expansion of
[I], but changed properly to yield the more detailed representation we need now, as
it was explained in the introductory section. Especially we separate the clusters with
localization domains close to A5, e.g., within the distance MR, to A, and we denote
the sum of these terms, and the expanded VO (S),), by B®(U,, A{ 4, S;). This is the
boundary term, and it can be bounded by O (1)| A4, N A{]|; therefore it is controlled by
the large field estimates, and does not need to be renormalized. This will be
discussed thoroughly in the next section.

The final step is renormalization of the effective action. We renormalize it in the
region A, subtracting the values at U, =1, and the counterterm f,(g,) 4(¢,, U,),
where f3, (g,) was defined in [I] by the formulas (1.41)-(1.43), ¢, € C5°(A,), p; =1
on A "', The symbol 4(¢,, U,) means that we multiply the term in the Wilson
action corresponding to a plaquette p by ¢, (x(p)), x(p) is the initial point of dp
[i.e.,p=p,,(x) for some p<v]. Let us write the first renormalization group equation

1 1
Ezm +B1(go) b1 (x) . (1.27)
The difference in comparison with Eq. (1.0.20) is that here we have functions on the
lattice T instead of the constants there, but on A;” ! we have the same equation,
which defines the same coupling constant g, .

To write the final form of the expansion obtained after all these steps, we
introduce some new notations. Notice that the set S; determines the set R, and
denote the product of all the characteristic functions in (1.25) localized in Q; N A§ by
1 (2,nAf,S;). Now we can write

1
o (N)= z Xl(Ql)Tl({-Qi’Al})eprl<973U1> > (1.28)

{021, 44} 1
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where T, is the integral operation defined by the integration

Tl({Ql,Al})=; [ dVolago (R V ™ 1)L(Q)) [ dAlg,nacx (@10 Af, )

1
~exp[—§ {(A4,C*4,CA4>

1
+5 (A, C*4,CCY(A,)C*4,CA >:| , (1.29)
and the effective action 4, has the form

1 1
A (g—z’ U1>: - (?’ U1>+{E(l)(ADQOaUJ_Em(/lbgo, 1)
1

—Bi(90) Ay, U1)}+B“)(U1’A’Sl)_E1 . (1.30)

Here we have combined the term log Z@ (A, ) with the part of the previous function
E® in (1.26), to define the new function EY) above. It coincides with the
corresponding function constructed in [I], if the last is suitably restricted to the
domain A, . Thisis the reason why we can renormalize it by the same counterterm as
in [I], only localized properly. The boundary term B was described before. The
constant £, is obtained from E by subtraction of all the constants which have
appeared in the procedure, 1.¢., the constants in the first exponential in (1.15), and
the constant E®)(A,,g,,1). Thus E, depends on Q,, A;.

The representation (1.28)—(1.30) will be generalized in the next section to an
inductive description of the k-th effective density, with some modifications
connected with new terms obtained by the R-operations.

2. The Inductive Assumption and Formulations of Results

We write the inductive assumption for the density obtained after & renormalization
transformations. It is written explicitly, as in (1.28)—(1.30) for the first step, except
that the operations corresponding to the operation T, in (1.29) are left undefined,
only their basic general properties are formulated. Their inductive definition will
follow successively from the constructions of the subsequent section and forth-
coming papers.

The k-th density g, (¥;) is a function of the new field ¥, on the lattice 7®). It is
represented by an expansion generalizing the expansion (1.28) in the first step.
Terms of this expansion are parametrized by sequences of domains in 7', of the type
described already several times in previous papers, e.g. in (1.3)—(1.6) [14], or (38),
(39) [16]. Let us start with the description of this geometric setting. We consider
sequences of localization domains {Qj}, Jj=12,....,k, Q;eD;, such that
Q,>0,>....0Q,. For such a sequence we consider sequences of localization
domains {4}, A,eD;, such that

QoA 22,24,5...2Q>54;>... 2424 . 2.1)

We consider also a third family of sequences {Sj},j: 1,2,....,k, where S;c Q;n 4],
and S} is either empty, or it is a union of LM, R;-cubes in the lattice 7, -,. For the
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domains in (2.1) we admit the possibility that 4;=Q; for some indices j. Such a
situation may arise as a result of an R-operation. If ;147 is nonempty, then §; is
nonempty too; in fact it contains Q\Q; "' =Q;n(Q5)". There is a characteristic
function y(2;nA45,S;) associated with these domains, which includes a large
fluctuation field characteristic function associated with the set R;=S;\(€2;n(25) 7).
There is also a function {(£2f), which includes summations over other large field
characteristic functions. These functions were defined in the first step, and their
inductive definition will be given in the next section describing the k+1-st
renormalization step.
For a sequence {Q;}, where Q; are considered as subsets of 7;, we denote

L=0 . [=00QW, ., j=1,..k-1, o)

I,=Q% , and B=

i

T, .

J

This definition is meant for sets of points, bonds and plaquettes, with the
convention described in Sect. 0 [I]. The set B determines the sequence {Qj}, and is
called the determining set. The domain Q,, or rather a small neighborhood of Q,
including a layer of M, -cubes (M, n-cubes in the y-lattice), is called its support. We
denote further

Z;=A . (2.3)

These large field regions satisfy the following condition: if a component of Z; is
contained in a cube of the size 100 MR; (in the L™ /-lattice), then it is a rectangular
parallelepiped.

Now let us define numbers describing sizes of domains and restrictions on fields.
We define

gj=9;A4,(logg; ) =9g;p,(9;) ; (2.4)
R; is the smallest number of the form L such, that
R;=(logg; %) . (2.5)

The coupling constants g; satisfy the inequalities

9. =(1+g; ' (n—m))*?g, <1 +g2 B ) (n—m)'?y,,
<1+ By) (n—m)'g,, .

where n>m, and f, > 0 can be chosen arbitrarily small, if g is sufficiently small. The
inequalities follow from the renormalization group equations (0.20) [I], and from
the properties of the S-functions. They imply the following inequalities:

(logg, >)P<(1+By) (logg,>)" ,
(logg,,>)?<(1+g2B'(n—m))(logg, *)?
<14 Bo) (n—m)P(logg, *)” , 2.7
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where p is a positive integer. From the above inequalities we obtain
enS(1+Bo) (n—m)' e,
em=(1+ o) (1 +g7 ' (n—m))P°e,

S+ B (n—myPog,, (2.8)
and
R,ZLR,, ,

R, <L +gap'(n—m)°R,<(L+1)(n—m)"R, . 29

Similar inequalities hold for other constants, which will be introduced later.

The domains Q;, A;, which are determined by he j-th renormalization trans-
formation, but not by the R-operation, are unions of MR;-cubes in the lattice 77 -,.
They satisfy also other conditions, €. g., the distance between their boundaries is at
least equal to 2 M R;, which will be determined inductively by the operations in the
k+1-st step.

In the first step the integration with respect to the variables Ulge = ¥, was left
unchanged. Similarly in the next steps there are integrations with respect to
variables on large field regions left. In j-th step the region is Qf, and gauge field
variables V;_, are defined on bonds of Q/~V¢. Obviously I';,_; =Q~ ", and we
assume that the field V;_; is regular on I;_, in the sense that [0V;_, —1]
<0(L2)8j~ 1. The fields V; determine the field ¥ defined on B:

V=V, onl;, j=0,1,..k. (2.10)

J

It is convenient also to introduce the averaging operation My associated with a
determining set B. It transforms a gauge field U on the lattice T, into the gauge field
Mg (U) defined on the set B by the equalities

My(U)=M¥(U) onT;, j=0,1,...k. @.11)

A regular configuration J on B determines the minimal orbit, i.¢., the set of minima,
of the functional

U-A"U) on U:U regular and Myz(U)=V . (2.12)

For precise definitions and the theory of this variational problem see [15]. A mini-
mal configuration, i.e., an element of the unique minimal orbit, is denoted by
Ug(V), or U (V), or simply Uy, if there is no misunderstanding about the determin-
ing set B, or the configuration V. These configurations, and their properties, pro-
vide crucial technical tools in our method, and we will use all the results of [15].

In constructions of this and subsequent sections and papers we will have to
localize gauge field configurations, especially solutions of the variational problems,
so it is convenient to describe some standard constructions, and to introduce some
new notations. Consider a domain Q such that it is a union of M, -cubes in the lattice
T, &= L. For this domain we build a minimal determining set with a support in Q,
or a sequence of maximal domains Q=0Q, >0, > .... ©Q; such that Q, is a union of
L'¢M,-cubes, and dist(Q,,Q:_)=L"¢M,, n=1,....,j (the distance is for the
lattice T;). It is easy to see that dist(Q;, Q°)<2M,, or Q~ -2 =Q;, where the
operation ~ is taken for M,-cubes. We denote this determining set by B;(€2), and the
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corresponding minimal configurations by
UB;(2),)=U; (") . (2.13)

Later we will introduce simplified notations for some special cases. If we are given a
determining set B, and the corresponding function Ug, then it is frequently
necessary to localize them to a domain Q. Assume that 0Q<=Q\Q;,, , that Qisa
union of M;-cubes in the lattice 7;, and that the distance between 0Q and this
boundary of Q;, Q; ., which is contained in Q, is greater than, or equal to 2 M.

J
Take the set B;(22), and form a new determining set by

BUB;(2)=(BnQ2~ "?)u(B;(Q)n(Q\Q~ %)) . (2.14)
The corresponding function is denoted by
UBUB(Q), )=Ug o(") . (2.15)

We can also have a more complicated situation, in which the boundary 9Q is
contained in several different domains Q;\Q;, ; . Then we construct the correspond-
ing determining sets restricted to the domains, and we define the set BUB(Q) by
(2.14), with the right-hand side summed up over the domains. The function
determined by this set is denoted again by (2.15).

We consider the partition of the lattice 7, into LM, R,-cubes, compatible with
the other partitions, and for each cube [ of this partition we define the function
Uy.o(F) by

U.o(F)=UB@™), M Q) . (2.16)

where QFV, is defined as in (1.3), only 1-blocks are replaced by k-blocks. The
notation in (2.16) is a slightly different, simplified version of the notation in (2.13).

