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Abstract. The total mass of a gravitational system, the ADM mass, is
considered as a functional of the initial data sets for sources and gravitation.
From the condition that such a functional has a minimum under a restricted
class of variations, tensorial equations for the gravitational initial data are
obtained. The solutions to these equations, whose existence for a large class of
source fields is asserted, represent initial data sets for gravitation satisfying the
constraint equations and may be considered as having no gravitational
radiation.

1. Introduction

An important problem in general relativity is to compute the gravitational
radiation output of isolated systems. In principle this can be done by prescribing in
a hypersurface S initial data for the source and the gravitational fields, evolve them
according to Einstein and source field equations, and finally evaluate the News
function at the .#* thus generated. Besides the usual problems arising from
evolving for an infinite time non-linear equations, the above program suffers from
another one, namely of determining which are the appropriate data to be given at S
in order that the radiation we register at .# * is the one generated by the source
motion, for it is intuitively clear that, given any compact source field initial data
one can find different initial data sets for the gravitational field such that:

i) They are consistent with the source data, in the sense that the constraint
equations are satisfied, ii) the resulting source evolution is almost identical during
some finite interval, but iii) the amount of radiation produced at .#* is radically
different.

Due to the interaction between the source and the gravitational fields the
concept of the radiation produced by the source is ambiguous. Thus, there exist
several procedures determining different initial data sets which pretend to capture
this concept [1]. Some intend to compute in successive approximations a solution
to the whole space-time and so, in pushing the problem to .# ~, where at least we
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have a good candidate, namely prescribing zero null datum for gravity there, but
this has not yet been fully achieved. Even if it were, there would still remain some
ambiguities because of the singularity at I ~, if massive field sources are considered.
Others consist in taking a kind of Newtonian limit, and thus, again in successive
approximations, obtaining non-radiative data.

Here we propose yet another procedure which is purely local, in the sense that
one has to solve equations at some initial hypersurface, and so it is not sensitive to
the details of the past source evolution, and which is purely relativistic, in the sense
that it does not involve any limit of the theory. This procedure consists of
minimizing the total energy, i.c. the ADM energy, keeping the sources, in a certain
sense, fixed.

The idea is simple: since the ADM energy is positive when sources satisfy a
local energy condition we expect that, at least for small enough fixed source
configurations, there should be gravitational data compatible with the sources and
minimizing the total energy. But then this data should not have any extra
gravitational radiation, for if that were the case, and assuming that extra radiation
contributes positively to the energy, there would be another data with lower
energy. This intuitive argument is reinforced by the fact that if the sources are
taken to be stationary then the minimizing energy data generates a stationary,
radiation free space-time, and also by the results of a similar procedure in
electromagnetism and in linearized gravity given below.

In Sect. II we give, as an example, the procedure for defining minimal energy
initial data sets (MEIDS) for electromagnetism and in Sect. III for linearized
gravity. In these sections we handle the equations in great detail. This is important
for realizing later what happens in the full theory, treated in Sect. IV, where the
equations are too cumbersome to allow for a simple description of their properties.

II. MEIDS for Electromagnetism

For definiteness we shall treat electromagnetism coupled minimally to a charged
Klein-Gordon field y in Minkowski space-time. Equally well we could have taken
electromagnetism coupled to any other field theory which admits a Lagrangian
and Hamiltonian formulation. Following [2], and choosing a flat foliation we find
the energy of the system as a functional on phase space to be,

EATLp, P)=4 | (P2 4@yl +m?lyl + 24V x APdv, (1)
R3

where Il1: = —E is the momentum conjugate to A, the usual 3 vector potential,
P,: = +ievip the momentum conjugate to i (with v being the usual scalar
potential), and Py =Vy +ieAp. We shall take as phase-space for electromagne-
tism Ppy={(A,I)e H,,, _y xH, o} [3] 621, and we shall look, for each fixed
(w,P,)e Cg x Cg for a pair (A,II) e Pgy which minimizes E. Since E is differenti-
able, nonnegative and vanishes only for the trivial solution, it is clear that if we fix
(w, p,) nontrivially, E will have a positive infimum E(yp, p,) on Pgy.

