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Abstract. We consider a system of interacting diffusions. The variables are to
be thought of as charges at sites indexed by a periodic one-dimensional lattice.
The diffusion preserves the total charge and the interaction is of nearest neigh-
bor type. With the appropriate scaling of lattice spacing and time, a nonlinear
diffusion equation is derived for the time evolution of the macroscopic charge
density.

1. Notation and Summary

We will study the problem of passage to hydrodynamic limit under diffusion type
scaling for a system of charges that are located at various sites of a periodic one-
dimensional lattice. The charges migrate between adjacent sites randomly according
to a well defined diffusion law. The algebraic sum of the charges is always conserved.
The charges themselves are of indeterminate sign. Under diffusion type scaling of
lattice width and time, a deterministic limit is obtained for the macroscopic charge
density and the limit is characterized as the solution of a nonlinear heat equation.
We will now develop the notation and end this section with a precise statement
of the results as well as a sketch of the proof.

S is the unit circle represented as the interval 0 < 0 < 1 with end points identified.
The scaling parameter is N and the scaled lattice consists of sites j/N in S for
j=1,2,...,N. The sites adjacent to j/N are j+ 1/N with addition being modulo
N.The charge at site j/N is represented by the variable x;. The charge configuration
(x;,...,xy) is represented as a vector X in R". The configuration X changes with
time and as a function of time X(f) undergoes a diffusion in R". The infinitesimal
generator of the diffusion is given by

N2 /8 5 \2 N2 A P
LNZWZ(%—“&): )”‘_2‘2(¢),(xi)'_d)/(xi+l))(;_ ‘ > (1.1)

A
2 OXi OXjyy

* Work supported by the National Science Foundation under grants no. DMS 8600233 and DMS
8701895



32 M. Z. Guo, G. C. Papanicolaou and S. R. S. Varadhan

Here ¢ is a continuously differentiable function from R — R satisfying the properties
to be listed below and ¢'(x) = d¢p(x)/dx. The factor N? in (1.1) with lattice spacing
of 1/N represents the effect of diffusion scaling,

fe ™Mdx=1, (1.2)
[ Mdx=M@Z)< o VieR, (1.3)
or equivalently there exists w(x) which is symmetric and convex on R satisfying

|x]

lim w—()—d:O, o(x) = [x| forall v (1.4)
and
Eem(\‘) Ar/J(\')dx < oo, (1,5)
In addition .
[e Mg < o0 Vo> 0. (1.6)

Given such a ¢ we can define a density @y(x)=exp[— Z$(x;)] on R", and this
will be the density relative to Lebesgue measure of a probability measure on RY.
The generator Ly is formally symmetric relative to the density @y and defines a
diffusion process with invariant density @, with respect to which the process is
reversible. The Dirichlet form for the diffusion is given by

NzDAN(u):%i j {2( Cu ——@-—>2}¢Nﬁ. (1.7)

0x;  CXiyy

The diffusion is not ergodic for the invariant measure @y. The sum x; + -+ + xy
is conserved by the diffusion and the hyperplanes x, + --- + xy = Ny of average
charge y are invariant sets. For every y the diffusion restricted to such a hyperplane
is elliptic and ergodic. The invariant measure on the hyperplane is the conditional
distribution of @, given x; + - + xy/N = y.

We start with an initial distribution for X(0) given by some density
fS(xy,...,xy) relative to @y. Then the evolution will give us a density
Sv(xq,...,xy) for t 2 0. To obtain f% we have to solve the heat equation

0fn

5 = LSy for 1>0. filo= Y (1.8)

Associated with the charge configuration X we have the measure,
1 !
,UN = /"V ZXJO]/N,
viewed as a random signed measure on S. If for every smooth function J(0) on S,
.1 i
lim (g > = lim — X0 |x; = [J(O)m(©0)do
N—-w N—-w N N

exists, then we say that m is the asymptotic macroscopic charge density. Of our
initial density [$ we assume that for some nice mg(0), every smooth J(-) and
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each 0 >0,
lim | fR®ydx =0, (1.9)
N=o gy
where
Ey= [?: %ZJ(-]%)XL- — [mo(0)J(0)d0| = 5}.
In addition we assume that the entropy
Hy(f3)=[fRlog [ @yd X (1.10)
satisfies a bound
Hy(fY) <CN, (1.11)

for some constant C.

Under these conditions the randomly changing charge configurations at time
t 2 0 are shown to have an asymptotic deterministic charge density m(t, §) which
is characterized as the unique solution of a certain nonlinear heat equation with
initial condition my(6). But to describe this equation we have to develop some
more notation. We look at the function M(Z) defined in (1.3) and define

p(4) =log M(4), h(y)=sup[iy —p(4)]. (1.12)
Then h(-) and p(-) are a pair of conjugate convex functions and
A="H(y) ifand onlyif y=p'(}). (1.13)
ie. i’ and p’ are inverses of each other. By elementary calculation one can check that
1 : ’
M) [ ™xdx = p'(3), (1.14)

so that the value of 4 that makes (1.14) equal to y is A= /'(y). One knows also
that p’ and &’ are smooth strictly increasing functions. We can now state our main
result.

Theorem 1.1. If the initial distribution of charges satisfies (1.9) and (1.11), then for
every t > 0, arbitrary smooth J(*) and each § >0,

lim | fi@ydx =0 (1.15)
N—=-wo E”\y
with !
Ey=<(x Xy): J—ZJ i x; — fm(0,0)J(0)d0| = 6
N 1935 “¥N/- N N i ’ = >
where m(0,t) is the unique weak solution of the nonlinear diffusion equation
om |,
a5 2L m(0,0) Jgg, (1, 0)],= o = mo(6). (1.16)

We will now give a sketch of the proof.
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Let us fix a smooth J and consider the stochastic process

Snlt) =~ ZJ( ) ().
It is easy to write down a stochastic differential equation satisfied by ¢(¢) in the
form
dén(t) = ay(t)df + by(t)dt. (1.17)

The way the problem is scaled implies that ay(t)—>0 as N —oc. An explicit
calculation of by(f) can be made and we obtain

bN(t)_%‘ZJ< )[d)(x[ (1) =20 (xi(0) + @' (x 1 (O) ] (1.18)

Using summation by parts and the smoothness of J(0) we can pass to
i
by(t) ~ %2]”<N> @' (x;(1)). (1.19)

At this point one has to justify the ansatz that the density f%(x,,...,xy) looks
like a slowly varying family of local Gibbs states. This means that averages of
¢'(x;) can be replaced by their mean values (1/M(4))[e” ="' (x)dx, where /. = h'(m)
and m is the local macroscopic density. One calculates easily that

1
o X PIx) g Ix = )b -} .
M) fe ¢'(x)dx h'(m), (1.20)
and therefore
lim by(t) = ZfJ” (OYh'(m(0,1))do. (1.21)
N—w

The crucial step in the whole proof is the replacement of (1.19) by (1.21). Since the
ansatz is too vague to be fo1mulated rigorously we obtain certain elementary

bounds on the average I/Tff (x1,...,xy)dt as a consequence of (1.11). These

are then shown to imply certaln inequalities, which in turn justify the passage
from (1.19) to (1.21).