Let us write now a general form of the expansion of the density g,. At first we
define

u(Q)= 11 x<{ sup lUk,D(Vk’ap)_”<8k’72}> , (2.17)
Oce pCcO~

where the cubes O belong to the partition of the lattice 7 into cubes of the size

LM, R,. This partition is compatible with all other partitions of this lattice. The

density g, (¥,) can be represented as

o (V)= Z Xk(Qk)Tk({Qj}s{Aj})eXpAk (175 Uk> > (2.18)

(2,114, 9k
where the summation is over the admissible sequences of domains. Summation over
the sequences {Sj} is included in the operation T,, and the effective action A4,
depends on the sequences {€Q;}, {4}, {S;}. We suppress this dependence in our
notation, so we will write simply Ty, 4,.

At first we describe in general the operation T,. It was described in detail in the
first step, and the complete inductive definition will follow from constructions of the
subsequent sections. Basically this operation is a composition of integrations
restricted to large field regions in successive scales, and multiplications by
characteristic functions, d-functions defining renormalization transformations,
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and gauge fixing expressions. We start the general description with factorization
properties. The last large field region is Z,, and T, is supported in it, in the sense
that it involves integrations and variables restricted to this region. If Z, is
represented as a union of disjoint regions, e. g. as a union of connected components,
Z,=X,0....0X,, X;,nX;=0 for i=j, then

T,(Z)=11 T, (Xy . (2.19)
i=1
The operations corresponding to disjoint regions commute, i.e., T, (X) T, (X))
=T (X)T,(X). For a given large field region X the operation T,(X) can be
factorized into a product of one-step operations, and has the form

T,(X)= [1 TY(Z;,,nX) . (2.20)
j=k—-1

This is an ordered product, the order indicated in the product symbol. The
operation TY) involves integration with respect to the gauge field variables V; on
Q¢ 1N X, and with respect to the fluctuation field variables 4;0n Z; ., nQ;, ;N X, if
the last set is nonempty. This operation comes from the renormalization
transformation 7 in the j+ 1-st step, and if it is not changed by an R-operation, then
it has the form

TNZ; 0 X)= dVilos, ~x0(V; Vs 1D (Q54 1)

1 .
_[ dAjlz,. g, rxX(Zj10Q510X) exp[_i {4;,C*4 (j)CAj>

1 o .
+5 <Aj,C*A“)CC‘J’(AJ.+1)C*A‘”CAJ.>] . (2.21)

More precisely, the quadratic form in the exponential couples only the fields 4; in
the same component of Z;,,nQ;,,. The other terms of this quadratic form are
included into the effective action into B-terms. If the operation T is changed by an
R-operation, then the general form (2.21) is preserved, but the characteristic
functions are changed, and the domain Z; nQ;, ; nX may be empty. We will use
the factorization (2.20) in the form

T,(X)= [1 TYZ.;,nX)T,(Z,nX) , (2.22)
j=k—1
and in the case where the last k —m operations have the form (2.21).

Now we describe the effective actions 4,. This is the most important part of the
inductive assumption. The action 4, is determined by the three sequences of sets,
and it depends on the gauge field variable V, given by (2.10), through the
background field U, (V). This field is determined by the sequence {Q;}, or rather its
determining set B. Let us denote the system of the fluctuation fields {4 j—1) by 4.
The effective action 4, has the following general form:

1 1
Ay <§7 Uk): —A (52— Uk)+Ek(Uk)+Rk(Uk)+Bk(Uk,A)—Ek . (223)
k k
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All the expressions above depend on the sequences {Qj}, {Aj}, the expression B,
depends also on the sequence {S;}. Before we describe them in detail let us ex-
plain briefly their meaining. The term E, is the regular part of the action. It has the
same properties as the effective action constructed in [I] for the small field
approximation, but localized properly in different scales to domains determined by
{A;}. This expression is fully renormalized, i.e. vacuum energy and coupling
constant renormalization counterterms are included into it. The term R, arises as
the effect of the R-operations, and has localization properties similar to those of the
term E,. For this term we perform the vacuum energy renormalization only. The
term B, includes various expressions localized closely to large field regions. It does
not require any renormalization.

We start the detailed description of the terms in the effective action (2.23) with
the definition of the function g?(x). It is defined by the sequence of the
renormalization group equations generalzing Egs. (1.0.20) and (1.27):

1 1
m=m+ﬁj(gj—l)¢j(x) . (2.24)

Here the coupling constants g;_, are defined as in (1.0.20), and ¢ ;€ C5°(4)), ¢;=1
on A ~'. Thus g3(x)=g? on the last domain.
The term E, has the representation (1.1.7), but localized properly:

k

E (U= Z [E(j)(Aj’ gj-1> Uy _E(j)(Aj’gj—l’ 1)—.31'(9,'—1)14((}5]', UJl -
(2.25)

Jj=1

Localization properties of EY are crucial for our analysis. We need a different, more
detailed description than the one in (1.1.27), because now we must obtain more
information about bounds for (2.25), and for localized expressions. Let us denote by
AY the set which is obtained by removing one layer of the MR;-cubes from
AP =T, The following representations hold:

E(j)(AJ’ Uk)= Z E(j)(Aj7 Uk’Z) > (226)
ze A9

E(j)(/lj, Us.2)=) EVX, U, 2) , 2.27)
Xz

where the last sum is over localization domains X'e D; contained in 4;, X< A;. The
term EV)(X, U,, z) of the last sum has the following properties: (i) it depends on U,
restricted to X; (ii) there exists an analytic function E¥ (X, (U, J), z) of the variables
(U,d)e Uj(X, o, j» %y ;), which is an extension of this term, i.e., the equality (1.1.9) is
satisfied; (iii) the extended function is invariant with respect to the gauge
transformations (1.1.10); (iv) it satisfies the inequality (I.1.18). These properties are

the same as in [[.1]. The numbers «, ;, o, ;in the symbol of the space are given by
O‘o,j=gjco(10g gj—z)qo > 0‘1,,'=ng1 (log gj_z)ql > (2.28)

where ¢,,q, are integers greater than 1, C,, C, are sufficiently large positive
numbers.
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The last important property is the Euclidean covariance. We have it only for
functions EY (U, z) defined by the equality (2.27) with the unrestricted summation,
i.e., with the sum over all X'e D; containing the point z. These functions satisfy the
equality

EV(rU;, rz)=E9V (U, 2) (2.29)

for arbitrary Euclidean transformations r of the lattice 7V, and for regular
configurations U;. This implies that the function EY (U}, z) is invariant with respect
to the Euclidean transformations of U, leaving the point z invariant.

The term R, has the renormalization similar to (2.25):

R, (U)= i [R‘j)(/lj, U, —R(j)(/lj, Nl . (2.30)
j=1

Each function RY(4;,U,) has the localized renormalization of the form (I.1.7),
but with the summation over localization domains XeD; contained in
A7 L Xc A7 ~1 which are unions of the MR;-cubes in the lattice T;. Terms of this
representation have the properties (i)—(iii) formulated above, after (2.27). The
property (iv) is different now; we assume that the following stronger inequality
holds:

IRO(Y, (U, )| g5 exp (— (X)) . (2.31)

Here k, can be chosen arbitrarily large, similarly as «, if the other parameters are
fixed properly, as in [I]. The above inequality is connected with the fact that the
terms are defined by integrals including large field domains of integrations. It
explains why coupling constant renormalization counterterms are not needed in
(2.30). After the vacuum energy renormalization we obtain a sum of marginal
terms, i.e., terms with bounds O(1) (Ln)*g5°exp (—xd;(X)). The sum over X is
controlled by the exponential factor, and by the factor (Liy)*. The sum over j is
controlled by g¥°.
The functions RY(X, U}) have the Euclidean covariance property

RYGX,rU)=RY(X,U) (2.32)

holding for these Euclidean transformations r, which leave the partition of the
lattice 7;in M R;-cubes invariant. The above property will follow immediately from
the construction of the R-terms given in the next paper. If we sum up all these terms
over all the admissible domains X in T;, we get a Euclidean invariant function
RO(U), ie.,

RY(U)=RY(U) , where R”’(Uj)=; RYX,U)) , (2.33)

and the transformations r are as above.

The term B, is the simplest term from the point of view of the renormalization, it
does not need any renormalization, but it has the most complicated structure and
properties. It is a sum of small, or at least bounded, localized terms, with
localizations close to large field regions.

The terms of B, are analytic functions of the variables (U, J) introduced in the
same way as in the regular cases before. The analyticity domains are spaces defined
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similarly as in (I.1.11)—(1.1.16), but now we must take into account the existence of
many different scales. We introduce the following definition.
The space f]j-(X, by, &) for X e D;is the set of configurations (U, J) defined on X
and satisfying the three conditions below.
(i) U=U'U, U has values in the group G, and the configurations

U. U, U, x(M (0))=UB,(X)A{T}i<p, M (U), I, ], (M (U))

satisfy the bounds

[0U 11,100 —1]<(1 = p(1 =279 e ,E* (L) 2, (2.34)
10U, x(M (U)) 1] <(1 =p(1 =279""))aq , L722(L"L77)2 | (2.35)
Ml < =BU=27Y""))aq , (L), (2.36)

1, x (M (U)] <(1 =B =279"M)a , L2 ™MPW(LIL77) 72 (2.37)

on Xn(,\Q,;) forn=1,.... j—1, or on XnQ; for n=j.

(it) For each cube OcQ\Q,.,, ONQ:, 0, n=1,....,j—1, of the size
CML'¢, or D= Q;and of the size CM, there exists a gauge transformation u defined
on ONX and such, that

Ut=expiéd, L'¢| A, (L"¢)? V44| < BCMo, , (2.38)

on ONJX, with an absolute constant B.
(ii1) U'=expifAd’, A’ has values in the algebra g,

LA (LA | < (1= =279y, (2:39)

on Xn(Q,\Q, ) forn=1,....,j—1, or on XnQ; for n=j.

The number f is a small positive constant, but not too small, e.g., we can take
p=1/4. The spaces defined above are invariant with respect to G-valued gauge
transformations. This definition gives a more detailed and precise form, suitable for
our inductive constructions, of the regularity conditions for background fields,
introduced in [13-15].