There are two problems with the program above. First since electromagnetism
is a constrained theory, we have

V-II= 2 (P, —§P,): =V T+ =0, @
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and so we must look for a minimum of the energy in the constrained phase-space,
P, that is, that subspace of Pgy which is compatible with (2). We shall take this into
account by adding to the energy functional a term v(V-II+g), a Lagrange
multiplier, and look for a minimum of this new functional

H=E+ [v(V-I1+g)dv, (3)

which is just the Hamiltonian of the theory.

The second problem has to do with the meaning of “keeping fixed (i, P,,) while
varying (A, II)”, since y and P, are gauge dependent quantities. There are several
ways to take this into account, they give equivalent equations. Perhaps the most
direct one, shown to me by J. Ehlers, is to note that since the Hamiltonian is gauge
invariant one can introduce representative fields by imposing a particular gauge
condition, consider only radiations respecting that gauge, but nevertheless obtain
gauge independent equations. We follow this way by imposing the Couloumb
gauge, V- A =0, interpreting now y and g, as fixed complex functions and adding
to the Hamiltonian a term L(A): {«V-Adv, ae H,, , _,, a Lagrange multiplier. A
necessary condition then for the existence of an energy minimum is that the
differential of H(A, n)+ L(A) vanishes, that is

DH s n(0A, 5T1)+ DL 4 (SA) =0,
V(6A, OTT)€ Ty Py

4

Using Hamiltonian’s equations and identifying the linear map DH with its L,
representative we have,
0H

A:=—5ﬁ=—H+VU, (5a)

H:=%=—VXVXA+J, (5b)

where J= %e(lp@u_)—l/}@lp), and (4) becomes,

Im-vv=0, (6)
VxVxA—-J=Va forsomeacH,,, _,. (7

Note that if we now relax the gauge condition and perform a gauge
transformation, then Egs. (6-7) are gauge invariant.

Physically one would like to be able to specify instead of y and p,, the gauge
invariant quantities g, and J. Unfortunately this is not possible for J does not only
depend on y, but also on the connection A, and so it can only be determined a
posteriori, i.e. when Egs. (6-7) are solved. To obtain solutions to the above system,
Egs. (2,6-7), we must again impose gauge conditions, take fixed representatives
¥, p,, solve for unique (A, IT) and so obtain an array {(y, p,), (A, I)}, (determined
up to gauge transformations) of initial data. It is only from this point on that a
physical description of the system makes sense.

Another way to take into account the fixing of the sources is to use a global
splitting of the tangent phase space into L? orthogonal subspaces corresponding to
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radiative, longitudinal and pure gauge modes, and to require that H has a
minimum only along radiative and longitudinal directions, that is dH € gauge
subspace. We follow this way using a splitting of TPgy analogous to the one
introduced for gravity in [4]. Since in this splitting the gauge space is just

0 —1
[1 0}(D¢(A,n))*(Ha+2,—2)={(V05,0), aEHa+2,—2}

that is the image of H,, , _, under the I? dual of the differential of the constraint

map
0
D(A,TI) = <V. n)' (8)

we obtain again Egs. (6) and 7.

A similar splitting holds also for gravitation [4].

We look now for a solution to system (6), (7). Consider first (6). Using the
constraint equation (2) we get,

AV=—g, ©)

which has a unique solution veH,,, _, and so I=VVe H, ,.
We consider now Eq. (7). It is easy to see that this equation has an integrability
condition. Taking its divergence we obtain

—V-J=4a. (10)

which we take as an equation determining o.

Since for the gravitational case the integrability conditions are not so easy to
derive it is of interest to see how we can arrive at (10) from a general principle. Since
the constraint is preserved under time evolution we should have,

D®(A, I1)=(0,0)=(0, —V-J), (11)

where we have used the conservation equation which the sources must satisfy if the
Lagrangian is to be gauge invariant. Since IT=Va we see that (11) is just (10), and
so the integrability condition can be obtained by applying D@ to both sides of (6),
(7) considered as a pair. We will follow an identical procedure in the gravitational
case.