2. Entropy and its Rate of Change

Since we will have to consider probability measures on RY as well as many of its
projections we now introduce some uniform notation. A probability measure o
on RY, if it is absolutely continuous will be represented by its density f with
respect to the density @y so that its actual Lebesgue density is f @y. I F < {1,2,..., N}
is a subset of cardinality k we can project o from R" to R* by looking at the
distribution of {x;} for jeF. We will denote the projection by o and the
corresponding density on R*, relative to @, by /*. We have the obvious formula

fHxp) = ff(X) Dpe(xpe)dxpe.
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We have used the obvious notation
D,(x)=exp[ — Z4¢(xj)], x,={xjeA}, dx,= HAdxj.
JE jE

We consider the following diffusion generators on RY defined for a pair (i, j)e

[1,2,...,N],

~ 1/ 0 oN L, )
Li,j=§<6x. (3xj> —2('(x;) - d’(,))(é;“a) (2.1)

L j can be viewed as an operator acting on functions dependmg on the variables
xF = {x;;jeF}, provided i,jeF. One should think of L as representing the
exchange of charge between sites i and j along a “direct bond” linking them. Our
generator

N-1
Ly=N? '—Zo Liivq (2.2)

is a sum over nearest neighbor bonds. But we can consider sums that involve
other bonds as well. Each L, ; is reversible relative to the weight @y.

There are two functionals on probability measures on R" that are relevant for
our purpose. The first one is the entropy. If o is a probability distribution with
density f then

Hy() = [ flog f &yd%.
P
It is known that entropy is a lower semicontinuous convex functional of & and

can be defined equivalently by the basic entropy inequality as the smallest constant
H for which

fUf ®ydx <log[e' Dydx + H (2.3)

for all bounded measurable functions U on R¥.
If we let the initial distribution evolve according to the forward equation or
equivalently the density f evolve according to (1.8), then the function

Hy(t) = H(oy) = | fiylog fy @ydx

is nonincreasing in ¢ and one can compute

dHy(0) _ M_.j{Nzl ! <5ft of >2}<1>Ndx. (2.4)

dt o Y\ 0x;  0x;44
Corresponding to each operator L; ; we can define the Dirichlet form
< 1 ou  du\?
==l =] @ .
Dy ) 2,§~< o 6xj) v, 23)

and the corresponding I, . ;(f) by
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We can rewrite (2.4) in the form

dH (1)
dr

= —4N? ; (). 2.7)

The variational characterization (2.3) of entropy defines Hy(x) as a natural
lower semicontinuous convex functional of « which is finite only when « has a
density f for which [ flog f @ydx is finite. Similarly there is also a variational

characterization of I(x),
I(o) = sup[~ j(L-”)( o (dx)} (2.8)
u>0 u

If o should have a nice density f then

=D( \[f), (2.9)

where L is any self adjoint operator with respect to @, and D is the Dirichlet form
of L. Typically L= Ly or L, ;. Since L is not elliptic I(«) can be finite without o
having a density f. However the restriction of « to any invariant hyperplane will
have a density relative to the restriction of @y to the hyperplane and the Dirichlet
form is only computed from tangential derivatives on the hyperplane.

We want to establish some simple inequalities relating to the behavior of I(f)
under projections. Let o be a probability measure on RY and o its projection
onto R* corresponding to {x;:jeF}, where k is the cardinality of F. We then have

Lemma 2.1. For any pair i,jeF,
Ii,j(fXF)§ i, (0. (2.10)

“ L
Ii,j(ocF) — Supli = j‘< uu
u>0 u

/ >(x,,)a”(dx,,)} (2.11)

Proof.

over all functions u of x;. Since of is the projection of o,

e )<sup[ j(%“)( o (d)x)] (@) 2.12)

u>0

The supremum in (2.11) is only over functions of x,, and one gets the inequality
in (2.12) because the supremum there is over a larger class, namely all functions
of x.

Let f be a probability density on R¥. Let [ > 1 be given. We consider the set
Fo={j:lj—i| <1} and f"'=/"" the projection of f onto R*'*'. We define

N

f'=(/N) > f""as a measure on R**".
Lemma 2.2. For any 1 =1 and 2,

20N,
z Ill+](f éﬁ Z zz+1 (213)

i=-1 =
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Remark. We have abused the notation somewhat here. On the left f'is a measure
on R**! with coordinates indexed by variables {x;:[j| <[} and I ;,, are for
nearest neighbor bonds between them. But the sites | j| £ [ are arranged in a chain

with two ends. On the right however the N sites are arranged cyclically.

Proof. By convexity

- ~ 1 X J AN
Ii‘H(fl):Ii"“(ﬁ,zlfhl)é-ﬁ,z‘,I”H(f )
1 X
=N Y ILiiviie1(f7h)  [by abuse of notation]
r=1
1 N ~ .
éﬁ Z,l Livivrint(f) [by Lemma 2.1]
1 X . ,
= ’ﬁyzl 1r,r+1(f)‘

This proves the lemma.

Similarly let f on RN be given along with [ > 1 and m such that 2[+1<m <
— 21+ 1). Consider the set F,, ;= {j:|j—i|<[or |j—m—i|<1}. We project

f onto the coordinates in F,,,; and the resulting density on R**!

denoted by f™"! We average this over location i and denote f™!

X R21+1 iS

WMZﬂ“

For clarity we think of the variables in R**' x R**!as {y;:|j| <[} and {z;: |]| <l

We define three forms

. 1.1/0 0
)= &A%?££>@mm@mw@m
0 0
It/z+1 = .[ <azf (32(::1) Dy i1 () Py 44 (2)dydz,
0
iy/(f) jf(a—zjg)~(30yf> Dy 1(y) Dy 1 (2)dydz.

We then have the analog of Lemma 2.2.