Now we can write the form of B,. It is given by the sum

i BU)(UksAa{Si}) 3 (240)
Jj=1

and a term in this sum has the localized representation

BY(U,, 4,{S}) =Y BIYX, U, A4, {SinX}) , (2.41)
X

where the sum is over domains X'e D; such, that XnQ;=+0, and XnZ; +@. The
localized term in the sum on the right-hand side above has the following properties:
(i) it depends on Uy, A4 restricted to X; (ii) it has an extension to an analytic function
on the space l~]j (X, &, d,); (iil) the extended function is invariant with respect to
(G-valued) gauge transformations of U, J, 4 (the variables J, 4 are transformed by
the adjoint representation of the gauge transformations); (iv) it satisfies the bound

BY(X, (U, J), 4, {S;nX})|< Byexp (—kd,(X)) . (2.42)
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The terms have a bit more precise localization property. Denote Q,=Q;", and
consider XN, . Itis a union of components. If a component does not connect to Q;,
i.e., if the intersection of this component with ; is empty, then the functions does
not depend on the fields (U, J), 4 restricted to this component.

There are other possible forms of the inductive assumptions for the boundary
terms. For example, we may resum all the terms with localization domains
intersecting a given component of the large field region. This gives sum (2.41), with
the summation over domains X'e D; such that X either contains a component of the
large field region Z;, or is disjoint with it. Resumming we lose a part of the
exponential factor in (2.42), connected with the region Z;; hence for the new terms
we obtain the bound (2.42) with d;(X) replaced by d;(X\Z;). All constructions and
proofs of the procedure can be carried on with these inductive assumptions. We
have chosen the ones above, because they agree with the assumptions for E-terms
and R-terms.

The constant E, (depending on {Qj}, {Aj} also) is obtained by subtracting one-
step vacuum energy expressions, generated in small field regions, from the initial
constant £. This initial constant is defined in fact as a sum of all such expressions for
all the lattices 7% as the small field regions. The constant E; was defined in Sect. 1,
and a general inductive definition will be given in the next section.

All the inductive assumptions are formulated for the effective density obtained
after the k-th operation RT. It is a composition of the operations 7and R, applied in
this order, and after the operation T we obtain expressions with better analyticity
and decay properties. More precisely, the expressions with indices j < k are exactly
as described above, but the newly created expressions E®, R®, B® are defined on
slightly larger spaces, with the coefficients in their definition bigger by  multiplied
by a corresponding number, and they have better decay properties, with the number
k replaced, for example, by (1 +4f)x. Such improved bounds are needed for the
R-operation.

Now we are ready to formulate the basic results of this paper. The first theorem
is a generalization of Theorem 3 [I].

Theorem 1. There exist constants, introduced in the above description, such that if the
sequence of coupling constants {g,}, determined by the recursive renormalization
group (Callan-Symanzik) equations (0.18), (0.20) [I], satisfies the inequalities
(1.0.33), then the sequence of densities {g,}, generated by successive applications of the
operations RT to the density g,=exp[—(1/g3)A —E], satisfies all the inductive
assumptions. The constants satisfy numerous restrictions introduced in the proof.

Let us make two remarks connected with the formulation of the above theorem.
At first, some of the restrictions on constants, e.g. on constants k, M, ¢;, % j, %y
come from the paper [I]. We assume that all of them are satisfied here, and we will
introduce some new restrictions also.

The second remark concerns a possible generalization of this theorem. For a
given index k we introduce the space of all densities satisfying the conditions of the
inductive assumption. The theorem states that the operation RT transforms the
space with the index k into the space with the index k + 1. This generalization does
not seem to be useful, or interesting now.
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Obviously we are interested not only in getting representations of the effective
densities, but also in proving uniform bounds for them. We state now several results
of this type. We formulate bounds for the effectiove actions separately. We start
with localized expressions and bounds. Let Q be a domain from D, contained in
Bi(A}), and let e C5°(Q7), =1 on Q. Notice that here Q~ denotes the union of
the domains (QN(Q,\Q,.1))~, n=J,...., k, the operation ~ is in the corresponding
scale.

Theorem 2. Under the assumptions of Theorem 1 there exists a constant E,
independent of j, k, Q, { Q j}, {A j}, T (but dependent on the other constants occurring
in the formulation of this theorem), such that

Z [EU)(Aja Uy, 2) _E(j)(/lj» 1,2)]=Bi(g;-1)A(¢, Uy

ze49nQ

k

SE Y TGN, (2.43)
n=j

Jfor B <1, and sufficiently regular configurations U, = U,(V), e.g. for V restricted by

the characteristic functions in (2.18). The constant E, depends on [ also, and grows to

oo if 1. The volumes are taken in the corresponding scales, i.e. |I',,nQ| means the

number of points in the set I,nQ < T,"™ . Similarly, there exists an absolute constant R,

such, that

k
[RY(X, U) —RYX, D]|S R, g}° Y LRI, (2.44)
XeD,,XCA,,XnQ2+0 n=j
for the regular configurations U,. (In fact the constant R, can be taken as equal to 1
for g; sufficiently small.)

The most essential part of this theorem is the inequality (2.43). It is an immediate
consequence of the inequality with the set A7 N Q replaced by one point, and with the
function ¢ replaced by a function, which is localized in a neighborhood of this point,
and which is an element of a special decomposition of unity. The new, more detailed
representation (2.26), (2.27) of this part of the effective action is introduced in order
to prove this inequality. The second inequality (2.44) is more elementary and easier
to prove. It follows from the considerations of Sects. 3, 4 [I]. Let us write now some
consequences of these inequalities. Taking Q=B/(A}), ¢=¢; in (2.43), and
summing the obtained inequalities over j, we get

k n k
IE(UISE, ) IL Z, LM <E (=L Y L. (2.45)

n=1 Jj n=1

Similarly, taking Q=B/(A) in (2.44), and summing over j, we get

k n k

k

R(UJISR, Y LI Y g <Ry Y ILIge °< Y L), (2.46)
n=1 j=1 n=1 n=1

for ko =7 and g sufficiently small. Bounds for the boundary terms (2.40) are even

more elementary. We use the exponential factor exp (—(x —1)d;(X)) from the

inequality (2.42) to control the sum over X in (2.41). The remaining factor
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exp (—d;(X))isused to get an additional small factor, e. g. forj > nit can be bounded
by 27¢~17" Thus we obtain

IBY" (U, 4, {SHI< B 27 V"L (2.47)

for j>n, and this inequality with |\ 42| for j=n. Summing over j from # to k, and
then over n from 1 to k, we get

n

k-1 k
\(2.40>|ng1< |rn1+|rk\A£|>§2Bl IRTAE (2.48)
n=1 =1
Finally, the vacuum energy counterterm £, except the terms logarithmic in
coupling constants, has the same bound as above, only with a different constant.
These bounds yield the following bounds for the effective actions

1 k
A, (gl—’%, Uk>= —A <;}Z, Uk>+(the logarithmic terms)+ O (1) 21 | .
i=
(2.49)

The first term on the right-hand side yields the small factors for large field
characteristic functions. It also controls the logarithmic terms. Thus we estimate the
integral { dV, g, by a sum of terms similar to the one considered in Sect. 3 [6], e. g., see
(3.42). The procedure is constructed in such a way, that the combinatorics now is the
same, relative to the n-scale of the lattice 7;, as in [6], hence we have the same result
for this scale.

Corollary 3 (Ultraviolet Stability). Under the assumptions of Theorem 1 there exist
constants E_, E independent of n and T, but depending on g,, such that

Xk(ﬂ,)eXp[-—gl—z A1) —E_IT,,I}égk(%)éeE*'T”' : (2.50)
k

3. The k + 1-st Renormalization Transformation and the Proof of Theorem 2

We apply the next renormalization transformation to the density g,, and we study
the generation of the new density, and especially the terms E¢+9 R**1 Bk+1),
E®*D_ The inductive assumptions and Theorem 2 are proved for these terms.
Almost all operations and bounds were studied in the previous papers [16, 1], so we
concentrate only on new issues.

Using the inductive assumption we write

(To) Vv )= z deké(VkV;c_;ll)Xkaeprk > (3.1
{92;},{4,}

and next we consider one term on the right-hand side. Notice that the restrictions
ontroduced by the characteristic function y, imply that the new fields V, ,, satisfy
the bounds |V, ,,(0p") —1|<2 %, for p’e'{". We introduce new restrictions on
these fields. The term has a large field region Z, = 4§, and we denote by Z; the union
of all LMR, , -cubes intersecting the region Z,, and belonging to the partition of
the lattice 7,. This partition, or the corresponding partition of the lattice 7;-1, into
MR, ,;-cubes, is compatible with all the previous partitions. We surround Z; by
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1~4

four layers of the LM R, {-cubes, i.e., we take the domain Z,~%, and we introduce

the following decomposition of umty for the domain (Z; N4)‘

=% 11 x({ iEPNIUk+1,Df(@p)~1|<sk+1(L“‘n)2}>

Pryy O'CPEL,

I1 X<{ i%PN lUk+1,D'(aP)*1|§8k+1(14_1’7)2}>

O'CPr+1

= Z Xk+1(Plf+1)XIC<+1(Pk+1) > (3.2)

P+ 1

where the summation is over domains P,.,;<(Z;~*), which are unions of
I*M, R, , ;-cubes. The cubes are from the partition of the lattice 7, into cubes of the
size L?M, R, , or the partition of the lattice T}, into cubes of the size LM, R, .
The partition is compatible with all the other partitions. We take the set P, ; —the
union of all LMR, ,,-cubes intersecting P,,; — and we surround the union
P/.,uZ.~* by a layer of LMR,, -cubes. In the complement (P/;,uZ,~°)
we introduce the axial gauge fixing as in (1.5), with ¥}, g,, g, instead of U, ¢,, g,-
Denote by Pl,, the subset of T®*1 such that B¥** (P}, ) =(P.s )N (Z;~%).
We get an expansion of the form (1.6), with the corresponding changes. Next, we
surround the domain P/, UZ;~5 by a layer of LMR,_,-cubes, or we take off
such a layer from B**'(Pl,)), and in the domain (P/720Z;~ %)
=(B*"1(Pl.)~ ! we introduce the decomposition of unity restricting the
approximate fluctuation fields,