To obtain a unique A we fix again its gauge freedom in the usual way, namely
requiring that V- A=0. Thus we obtain the coupled elliptic system,

AA+(Va+J3)=0, (12a)
Aa+V-J=0. (12b)

In our case J islinear in A, and the dependence is such that one can show that given
(y, P,)€ Cq there is a unique pair A,a withAeH;,, _,,V-A=0,and aeH, _,,
solving (12a, b).

In the general case, when ¢ and J depend smoothlyon(A, IT) but in a non-linear
way one can only assert, using the implicit function theorem, the existence of a pair
(A, IT) satisfying the now coupled system (9), (12a,b), for sources in a small
neighborhood of zero.
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Note that since the energy functional is positive definite and the pair (A, IT)
satisfying (4) is unique (up to gauge transformations) it must be the minimum
we are looking for.

ITI. MEIDS for Linearized Gravity

We consider a Hamiltonian formalism for linearized gravity around a flat metric
and with respect to a flat foliation. We do not take any particular source, we only
require that these sources also admit a Hamiltonian formulation for their
equations of motion. As phase space for linearized gravitation we take the space of
pairs (hy, 0®)eH, | _xH o021 of linearized 3-metrics and their conjugate
momenta [5].

Using a similar argument to the second one used in the preceding section we
obtain a necessary condition for the existence of a minimum, namely.

(— ™, .)€ {gauge space} . (13)

where as before (—d®, h,,) is obtained using Hamilton’s equations. The same
result, namely Egs. (16a—b) can be obtained using the alternative way of fixing
sources and imposing the following gauge conditions:

D (a®®—31"h)=(Adw—V,V,w™)=0 as Lagrange multipliers.

. _6H

hab: == _5a5)ab = —2 <a)ab__ %eab> +2D(aﬁb)’ (143)
. ab oH ab )2 anb ab ab
o :=6hb=e D?*q— DD’ +- G (h)*® — 5%, (14b)

where e, is the flat metric about which we are linearizing (all indices are raised or
lowered with respect to it), D, its covariant derivative, and

G(h)™ = —LD2h™ —1DDh +Le(D2h— D,D 1) + DD hP* .

its linearized Einstein tensor, and («, ) are the Lagrange multipliers correspond-
ing to v in electromagnetism, here 1 +o and f* are interpreted as lapse and shift
respectively. The tensor S is the space-space projection of the energy momentum
tensor of the sources fields.

As in electromagnetism we can characterize the gauge space as

0 -1\, ., _
(1 0>(D¢ )(H0'+2,—29Ho'+2,—2)'

That is, since

—D?*h+ D.D
+ (4 dh >’ (15)

as the set of all pairs (2D, X, —e*’D*C + D*D*C) with
(C,Xb)eHa+2,_2xH;+2,_2.



630 O. Reula
Thus, from (13), (14a,b), and (15) we obtain
—2<w“b— %e"”) +2DUBY = —¢**D2C + D*D*C, (16a)

+ e D?0— D*DPo+ G — §*° = 2D X (16b)

Note the approximate symmetry between (16a) and (16b) under interchange of
(o, %) and (C, X*). This symmetry, which is much more apparent in the full
gravitational case, is due to the fact that in the 3+1 decomposition the gauge
transformations are realized by integrating Egs. (14a) and (14b) with different
lapse-shift pairs.

The above Eqgs. (16a,b) together with the constraint equations,

2
®(h, )= ( Nga), (17)

where ¢ and J* are the time-time component and the time-space projection of the
energy-momentum tensor respectively, determine unique (up to gauge transfor-
mations) pairs (h,;, »*) and («, %) satisfying them. As we shall see below, in the
process of solving them we also determine C and X° but not uniquely, unless a
mild condition is imposed on the sources.

As in the former case we also encounter here integrability conditions (which are
equations for C and X*). Again we find them applying to both sides of (16a) and
(16b) the operator D@. We obtain,

D*C=—D_J°, (18a)
D*X?+ DD X*= —D, 5%, (18b)

a pair of elliptic equations for C and X°.