Lemma 2.3. For any m such that 2I+ 1 E<m< N — (21 + 1),

-1 ’*y . ZIN 1
“ 11+1(fm )<N Z Ill+1(f)’
2INZ L
;lltz+1(fml <ﬁ Z Iii+1(f)a
IY,Z m,l <’_n_N~1f
(<" )

(2.14)

(2.15)

(2.16)

Proof. Inequalities (2.12) and (2.15) are analogs of inequality of (2.13). We therefore
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only have to prove (2.16). By convexity and (2.10),

. 1 N-1 AY 1 N—-1
IY’Z(f""l)éﬁ.Zo Z(f"‘“)<— Z Liim(f).
By Schwartz’s inequality,

R itl-1

LinNEL Y T
j=i
Summing with respect to i from i =0 to N — 1 we get (2.16).
Let us start our evolution with an initial distribution satisfying (1.1). Then
according to formula (2.4) we obtain the following estimates:

[ fylog fy®ydx < CN forall t=0, (2.17)
and

NZUL(OfY Ofh c
jd j{ ZfN(éj; o )}@Ndxéﬁ for all T. (2.18)

i=0 8xl+]

Now if we use the fact that both the expressions { f log f @ydx and

No11/of  of
Zj{tzof<f~5§:> }‘I’Nd"

T
are convex functionals of f, we obtain for the density (1/T)[ f%dt or taking
0

T=1 and setting

_ 1
fv= (f) St
Theorem 2.4.

[ fylog fy@ydx < CN, (2.19)
1 (N1 (ofy  ofy \? C
5 Dydx < —. 2.20
2j{,z1fN(6x axm) wdx 2y (2.20)
In addition
1 _
sup {7\72 w(xi)}fN Oydx < C". (2.21)
N

Proof. Only (2.21) needs an explanation. By estimate (2.3) and (2.19),
J{ fx)} fypndx <log e dydx + CN < C;N + CN.

3. Limit Theorems for Densities

The aim of this section is to prove two theorems concerning the probability
densities of sums of independent random variables. Although the results are
essentially well known we need special forms of these results for our use. We will
give a quick sketch of the proofs as we go along.

Lemma 3.1. Let f(x) be a probability density on R such that [xf(x)dx=0,
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[x2f(x)dx =02, [x*f(x)dx<M and [|f(x)|dx <M. Then there is a number
= 0(M) depending only on M such that

[[e* f(x)dx| (14772 forall EeR. (3.1
Proof. If ¢p(&) = je‘éxf(x)dx then |¢(&)| < 1 and moreover
o282
&) — 1+ é | S Cylél, (3.2)
C
lp(&) <1, (3.3)
I
and for every ¢ >0,
sup[P(&)] = Oy (e) < 1, (3.4)
Klze

where C, and 0,,(¢) are constants depending only on M and ¢ > 0 as indicated.
Moreover o2 is bounded above as well as below away from zero in terms of M.
To establish (3.1) for all & we use (3.2) for small |&|, (3.3) for large |&] and (3.4) for
intermediate | &].

Lemma 3.2. Let f,(x) be the density of x, + - +x,,/ﬁ, where X,,...,x, are
independent and identically distributed with a common density f(x) satisfying the
assumptions of Lemma 3.1. Then

1
li —x*/20° 3.
m f,(x) \/27we s (3.5)

n—ro

uniformly on R and in fact the derivatives of f,(x) of all orders converge uniformly
to the corresponding derivatives.

Proof. We use the formula

fulx)= —fe""‘f[aﬁ(%ﬂn dé. (3.6)

For sufficiently large n, the above formula is well defined because of inequality
(3.1). Clearly [$(&//n)]"— e~ €*D7" as n— oo, It is then a question of verifying that
we can apply the dominated convergence theorem. From the monotonicity of the
function (1 + 4/t)' in ¢ for t 2 0 we can estimate

oG () s

which is integrable for [ large enough. We can now differentiate (3.6) with respect
to x as often as we want and pass to the limit.

Let e ™ be our basic probability density and M(4) = fe¢** **'dx. We denote
p(4) =log M(Z) and

sup [£[f

nz!

MGy 1
M() ] M%)

p'(A)= e™ My dx. (3.7)
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Let us define

f(x, 4)= e o X+ P (A)) = O+ ') (3.8)
Then
f(x,A)dx =1, (3.9)
f
fxf(x,)dx =0, (3.10)
L M) MO
[x2f(x, A)dx = o?(4) = M) — [M(/l)] , (3.11)
and
j)g(x,/l) dx<C (3.12)

is bounded if 2 is bounded.

Lemma 3.3. Let f,(x,A) be the probability density of x,+ -+ x,,/\/n, where
X1s..., X, are independent and identically distributed having a common density f(x, £).
Then

. W 1 1
lim f,(x. 2) = me"p [ 20%(4) Xz}

uniformly in x and bounded 4 intervals. In addition the first partial derivative of f,
with respect to /. converges to the corresponding partial derivative on the right
uniformly on bounded A sets and uniformly in x.

Proof. Let

(3.13)

A) = [e’ f(x, A)dx

=, | em[‘” <%/>Jd6

Let us compute 0f,/04. Computing the derivative inside we note first

Then

o e OF e 09
i = e 3 (x, Adx = [(e™ =1~ lfx)a(x, 2)dx,
because [(01/04)(x, 2)dx = [x(¢ [ /07)(x, /Z)dx = 0. Therefore
O sierpe| Y o nlax s cler
Therefore

6¢ ¢ . I[1R% 2
ne <7 A) Sn C;<%> =GlE. O

We are now ready to prove our first main theorem of the section:

Theorem 3.4. Let ¢,(x) be the density of x+ -+ x,/n, where x,,...,x, are
independent and identically distributed with a common density e *™. Then
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nm%mg%uy:—m@, (3.14)
. Loux)
E§E¢Q5~_J“ﬂ’ (3.15)

uniformly on compact x-intervals.

Proof. We use Cramer’s trick. Let yeR, 2 =H(y) and y = p'(4). Consider

1 .
" — e gl + v).
fxy) M(2) ¢

We want to apply Lemma 3.3 to the above density treating y as a parameter.
Then density f,(x,y) of x; + - + x,/ \/;z at x =0 is related to the density f,(x, y)
of x; + -+ x,,/ﬁ at x =0 by a simple factor of \/n and a calculation yields

()= [M()T"e " /n £,(0, ) (3.16)

We also know that log M(4) — 1y = p(4) — 4y = — h(y). Equations (3.14) and (3.15)
are now easy consequences of Lemma 3.3.

We are now interested in studying the conditional distribution of x,,..., x, on
the hyperplane x; + --- + x,/n = y, where x,,..., x, are independent and identically
distributed random variables with a common density ¢ . We have clearly a
smooth density ¢,(x) for x; + --- + x,/n, and therefore the conditional density is
well defined on each hyperplane. Let us denote by v{"(dx;,...,dx,) the measure
on R” concentrated on the hyperplane x; + --- + x,/n = y. We want to establish
the following main theorem.

Theorem 3.5. Let F be a bounded continuous function on R* for some k = 1. Let for
each yeR, o,(dx) denote the probability measure on R with density (1/M(2))e’™ ™,
where A= h(y). Then for every ¢ >0,

lim va")[(xl, e X))

| aadies}

e F(Xi,~~~axi+k*1)

— fF(zl, s zga(dzy)o(dzy) o (dz)dy

gaJ:o (3.17)

locally uniformly in yeR.