1= TI x({ Sup I%(b)(V&‘?(b))‘l—1|<25k}>

Qr+1 OCQOLL, be(O"~

11 X({ sup |Vk(b)(Vg|Q(b))—1_1|_>—_25k}>

0/ CQx 1t be (O’ ~2)0
= Y 1O D1 (Qery) - (3.3)
Qi +1

The summation is over subdomains Q, ,; =(B**'(P},,))~ !, which are unions of
I*M, R, ,,-cubes, and the complement is relative to the domain (B* " (Py,,))~ .
The configuration V¥ is defined on (O0'~)*® by

Vl(:}]c’)sz(Uk+1,D’) s 34

and 6, =g, A4,/A4,po(g,).- We denote again by Q;,, the union of LMR, ,,-cubes
intersecting Q, ., and we surround the domain Q] ., U((B*"*(PL,,))~ by two
layers of such cubes. Denote

Q1=(Qy 1U(Bk+1(Pk+1)c) 3)C (3.5)

hence (Q; %) =0, V(B* ' (Pi,,))~. On the domain ;-2 there are only the
small field characteristic functions from the above decompositions of unity. Now
we prove that on Q.7 , the functions y,, and y, are equal to 1. Take y, (0J) for a cube
OcQ, . This cube determines a cube [0’ of the next partition, such that
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OcO' =, . For the function U, 5 we have

Up,o=U®B@™*), [M (O} V)M (Upsr,0) 1M (Upiy,07)

-1
U, o

1 e . _ .
=<exp inHy o <7 log [M (QF Vi) (M (Ugys1,0)) 1]) Uk+l,D’>
(3.6)

On almost the whole cube [07#, except a boundary layer of the width 2 M, the field
in the argument of the function H,_ o isequal to (1/i) log [V, (V%)) '], hence it can be
bounded by 45,. On the boundary layer this field can be bounded by 304 *B, (1
+Bo)e, by an application of the inequality (1.65) from [14], or rather by an
application of the reasoning leading to that inequality. By the exponential decay
property (190) [15] we obtain the estimate

H ol 1V}, He ol S Bs (45, +exp (=52 M, R)30d°L* By (1 + fo) )
A
< <433 A—‘ +30d2L*B2(1+ By) exp ( —Rk)) &
0

1 -
<E g on O, (3.7)

for 4,/A4, and y sufficiently small. This estimate and the equalities (3.7), (1.43)
[14] imply

2 2 4
'Uk,m(ap)"”< e e (L™ ’7)2 8k’7 T+-—¢
10 10
2, 2 4 2 ~
<2(1+Bo) L™ ey +E gn*<gn® for pcecO™ . (3.8)
Thus y,(0)=1 for 0= Q. For a function from y,, we have a simpler situation.

Using the axial gauge for V%), we have

Vi(y, ) = 1=V (3, ) (VE(y, x) "' 1| <O(1)§,
A
=0(1)A_18k<8k for ye(@)*™", xeB(» ., (39
0

and for A4, /A, sufficiently small. Thus y,, (2% )*)=1.
On the domain ©, , ; we introduce a fluctuation field as in [16] Define the field
V® on Q) as the minimum of the functional

Vilag,—A(U,)  for Vi: Vi=Vier on L =08,
Vily,x)=1 for yel,,, , xeB(y). (3.10)
This minimum is given by ¥'® = M*(U,, ), where the minimal configuration U, .,

is determined by the sequence of domains {Q, ,, £,,....}, and the corresponding
sequence of fields { ¥, I, ¥ilr..----}- The fluctuation field ¥} is defined now by

W=V on B(li,) . (3.11)
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Consider a cube 0'<Q, .. The restrictions on the fields ¥, ¥, ., on 7, and
Theorem 1 from [16] imply, that U, ., satisfies the following regularity condition:

|Uy +1(0p) —1|<2B, (1 + Bo)e (L™ 'n)* for pcO’™ . (3.12)

On this cube the configuration U, . - satisfies the regularity condition as above,
only with the coefficient 1 in front of ¢, , , . By the definition of these configurations,
and the constraints on ¥, we have M**" (U, )=V, o1 =M*""'(U;;; o) on 0.
Applying Lemma 1 [14] we obtain

[V ® Y| < (@dLP(1 + o) Bye, on O, (3.13)
hence
V==V = VOISV = VEI+VE -V
<268, +@4dLy*(1 4 By)Bye,=0(1)g, on 0O~ . (3.14)

This implies that |V, —1|<O(1)g, on Q,,,, because O’ is an arbitrary cube
contained in Q,,,. We define 4, =(1/i)log I}/, hence |4;|<O(1)g, also.

This way each term in (3.1) has been written as a sum of terms of the same type,
but with the new characteristic functions inserted. We represent this sum as a sum
over admissible domains Q, ., and for a fixed Q, , ; we resum over admissible sets
Py, O0ksy,1.¢., the sets which satisfy all the conditions of the above constructions,
and which determine the same fixed Q, .. The resummation applies only to the
characteristic functions and the gauge fixing terms localized in Q\Q, ; ; . Denote the
sum by {(Q;, ;). The other characteristic functions introduced above are localized
in Q,, and are equal to yu 4 ; (Q+ ) 1 (e 1)-

The next steps are exactly the same as in Sect. C [16], and in fact the same as in
Sect. 2 [I]. We expand all the expressions with respect to 4;, and we linearize the
expressions in the é-functions for bonds in I, , , . Finally we remove the é-functions
using the operator C, and we perform the scaling transformation A; =g, 4,. All the
applied formulas are the same as in Sect. 2 [I], only the symbols represent different
operators, determined by the sequence {Q;}. Their properties are essentially the
same as before, because of the localization of the field A4, . Let us write the result of
these operations.

(To) Vi1 = Z Z Xk+1(gk+1)IdV;cIQﬁ+15(I7;ch_+ll)C(Ql€+l)

(2,1,{4,} Qi+t
1

‘T, exp |:Ak <g—2, Uk+1)+10ggkd(g)|B(Fk+1)*|
k

+logay|B(Iy41)*|

—10gz(L4 —1)|Fk+ll]z(k) j dAlekHXL(QkH)

1
“eXp [ ) (A, C*4 (k)CAk> + P(k)(gka U1, 4))
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+ {(Ek + Ry + B (U, (expi[g, CAy —hD(g,CAYIV™))
—(E.+R+B)(Up 1)

1 1 ~
+4 <T— ——, U (expi[g,CA4, —hD(g, CA,)| Vm))
9:(") i

{1
_ v, 3.15
A(ai(-) g2 U 1)” G

In the above integral the characteristic functions y; depend now on the field ¥'®,
hence on the new field variables V,,, on the whole set [}, ;. We want to have
characteristic functions depending on the fluctuation field only, hence we introduce
another decomposition of unity. Consider the domain 57!, i.e., the domain
obtained by taking off one layer of LMR, , -cubes from Q,,,. On this domain
introduce the decomposition of unity

=3 2 X({ sup lAk(b)|<6k}> Il x({ sup |Ak(b)|gék}>
Riv1 O'CRE,, be(O'~2)tk)* 0’ CRyk+ 1 be(O' ~2)0*

= Z X(k)(Rls+1)X(k)C(Rk+1) > (3.16)

Ry +1

where the summation is over the subdomains of ©,,7', which are unions of

I*M, R, , -cubes of the partition of unity, and the complement R{,; means the
complement of R, ., to the domain Q,7". For a cube O’ < Ry, , there are now two
small field characteristic functions in the integral, one from the decomposition (3.3),
and another from the decomposition (3.16). The first is equal to 1, because of the
bound on A4, introduced by the second, and the fact that the configuration
VO E)1 ~1 is small, much smaller than J,. This follows from the identity
analogous to (3.6),

Ups1=U®By ;@ [M (U )M Q1 Vir 1) ™' 1M (1 Vierr))

Ly 1 . - N wh o
:<‘3XP’L 1’7Hk+1,[]'<?10g[M (U )M Qi1 Vier 1) 1]) Uk+1,EI') .
.17

The field U, ,, satisfies the regularity condition [0U, ,, —1|<2Bs&., (L™ ')* on
Q.+ 1, hence the argument of the function H ., - is bounded by 44d°B;¢, ., and
has a support in a boundary layer of the width 2LM, at the boundary of 7'~
Thus, the function H,,; g is bounded by Byexp(—06LM, R, )44d’B;¢,
<44d*B3(1+ By exp (—R)e on O ~2, and

V®(b) =iy, o (b-)exp iQk(LilnkaLl,D’)RkukJrl, o G VE®) . (3.18)
These facts, and the bounds (106)—(108), (159)—(163) in [12], imply
PRGYVEF0) ! —1|<0(1)44d* B3 (1 + fio) e exp (— Ry

=0(1)44d*B3(1+ B,) % exp(—Ry) o, <6, (3.19)
1
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for g,, or y sufficiently small, and b e (O’ ~?)*®”". Thus for cubes 0’ = R, , there are
only the small field characteristic functions from the decomposition (3.16) in the
integral. The domain R, , is defined, as usual, as a union of the LMR, ,,-cubes
intersecting R, , ;. We surround the domain (2, ,) " UR, ., by alayer of LMR, -
cubes, and we denote the complement of the so-obtained domain by A, , ,, hence

Ay sy =((Q£+1)~2UR,(’+1)‘=Qk~+‘12r\(R,;:1)f >

- (3.20)
Skr1 =\ QT THUR 4y .