These integrability conditions can also be understood in two other ways. First
note that if we could assume that the energy momentum of the sources is conserved
(something which we do not assume) then from the evolution point of view we

would have.
. 26 —2D,J¢
. cdy __ - _ a
D(p(gaban )_ <2Jb> <__2Dasab> 4

which are the right-hand sides of the above equations. Second note that from
Eq. (16a) we have

@ =DUBY — D p—HD*DC + e’ D*C). (19)

Taking its divergence and using the constraint we obtain an equation for f°,
namely

D,D“pP = —J*—D*D*C, (20)

from which the integrability condition is apparent. Taking its divergence we
obtain.

0=D,J+D*C, 1)
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which is just (18a). Note that, once C is known, Eq. (20) determines “ only up to a
gradient, D*®, and so Eq.(19) determines w® only up to its gauge freedom
0> w® +e®D2P — DD*®. Similarly, Eq. (18b) can be seen to be a consequence
of the linearized Bianchi identities, D,G% =0. Thus we have obtained a set of
Egs. (16a,b), (17), and (18a,b) which determine uniquely, up to gauge transfor-
mations, h,, w*, o, f° C, X°.

Before proceeding to solve these equations it is convenient to reexpress them

h ..
in other variables. To do this we define ®* = —h % <§ +<x>. This is the

analoge, in the full theory, to conformally transforming the metric to g, =e~ 2%g,,

~ ~ab

and then defining, choosing a background flat metric e, @* =e* —Vgg .
Furthermore it is convenient to fix, once for all, the gauge freedom. We do this in
the usual way [7], namely requiring D,#*=w=0.

We thus obtain the following reduced system:

a) ¢ D*C — D*DPC + 20 —2D“pP =0,

b) D% —28% 44D XD =0,

c) D?*0—3S+90+2D,X)=0, @)
d) D2 +2J°=0,

e) D*C+D,J*=0,

f) D*X*+D*D°X,—D,S*=0.

If we assume the sources to be independent of (h, w), as is usually the case for
linearized gravity in contrast to the scalar electrodynamics of the preceding
sections, and that they are of compact support and belong to the following Sobolev
spaces:

0€H; 1 10, J°€H, y,, and SabeH;—Lp
we obtain the following theorem.

Theorem. If the above assumptions about the sources are made, then there exists a
unique (up to gauge) pair (h,w)e H;,, _, H, , satisfying (16a,b) and (17).

Proof. We first show existence of a solution (@, w®, a, % C, X°) to Egs. (22a-1)
and then show that it satisfies D,#**=w =0 and so, it produces a unique (h, )
solution to (16a,b) and (17).

We first show existence of solutions to the decoupled Eqgs. (22d—f). From the
general theory of elliptic equations in Sobolev spaces [4] it is easy to show there
exists a unique € H,,, _, solution to (22d).

Since the kernel of D*in H,, , _, is just the subspace of constant functions and
the source in Eq. (22¢), namely D,J* is orthogonal in the 7 sense to this subspace,
there exists a unique (up to constants) solution ce H,, , _, to (22¢). Note that in
general ¢ will go asymptotically as a logarithm (although »® will still go as 1/r?).
This has a space-time interpretation as a boost of the hypersurface. In fact this
logarithmic behaviour can be avoided by considering sources whose total
4-momentum is orthogonal to the foliation, that is whose total 3-momentum
vanishes.
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The kernel of the elliptic operator in (22f) consist only of the zero element and
so there exists a unique X?e H, _, satisfying (22f). But the source in this equation
is of compact support and is a pure divergence and so X’ e H,, .

Equation (22a) determines w® in terms of C and p*. Since CeH,,, _, and
p’eH, ., _, we have, o e H_ o. Since X?e H,, , and since the Laplacian is an
isomorphism between H,, ., _, and H,_, ; we conclude that there exist unique
9®eH,,, _, and aeH,,, _, satisfying (22b) and (22c) respectively. Thus we
have shown existence of a solution to the reduced system (22a—f).