Proof. Let us remark that v{"(dx,,...,dx,) is symmetric with respect to the
permutation group acting on the variables x,..., x,. Therefore by Hewitt—Savage
0-1 law and its implication we need to check the theorem only when k=1 and
F(x) is a bounded continuous function on R with a uniformly bounded first
derivative. This will follow from the following lemma.

Lemma 3.6. For every 6eR

1
lim —log [ Feo ™ * P dyW(dx ..., dx,) = G(0, ) (3.18)

II“’OOn
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exists and the limit G(0) is differentiable ar 0 =0 with

dG(6,y)
T = [F(x)o,(dx). (3.19)
=0
Proof. Let us denote by H,(y) the function
H,(y,0) = f IUFCD - Tl =) — )= bl e Ly
n > x1+u.+x"=ny ns
¢n(y)= j e 2¢(XJ)dX1 "'dX".

xy+ ot xy=ny
Proving (3.18) reduces to showing that
.1 o1
lim log H,(y,0) — lim _log ¢, (y) = G(0. y)
exists locally uniformly in y. Let us denote
! , 1 . éle
a(f) = fe”“" “Mdx, M(4,0) = &@fe‘””"" gy,

Then essentially by replacing ¢(x) with ¢(x) — OF(x) we can apply Theorem 3.4
and obtain

1
lim ~log H,(y, 0) =log a(6) — h(6, y),
n—o 1

where
h(0,y)=sup [Ly —log M(4,0)].
A

Equation (3.18) now follows with
G(6, y) = loga(0) — h(6, y) + h(y).
It is now elementary to conclude that

aG0.y)|  _a0), 1 M
A6 oo a(0)  M(2%,0) 00 |,
where /* = h/(}’)‘). The right-hand side of (3.20) is easily computed to be
(1/M(2) [ F(x)e"*~*"dx. This proves (3.19).
Theorem 3.5 follows from Lemma 3.6 by exponential Tchebychev bounds.

(3.20)

4. Local Gibbs States

A local Gibbs state is a vague term which refers to a probability distribution on
RY with a density relative to @, which looks somewhat like cexp [ X 4,;x;]. Here
J; are constants that are slowly varying so that 4, = 4(i/N) for some smooth function
Z on S. If we define m(6) = p'(A(0)), then the above local Gibbs state corresponds
to a macroscopic charge density of m(6) on S. This refers to the fact that if J(6)
is a smooth function on § then (1/N)XJ(i/N)x; as a random variable on R" is
almost a constant for large N, being nearly equal to [J(0)m(6)d0 under our local
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Gibbs density. For such a density f = cexp[X4;x;] one can calculate

N . 1.1 0 0 2
iZIIi,i+1(f) gj]‘f:z:,(a){l‘ / > Dydx
1N
~3.,

aXi+1

51 C

On the other hand if f=cexpX4ix;, one can then calculate explicitly and
show that for any function F(x_,,...,x,) depending on (2k + 1) coordinates
(I/N)ZJ(i/N)F(X _i 41>, Xk +;) 18 also almost a constant relative to our Gibbs
state and compute the constant explicitly in terms of m(f)). The aim of this section
is to show that the above consequence for local averages follows from entropy
bounds of the type (4.1). This will be the key step of our main theorem.

We will be dealing with sets of probability measures or densities Ay ¢, ¢, defined
in terms of two constants C,, C, but in dimensions N, that vary. The purpose will
be to obtain for these classes certain results that are valid uniformly in N so long
as C, and C, are held fixed.

Let Ay ¢,.c, be the class of densities f on RY satisfying the following bounds:

—j[Zw )1 Pydx = Cy, (4.2)
N C,
Y T s 32 (43)

Here o(-) is the function defined in (1.4).

Let F be a function depending on the 2k + 1 variables {x;:|j| <k} on R**!
which is bounded and continuous on R?**1. Given such a function let us define
F(y) for yeR by

~ 1
F(y)=Wjexp[lej]F(x_k,...,xk)(DZkde, (44)

with A= h'(y). Let us define foE any integer ie[1,2,...,N] and [ the quantities
E=F(x;_g,.--»X; 1) and &, = F((1/21+ 1)(x; -, + --- + x;4,)). Finally let J(*) be a
smooth function of 8&S. The main result of this section is the following theorem.

Theorem 4.1. For any given constant C, and C,, integer k and choices of F(-) and

J(),

1 j =
limlimsup sup f—\Z[J<»£>(éi —&inveg) | f Pydx = 0. (4.5)
e2»0 N—-x fedy.ci.cs N N

We will first prove some auxiliary lemmas and theorems before finally returning
to the proof of Theorem 4.1. The first step is Theorem 4.2 which we now state

and prove.

Theorem 4.2. For any C,,C, and F('),

lim lim sup fDydx =0. (4.6)

= N=wo  fedyc, e,

2l+1,g_f S
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Proof. At first glance the above theorem looks hard because N is becoming large
and things can get out of control. We will show however that the hard work has
all been done already and we can obtain (4.6) from our earlier results in Sects. 2
and 3.

First Step. Since F is a bounded function and [ is becoming large while k remains

jtl jtl-k

fixed we can replace (1/21+1) Y &by (1/21—2k+1) Y ¢, and the error will
i=j—1 i=j=i+k

be uniformly small.

Second Step. If we denote by ¥,(y_,,...,y,) the function

1 =k ~(y_+ -+
e Y) = F(yi oo s View — Fl ——+— |,
‘//1()’ 1> »}’1) 2([-1()-‘1‘1 i=—;~k) (yl ko ¥ +k) ( 2l+1

then

21+1 Z f ,1f¢Ndx—f]W V—15- ’yl)lfl(p21+1dy

[see Lemma 2.2 for the definition of f']. If we denote by By ¢, ¢, the range of f* as f
varies over AN ccs» then

21+1 Z 5 Cia|f Oydx = sup j|‘/’1|9®21+1dJ’~

9€Bn.cy,c,

Jedn,cic,

Now Bj ¢, ¢, are all distributions on R*'*'. We will verify that By ¢, ¢, is a tight
family on R*'*! as N — oo and obtain information about its limit points B, ¢,.
From (4.2) we obtain

1 ]
mj[,;lw(yi)}g@m(y)dyé C, forall geByc, .c, (4.7)

This implies tightness immediately. If § is any element of B, ,, by lower
semicontinuity and (4.7) we obtain

sup

x <C,.
peBl ZH-I‘[ @)df = C,
2Cy,C2

Further the function
-1 _
Iz(ﬁ) = Z llj,j+ 1(ﬁ)
]

is lower semicontinuous. From (4.3), Lemma 2.2 and lower semicontinuity we find
that 1,(8) =0 for BeBL (.