In fact we modify the domain A, in the same way as in Sect. 1; we consider
components of A;,,, and if a component is contained in a cube of the size
100LMR,,,, then we replace it by the smallest rectangular parallelepiped
containingit. On the domain A4, , ,, infact on A, ; also, there are only the small field
characteristic functions from (3.16) in the integral, their product is y* (A, ,).
On the domain Q, ;nA;,; there is the function

X N Ag 1, i) =X(k)(Rl€+1r‘Al€+ I)X(k)c(Rk+1)Xl,c(Sk+1) . (3.21)

The last function above depends nonlocally on ¥, ;, through the function V'®. We
remove this dependence by an operation similar to the one in Sect. 1, formulas
(1.21)—(1.23). We take the determining set B(A;, n4,)UB, . defined in (2.14),
which in this case is simply equal to the union B, ., (A{4))lg, ., YBi(4le:,,,
and the corresponding function

Uk+1,A;+1nAk(V)=U(B(Azﬁﬂﬁ/lk)UBkHa
M Qi1 Ve Dlag s oo M (QF Vil aenn, ))-

We want to replace V®) by the k-th average of the above function. We use again the
formula (3.17), but with U, o replaced by the above function. It yields the
representation (3.18) with the corresponding changes, e.g., V% is replaced by
& and with similar bounds. Denoting

AR+ 10 A

V“"(V,ﬁ’,‘i)+ lMk)“1 =expiH® , (3.22)
we obtain that H® is an analytic function of the background field U,  ; restricted to
Ag s 04, bounded on the set S,,; by O(1)g,exp(—R,), hence by any positive
power of g,. Now we make a change of variables for each bond variable
A, (b), be SH, . For bonds in (R4 NS, + )™ we take the change of variables given
by the formula (1.22), with H®(b) instead of H; 4, (). For the remaining bonds we
take the simpler change of variables with the function g(A4; (b)) replaced by 1. These
changes of variables transform the function y;(S,,) into the same function, but

with V® replaced by V(¢ 4,. We use the same notation for the new function. The

other characteristic functions are unchanged. The action is changed by terms
corresponding to (1.24), and by terms obtained by the first order expansion of the
action with respect to the perturbative parts of the changes of variables. We denote
this new part of the action by V*® (S, , |, 4,, H®). All terms of the previous action
contribute to it, but the differentiation with respect to the perturbation gives an
additional localization in S, ; ;. The above operations render each term of the sum
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in (3.15) as a sum of terms. We write this sum as a sum over domains A, , ;, and fora
fixed domain A, ,,, as a sum over the admissible sets S, ;.

For each term of the obtained sum we consider the conditional integral with
respect to A, restricted to A, ;. The remaining integration with respect to A4,
restricted to @, NAf,, is included into the operation T**Y. Thus we define

T* D= z jdebﬁﬂé(Vk Vs (@54 1)2® 5 dAk'QanA,i“X(QanAEH,Sk+1)

Skc+1

1 1
-exp[—-z- (A CHAMC A +5 (A, C*A("’CC""(A,(H)C*A”"CA,)] :
(3.23)

Here z*) denotes the product of factors corresponding to bonds in I}, ;NAf, ;.
Denoting the sum of constants in the first exponential in (3.15) by E{, and defining

Tk+1=T(k+1)Tk > (3.24)
we get

1
(Tow) Vis1)= Z Xk+1(Qk+1)Tk+lexp|:Ak<g_29Uk+1>+E(()k):|

@), 2
1

-7 j dAIAk+,X(k)(Ak+1)eXp|:_§ (A, C*ADCA>

—<A,C*A(k)CAk>

1
=3 (A4 CFAVCCH (A, ) C*AV CAy

+P® (g, (A, AN +{....}+ V""(Skﬂ,(Ak,A))] . (325

Here A, denotes the fluctuation field on Q,.,nA4;,,, and 4 denotes this field
on A ..

Now the fundamental problem is to represent the logarithm of the last
fluctuation field integral in the form described by the inductive assumption, i.e. as
the sum of three terms E** 1 4 R* "1 + B®* 1 gatisfying the inductive assumption.
Let us remark that these terms correspond to the particular sequences
{Q;}, {4;}, {S;} obtained after the k+1-st renormalization transformation, and
they will be changed properly after the R-operation. Therefore we need the
improved statements and bounds for these terms, discussed before the formulation
of Theorem 1, but we obtain such improvements quite naturally.

At first we decompose the logarithm of the fluctuation field integral into a sum
of three expressions, which contribute mainly to the three terms. This decom-
position is rather naturally connected with the form of the fluctuation field effective
action in (3.15), but we divide the expression determined by R, into two parts, and
we treat them differently. Let us recall that the Euclidean covariance property (2.32)
holds for Euclidean transformations leaving invariant the partition of the lattice 7,
into L™ *~/ MR -cubes. For k —jlarge enough, more precisely for j<k, , where k, is
the largest integer satisfying L~ *"*MR;<L, the cubes of the partition are
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contained in L-cubes corresponding to the L-blocks. Therefore the expression
k1

determined by the sum R;= Y RY is Euclidean covariant with respect to the
ji=1

Euclidean transformations leaving invariant the lattice 7®*V. It has the same

covariance property as the expression determined by E,, and we include it into E,.
The sum of the two expressions, R; and E,, is denoted also by E,. The sum of the
k

remaining terms Ry= Y RV is treated separately. Introduce now auxiliary
j=ki+1

parameters s,t, the parameter ¢ multiplying the expressions By, 4((1/gZ("))

—(1/g}),....), V¥, s multiplying Rj. We have

1
log [2(’” [ dAy®™exp [—5 (A, C*A®CA4> —}}

1

1 1
g <{Bk(Uk )= Bk(Uk+1)+A<2() gkaUk(“”)>

11
A ===, Uyt |+ V(S )>
(g;%(-) gi "“)} i

+_f ds <{R;\:(Uk(' ) —'R;c,(Uk+1)}>s,t=0
0

1
+log l:z”‘) [ dAy® exp [ -3 (A, C*AWCAY —... (s=0, t=0)....J] .
Here ( - ), , denotes the expectation value with respect to the probabilistic measure

Z Mpcooa, , (A) e exp [— (A, C*APCAy+PO+{ .}, + ZV“"(S,()}
(3.27)

where the introduction of the parameters s, t was described above, and Z_ , is the
normalization factor.

On the right-hand side of (3.6) we have the sum of three expressions. The first is
the integral over ¢ of the expectation value of the boundary terms, and it contributes
to B**1 only. The second is the integral over s of the expectation value of the
R-terms, and it contributes to R**Y and B**Y. The third expression is the
logarithm of the fluctuation field integral involving the regular terms of the effective
action only, and it contributes to E**Y and B**?), This expression has to be
transformed further, because we need the particular representation (2.26), (2.27) for
the regular terms. At first we separate obvious boundary terms connected with the
external fluctuation field 4, , by expanding in this field. We introduce the parameter
¢t multiplying 4, in the expressions in the logarithm. We have

1
log[z(") | dAx‘k)exp[—E (A, C*A””CA}—....(s:O,t=0)....]}

1
“far( —cacramcay s (S0 P, a0 4,)
0 k
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g 1 k) (k K
sy BUi()), Ay ) ) =5 (A, CHARCCO(A, ) C*APCA, >
514, 72
1
+10gl:z(") | dAX(")exp[——E (A, C*APCAY —...(s=0,t=0, Ak=0)...}}

1
0
=] dr< <Ak c=*‘A"°CC"‘)(Ak+1><(3 1457 PO (14, 4)
0

b
to Ek(Uk(....))>>

) 1)
+<5zAk P®(g,,(14,, A)), Ak> <5A E (U(...)), Ak>>t

1
+log [2"" { a’Ax""exp[—E (A, C*A®CAY +PH(g,, A)

+{E(Uy(exp i[9, CA ~hD (g, CA) V™)) —Ek(UIH—l)}:I] : (3.28)

Here (- ), denotes the expectation value with respect to the probabilistic measure
Z Y dpicooay . )(A) x®exp [—1{4, C*A0CA, >
+PO (g, (14, A) +H{E Uy (... (04, 4).. ) ~E (Ui D} - (3.29)

The first expression on the right-hand side of (3.28) is the expectation value of the
sum of terms with at least one localization in the domain €, ,,\4, ., hence this
expression contributes to B**1 only.

The remaining expression in (3.28), the last logarithm, is formally given by the
same formula as the term E** 1 in [1] [see (2.12), (2.13)], but the integral is restricted
to A, and operators are determined by the sequence {Q;}. To get the
representation (2.26), (2.27) we expand this expression with respect to g, up to the
first order. The idea is that this expansion is obtained by expanding the
underintegral expression in g,CA, because of the special structure of these
expressions. The field g,CA has the desired dependence on space variables (the
bond variables in this case), which can be used to construct (2.26). Multiplying g, by
the parameter ¢ we have

[the logarithm on the right-hand side of (3.28)]

1
=log |:z(") [ dAexp [ =5 4, C*AWCH >ﬂ +log | ducooga,, p1"

0 0
+9x f dt <a— P”‘)(lgk,A)+ Ek(Uk( tgkCA~--))> ; (3.30)
t
where the expectation value is with respect to the probabilistic measure defined by
the function y®exp [...tg,...] in the logarithm, but with the constant g, replaced by
tg,. Let us now analyze successively the terms in the above expansion. Consider the
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derivatives in the last term, in the expectation value. They can be expressed as inner
products of functional derivatives of some functions of tg, CA, with the field CA.
This is obvious for all terms in the effective action, as displayed in the formula
(2.12) [1], maybe with the exception of the terms divided by (7g,)*. These we expand
up to the second order with respect to tg, CA. We use the fact that the lower-order
terms vanish, and we represent the remainders by quadratic forms in 4, as in
(6.42) [1]. The coefficients are functions of tg,CA, and the differentiation with
respect to tg, yields such an inner product. Thus the derivatives in the expectation
value can be written as

(Viltg. A),CAY =} trVi(tg,, A,b)(CA)(b) , (3.31)

k
be g,

where V, is the sum of all the functional derivatives. Consider the second logarithm
on the right-hand side of (3.30). Denote the characteristic function with the
parameter 7 multiplying the variables 4 by y*). Thus there is the function y{¥' in this
expression, and ' =1. We have

1
0 _
log f d,uC("’(AkH)X(k):_" df j d,uc(k)(Aw 1) 5 At(k)(j d/“‘C(k)(Ak+1)Xr(k)) ! 5 (332)
0

and (0/6t)y* can be written as a sum of terms, for which only one characteristic
function in the product is differentiated. Consider now the first logarithm on the
right-hand side of (3.30). The factor z*) comes from elimination of the §-functions,
and is equal to the product of the factors z*)(c) for ce A¥/ ). We have

log [z"" | dA exp [ —% (A,C*A%CA4 >]J

1 1
= Y logz®¥(c)— 3 logdet (C*4®C)+log | dAexp [ —3 |4 IZ} :
CEA}(k++ 1)
‘ (3.33)
The last term is a number, which contributes to the vacuum energy renormalization,

so we include it into the definition of E¥. The first term has already the localized
form, so we consider the second term. We have