Taking the divergence of (22b) using (22f) and the injectivity of the Laplacian
we conclude D,9* = 0. On the other hand, taking the trace of (22a), and using (22d)
and (22e) we conclude w=0. Thus our gauge conditions are consistent and our
solution produces also a solution to (16a,b) and (17). Again, as in the case of
electromagnetism we see that our procedure sets to zero as much as possible of the
time derivatives of h,,, and w® in the evolution equations. In particular, if the
sources are compatible with a stationary solution, namely if D,J”=D,S* =0, we
can see that C=cte, X*=0, that is the integrability conditions are automatically
satisfied, and so h,, = *® = 0. Thus the gravitational data is also compatible with a
stationary solution. If furthermore we have J®=0, then =0 and so we also have
=0 and the gravitational data are also compatible with a static solution. Note
that we do not assert that the solution will be stationary (or static) since we do not
assume any particular model for the evolution of the sources.

IV. The Gravitational Case

As in the former cases we proceed to deduce the equations using the phase space
splitting. If would be interesting to see whether there are gauge conditions which
when used as Lagrange multipliers give the equations below. Varying the total
Hamiltonian, H = H(g,,, [1*°, matter fields) with respect to IT** and g,, we obtain,

. oH _
8ap- = — W = _2Ng 1/2(1741b_gab17/2)-|_2D(a]\]b)’ (223)
Tab oH 1/2 anb abn2 ab ab ab
;= 7 =g DDIN 4 g"DPN £ NG —S™) + L1, (220)
ab ¢

where (N, N9) is a lapse-shift pair (N, N* appear as Lagrange multipliers in our
variation), D, is the covariant derivative operator associated with g,,, and

Y= GO g [QII*IT — 11 11) — g 2HI 11, — 1],

where G* is the Einstein tensor associated to g,,.
As before, the splitting condition is
8
V) (DB )".

0
_1/l/§ 0

which is the gauge space [6], @ being now the constraint map of gravitation,

a ~2
d)(gaba I b) = <2Da(g_ l/ZHab)> :

(Hab’ gab) € Range (
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We thus arrive at the equations,
hy:=—2Ng~1/2 (Hab — g g) +2D,Ny+D,D,C—g,D*C
—Cyw—g™ ' (5{17“‘) 2eaar =0, (24a)
w®: =g!?[—D°D’N + g™ D*N + N(y® — $%) —2D@X"]
+2C<H“”—g"”g> +;.NZ:H“"=O. (24b)

The above equations, together with the constraint equation,

aby -2y (2
dj(gab’ 1 b) - <2Da(g - 1/2Hnb)> - (2]b> (25)

should determine a unique pair (g, IT°%), solution to them and so minimizing the
total mass of the system. The approximate symmetry we noted in the linearized
case is now much more apparent in Egs. (24a) and (24b). Under the interchange of
(N, N% with (C, X°) they go into one another except for the source term S,

In this case we also encounter integrability conditions which again can be
found by applying to the above equations the map D@, ;1,(h, w). They are a pair of
linear elliptic equations for C and X* of fourth and second order respectively.

All the equations are tensorial and do not depend on any metric background,
so they are gauge invariant. We proceed now to study their solutions. In contrast
to the linear cases, to “give the sources on the manifold” does not give rise to a
unique solution, and so to a unique initial data set. The reason for that is the
absence of any metric background with respect to which one could fix the sources.
To see this consider the following example (R. Penrose, personal communication):
Let the source be a scalar-wave field with vanishing momentum, p, =0, that is a
scalar function ¢. Further assume that ¢ has topologically spherical constant
value surfaces, a unique maximum with value ¢, and compact support. Then this
field cannot give rise to a unique solution with minimal energy, for if that were the
case then the value of that energy should depend only on ¢,, but since ¢, is
dimensionless it would be zero. In fact there are many physically different
solutions, one for each flat background one chooses to take [8]. We consider this
non-uniqueness a physically desirable fact, for otherwise we would not have
enough physical freedom to distribute the sources. To see this suppose one is
interested in describing the collision of two fluid balls which start at rest some
distance apart. Without a background metric this distance cannot be given a
priori, and so if the solution were unique we would not be able to choose it at will.