Third Step. We can now replace the limsup sup in (4.6) by sup . Moreover if
) Nz fedy cic, peBe, ¢,
BEBCI,CZ:

S [Zob)]dp >—§[2|yll]dﬁ

2l+1 204+
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It is therefore sufficient to prove that

llirz sup {|y,ldf =0, (4.8)
where el
zclz{ 2l+15[2\yll]dﬂ<cp (5)=0}' 4.9)

Final Step. 1f we define the generator
Lict/ o 0\ 112l 0 0
M= o 5 ) — @'y (T‘“,\ >,
2!':2—1(6}’1' 5}'i+1> 21';1(4) )= ¢ 1) 0y;  0Yiyq

then I,(B) = 0 implies that f8 is an invariant measure for the diffusion on R**!
with generator L. We know that these are convex combinations of the ergodic

ones concentrated on the various hyperplanes (1/21+ 1) ) y; = y. Therefore
Ry

B = jv(yﬂﬂ)dﬁ,
where f is the distribution of y under f. From (4.9) it follows that fl yldf <
(121 + 1)j(2|y,~l)dﬁ§ C,. One can now obtain (4.8) from Theorem 3.5 and the
above bound.
If we take a look at what has been achieved in Theorem 4.2 for a “Local Gibbs
state,” i.e. a state satisfying (4.2) and (4.3) for some constants C, and C,, then

relative to such a probability distribution one can always replace (1/N)XJ(i/N)¢;
i+l

by (1/N)XJ(i/N) <(1/2l+1 Z f,), and according to Theorem 4.2 this can be
j=i-l

replaced asymptotically by (1/NYZJ(i/N)E, ..1» provided [ is Jarge and fixed. However

Theorem 4.1 demands that [ be chosen as [ N¢] for arbitrarily small but fixed & > 0.

The next two theorems are to make the replacement possible.

Theorem 4.3. For any 6 >0 and C, and C, finite

limlimsuplimsup  sup sup
>0 I-w N—owo 2’+1§1"’|§€Nf€41v.c1.c2

1 .
N—f[#l.
Proof. The proof is very much like the proof of Theorem 4.2. We first rewrite the
integral through the projections o™ introduced before Lemma 2.3. Let us note

that the measure o and the density f will be used interchangeably. The integral
then is

Xii FXiwr Xipm—1T X m+

A4+1 20+ 1

zéJfasNdx:o. (4.10)

1
2z

My 2 )| Xy X7
2 S Ty

gé] 4.11)

First Step. Let us denote by By¢, ¢, the range of /™! as « or f varies over Ay ¢, c,-
These are probability measures on R*'*! x R**! with coordinates {y;:|j| <} and
{z;:1jI £1}. We denote by B¢! ¢, the set of limit points of Y By, ¢, The

204+ 1 £|m|E Ne
basic estimate (4.2) yields for any ge BR:¢, ¢.,
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4l+2j[2w vi)+ Zw(z)1g Py, ,dydz £ Cy, 4.12)
and thereby tightness. The lower bound on the gap |m|=2/+ 1 is to make sure
that the two sets of blocks of size 2/ + 1 with their centers separated by m have
no common sites. If § is any limit point in B¢ -, we obtain the following estimates:

4,+2I[Zw(y + Zo(z)]df £ Cy, (4.13)
,lz_Zjlf{i+1(ﬁ)=0, (4.14)

=§’: ilt+1(ﬁ)20a (415)
TAB) < Cyet. (4.16)

These are obtained from lower semicontinuity and Lemma 2.3.

Second Step. (4.14) and (4.15) imply that the measure f on R?'*! x R?'*! is
invariant with respect to the diffusions

111 b, g, 2 11zt 0 0
LY=— ) = : - s
2i=z_l<0yi 0yi+1> ,;z y“))<6yi 5yi+1>

and a similar one involving the second set of coordinates. This implies that
Bldy, dz) = [ D(dyw'* D (dz)(da, db), (4.17)

where f is the distribution of a =(1/21+ 1)Xy, and b =(1/2] + 1)Xz, on R Here
v is as defined in Theorem 3.5.

Third Step. From (4.3) for ff one can clearly obtain

[[lal+[b|1B(da,db) < 2C,. (4.18)
According to Lemma 4.4 the inequality (4.16) provides an estimate
TOPB) < C a2 (21 + 1), (4.19)
where
GOy
M) =sup| [ - —]d/f(a b), (4.20)
u>0

and G® is the generator of the diffusion

1/8 a\ . ou  Ou
G(”u=§<5¢;_%> u_%(h21+1(a b4t ))< 2 8b> (4.21)

on R? Here hy,, ((a)= ~log,,. (a) and V(a) is the density of x, + --- + x,/k,
where x,,...,x, are independent with common density e *~.

Let us con31der the range I'¢? ¢, of B on R? as f varies over B¢ ¢, Then
f satisfies (4.18) and (4.19). We now consider the set of limit points of I'k® as
I—- oo and denote it by I'¢, ¢,.
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We have tightness from (4.18) and Lemma 4.5 gives us the estimate
fh(a)—h(b )12dp(a. b) < 8C,e? (4.22)
for every fe I'¢, ¢, We also have the companion cstimate: for every ﬁe]‘cl Cas
5j[ta}+)b|]d[3 (a,b)=C;. (4.23)

Finally if we let ¢ >0 and again look at the limit points, denoting the set by
I'? ¢, then

[[H(a)—H(b)]? dp(a, b) = (4.24)

for every ﬁef?lvcz. From the strict convexity of A, /" is a strictly monotone map
and f is then concentrated on the diagonal of R2. But this is precisely the content
of the theorem because of (4.11).

We now have two lemmas to prove in order to complete the proof of
Theorem 4.3:

Lemma 4.4. Let 8 be a probability measure on R*'*1 x R?'*1 of the form
Bldy. dz) = [y@'* D(dy)v'* V(dz)p(da, db),
where v*'* 1) is the restriction of @,,, , to the hyperplane of average charge a. Then
[P DB < @1+ 12177 (B),
where I is defined in (4.20) and 1% in Lemma 2.3.

Proof. We recall that e "+1“ is the density at a of the mean (x; + -+ + X5, ,)/
(21 + 1), where x,,..., X, are independent, all having e ** as density. We notice
first that

fglae”"1=2] g/ (5 D (dy)da

=S g(ﬁﬁ” >¢(y Je =) dy da

1
:flﬁf a2 Je s da= g e e

2l+ 1 jq h2l-¥ 1((1)@“‘214 1((1)da.