1 1
—3 logdet (C*4™(C)= -3 Trlog (C*4®C)

1
=rjdzlongr(C*A“‘)C—ZI)_1 ; (3.34)
Y14
y

where the contour y surrounds the spectrum of C*A®C, e.g. we take y composed
of a segment of the circle |z| = R for R large enough, and of an interval on the line
Rez=r, r positive and small. We take 4, > r, but small enough, and we expand the
resolvent in (3.34) as follows:

(C*AWC —zI) 1 =(lg —2) U —(Jg —2) L (C*APC — )y I)(C*ARC —zI) "1
(3.35)
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The integral of the first term on the right-hand side is equal to —1/21log A,1. The
second term is O(]z|2) as |z|— oo, hence we can replace the contour of integra-
tion by the contour {z:Imz= —r,Rez<0}u{z:Rez=0,|Imz|<rju{z:Imz=r,
Rez<0}, and next take the limit as r—0. This yields

1 1
~3 logdet (C*4%C) = -3 log Ao | AF)¥]|

—f-% [ dA(2g+24) ' Tr(C*AWC =2 )(C*AVC+ D)™ .
0

(3.36)
Let us introduce the following definiton:

1 e -
ES DA, . Uk+1»b):XASJ‘2*1(b)|:-§ log 4y +§ [ di(g+2)7!
0

“tr <(C*A""C—)L01)(C*A“‘)C+/1)’1> (b, b)

1

. 0
+[dt | ducaoa,, [1 2 ®(tADb")) 2 2 (1A(b))

0 b'e A%, b"*+b

-1
<j dﬂcMAth(k)) ]

1
+gi | dt<trVi(g,, 4,6)(CA) (b)), . (3.37)
0

The identities (3.30)—(3.33), (3.36), together with the above definition, imply the
equality

[the logarithm on the right-hand side of (3.28)]
= Y logz®()+ Y Ef*V(A.y,b)+const . (3.38)

k+ 1) (k)
ceAlkt beAl)

The constant above is the constant in (3.33), included into the vacuum renor-
malization E§Y.

The terms in (3.38) are gauge invariant. If they are constructed assuming that
Aj 4y 1s the whole space, i.e. assuming Q;=A,;=T, for j=1,....,k +1, then they are
also Euclidean covariant, and we have

EC DUy r ' 0)=E* D (Ugy b)) (3.39)

Here r is an arbitrary Euclidean transformation of the continuous space 7,
transforming the lattice 7%**V into itself. We have dropped the subscript 0 because
in this case the expressions (3.37) coincide with the expressions in the inductive
assumption, e.g. in (2.26), (2.27). The Euclidean covariance (3.39) follows from the
transformation laws (2.29), (2.32), and from the definitions of the expressions in
(3.37).
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Next we introduce functions 4, on the lattice 7,\*, for ze T**1:
d
h,(x)=1T11 h(x,~z,) , h(t)=max{1 —L7M¢],0} . (3.40)
n=1

They form a decomposition of unity: Y A, =1. With the help of these functions
we define z
d

1
E(()k+1)(/1k+19 Uk+1>Z)= Z I:_i (lOgZ(k)(<Z—Leu,Z>)+lOgZ(k)(<Z,Z+L€u>))

p=1

+Z hz(x)E(()k+1)(Ak+1 b} <X, x+eu>):| B

ze Ak (3.41)

This function has the same properties as the function (3.37), namely it is gauge
invariant, and, when defined on the whole lattice, it is Euclidean covariant, i.e. it
satisfies the inductive assumption (2.29) for j=k+ 1. The equality (3.38) implies

[the logarithm on the right-hand side of (3.28)]= ) E{"Y(A,,,,z)+const .
zeA;(k‘fll)
(3.42)

The functions E¥*V)(z) are not equal yet to the functions E**1)(z) in the inductive
assumptions. These are obtained by constructing localized expansions of the
expressions in (3.41), and summing up terms with localizations in A,,,. The
localized expansions are cluster expansions for the expectation values, and the
generalized random walk expansions for the operators in the second term on the
right-hand side of (3.37).

Let us consider now the expectation values in the formulas (3.26), (3.28),
(3.37). To construct their cluster expansions we repeat all the considerations of
Sect. 3.7 [I], with minor changes connected with the boundary layers {Qj\QjH},
and additions connected with the new terms in the effective action. We describe here
briefly these changes and additions only. Let us start with the last expectation value
in (3.37), and more exactly with the analysis of the effective action given by the
expression in the last exponential in (3.28). Formally it is equal to the effective
action in (2.12), (2.13) [I], but the fluctuation field 4 is localized in A*)*, and,
what is more important, all the operators and the background field configuration
U, +, are determined by the sequence of domains {Q,}. The difference in the analysis
is connected with the fact that on the domain Q)\Q;,, the configuration
Uy 4, coincides with a U;-type configuration, it has the same regularity properties
and bounds. Therefore we have to change properly the scales on this domain. In [I]
we have constructed the family of cubes {D} covering the space T, and the
corresponding partition of unity {{4}. Now we take the family of these cubes
covering the domain @, and for each layer Q\Q; ., we construct its cover by cubes
0, which are unions of 2¢ neighboring cubes from 7;, i.e. cubes of the size 2 ML’y
(measured in #-scale). For the union of these families, which is a cover of Q,, we
construct the corresponding partition of unity. Such covers and partitions were
constructed and used in [11, 13], in connection with the generalized random walk
expansions.
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We repeat the analysis of Sect. 3 [I] using the above cover {1}, and the partition
of unity {{}. For the term EY it is in fact restricted to the domain A;. If a cube Oin
the expansion (1.3.4) is a union of 2 cubes from =, j < n <k, then the operation ~ is
also defined using cubes from 7,. Thus the conditions (I.3.5) have a different
meaning now, the difference shows up in bounds only. In all bounds connected with
such a cube we have to replace n=L * by L™". For bounds involving distances
it is obvious, e.g. if a localization domain XeD; is disjoint with O7, then
dist (X, 0) > MLy, hence in the &-scale dist'®) (X, ) > M (/L") 1. Other bounds
involve regularity properties of the configuration U,,; on a neighborhood of
Q.\Q, .+, and these are the same as for U,-configurations, i.e. they are characterized
by the scale L™". Thus, for terms connected with such a cube [J, we obtain all the
formulas and bounds of Sects. 3, 4 [I] with  replaced by L™". In fact we have better
bounds, because the fluctuation field is localized in Q, , ;, and the exponential decay
of propagators and minimizing functions yields additional small factors. They
contribute to the bound (2.38), because such terms will be included into boundary
terms.

After the completion of the operations of Sects. 3—5[I] we localize the obtained
expressions. We repeat again the analysis of Sect. 6 [1], with the only change that the
random walk expansions we use now are constructed for the sequence {Q,}, so we
apply Theorems 3.7-3.10 [13] in their full generality. The expansions (6.9) [I] are
constructed for families o, = {4} of cubes in proper scales, i.e. if 4= Q\Q;,, then
the size of 4 is equal to M L. Then we resum them in localization domains Y, € D,,
and we obtain the expansions (I.6.10) with these domains. The remaining
considerations and bounds are the same as in [I]. The same remarks apply to the
expression P%, and we obtain Lemmas 5, 6 [I] with the corresponding changes.
More precisely, the terms of the expansion (1.6.41), with localization domains Y
contained in 4, , ,, satisfy exactly all the conditions of those lemmas. The remaining
terms satisfy such conditions also, but with analyticity space (1.6.34) replaced by the
space

Ui (Y, (1+ By, (14 B)3y) x {A:supp A= YnARF, [A] < Cipy (9} -
(3.43)

Notice also that the localization domains occurring in this expansion have
nonempty intersections with A, , ;. These remaining terms will contribute to the
boundary terms B**!) in the final expansion.

Let us discuss briefly the above operations tor the actions defining the measures
(3.27), (3.29). The action in (3.29) differs only by the additional dependence on the
field ¢4, but this was already taken into acount in the above considerations. The
action in (3.27) contains more expressions. The expression determined by R, is
treated in exactly the same way as E,, except the second renormalization connected
with the coupling constant renormalization counterterm, which is not needed here.
In fact the analylsis presented in [16] for three-dimensional models is enough here.
The expression determined by the boundary terms B, is much simpler to deal with.
To its terms we apply the formulas (3.6), (3.7) (1], and next we localize the obtained
expressions. The localized expansion is over domains Y, e D, having nonempty
intersections with A, , ;. Terms of this expansion can be extended [as in (1.3.13)] to
analytic functions defined on the corresponding spaces (3.43). Notice that on the
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domain Qf , | there is no regularity improvement of the configuration U, ; ; on the
other hand we have to use a part of the analyticity domains of terms in B, for the
function H,. This is the reason for putting the powers of 1/2 in the conditions
(2.36)—(2.39). The analyticity domains become smaller after each step, but the
difference is very small and exponentially decreasing in the number of steps. The
localization of the fluctuation field, and the exponential decay of the minimizing
function H, imply that this difference is still much greater than bounds on this
function. The terms of the expansion can be estimated as in (2.42), but with the
additional factor O(g,) arising from the bound of the fluctuation field. The last
expression in the curly bracket in (3.27), or in (3.15), is at first localized by the
decomposition of unity {{g} introduced into the sum over plaquettes in the Wilson
action. We obtain a sum of terms localized in Z,, because supp (g5 2(*) —gx 2)
cZ, . These terms contribute to the boundary terms only, and they are treated as
above. Notice that the large values of the function g, 2(+) —gy > are suppressed by
the exponential decay of H,. Finally, the expression V® (S, , ) arises as the sum of
all the expressions discussed above, but expanded with respect to the perturbative
terms in the transformations (1.22). These expressions have at least one localization
in S, ., and are treated again as the boundary terms.

The expressions in the expectation values in (3.26), (3.28), (3.37) are expanded
and localized in the same way as the corresponding expressions in the actions
discussed above.