An important, and simpler to handle, class of source configurations is that of
momentarily static sources, J,=0. For this class we can set, 0** == C =0, and
obtain a reduced system for g,, X, N, which we call the momentarily static
equations. They are,

N(Gu—Sap)+8pD*N —D,D,N —2D,— X, =0 (26a)
2D“D(X 1)+ (@D,N + DY(NS,,)) =0, (26b)
R(g)—2¢=0, (26¢)
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where (26¢) is the integrability condition for (26b). Note that if the source
functionals, o(g, matter fields), S,,(g, matter fields) are chosen in such a way that
whenever (26a) and (26c¢) are satisfied the second term of (26b) vanishes. We then
have X?=0 and the system reduces further to the static Einstein equations.

We proceed now to establish existence of solutions to the momentarily static
equations for small enough source configurations. We shall make them unique by
fixing a flat background.

Theorem. Fix any flat background metric, e, which we use to fix the gauge and the
sources, and let (0, S,,)€ H,_y  x H,_y {, 022, depend smoothly on g, e H, | _,.
Then there exist a ¢>0 such that for 0<A=<¢ there exists a unique (up to
diffeomorphisms) solution (g, X, N)eH, ,, _,xH xH_, to the momentarily
static equations when (g, S,;) is replaced by (19, AS ).

Proof. We follow standard methods to reduce the above system to an almost
elliptic one, i.e. a system whose linearization about the trivial solution is elliptic,
and then apply the implicit function theorem and the theory of linear elliptic
operators to establish existence.

To render the system elliptic we first follow the usual method for the static
Einstein equations and apply to the above system the following conformal
transformation, g,, = N2g,,. This transformation gets rid of second derivatives of
N from Eq. (26a). Second we follow [9,10] and define new variables ¢ :=e®
—V§gab, U: = —InN. Finally we require the equations 1’ : = D,¢* =0, where D, is
the covariant derivative associated to e,. Thus we obtain a reduced system of
equations with the following form.

E®@ X, U, 2): =§“D D, + terms, (27a)
EX®*, X, U, 2): =2D,6"D, X, + terms, (27b)
E(®“ X, U, 2): =D Du+terms, (27¢)

where the extra terms are such that they do not contribute to the linearized
(around @ = y*=u= A=0) equations. They contain only up to second derivatives
of & and u, except for ¢ and 1S,

Note that while in the original system (26a—c) Eq. (26b) is redundant, it is just
the integrability condition for (26a), in the reduced system Eq. (27b) is not, and we
must solve the whole system.

We next establish existence of solutions to the reduced system and then show
that they are also solutions to the momentarily static system.

Lemma 1. There exist ¢ >0 such that for 0<A1=<¢ there exist a differentiable
function
P(A)=(D(A), X(A),u(2): [0, 1>X=H, y - xH, xH,1y —y, 052,

To show this we use the implicit function theorem for Banach spaces [1<].
Consider the reduced system as a function from (i, 1): =(®%, X% U,J)e X x R™*
into Y=H,_, xS xH,_,,, where S" is the Hilbert space of vectors fields
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I'EH,,_, , of the form I°=D,m®, m**e H;_, ,,

E®™(, 2)

F(p,2):= | Ep,2)

E(yp, 2)
This function is continuously differentiable if ¢ =2, and furthermore F(0,0)=0.
Thus if its differential with respect to y at py=4A=0. DF,(dy), were an
isomorphism between X and Y, the implicit function theorem would then assert the
existence of an ¢ >0 with the properties required on the lemma. But

eCdﬁ65d¢ab

DF o, 0(0y)= |2¢"D, DX, ,

e“D,Du
which from the results in [4] is an isomorphic map. We complete the proof of the
theorem using the following lemma.

Lemma 2. There exist &,0 <e <& such that for 0 <A =<¢ every solution to the reduced
system is also a solution to the momentarily static system.

We prove this by showing that if ®*(J) is a solution then y’=D, &% =0.
Taking the divergence of Eq.(27a) and using (27b) we obtain a linear homo-
geneous equation for p®e H, ,. This equation depends continuously on 4 and for
A=0is the Laplacian, e**D,D,y°=0. Since the Laplacian is injective in H, , and
since injectivity is a continuous property of elliptic operators we conclude that Je,
0<e<¢, such yp(1)=0.

In the case that the sources admit an equilibrium configuration, [see note
below Eq. (26¢)], we obtain existence of solutions to the stationary FEinstein
equations, which clearly do not contain radiation. Only for this case our
prescription for picking initial data is equivalent to the non-incoming radiation
condition of .# L.