Since g is arbitrary and v, and h5,, ;(a) are continuous in a, we obtain

. L
f¢ "(Zl “(d}) 2/+1 S141(a),

YHp) = sup[ — | (%) B(du, dz):l, (4.25)

u>0

where

2

e N oy w2
G=§<ﬁ—y;—6—;0> _%[Qb()’o)““d)(ﬂo)](ayo 520)‘
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If f = [y V(dy)v?' V(dz)f(da, db), we can take u to be a function of a and b
of the form u((1/2[ + 1)Xy;,(1/2[ + 1) Xz;). Then

1/ 1 Vo oy
Iyz(ﬁps“p{ b [2 <2z+1) <é£"%>”

1
RS (¢'(vo) — ¢'(2o)) 1, — up) 1(dy dz) ]

If we now use (4.25),

P g | i ()
QI+ 1)? da_ ob

— (g (@) = hay s 1 (b)), — “b)]gdadb
1 =5
(21 + 1)2 )

Lemma 4.5. If {ﬁl} is a sequence of probability measures on R? satisfying

{Clal +1b11fi(da,db) < 2C, (4.26)
and
ID(B) < C,21 + 1)%e2, (4.27)

and if f is any limit point of p,, then
[[h'(a) — W'(b)] B(da, db) = 8C e,
Proof. (4.27) implies for every u

[[Kaa ) h§z+1(a)~h'21+,(b))(ua—ub)Jﬁ,(da,db)}

= — Ce?(21+ 1)~
Taking u =exp [(21 4+ 1)v(a, b)] for some v,

o 0\ 0\?
[j{(zl-l—l)(%—%) v+(21+1)2<%~—)

— 21+ D)(Hyy s (@) — ﬂﬂw(ﬁ %ﬁMwwﬂz—xﬂuﬂﬁ

Q>
o))

ob

If v is a constant outside a compact set one can divide (4.27) by (2] + 1) and let [ - oo
to obtain

ov v Ov
f[<-aa—~> — (K(a) — h(b))(—a—ég>]ﬁ(da,db)g —2C¢ (4.28)

We are done if we let

v(a, b) =3[ (h(a) + h(b)]
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except, then v is not constant outside a compact set. But we can take
v.(a,b) = min [3[h(a) + h(b)], 7],

and let 7 — 0. v, is not quite smooth enough. But one can mollify v, somewhat.
We now prove a slightly strengthened version of Theorem 4.3.

Theorem 4.6. For any given finite constants C,, C,,

limlimsuplimsup  sup sup
e>0 I-w N- o 20+ 12 m<eN fedy ¢y 0

iy

Proof. Given Theorem 4.5 all we need to derive Theorem 4.6 is some uniform
integrability of (1/21 + 1) ) | y;| relative to all the distributions o with « varying over

Xipp T+ X Xigmxt o Xk
20+ 1 20+1

} f@ydx=0. (4.29)

VY
Ay.c, ¢, Butthisis precis]ely the role of condition (4.2) especially with w(x) satisfying
(1.4).
Finally we prove

Theorem 4.7. For any C,,C,,

limlim suplimsup sup
e—0 1-w N fedn cy.c,

DolXio o+ X Xiovg + o+ X v
e T T (I F B LA L
Proof. Theorem 4.7 follows immediately from Theorem 4.6. An average over a
long block of length 2[Ne] + 1 is just an average of averages over short blocks of
length (21 +1). According to Theorem 4.6 they do not differ by much among
themselves so the average is close to any one of them.

Theorem 4.7 allows us to deduce Theorem 4.1 from Theorem 4.2. One uses
the continuity of the function F(y). Any trouble arising from large values of
(X, + -+ x,5,/D[F(y) need not be uniformly continuous] is taken care of by
(4.2) which tells us that there cannot be too many such blocks.

5. Hydrodynamic Limit

Let us start our evolution with an initial distribution f§ satisfying (1.9) and
(1.11). We will study the evolution in a fixed interval [0, T']. In fact without loss
of generality we will assume that T= 1. With % as initial distribution we have
a measure Py on the space C{[0,1]:R"} of trajectories {x;(t):0<t<1,1<j< NJ,
Let us denote by M, the compact metric space (under weak convergence) of all
signed measures on S of total variation at most L. The space M = UM, is viewed
mainly as a measurable space. We denote by €, the space C{[0,1]; M,} of all
weakly continuous maps of [0, 1] into M,. £, is a complete separable metric space
with uniform convergence in weak topology. The space Q2= U,{2, is again viewed
only as a measurable space. Given a collection of trajectories {x;(r)} we can
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associate a point in £ by

pn () =N Zx {00 (5.1

This introduces a measure Q on 2 as the distribution of uy(-), where {x;(-)} have
P, for their distribution. According to Lemmas 6.1 and 6.2, from any subsequence
of Qy we can choose a further subsequence that converges weakly on Q. What
this means is that for any bounded function F whose restriction to £, is continuous
for every [, we have convergence of expectations. Let Q be any limit point along
any subsequence. The main theorem of the section is the following:

Theorem 5.1. Let Q be any limit point. Then

a)  Q[u():u(t) =m(t,0)d0 ae. 1]=1,
b) Q[u(~)'u(0)~ mo(0)d0] =1,

9 0oL ”h (t,0))d0dt < 0] = 1,
a9 o) h{[h/(m(r,e)ne}zciedr<oc]:l,

t
[{J7 (O (m(s, 6))dOds] = 1.
0S

DN —

&) O[u() iJ())utd@ iJ(B)u(O,de)z

Proof. From the monotonicity of the entropy (see Eq. 2.4) and Lemma 6.3 we
conclude that for each t>0, Q[u:u(t,d0) =m(t,0)d0] =1 and [h(m(t,0))d0 < C
S

for all = 0. Now Fubini’s theorem will yield a) as well as c). b) is just a restatement
of condition (1.9). To prove d) we use Fubini’s theorem and Lemma 6.6. We note that

EQ[}I{[H(W‘(Q t))]e}zdedt} EQ[X{[l‘l (Wl 9}2d9:|

. 1
where Q=thdt and @, is the marginal at time ¢ of Q. Lemma 6.6 of course
0

applies to Q.

We now turn to the proof of e). Let us consider the cutoff function y, of Lemma
6.4 and pick ¢ > 0. We then consider for some 0 <t <1,

FYAu()) jJ w(t, do) — jJ(H),u(O,dH)

7 Xj—va(s) + -0 4 X4 veg(8)
(jnzl < > < 1+ [2Ne] )d&

As functionals F;“f;’(,u(j) converge as N — oo to a limit given by

L)) = [ O)ute. D) — [J0)Om, do)

(1o ( (L0~ w”]))d@ds,
0s

2¢
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and the convergence is uniform on compact subsets. Therefore

ECTIF] ()] = llm EOLIFN ()11

Let us look at the right-hand side first. By 1t&’s formula

1 i 1 i

N% i1
—f 2J< >{¢ () = 2¢/(xi(s)) + ¢'(xi41(5) }ds + My(1)

N2 jZ( <£j]\71—>~2‘]<%>+‘]<']\f>>¢(x (s))ds + M (1),

where M y(t) is a Martingale and an explicit calculation yields

o= ez () (1) -5

and tends to zero with N. Moreover because of Lemmas 6.4 and (5.3),
E™ izj LR (z)—iZJ L x;(0) jZJ” ‘ ¢'(x,(s))d
NN SN TN ) TN T\ ) O E

Let us consider

=Ay(D).