The final step in constructing localized expansions of the expectation values is
the exponentiated cluster expansion of Sect.7 [I], or rather its appropriate
generalization. Let us start the construction for the last expectation value in
(3.37) again. The normalization factor in it, which is the integral in the logarithm
on the right-hand side of (3.28), is expanded in exactly the same way as in
Sect. 7 [I]. The differences, like the restriction of the integration to A, ,, or the
larger class of localization domains, do not matter, and the factor is represented as
expE®*V(A,,,). The expression E®*1(A4,,,) in the exponential is given by
(1.7.12), with terms given by (I.7.13), but with the localization domains Z;e D,
X e D, , having nonempty intersections with A, , ;. The integral in the nominator
of the expectation value is expanded in the following way. We take the expansion of
the integrated function, and we obtain the sum of integrals of the localized terms. In
each integral we apply the Mayer expansion (1.7.1). To each term of the obtained
sum we apply next the constructions of Sect. 7 [I], described between (7.2) and
(7.10) there. We obtain

[the nominator of the expectation value in (3.37)]= Z H'(Zy))-...H(Z, ,
{Zo,..,Z
(3.44)

n}

where the localization domains Z,,...., Z, satisfy all the conditions described in
Sect. 7 [I] in connection with the formula (7.11), and the above conditions too. In
addition the domain Z, contains the bond b (or the point z). We can have n=0, for
n>0 the factors H(Z;) are the same as in the expansion of the denominator. The
factor H'(Z,) is different; it is given by an integral with the integrand including, as
one of the factors, a localized term from the expansion of the integrated function in
the expectation value in (3.37). Although different, it satisfies the same bound as the
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other factors. In the sum (3.44) we separate the summation over Z,, and for a fixed
Z, we consider the remaining sum over {Z,,...., Z,}. It has the form (1.7.11), with
the additional condition that the domains Z; do not intersect Z, along a cube, or a
wall of a cube. This condition can be formulated as Z; = Z§, where Z is the union of
all cubes from =, such that they do not intersect Z,, or intersect it along a two-
dimensional edge at most. The sum is exponentiated, and the exponent is
represented by (I.7.12), with the additional restriction on the polymers Z,. We
denote the exponent by E¥*1(4, , ,, Z¢), and we have

[the expectation value in (3.37)]= Y H'(Z,)exp [E* "V (A4, Z5)

Zo0b

—ESI ()] (3.45)

The difference in the exponential has the representation (1.7.12) with (Z,...., Z,)
satisfying the additonal condition that at least one of the localization domains
intersects Z, along a three-dimensional wall at least. Resumming the terms of this
representation according to (I1.7.13), we obtain

[the expectation value in (3.37)]= > H'(Z,) exp[—z E** D4, ., Y)] .
Y

ZoOb

(3.46)

The sum in the exponential is over the localization domains Y satisfying both
conditions relative to A, , Z,. Finally, the exponential on the right-hand side of
(3.46) is expanded into the Mayer expansion, as the action density (I1.7.1). This, after
the proper resummation, yields the representation

[the expectation value in (3.37)]= ) Ef V(A L, X,b) . (3.47)

XeDy+1,X2b

There is also the dependence on the variable ¢, suppressed in the above formula. The
terms of the sum above satisfy the bounds (2.42), with the constant B, replaced by
0(pi(gy). Of course the integration with respect to ¢ preserves the form of the
representation, and the multiplication by g, yields small bounds.

The second integral on the right-hand side of (3.37) is treated in the same way as
above, but it is simpler because there is only the Gaussian action. Thus we start with
the expansion (1.7.3), taken with Y,=#, for the denominator, and with this
expansion taken with Y, =03, Ois the cube containing b, for the nominator. Next we
repeat the steps from (1.7.3) to (1.7.13), and the above from (3.44) to (3.47). We
obtain an expansion of the form (3.47), with terms satisfying the bounds (I.1.18).
Finally, the operators in the first integral on the right-hand side of (3.37) are
represented by the generalized random walk expansions. After the integration we
get a representation of the form (3.47), with terms satisfying (2.42).

Summing up the above expansions we obtain the representation (3.47) for
E{ "V (A,,,,b), and the corresponding representation for ESf*1(A,,,,z). The
important remark is that the terms E§f*V (A, ,, X, z) of this representation, for
Xc Ay, do not depend on A, ,,, and coincide with the corresponding terms
arising from the expressions defined on the whole lattice, i.e. in the framework
of [I]. Now we can define the expressions in the formulas (2.26), (2.27) for j=k + 1.
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We put E®*V(X,z2)=E§ "V (A,,,, X, z) for zeAP,,, X=A,,,, and we define
E®*D(A,,,.2), E¥"D(4, . ,) by the formulas (2.27), (2.26) correspondingly. This
ends the construction of the regular part of the effective action after k+ 1-st
renormalization transformation. The remaining terms in the expansions (3.47) are
included into the boundary term B**1,

The other expectation values in (3.26), (3.28) are treated in exactly the same way.
We have discussed already the localized expansions for the actions defining the
corresponding measures, and for the integrated expressions. Having these expan-
sions we proceed with the cluster expansions, and with the operations described
above in (3.44)—(3.47). In effect we get representations of the type (3.47). Let us
describe briefly special features of these representations for various expectation
values. This in (3.28) is almost identical to the one in (3.37), but the expressions
integrated have localized expansions with localization domains always intersecting
Q. +1\ 44 41, hence this whole expectation value is included into the boundary term
B** 1D Similarly, the first expectation value in (3.26) is included into this boundary
term, too. The expansion (3.47) for the second expectation value in (3.26) is divided
into two parts. The terms with localization domains contained in 4, ,; have the
same important property as the corresponding E**-terms, namely they do not
depend on A, ,,. We denote them by R”**"_and we include them into the term
R**D The remaining terms are included again into the boundary term.

Thus we have finished the decomposition of the logarithm of the fluctuation
field integral in (3.25) into the sum of the three terms: E®*1 R"®*D and B**1),
These terms satisfy all the conditions of the inductive assumption. Let us remark
that they are not the terms in the k+ 1-st effective action, because we have to
perform yet the R-operation, which will change many features of the action.
Obviously in general new terms will be included into R**Y. To complete the
procedure in this step, we have to renormalize the new terms. The vacuum energy
renormalization is performed by subtracting the values of E¥*1 and R"**1 at the
configuration U, ., =1 from the corresponding terms, and adding these values to
E®. This yields the term E®), and we define —E,+ E% = —E, .. The coupling
constant renormalization is performed by subtracting f,,;(9)A4(dr11, Upsr)
from E**D _E®*D(1), and by replacing the function g, %(-) in the action
A(g,2(+), U4, by g, 4 () defined by the equation (2.24) with j=k + 1. After this
we obtain T, represented exactly in the form described by the inductive assumption
with k& +1 instead of k. This ends the inductive proof of this representation.

The Proof of Theorem 2. Here we want to achieve a more extensive goal than just the
proof. We want to describe an approach to renormalization, which is alternative to
the one described in Sects. 3-5 [I]. It will clarify also some of the issues barely
mentioned only in the above analysis.

The basic expression to analyze, either in the proof of Theorem 2, or in the
analysis of renormalization, is the difference EV(A4;, U, 2) —EY)(4;, 1, z). The field
U, may depend on the fluctuation field, as in the exponential in (3.15). Let us assume
that ze A7 (Q,\Q,4,), and let us take the cube O e, such that ze 0. We represent
the function EV(A4},z) as the sum (2.27) over the localization domains X e D;,
Xc<A;, zeX. Consider the two cases (1.3.5): X<O™2, Xn(@O™?)+0 (the ~-
operation is in the L™ "-scale). In the second case the function EY(X, z) is already



280 T. Bataban

very small by the bound (1.1.18):
[EV(X, 2)| S Eqexp (—x(LL™") " exp (= xd;(X)) . (3.48)

In the proof of Theorem 2 we simply estimate all these terms using the above bound,
and the sum over X is bounded by O(1)exp (—x(L/L™") ") <O(1)(L/L™")°. This is
an admissible error contributing only to the constant on the right-hand side of
(2.43). For the complete analysis we apply the formulas (3.3), (3.6)—(3.13) [I]. We
may use also the simpler representation EY (X, exp iytHU, . ,, z), and then to replace
the background configuration by the corresponding complex variables.

Consider the basic first case now. We keep the same notations as in Sect. 3 [I],
and we apply the formulas and transformations (3.3), (3.18)—(3.28) [I]. They have a
bit different meaning now, because the configuration U,, or U, ,, restricted to
Q,\Q, ., coincides with a U,-type confiuration, but the difference is seen in bounds
only. Notice also that for the proof of Theorem 2 we put H,(B')=0 in (1.3.28), or
A=0in (1.3.30), and we replace L™ 'yH, ,, by #H,. The function L"y4, where 4 is
defined by (I.3.30), satisfies the bound (1.3.32), but in the L™ "-scale instead of the
n-scale. Next we apply the expansion (1.3.34). The last term in it satisfies the bound
(1.3.54), the right-hand side of which can be further bounded by (1.3.35), again with
n replaced by L™". To the sum on the right-hand side (I1.3.34) we apply the
considerations of Sect. 4 [I], with two differences only. We do not differentiate with
respect to t; yet, hence all the factors B in the sum are the same, and applying the
Ward-Takahashi identities (1.4.14), (1.4.15), and other operations of that section,
we move the factors B to the point z instead of the point x. The final formula we
obtain is slightly different from the formula (1.4.34). We have

4 1 n
gl I’l—' <E(")(X,Z), ® B>= Z |:Z sz)(X’ x’y’Z)(xx_Zx)(yl—Zl)J

u,v, K, A

. % tr <(a,<Bu) ©) +% i[B.(2), Bu(z)]>

(@0 +5 8,00 8.1
+ (the irrelevant terms) (3.49)

As in Sect. 4 [I] we have dropped the superscript () in the symbols above, the
superscripts written denote the functional derivatives with respect to B. In
particular

2

E(Zv)(Xs X, Y, Z):-_—v—
" 0B, (x)3B,(y)

EYV (X, U,(expiB),z)|pp - (3.50)

This implies EZ) (X, x, y, z) =E@) (X, y, x, z). We prove the following antisymmetry
property

Y ENX, x,3,2)(x, —z)=—Y EJX,x,»,29)(x,~z,) . (3.51)
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Let us suppress the other symbols and denote the left-hand side above by E .. We
decompose it into the symmetric and antisymmetric parts:

E, =E\+EW E{)=1/2(E, +E,) -

ux >

We have to prove that the symmetric part is equal to 0. Take the scalar product with
an arbitrary matrix 4, tr AE® =tr 4®E, where 4 is the symmetric part of 4. Thus

i AEY =Y EQ(X,x,9,2) ¥ A (x, ~z,) - (3.52)
X, 1 K
Take the function
1
2(x) =5 Y AN, —z) (X —z) =Y A(x,—2,) . (3.53)
Hx u
Of course (3,4)(x)=Y AS)(x,—z,), hence
r AEY =Y (3,2)(0)ED(X. x,y,2)=0 (3.54)

X,

by the first identity (1.4.15). Because A is an arbitrary matrix, so the above equalities
imply E® =0, which is the property (3.51). Denoting by E,, (X, z) the sum over
X,y in the square bracket in (3.49), we have

ES (X 2)=-EJ ,(X,2)= ~EZ (X.2) . (3.55)

v, v HA, KV

This property allows us to antisymmetrize the derivatives in (3.49) in the indices y, k
and v, A. Denoting F,,(z)=(0,B,)(z) —(0,B,)(2) +i[B,(2), B,(z)], we have

1 n 1
Y o E"(X,z2), ® By= Y EQ (X.2)tr F,(2)F;,(2)
n=1 .