Existence of solutions to Egs. (24a, b) and (25) can probably be established for
arbitrary but sufficiently small sources by employing a similar method to the one
used above. We expect this to be the case because the linearized equations (around
2ap = Cap, [T =0), that is the system treated in the preceding section, are elliptic and
have a unique (up to gauge) solution.

In Sect. I1I we saw that C will in general have a logarithmic behaviour but also
that it can be eliminated by requiring the vanishing of the total 3-momentum of the
source. This can always be achieved by “boosting” the sources. Although in the
linearized case this logarithmic behaviour is not important, in the non-linear one it
can be disastrous. In fact, in this case C couples with g,, in such a way that we
would also have a logarithmic behaviour in g,,. Perhaps, as in the linear case, this
behaviour can be avoided by a gauge transformation which boosts our system in
an appropriate way or by imposing some condition on the sources which
eliminates this problem altogether.

V. Conclusion

We have presented the equations which arise as necessary conditions for the
existence of a minimum for the total ADM energy of isolated systems along
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asymptotically flat space-like hypersurfaces, and given some arguments for the
existence of solutions to such equations. While for the linear case we obtain a
unique initial data set for each suitable source distribution, for the fully non-linear
case we obtain, for each suitable source distribution as many initial data sets as flat
backgrounds. These are physically different initial data sets corresponding to
physically different final source distributions. This is not a new problem [12], and
it arises from the fact that a source distribution does not acquire a physical
character until a metric is given. From examples one sees that this non-uniqueness
is actually needed for one to be able to account with this formalism for all
physically interesting source distributions, and thus it is not necessary to further
restrict the initial data sets to obtain uniqueness. For small enough sources we
expect to find at least a relative minimum close to the flat data, in this case the final
source configuration will not differ substantially from the one given a priori. For
strong sources one would have to rely on one’s own physical insight to guess the
appropriate configuration to be given. Perhaps one could follow an approach
similar to the one of Dixon [13] and try to define new variables by which invariant
information about the matter content can be given.

It should be interesting to derive a similar procedure for the case where instead
of considering initial data sets on a space-like hypersurface one considers null data
in a light cone. One would then minimize the Bondi Energy, and obtain similar
equations to those derived above. Since for the null case there is more geometrical
structure a priori available one expects here to be able to fix the sources in a more
geometrical way and therefore to obtain a smaller set of null data for each source
distribution. Another advantage in this case is that one expects then our procedure
to be roughly equivalent to the one imposing zero gravitational data at j~.

Consider a hydrodynamical system consisting of two fluids, 4 and B say, whose
individual sound speeds are very different, say v, <vg. If one is only interested in
the long term evolution of fluid A, i.e. evolution on time scales of the order of
(length of the system)/v ,, and believe that the sound waves of fluid B do not affect
seriously such evolution, then the following numerical approximation is useful: At
each time step use the full equations to determine component 4, but use only the
hydrostatic equations to determine component B. This approximation allows for
longer time steps, and thus for a considerable saving in computer time, for the
Courant-Friedrich-Lewy condition involves only component A. Are there systems
gravitation-fluid where a similar approximation is appropriate? Since all propa-
gation velocities are smaller or equal to that of the gravitational field this should be
taken as component B. Do the minimal energy equations play the same role for
these systems as the hydrostatic equations play for the two fluids? In general
relativity there are no static equations unless very restrictive (equilibrium)
conditions are imposed on the sources. The minimal energy equations represent
the closest one can get to staticity without imposing any condition on the sources.

It should also be interesting to see the relation of this approach to those based
on a Newtonian limit. Note that in our approach we do not require small velocities
or stresses. The difference between these approaches can be seen already in
electromagnetism. Consider as source for electromagnetism a charged rotating
ring. The initial data obtained from the Newtonian limit have E= — V@ such that
A® = —p B=0, while the MEIDS has both E and B different from zero and just
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correspond to the stationary solution. From the minimal energy point of view the
Newtonian limit initial data set corresponds to the MEIDS plus incoming
radiation chosen in such a way as to make B=0 in the hypersurface under
consideration.
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