I B Lo i
—ﬁng <ﬁ>¢(xi(8))ds—§ﬁ(f)2.1 ( >¢:( i(8))ds| =
According to Lemma 6.4,

lim lim sup Ay(l) = 0.

I N-owo

Let us consider
! jEJ” : W (x;(s)ds
N Q N ! i S s

1 g " i i— Ns()+'”+xi+N5(S)
__N£2J< >l/j’( © 2Ne+1 >d5

According to Theorem 4.1 and then (2.4),

= Ay(l.0)

lim lim Ay(l,¢) = 0 for every .

e>0ON—>x

If we combine (5.4), (5.5) and (5.6) we obtain
lim limsuplimsup ES[ | FY;"(u(+))|] =0,

I»x ¢—20 N—-w

|0

51

(5.2)

(5.4)

(5.5)

(5.6)

(5.8)
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and combined with (5.2) this yields

lim lim EC[|F} ,(u())|] = 0.

1= g0

We can let ¢ -0 inside because Fj, is uniformly bounded and obtain using a)

llim EC[|Fi(u(-)11=0,

where

Fi) = .0 = o)) =4[O0 (s, O)dsdo.

Now we let [ — co. We can use Lemmas 6.5 and 6.3 and the dominated convergence
theorem to conclude that

ECL|F(u(-))1] =0,

where

Oty =

F(u()) = (I 1)) = <, p(0)) =3

This proves the theorem.
Now to complete the proof of Theorem 1.1 all we need is to appeal to a
uniqueness theorem for weak solutions of

[ J-(O)H (s, 6))dsdO.

[ (m(t, 0)1gg, M2, 0)], =0 = mo(0).

6. Auxiliary Lemmas

In this section we shall prove some lemmas that were used in Sect. 5 where the
hydrodynamic limit was identified. The first two lemmas show compactness of the
process uy(t) defined by (5.1), in the sense described in that section. Lemma 6.3
is essentially (a) of Theorem 5.1 stated in a general way. Lemmas 6.4 and 6.5 are
used in implementing the truncation in (c) of Theorem 5.1. Lemma 6.6 is needed
in the proof of uniqueness in the next section.

Lemma 6.1. Let P be the law of the process &y(t) = (x,(0),..., xy(t)) with @y as

initial distribution and let Py be its law with initial density ay (relative to ®@y) such that

j‘ aNlOgaN'@Ndx g CN
N

R

with C a constant. Then

lim lim PN{ sup — N2 Z |x;(t) |_l}

It= N—oc 0<r<1

Proof. By Lemma 1.12 of [K—V] we have that for any symmetric function g on R

P{ sup g(En(t) 2 l} S JATB,

01
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where

are assumed finite. Let

Then there are constants C; and C, independent of N such that

A<CY and BZNZ2C,CY.
Therefore
3
P? { sup — Z |x;(2) |_l}§ —(CY + N2C,CY),
0=st=1
which is equivalent to
P? {sup — z [x;()| =1} < Cye M
0<t<1N

for some constants C; and C,.
We now use the basic inequality (2.3) which is

[gfy@ydx <logfef Dydx + [ fylog fy Dydx,
to obtain the inequality

log2 + Hy

Py = log(1 + 1/P™(A))

for any Borel set 4 in RY. Here H is the entropy of the law Py relative to P?¥ and we
know by hypothesis that Hy < CN. This inequality and the estimate above give

log2 + CN
P _
{Oi‘fflzv Z Ix(0)1 2 }—1 g1+ 1/Ce CNY’

This implies that
P Cs
lim P, sup— Z x| =1 <=2,
N-w 0<z<1N l

for some constant C5 and hence the lemma is proved.
Lemma 6.2. For every test function J on S,

510 No 0<ts<1
jr—sl<é

lim lim PN{ sup |, uy(0)) — (T, un(s)>]> 8}= 0

for all ¢ > 0.

Proof. By 1t6’s formula and a calculation similar to the one in Sect. 5 for the
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identification we see that we must show that
lim P, ) sup fZJ”( )(j)(x ydo|>e\ -0
N-w ([)A<§”,<<61 s
as 0 —0 for all ¢> 0. In fact since |J"| is bounded it suffices to show that
f Z ¢'(x;(0))da| >

limH'PN{ sup } 0.
s—t[<o

50 N oo 05,1 s
To prove this we use a truncation ¥, of ¢’ defined by

¢ for |¢'|=1 Y,=1 for ¢'>I, -1 for ¢ < —1.

It then suffices to show that the estimate is valid for ¢" replaced by /,, which is
obvious since i, is bounded, and then that

lim lim PN{j §31¢ (x;(0) — ¢1xga»(>g}==

1o N=oo

for all ¢ > 0. Now
1 1 N 1 1 1 N

Pw{fﬁ Y Wi(x;(0)) — ¢'(x;(0)] >8}§;fEPN{N— Y l!ﬁz(xj(a))—d”(xj(o))l}da,
oV /=1 ) j=1

and for the expectation on the right we can use the basic inequality (2.3). This
gives for any 0 <t <1 and any y >0,

1 ! ot o, Vo]
RjNﬁjgl|‘//1(xj)_¢/(xj)|fN(DNdx§m~10g<£e'|WI ¢ ﬂdx> +m’§leongDNdx

| Sl
§£+—1og< f e”'m(bdx).
v ¢1> 1

lim lim PN{I Z I, (x(0)) — ¢’(x‘,(o))|d0>£}§

=0 N—=xm

~2

Thus

c
v’
where we use the hypothesis that

fe”")"' Pdx < oo
for all y > 0. Letting y— oo gives the result.

Lemma 6.3. Let fy be the density relative to @y of a random variable &y =
(X1,X5,...,xy) on RY such that

[ fvlog fy@ydx < CN (6.1)
R

with C independent of N. Let Qy be the law of the empirical measure

1 N
N 21 OjnX;.
=
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Then for any weak limit Q of Qy
Q{uin«xdd} =1,
and if m(0) = du/do then

EQ{ fh(m(@))d@} <c,
S

where C is the constant in (6 1) and W(x) is the conjugate convex function of
p(#)=log M(%), M(Z) = fe”~*Vdy.