Kk<u,A<v 2
+ (the irrelevant terms) . (3.56)

Let us recall that (the irrelevant terms) above, and in (3.49), denotes the sum of
terms which can be bounded by O((L/L™")* ~#) exp ( — xd,(X)), where S is a positive
number. The identities (3.56) hold for the localization domains X satisfying the
condition X =[0~2. We sum up the identities over all such domains, and we extend
the sum on the right-hand side to all domains XeD; for the space L™/Z% X
containing the point z. The difference between the two sums contributes to the
irrelevant terms only, by the bounds (3.48). Thus we obtain the identity (3.56)
resummed over the domains X, but with the first expression on the right-hand side
replaced by

1 .
5 2 IR GuF,O0FG) . (3.57)

2 K<p, A<y

Here 11\, = I (x,,2)(x,—z,)(y, —z,), and the function I17)(x, y, z) is given

UV, KA
by the formula (3.50), but with E9(X. U, 2) replaced by E9(U,, 2) defined on the

whole lattice L77Z“ This function is translation invariant, hence IT1\) ., is
independent of z. Let us describe its other properties. The most important one is the
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Euclidean covariance following from (2.29). It can be reformulated as
EY (U (expirB),rz)=EY(U,(expiB),z) , (3.58)

where rB represents the configuration (rB),(x)=(rB),(r~'x). The notation here is
confusing, the symbol r on the left-hand side denotes the transformation of the
vector field on the lattice Z¢, generated by the Euclidean transformation r of this
lattice. On the right-hand side r denotes the matrix of the corresponding rotation,
and r~1x denotes the point obtained by the application of r~! to x. We must also
take into account the convention B({x, x +e,>)=B,(x). For example, if r is the
reflection in the hyperplane x, =0, then

(rB),(x)=(rB)({x,x+e,))=B(r{x,x+e,))= —B(r{x+e,, x))
= B == 1, ) (s =X D) = = By((ons =X, —1,.00))

Thusrx=(..., —x,,...) —e,, which isequal to rx —e,, where in the last expression rx
denotes simply the reflection applied to the point x. Keeping in mind these different

meanings of the symbol r, we write the following conclusion of the covariance (3.58)
(7 @r~ DY), (rx,ry,r2) =13 (x, y,2) . (3.59)

For the number I1{)) ; these different interpretations of r disappear, and the above

v,

covariance together with the first Ward-Takahashi indentity (1.4.15) imply

<<é r>nm> -9, . (3.60)
v, KA

Here r denotes the matrix of the Euclidean rotation r. This invariance has the usual
implications, analyzed already in Sect. 5 [I]. Let us describe them for the indices
satisfying the restrictions i« <pu, A<v occurring in the sum (3.57). Considering
reflections we conclude that in this case the coefficients in the sum are different from
0 only if u=v and x = A. Considering permutations we conclude that then they are
all equal, e.g. they are equal to their values for y=v=2, k=4=1. Thus we obtain

1 .
(3.57)=8; 5 YOUFLG), Bi=I5, (3.61)

u<v

The last identity can be considered as a possible definition of the f-function. Now
we prove that it coincides with the definition (I1.1.22). Using the translation
invariance and the identity (1.4.15) again we have

‘ 1 :
Bi=2 MRy, 0)x,yy = =3 3 A (X, 7, 0)(x; =)’
X,y X,y
1 ) 1 .
=5 2 G =20, = —p)*= =5 ¥ 17 (x,0,2)xi . (3.62)
X,y X,z

From the equality (2.26) for A;= L™/Z¢ and from the definitions (I.1.20), (1.5.1), we
obtain

S IP(x,y,2) =00 (x—y) . (3.63)
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Thus the representation (1.5.16), or (I.5.37), implies

, 1 . 1/ 0* .
= ~5 Xz: Hé’z)(x)xfzi <0pﬁ H%Q) ©)=p; . (3.64)
This is the required equality.

Consider now the term —f;4(¢;, U,). We decompose it into the sum of
localized expressions

Ad; U)= ) Ah¢;. U (3.65)

zeTW)

where h, is defined as in (3.40), but on the lattice 7;-,, and with
h(t)=max {1 —|t|,0}. For ze A} we have h,¢;=h,, and the function A(h,, U)) is
Euclidean covariant. Analyzing 4(h,, U,) in the same way as above, we obtain

Ah,, Up) =% Y trF7,(z)+ (the irrelevant terms) . (3.66)

w<v

Thus the first expression on the right-hand side of the expansion of —f;4(h,, U,)
cancels the expression on the right-hand side of (3.61), and we are left with the
irrelevant terms only. To get the expressions needed in the fluctuation field integral,
we differentiate these terms with respect to the parameter {5 multiplying the
fluctuation field. For the expressions considered in the proof of Theorem 2, we have
the following conclusion:

EV(A;, Uy, 2) —EV(4;,1,2) = B;A(h,, U)=O0(L/L™"y "), (3.67)

for ze A7 N(Q,\Q,+,), f>0. Summing over ze A7 NQ w get the inequality (2.43) in
Theorem 2 (with 1 — B, > 0, instead of § < 1). Thus we have proved the first part of
Theorem 2, concerning the functions EW,

The inequality (2.44) for the functions RY’ can be proved in an almost
identical way. We analyze these functions as above, but we stop at the identity
(3.49), where E? (X, x,,z) is replaced by R®(X,x,y), and z is an arbitrary
point from X. Now all the terms on the right-hand side can be bounded by
O()(I/L™"y*g%oexp (—kd;(X)), and this yields the inequality (2.44). The proof of
Theorem 2 is completed.

Finally, let us sketch briefly another proof of Theorem 2. It is interesting
because we do not use the Ward-Takahashi identities, but directly the gauge
invariance. As in the previous proof we want to analyze the difference
EYV(A;, Uy, z) —EV(4;,1,2) for ze A7 (Q,\Q, ). Now we take the cube Qe
containing z, zeO, and the cube O~" /. We divide the localization domains
X into two classes: Xcd™ 7, or Xn(@™"/)#0. For X in the second
class the difference of the corresponding expressions can be estimated by
2 Egexp (—(1/2)(n —j)) exp (—(1/2)xd;(X)), and exp (—(1/2)ic(n =) < (L"),
hence these terms can be treated as before. Consider the terms with localization
domains in the first class. Take the cube [y,=["""/*! and the representation U,
=Uj,DO(M'(Uk)). Now we repeat the construction of Sect. F [15], and we
introduce the axial gauge for the field M7(U,) on [0,, considering [J, as one block
with center at z. We denote the argument in the representation by V', i.e., V'
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=M (U,), and V' is a small field, more precisely we have
V' =1 < 1d%,(LL™")?+dM(n—j+2)e,(L/L™")?
<3dM(1 +log /L™ ")e,(L/L™")* . (3.68)

We write V'=exp iB’, and we expand the terms up to the third order in B’. The third
order terms are already irrelevant by the above bound, hence

2

4 . 1/96 .
EYV(X, Uy, z) —EYV(X, 1,2):5 < EV(X,U; o,(1),2), B, B’>

5B
+O()(LIL ™" Pexp(—kd, (X)) . (3.69)

In the quadratic form above we restrict B’ to ™"/, and we replace the function
U; o, by U;, the differences contribute to the last term only. Summing over X we get

. . 1 .
EV(4;, Uy, 2) =EV (4,1, 2) =5 Y. I (x,p,2)tr B,(x) B(»)

X, Y, 1,V
+o) (LY (3.70)

where the summation over x, y is restricted to O~" 7, and

1 _ .
B'(b)=~log UI(I,, wbul,, ,) . (3.71)
; , ,
Now we take the cube [, em, containing z, and we repeat the construction
before (3.68), but for the representation Uy=U, o; (M (UY). We write U,
=(expiL™"H, o7 (1/i)log M (UY))“ ' and using the gauge invariance of the trace
in (3.70) we can replace the variables B’ by

1
%log(exp z'Qj(L"'H,,YD;))(F)z? log (exp iB)(I'")

“BI)4L Y i[BG). B®)]

2 b,b’CI',b<b’

+o() (L") (3.72)

where I'=1T, , wbul, .. The contour variable B(I") is represented as (0B)(2),
where X' is a minimal surface with the boundary I'. This assures that both terms on
the right-hand side above are of the order O((I/L™")?). We move the plaquette
variables in the first term, and the bond variables in the second term, to the point z.

The main term equals Y (x,—z,)F,,(2), if b={x,x+e,), the remainder can be

estimated by 0(1)(L’L‘”)ﬂ§‘ Thus we obtain the representation (3.70), but with the
first term on the right-hand side replaced by the expression (3.57). The remaining
arguments are as in the first proof.

The above proof can be also claborated to a complete renormalization
procedure, as the one in Sects. 3-5 of [I], but it is important to notice that it works
only if we have the representation (2.26), (2.27) with the corresponding properties,
similarly as the first proof.
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