Proof. Let W" be the law of u induced by @y itself. Under W™, i is the empirical
measure of N independent, identically distributed random variables with mean
m=[xe "dx,

and finite moments of all orders. The law of large numbers tells us that W»
converges weakly to the deterministic law concentrated on the measure md0
(Lebesgue measure multiplied by m). Moreover W¥ has the large deviations
property [V] with I function,

d
[h(g(0))do if u<do, &y
5 do
I{w) =
+ 00 otherwise

The large deviations property leads also to the result

lim 1 log e @y = sup {u(,u) - jh(g(()))d@}
N*mN S

for any bounded, continuous function u of 4.
Let { f;},j=1,2,... be asequence of functions on § that are dense in C(S) and let

() = ‘iugk{ff] uld0) gp(fjw))de}.

We can pass to the limit in the basic inequality (2.3) in the form
1 1
[ ufy @ydx < —-log [N Dydx + — [ fylog [y Dydx.
Pl N N
Since the entropy per variable is bounded by C we conclude that
E?{u,()} = sup {uk(u) - ih(g(f?))df?} +C
1

{wdufdd=geL,

By convex duality

= [ g 6) e—sup{jf u(dd) ~ p(f( )de} e ().

fec(s)
Using this we get the estimate

EQ{“k()} =C
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Since u, (1) — I(w) as k— oc, by Fatou’s lemma
EC{I()} < C.
This implies that
Qlup«dd} =1
and that

EQ{jh(in(ﬁ))cl()} <C
S

where du/d0 = m(6).

Lemma 6.4. Let \,(x) be a truncation of ¢'(x).

P'(x), (¢ =
=0, ¢'(x)>1
-1, dx)< -1
Let

¥i(x)

=2y,

with /=W (x). Then for each x,
()= h(x) as -,

Proof. We will use our hypotheses

j‘e/.x'f d)(\')dx < oL fOl' all /1,
jengq‘,’(.\»u “Nix < o for all .
Clearly ,
jea\'llz"f”w' "’dx-—)] on l—>I~
for all 0 2 0. Now
1

Ay ) g =, =HN
by ==

Hence

2y = (y)

M(7)

~ 1
[ (x) — I'(x)| = Mvjfe"'"”’“"(t//z(y)— ¢'(dy| =

By the basic inequality (2.3), for any ¢ > 0,

e/)‘*zb(\)

I M%)
1 o h
=—log[e”" " "dy + ~(-X)
o o
Here we use the fact that at 2 = h'(x),
7L7J' Vg/._\'f o‘)f\')dy =x
M(2)"" -

Passing to the limit for x fixed we see that

1 . 1. e”
o — Ay < — aly -l -¢ S Ty — y = ¢(y)
W, —¢'|dy < 5 logfe dy + , | M) [Ay —p(A)]e *Vdy
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Tim 13, = W' ()] gh(%)

[Ands}
because of our basic hypotheses on ¢ and ¢'. Letting now ¢ — oo we obtain the
desired result.
Lemma 6.5. There is a constant C, such that for any ¢ >0,
|W(x)| < C, + eh(x).
Proof. We will actually show that
lim (9] < C, + eh(x)

which combined with Lemma 6.4 gives the result.
Now

Ui (x er” vy,

and as in the proof of Lemma 6.4

W (x |<—log§e”“”' Wl ¢wdy+h(x)

for any o > 0. With .
C,=log[e™ " ?dy,

we then get

C, ;

- + —h(x).

Tim (Jio1 = <2+ L
g

[Eadee)
Ifwelete=1/c and C,= 861/8 this is the same as the statement above.
Lemma 6.6. Let us assume that the conditions of Lemma 6.3 are fulfilled and in

addition
1jiN<afN~afN> c

D, <, .
81 7v 2\ ox, an, ) =R (62)

where C' is some nonnegative constant. Then any limit point Q obtained in that
lemma satisfies in addition

EQD [;0 h/(m(()))TdQ] <8¢ (6.3)

with the same constant C" as in (6.2).

Proof. This follows immediately from Eq. (4.22).

7. Uniqueness

We will show in this section that a weak solution of the equation

=3(H (w))gs.  u(0,6) = £(0) (7.1)
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is unique within the class of measures pu(t, d0) satisfying

sup | u(t,)]l <oco and pu(t,) is weakly continuous in ¢, (7.2)
0=t=T

u(t, d0) = u(t, 6) do for almost all t and

Eih(u(t, 0))do < oo, (7.3)

Ot— N

L (ule,0)1)2 = € < o0 (7.4)

A weak solution is of course given by

t

JIO)u(1,d6) — [ J(0)(0,d6) = | [ 1" (O)K (uls, 0))dsde (1.5)
S 0S

for all smooth test functions J(*).

We first take J =1 and check that [u(t,0) d0 = [ f(0) d0 = a for all ¢ and all
solutions. The function u(t, ) — a is denoted by i(t,0) and has mean zero on S.
Therefore there is a function o(t, 0) of mean zero, such that

ao(t, 0) .
Fi i(t, 0), (7.6)
and (7.5) can be rewritten in a suitable sense as
a%fa(t, 6)J(6)do = jJ" VLW (u(t, 0))]dO (7.7
S
or
—a—j" J(0)d(t,0)d0 = 1jJ’(G)[h’(u(t, 0))]1,d0. (7.8)
ot S 2 N

Because of (7.4) this means that #(¢, ) is differentiable in ¢ as a map into L,(S) and
I
= 40 (e, 0)) 1y (1.9)

Now if we denote the difference between two solutions by w, thenw=u —v =4 —7
and
dw

n =3[1 (u(t. 0)) 1o — 5[0 (v(t, 0)) - (7.10)

If we now calculate
d
yn [wii? = [ w(t, 0)[h (u(t,0)) — ' (v(t, 0))1,d0
S

= — g(h'(u(t, 0)) — k' (v(t, 0)))(u(t, 6) — v(t, 0))do

A

0.
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Since || w(0)|| =0 we are done. The steps need a little bit of justification but it is
routine.

8. Concluding Remarks

There have been several examples where hydrodynamic limits have been established
for interacting systems. For example De Masi et al. [DE] and Dobrusin [D]. See
also Spohn [S] for the closely related problem of fluctuation theory. Our work is
related to and was motivated by the work of Fritz [FR]. Funaki [FU] has some
results extending Fritz’s work. But our methods are very different from all of the
earlier methods. We use basically entropy estimates. They have the advantage of
universality and with modifications the method should be applicable to other
models that are reversible and when the scaling is of diffusion type. Moreover the
method allows us to proceed farther and do large deviation theory. See for instance
Donsker and Varadhan [DV]. Although we treat the case of dimension one it is
not an essential condition. With only a change in notation the method works in
any number of dimensions.

Replacing the circle or torus by R? poses more of a challenge. The problem in
some sense is essentially local, and it should be possible to localize. Fritz has
conveyed to us some ideas in private communication, but it still remains to be done.
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